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Hydrogen ion scattering from a potassium impurity adsorbed on graphene
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In this work we study the charge exchange process in the scattering of protons by potassium atoms adsorbed
on a graphene surface in a low coverage limit. Both, the projected density of states on the alkaline atom site
and the final charge states of the hydrogen projectile are calculated by considering the electronic Coulomb
repulsion in the s-valence orbital. The inner 3p and 3s states of potassium are included and the local perturbations
of the density matrix on the surrounding C atoms are also considered. The interacting systems are described
by an Anderson Hamiltonian whose terms are calculated from the chemical properties of the atoms and the
extended features of the graphene surface. The positive and negative ion fractions of hydrogen in the collision
process are obtained from Keldysh-Green functions, which are calculated by employing the equation of motion
method closed up to a second order in the atom-surface coupling term. It is found that the carbon atoms have no
possibility of a direct charge exchange process in a frontal collision of the proton with the K adatom, and that the
K-3p band, broadened by the interaction with the graphene surface, provides an important source of electrons for
the negative ionization of hydrogen, which is also promoted by the presence of a K-3s core state. The narrow 4s
and 3p bands of the adsorbed potassium lead to an oscillatory dependence with the projectile incoming energy,
of the probability for the three correlated charge states of hydrogen.
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I. INTRODUCTION

Charge exchange between an atom and a surface consti-
tutes a topic of relevance for broad areas of basic and applied
research in Condensed Matter Physics. The understanding
of the mechanisms of charge exchange occurring either in
nonequilibrium processes like ion-surface collisions or in
equilibrium processes, such as adsorption/desorption, is a
matter of enormous interest in basic and applied research such
as ion-electrode interchange in electrochemistry, the surface
analysis technique low energy ion spectroscopy (LEIS), as-
trophysics, plasma and fusion research, surface ionization and
its application in ion sources, and so forth [1–5].

Different mechanisms of charge transfer can take place in
ion-surface scattering processes: the resonant charge transfer,
which involves only one electron in a transition without
change of energy; and the Auger process, which involves
a two-electron interaction and requires an ionization energy
of the projectile larger than twice the work function of the
surface [6–8].

The presence of adsorbates on the surface can strongly
affect the charge transfer in the ion scattering process by
means of local and nonlocal effects. The local effect deals with
the changes of the electronic potentials around the adatom,
which results in local changes in the density matrix of the
adsorbate-surface system. The nonlocal effect is related to
the surface work-function change induced by the adsorbates,
which modifies the relative position of the atomic and surface
electronic levels.
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The alkaline atoms, when they are adsorbed on metal
surfaces at small coverage, induce rather large work-function
decreases due to the creation of a dipole layer on the surface
[9]. This reduction in the surface work function can drastically
enhance the negative ion formation, as it has been observed in
the formation of negative ions of hydrogen by collision on a
caesiated tungsten surface [10–12].

The collision of low energy alkali ions with alkali and
halogen covered metal surfaces has been studied by several
groups [13–19]. A conclusive remark from these works can
be found in the phrase of Gauyacq et al. [19]: “Because of
the importance of local effects, the resonant charge transfer
process appears to be a rather sensitive probe of the local
electronic properties of an adsorbate-substrate system.”

In this work we study the resonant charge exchange pro-
cess in the frontal collision of a proton with a potassium
atom adsorbed on graphene. This is a possible situation for
surfaces with a very low coverage of potassium atoms where
the interaction between impurities can be neglected, and the
problem is reduced to an atom adsorbed on a surface. The
local effects caused by the adsorption of alkaline atoms will
be detected by the ion projectile in an adequate collision ge-
ometry, which can classify the adatom site, this is the case of
backscattering.

Graphene is a promising material for numerous technolog-
ical applications [20], therefore any study of how the pres-
ence of adsorbates affects its properties means an important
contribution [21–23]. It was found in previous works [24,25]
that the localized electronic structure around alkaline atoms
adsorbed on graphene is inherent to both the peculiarities of
the electronic band structure of the graphene sheet, such as
the energy gap that has a dramatic effect on the hybridization
width, and the symmetry of the adatom valence orbital.
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We extend the calculation of the projected density of
valence states on K atom already made in a previous work
[25], by including the inner K-3s and K-3p orbital states. We
also calculate, in this work, the local changes in the density
matrix on the surrounding C atoms induced by the presence
of the K adatom.

The interacting system is described by the Anderson
Hamiltonian and the three possible charge states of the scat-
tered hydrogen (neutral, positive, and negative) are calculated
by considering the electronic repulsion in the H-1s orbital
[26,27]. The Keldysh-Green function technique together with
the equation of motion method (EOM) closed up to a second
order in the atom-surface coupling parameter, are used for
this aim [27–29]. We also present results based on a simpler
but less accurate approximation that disregards the electronic
correlation (the spinless model), in order to extract from
them a physical insight that is very difficult to perceive when
correlation effects are introduced.

The Hamiltonian terms are obtained from a first principles
calculation based on the bond-pair model [30]. The variation
of the projectile energy level along the ion trajectory includes
the short range interactions and also the one of large range
due to the image potential [30]. The nonlocal effects of the
adsorbate are considered through the electrostatic potential
created by the individual dipoles associated with the adsorbed
alkalis, which introduces an additional shift of the ion level
[19].

The present manuscript is organized in the following way:
in Sec. II we describe the atom-surface interacting system,
Sec. III is devoted to the time dependent collision process, the
calculation of Hamiltonian terms is presented in Sec. IV, the
discussion of the results in Sec. V and finally, Sec. VI contains
the conclusions.

II. DESCRIPTION OF THE ATOM-SURFACE
INTERACTING SYSTEM

The system of interest in this work consists of a graphene
surface with a very low coverage of potassium impurities,
interacting with a hydrogen atom (the projectile in the scat-
tering process). The single impurity Anderson model [31]
provides the appropriate Hamiltonian for describing it, taking
into account that the resonant mechanism of charge transfer is
expected to be the most probable in this case:

Ĥ = Ĥsolid + Ĥatom + Ĥsolid−atom. (1)

In Eq. (1), the first term, Ĥsolid, describes the solid surface
(graphene) with the alkaline atom (K) adsorbed on it; the
second term, Ĥatom, describes the hydrogen atom and the third
term, Ĥsolid−atom, is the interaction between the surface and the
atom.

A. Surface plus adatom system (Ĥsolid)

In the case of very low coverage the interaction between
impurities can be neglected and the problem is reduced to an
atom adsorbed on a surface. The K adsorbed on a graphene
surface has been solved [25] by considering the three possible
charge configurations of an s-valence atom: with zero, one,
and two electrons. The extended single impurity Anderson

model can be written by using the projection operator tech-
nique [32] as follows (see Ref. [27] for details):

Ĥ =
∑
�k,σ

ε�kn̂�kσ
+ E0|0〉〈0| + E1

∑
σ

|σ 〉〈σ | + E2|↑,↓〉〈↑,↓|

+
∑
�k,σ

[
V σ

�ka
ĉ†

�kσ
|0〉〈σ | + V σ∗

�ka
|σ 〉〈0|ĉ�kσ

]

+
∑
�k,σ

(−1)pσ
[
V σ

�ka
ĉ†

�kσ
|σ̄ 〉〈↑,↓| + V σ∗

�ka
|↑,↓〉〈σ̄ |ĉ�kσ

]
, (2)

where �k denotes the surface states of the pure graphene with
energy ε�k and n̂�kσ

= ĉ†
�kσ

ĉ�kσ
as its number occupation; |0〉,

|σ 〉, and |↑,↓〉 represent the electronic configurations of the
impurity atom with zero electron, one electron with spin σ

(up or down), and two electrons, respectively (σ̄ represent the
opposite spin to σ ). The hopping integral V σ

�ka
is the coupling

between the �k-surface state and the a-orbital of the impurity
atom. The total energies Ei are related with the ionization en-
ergy of the impurity atom εI , and with the intrasite electronic
Coulomb repulsion U in the s-valence orbital, in the following
way:

E1 − E0 = εI ,

E2 − E0 = 2εI + U .

In Eq. (2) the antisymmetry of the two electron wave func-
tion is taken into account through pσ = 0 if σ =↑ and pσ =
1 if σ =↓, and the norm condition of the atomic configuration
subspace given by

|0〉〈0| +
∑

σ

|σ 〉〈σ | + |↑,↓〉〈↑,↓| = 1̂ (3)

is also contemplated.
The local 4s density of states on the adsorbed K atom is

calculated as

ρ
(K )
σ,4s(ε) = 1

π
ImGσ

4s,4s(ε). (4)

The advanced Green function Gσ
4s,4s(ε) is obtained by using

the following identity [27,32]:

Gσ
4s,4s(ω) = Gσ (ω) + (−1)pσ Gc

σ (ω)

+ (−1)pσ Gσ̄c
↑↓(ω) + Gσ̄

↑↓(ω) (5)

and the Green functions appearing in Eq. (5) use the Fourier
transform of the following:

Gσ (t, t ′) = iθ (t ′ − t )〈{|σ 〉〈0|t ′ , |0〉〈σ |t }〉, (6)
Gσ

↑↓(t, t ′) = iθ (t ′ − t )〈{|↑,↓〉〈σ |t ′ , |σ 〉〈↑,↓|t }〉,

Gc
σ (t, t ′) = iθ (t ′ − t )〈{|σ 〉〈0|t ′ , |σ̄ 〉〈↑,↓|t }〉, (7)

Gσc
↑↓(t, t ′) = iθ (t ′ − t )〈{|↑,↓〉〈σ |t ′ , |0〉〈σ̄ |t }〉.

The {} symbol indicates the anticommutator and 〈〉 repre-
sents the average over the Heisenberg state �0 that describes
the interacting system. The Green functions, Eqs. (6) and (7),
are calculated by using the EOM method up to a second order
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in the atom-surface coupling term V σ
�ka

[27]. In this form, the
4s density of states on the K atom adsorbed on a graphene
surface is finally obtained [25]. In this work we also include
in the calculation of the local density of states (LDOS), the
inner K-3s and K-3p adatom orbital states. The K-3s orbital
with a large binding energy (−32.4 eV referred to the Fermi
energy [33]) is a localized and fully occupied state far from
the bottom of the valence band. On the other hand, the K-3p
orbital (−16 eV referred to the Fermi energy [33,21]) lies
within the graphene valence band, close to the bottom and far
from the valence K-4s state. The 3p orbitals of the adsorbed
K atom, also fully occupied, are broadened by the interaction
with the graphene surface states, contributing in this form to
the valence density of states located on the K atom. The partial
density of K-3p states is calculated independently of the K-4s
density of states, by assuming them as noncorrelated states,
that is, within a spinless Anderson model [32]:

ρ
(K )
3pi

(ε) = 1

π
ImG(K )

3pi,3pi
(ε) = 1

π
Im

⎡
⎢⎣ 1

ε − εp − ∑
�k

|V�k,3pi
|2

ε−ε�k−iη

⎤
⎥⎦.

(8)

In Eq. (8), εp = −16 eV is the energy of the K-3p orbital with
respect to the Fermi energy of the graphene surface, and V�k,3p
is the coupling between the surface states and the 3p-orbital
states. The total density of states on the K atom adsorbed
on the graphene surface, incorporating the 3p-valence band,
ρ (K )

σ (ε) = ρ
(K )
σ,4s(ε) + ∑

i=x,y,z ρ
(K )
3pi

(ε), is calculated following
the same procedure as in Ref. [25] for calculating V�k,3pi

in
terms of the carbon-potassium atomic couplings. It is shown
in Fig. 1 for the case of a hollow site adsorption, which is the
most stable for alkali atoms, and located at 4.9 a.u. of distance
from graphene [22,34,35].

FIG. 1. Total density of states on the adatom (K). The partial con-
tributions from the valence 4s and inner 3p K orbitals are indicated.
The inset shows a close up view of the small 4s contributions that
cannot be appreciated in the main figure.

The spectral features of alkaline atoms interacting with
graphene are intimately associated with the characteristics
of the graphene band structure, which lead to an Anderson
hybridization function [31] practically negligible except for
energies close to the bottom of both the σ and π bands
[24,25]. This is the origin of the two very narrow peaks near
the Fermi level and of the two peaked structures observed
in the K-4s density of states, one close to −20 eV and the
other to −7.5 eV (see the inset of Fig. 1). The resonance of
the 3p orbital with the band states that occur close to the
bottom of the σ band, leads to a peak for the 3p density of
states wider than the peaks close to the Fermi level of the
4s density of states. The differences between 3pz and 3px(y)

density of states is due to the different couplings between
these K-orbital states and the orbital states of the surrounding
C atoms. Another important thing to note is that the empty
states of the potassium adsorbed on graphene are calculated
by taking properly into account the electronic correlation [25].

The total occupation n4s of the 4s-valence orbital of
the adsorbed potassium at a temperature of 0 K, n4s =
2

∫ EF

−∞ ρ
(K )σ
4s,4s (ε)dε, was found to be equal to 0.9 (the Fermi

level is assumed the same as for the clean surface) [25].
The local and partial density of states on the C sites

modified by the presence of K adatom, is obtained from the
following advanced Green function:

Gσ
�k,�k′ (t, t ′) = iθ (t ′ − t )〈{ĉ†

�kσ
(t ′), ĉ�k′σ (t )}〉. (9)

Applying the EOM method within the Anderson model
and then, Fourier transforming, one arrives to the expression
(assuming the noncorrelated valence and the inner states in the
adatom):

Gσ
�k,�k′ (ω) = δ�k,�k′

ω − ε�k − iη
+

∑
a

V σ∗
�k′a

ω − ε�k′ − iη

× Gσ
aa(ω)

V σ
�ka

ω − ε�k − iη
, (10)

where Gσ
aa(ω) is the Green function of the adsorbate (a ≡

4s/3p).
The total density of state of the surface is obtained as

ρ (S)
σ (ω) = 1

π
Im

∑
�k

Gσ
�k,�k (ω). (11)

By replacing in Eq. (11) the expression of Gσ
�k,�k (ω) given by

Eq. (10) and taking into account that the band states φ�k,σ
,

in the coupling term V σ
�ka

= 〈φ�k,σ
|V̂ |ϕa(�r − �Ra)〉, can be ex-

panded in the orthonormalized atomic basis set {φi(�r − �RS )},
as φ�k,σ

(�r) = ∑
i, �RS

c�kσ
i ( �RS )ϕi(�r − �RS ), Eq. (11) takes the final

form

ρ (S)
σ (ω) = ρ (S)(0)

σ (ω) + 1

π
Im

∑
a,i, �RS , j, �RS′

V σ∗
a,i, �RS

V σ

a, j, �RS′

×
∫ ∞

−∞
dε

ρ
(S)(0)
σ,i, j, �RS , �RS′

(ε)

(ω − ε − iη)2 Gσ
aa(ω), (12)

where ρ (S)(0)
σ is the total density of states, ρ

(S)(0)
σ,i, j, �RS , �RS′

(ω)

is the density matrix of the clean graphene surface, and
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FIG. 2. (a) C neighbors of the K adatom indicated by the crossed circle. (b) Graphene partial s density of states on C atoms at different
distances from the potassium; the line color indicates the corresponding C atom with the same color in (a). (c) and (d) show, respectively, a
larger version of the changes in the regions between 1 and 2 eV, and between −15 and −20 eV. As reference, the local and partial s density of
states for the clean graphene surface is also shown (black dashed-dotted-dotted line).

V σ

a,i, �RS
is the symmetric orthonormalized hopping between

the potassium a state (a = 4s, 3p) and the carbon i state
(i = 2s, 2px, 2py, 2pz ) in the dimeric space formed by the K
adatom and the C atom localized in �RS .

From Eq. (12), we extract the local and partial graphene
density of states perturbed by the potassium adatom:

ρ
(S)
σ,i,i, �RS , �RS

(ω) = ρ
(S)(0)
σ,i,i, �RS , �RS

(ω) + 1

π
Im

∑
a

V σ∗
a,i, �RS

∑
j, �RS′

V σ

a, j, �RS ´

×
∫ ∞

−∞
dε

ρ
(S)(0)
σ,i, j, �RS , �RS ´

(ε)

(ω − ε − iη)2 Gσ
aa(ω) . (13)

In Figs. 2 and 3 we observe the modifications of the partial
density of states on C atoms as the distance from the K adatom
grows.

We can see from Figs. 2 and 3 that the perturbation pro-
duced by the presence of the K adatom practically disappears
in the carbon fourth neighbors and that, due to the localized
features of the K-LDOS, the significant changes are located

in the same energy positions of the peaks found in the adatom
local density of states.

As changes of lower order are expected for the off-diagonal
terms of the density matrix, the following approximations are
performed:

ρ
(S)
σ,i, j, �RS , �RS′ �= �RS

(ω)

=
{

ρ
(S)(0)
σ,i, j, �RS , �RS′ �= �RS

(ω), when �RS and �RS′ refer to C atoms

0, when �RS or �RS′ refer to the K atom
.

In this way, the �k states of the system graphene plus potassium
adsorbate are known through the density matrix elements
ρ

(K )
σ,i (ε) (Fig. 1) and ρ

(S)
σ,i, j, �RS , �RS′

(ε) (the diagonal terms are

shown in Fig. 2). These are the surface band states that will
interact with the hydrogen ion projectile in the scattering
process.
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FIG. 3. The same as in Fig. 2 for the graphene partial pz density of states on C atoms at different distances from the potassium.

B. Atom system (Ĥatom) and surface-atom
interaction term (Ĥsolid−atom)

1. Spinless model

The atomic system (the hydrogen atom) can be described
by assuming a spinless model in which there is only one active
level that admits only one electron. The neutralization of the
positive ion involves the ionization level while the negative
ion formation from a neutral atom involves the affinity level.
Both hydrogen charge fluctuations, H+ ↔ H0 and H0 ↔ H−,
are treated independently. This is the simplest approximation
of the Anderson Hamiltonian, and it works reasonably well in
the case where one charge fluctuation is negligible compared
with the other one. That is the case of atoms with an ionization
level that resonates with the occupied surface states and a
large intra-atomic Coulomb repulsion U so that the affinity
level resonates with the empty band states. By looking at
Fig. 1, the scattering of protons (ionization level around −9
eV and the affinity level around 4 eV) by the potassium
atom adsorbed on graphene seems to accomplish the above-
mentioned requirements for the spinless model to be a good
approximation.

The spinless approximation to the Ĥatom and the Ĥsolid−atom

is given by

Ĥatom + Ĥsolid−atom = εan̂a +
∑

�k
(V�kaĉ†

�k ĉa + c.c.). (14)

In Eq. (14) εa corresponds to the ionization energy in the case
of the proton neutralization process, and to the affinity energy
in the case of negative ionization of a neutral hydrogen atom.

The spinless model, although it does not provide an accu-
rate description of the final charge states of the ion projectile,
it allows for a good understanding of the physical mechanisms
involved in the charge exchange between the ion and the sur-
face, without the complex issues introduced by the electronic
correlation in the atom site.

2. Finite-U: Correlated atom states

The same Hamiltonian (2) used for describing the interac-
tion of the K adsorbate with the graphene surface (Sec. II A)
is used for describing, in this case, the interaction between
hydrogen and the graphene +K-adatom surface. The same
charge configurations, with zero (|0〉), one (|σ 〉), and two
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(|↑,↓〉) electrons are valid for the s-valence hydrogen atom.
Then, the Ĥatom + Ĥsolid−atom responds to the expression

Ĥatom + Ĥsolid−atom

= E0|0〉〈0| + E1

∑
σ

|σ 〉〈σ | + E2|↑,↓〉〈↑,↓|

+
∑
�k,σ

[
V σ

�ka
ĉ†

�kσ
|0〉〈σ | + V σ∗

�ka
|σ 〉〈0|ĉ�kσ

]

+
∑
�k,σ

(−1)pσ
[
V σ

�ka
ĉ†

�kσ
|σ̄ 〉〈↑,↓| + V σ∗

�ka
|↑,↓〉〈σ̄ |ĉ�kσ

]
.

(15)

In Eq. (15), E0, E1, and E2 are the total energies of the
electronic configurations with zero, one and two electrons,
respectively, in the 1s orbital of the hydrogen atom. The
expansion of the �k states of the solid in the atomic orbitals
centered on the atoms constituting the solid includes now the
potassium 4s and 3p states centered on the adatom position
�RK. Then, the wave function that describes the graphene +
potassium system can be written as

φ�k,σ
(�r) =

∑
α=3p,4s

c�kσ

α, �RK
ϕα (�r − �RK )

+
∑

�Rs,α=2p,2s

c�kσ

α, �Rs
ϕα (�r − �RS ), (16)

where the first term gives the weight of the K adatom and the
second, the weights from the carbon atoms of the graphene
sheet. Both of these weight coefficients are related with the
density matrix elements given by the expressions

ρ (K )
σ,α (ε) =

∑
�k

c�kσ∗
α, �RK

c�kσ

α, �RK
δ(ε − ε�k ),

ρ
(S)
σ,α,β, �RS , �RS′

(ε) =
∑

�k
c�kσ∗
α, �RS

c�kσ

β, �RS′
δ(ε − ε�k ). (17)

The calculation of these quantities is detailed in Sec. II A and
the results are shown in Figs. 1 and 2.

III. TIME DEPENDENT COLLISION PROCESS

The time dependence of the ion scattering from a surface is
introduced by the movement of the ion projectile with respect
to the surface with a finite velocity �v along a defined trajectory
�R = �R(�v, t ). A rectilinear trajectory normal to the surface and
with constant velocity (in modulus) is assumed in this work.
The energy loss of the projectile in the elastic binary collision
with the target atom is taken into account, Eout = λEin, λ being
the kinematic energy loss factor that is equal to 0.9 for H-K.

The measured quantities in experiments of LEIS are the
neutral, positive, and negative ion fractions after the scattering
process took place, which are related to one, zero, and two
electrons in the hydrogen 1s orbital, respectively. The calcula-
tion of the single and double occupation of the projectile state
is performed by using the Keldysh-Green functions technique
[28,29].

A. Spinless model

The mean occupation 〈n̂a(t )〉 gives the neutralization prob-
ability in the case of treating the charge fluctuation H+ ↔ H0

for an incoming positive ion and the ionization level involved,
while it gives the negative ion formation in the case of H0 ↔
H− for an initial neutral atom and the affinity level is the active
one. In general, the procedure is based on the equation of
motion of 〈n̂a(t )〉 [36], which leads to

d〈n̂a(t )〉
dt

= −i〈[n̂a(t ), Ĥ ]〉

= −Im
∑

�k
V ∗

�ka
(t )

{ ∫ t

t0

dτV�ka(τ )[Faa(τ, t )

− (2〈�n�k (t0)〉 − 1)Gaa(τ, t )]eiε�k (τ−t )

}
. (18)

In Eq. (18) 〈n̂�k (t0)〉 is the �k-state occupation at the initial time
t0 corresponding to the noninteracting atom-surface system;
〈n̂�k (t0)〉 is given by the Fermi distribution in the case of metal
surfaces. Therefore, the Green functions required to calculate
the mean occupation 〈n̂a(t )〉 are

Faa(τ, t ) = i〈[ĉ†
a(t ), ĉa(τ )]〉,

(19)
Gaa(τ, t ) = i�(t − τ )〈{ĉ†

a(t ), ĉa(τ )}〉.
The equations of motion for these Green functions result in

i
dGaa(t, t ′)

dt
= δ(t − t ′) + εaGaa(t, t ′)

+
∫ t ′

t
dτ�A

a (t, τ )Gaa(τ, t ′),

i
dFaa(t, t ′)

dt
= εaFaa(t, t ′)+

∫ t ′

t0

dτ
{
�R

a (t, τ )Faa(τ, t ′)

+�a(t, τ )Gaa(τ, t ′)
}
, (20)

where the introduced self-energies are given by

�A
a (t, τ ) = i�(τ − t )

∑
�k

V ∗
�ka

(t )V�ka(τ )e−iε�k (t−τ ),

�a(t, τ ) = −i
∑

�k
V ∗

�ka
(t )V�ka(τ )〈2n̂�k − 1〉e−iε�k (t−τ ). (21)

Energy distribution of electrons (holes) in the surface
after the collision

The analysis of the electron occupation of the surface states
after the collision constitutes a very rich and complementary
study for a better understanding of the exchange process.
Simultaneously with the time variation of the atom state
occupation, we have the time variation of the �k-band state
occupation 〈n̂�k (t )〉, such that d

dt [
∑

k 〈n̂�k (t )〉 + 〈n̂a(t )〉] = 0.
The energy distribution of the electrons in the surface is given
by N (ε, t ) = ∑

�k 〈n̂�k (t )〉δ(ε − ε�k ), and its time derivative can
be calculated by means of [36]

dN (ε, t )

dt
= −Im

∑
�k

δ(ε − ε�k )V ∗
�ka

(t )
∫ t

t0

dτV�ka(τ ){Faa(τ, t )

− [2〈n̂�k (t0)〉 − 1]Gaa(τ, t )}eiε�k (τ−t ).
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At the initial time, N (ε, t0) is equal to the occupied density
of states of the surface: N (ε, t0) = [ρ (S)(ε) + ρ (K )(ε)] f<(ε),
being f<(ε) the Fermi function ( f<(ε�k ) = 〈n̂�k (t0)〉). After the
collision, the energy distribution of electrons in the initially
empty surface band states is calculated as

N (electrons)
initial empty(ε, t → ∞) = N (ε, t → ∞)(1 − f<(ε)), (22)

and the energy distribution of holes in the initially occupied
band states is

N (holes)
initial occ(ε, t → ∞) = N (ε, t0) − N (ε, t → ∞) f<(ε). (23)

B. Finite-U : Correlated atom states

In this approximation, the probability of having one elec-
tron with spin projection σ in the atomic orbital is n1σ (t ) ≡
〈|σ 〉〈σ |〉t and the probability of having two electrons is
n2(t ) ≡ 〈|↑,↓〉〈↑,↓|〉t . Then, the neutralization probability is
P0(t ) = ∑

σ n1σ (t ) and the negative ion formation probability
is P−(t ) = n2(t ).

The single (n1σ ) and double (n2) occupations are obtained
from their time derivatives which, within a strict second order
in the V σ

�ka
coupling term, are given by

dn1σ

dt
= −Im

∑
�k

[
V σ∗

�ka
(t )

∫ t

t0

dτV σ
�ka

(τ ){Fσ (τ, t ) − [2〈n̂�kσ
〉 − 1]Gσ (τ, t )}e−iε�kσ

(t−τ )

− (−1)pσ̄ V σ∗
�ka

(t )
∫ t

t0

dτV σ
�ka

(τ ){F σ
↑↓(τ, t ) − [2〈n̂�kσ̄

〉 − 1]Gσ
↑↓(τ, t )}e−iε�kσ

(t−τ )

]
,

dn2

dt
= −Im

∑
�k,σ

(−1)pσ V σ∗
�ka

(t )
∫ t

t0

dτV σ
�ka

(τ ){F σ̄
↑↓(τ, t ) − [2〈n̂�kσ̄

〉 − 1]Gσ̄
↑↓(τ, t )}e−iε�kσ

(t−τ ). (24)

The advanced Green functions Gσ (τ, t ) and Gσ
↑↓(τ, t ) that

appear in Eq. (24) are the same of Eq. (6), while Fσ (τ, t ) and
F σ

↑↓(τ, t ) are defined as

Fσ (t, t ′) = i〈[|σ 〉〈0|t ′ , |0〉〈σ |t ]〉, (25)
F σ

↑↓(t, t ′) = i〈[|↑,↓〉〈σ |t ′ , |σ 〉〈↑,↓|t ]〉.

These Green functions are calculated by applying the EOM
method closed up to a second order in the coupling term V σ

�ka
[27], obtaining in this form the expressions detailed in the
Appendix.

IV. CALCULATION OF HAMILTONIAN PARAMETERS
AND SELF-ENERGIES

The calculation of the surface-atom coupling term V σ
�ka

is
based on an expansion of the surface states in a symmetrically
orthogonalized atomic basis set, accordingly to the bond-pair
model [30]. By following the procedure described in Ref. [30],
one arrives at the expression

V σ
�ka

=
∑
α,m

c�kσ
α,m〈φα (�r − �Rm)|V̂ |φa(�r − �R)〉

=
∑
α,m

c�kσ
α,mVαm,a, (26)

where Vαm,a is the hopping integral between the atomic
states φα (�r − �Rm) of an atom of the surface and the atomic
state φa(�r − �R) of the projectile ion; both states belong to a
symmetrically orthogonalized basis set in the dimeric space
formed by the two atoms [30]. The atom-atom coupling
term Vαm,a includes the electron-electron interaction within a
mean field treatment [30], and the atomic wave functions for
describing the atoms of interest (C, K, and H in this work) are
obtained from Huzinaga et al. [37,38].

The V σ
�ka

term enters in the calculation of the single and
double occupations through quantities as

∑
�k

V σ∗
�ka

(t )V σ
�ka

(τ )ξ (ε�kσ
)

=
∑
α,m
β,n

V ∗
αm,a(t )Vβn,a(τ )

∫
dεξ (ε)

∑
�k

c�kσ∗
αm c�kσ

βnδ(ε − ε�kσ
).

(27)

From Eq. (27) we conclude that the complete description
of the atom-surface interacting system requires knowing the
localized atom-atom couplings calculated by using the bond-
pair model [30], and the features of the electronic band struc-
ture of the surface given by the density matrix ραm,βn(ε) =∑

�k c�kσ∗
αm c�kσ

βnδ(ε − ε�kσ
), whose calculation was discussed in the

Sec. II A. The density matrix of the clean graphene surface
is calculated by using the Fireball code based on the density
functional theory and the expansion, linear combination of
atomic orbitals (LCAO), of the surface states [39,40].

The variation with the distance to the surface of the one
electron energy levels εI and εI + U , is calculated from the
bond-pair model without allowing charge exchange between
the atom and surface. It is assumed that the short range
electron-nucleus and electron-electron interactions is treated
within a mean field approximation, and the effect of the long
range interactions is introduced by considering the image
potential defining the behavior for large normal distances to
the surface [30].

It is also considered the energy level shift produced at large
distances by the dipole potential formed by the adsorbate and
its image [13,19,41],

Vep = q

r1
− q

r2
, (28)
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FIG. 4. Scattering geometry. The zero distance is at the K atom,
the six C atoms included in the calculation are highlighted.

where q(= 0.1e) is the charge of the alkaline atom [25], r1 is
the distance between the proton and the K adatom, and r2 is
the distance between the proton and the image charge of the
positive charged K. This potential is introduced for distances
larger than 8 a.u. respect to the graphene surface, in the same
way it was introduced in the image potential due to the ionic
projectile.

V. RESULTS AND DISCUSSION

The collision geometry used in our calculation, consisting
of the hydrogen scattering by the adsorbed K atom in a front
collision, is shown in Fig. 4. The distance of closest approach
at the different incoming energies is calculated consistently
with the binary collision model from the interaction energy
of the dimer involved, varying from 0.753 a.u. for 200 eV to
0.176 a.u. for 2000 eV. In an attempt to better approximate
the interaction energy with the K+ graphene system, we
added to the interaction energy of the dimer the interaction
of the hydrogen ion with the dipole formed by the positively
charged potassium and its image charge. The changes of
the distances of closest approach were negligible (0.75 to
0.76 a.u. for 200 eV). The zero of distance is assumed on
the K atom site, which is 4.9 a.u. above the graphene surface.
Only the six carbon first neighbors of K are included in the
dynamical interaction with the hydrogen projectile, based on
the great distance of C atoms to the projectile, which leads to
a negligible coupling between their states (see Fig. 6 below).

A. Hamiltonian parameters

1. Projectile energy levels

In Fig. 5 we show the distance evolution of the ionization
and affinity levels of hydrogen, referred to the Fermi level,
when the scattering is by the K adatom (see Fig. 4). The pro-
nounced downshift observed at short distances of potassium
is mainly due to the attractive electron-nucleus interaction,
while the large distance behavior is determined by the dipole
potential originated in the positively charged K and its image,
Eq. (28).

FIG. 5. The ionization and affinity energy levels of H as a func-
tion of the normal distance z to the potassium atom. The striped area
corresponds to the graphene surface LDOS and the peaked structure
corresponds to the projected LDOS on the K adatom. The position of
the 3s core state of potassium is also indicated (dashed line).

2. Atom-atom coupling terms

The H-C and H-K coupling terms Vαm,a(z) are shown
in Fig. 6 for the scattering geometry of Fig. 4. The H-1s
couplings with the potassium orbital states are at least one
order of magnitude larger than the couplings with the C states,
which are practically zero at distances around 2 a.u. (note
that these couplings are multiplied by 20 for being visible in
the same figure). Then, from Fig. 6, we can infer that in a
frontal collision of hydrogen with potassium, the interaction
with the C atoms is negligible, justifying in this form to
consider only the first 6th C neighbors of K (see Fig.4) in the
LCAO expansion (26). It is effectively found that they do not

FIG. 6. Coupling terms Vαm,a(z) as a function of the normal
distance to the surface z for H / K and H / C dimeric systems (for
H/C are multiplied by 20). The zero of distances is located in the K
atom position.
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FIG. 7. The energy level and its width (see the text) shown as
error bars: within an independent electron model (gray line) and by
considering electronic correlation (black line). (a) Ionization level,
(b) affinity level. The shadowed area corresponds to the K LDOS
(the Fermi energy is set on zero).

contribute to a direct charge exchange with the ion projectile,
when the alkaline adsorbate is the scattering center.

3. Energy level widths in the spinless model

The Anderson hybridization width is given by the imagi-
nary part of the Fourier transform of �A

a (t, τ ) [Eq. (21)], in
the case of a stationary process (V�ka

independent of time).
By introducing the LCAO expansion (26) of the V�ka

term one
arrives at the following expression:

�0(ε, z) = Im�A
a (ε, z) = π

∑
α,m
β,n

V ∗
αm,a(z)Vβn,a(z)ραm,βn(ε).

(29)

This function evaluated in either the ionization level
(�0(εI , z)) or the affinity level (�0(εI + U, z)) provides an
estimation of the level width due to the interaction with the
surface band states in the case of disregarding the electron
repulsion in the projectile atom state. In the frontal collision
with the K adsorbate and taking into account that the H-C
coupling is practically negligible (see inset of Fig. 6), we have,

�0(ε, z) = π |Va,K−4s(z)|2ρ (K )
σ,4s(ε)

+π
∑

i=x,y,z

∣∣Va,K−3pi (z)
∣∣2

ρ
(K )
σ,3pi

(ε). (30)

The energy levels with the respective widths as error
bars, εI (z) ± �0(εI , z) and εI (z) + U (z) ± �0(εI + U, z), are
shown in Fig. 7.

4. Energy level widths in the finite-U model

In the finite-U calculation, another terms introduced by the
correlation appear redefining �0(ε, z) [the imaginary parts of
the Fourier transform of Eqs. (A7) in the Appendix]

�c(εI , z) = �0(εI , z) + π
∑

β=4s,3pi

|Va,K−β (z)|2 f<(εI )

× [
ρ

(K )
σ,β (εI ) + ρ

(K )
σ,β (εI + U )

]
,

�c(εI + U, z) = �0(εI + U, z)

+π
∑

β=4s,3pi

|Va,K−β (z)|2(1 − f<(εI ))

× [
ρ

(K )
σ,β (εI + U ) + ρ

(K )
σ,β (εI )

]
. (31)

These quantities are also shown in Fig. 7 as error bars mounted
on the respective energy levels.

We can see that the level widths show the localized features
of the local density of states on potassium, accordingly to ex-
pressions (30) and (31). The electronic correlation introduces
two additional widths to the ionization level when the affinity
level is below the Fermi energy and crosses the occupied K-4s
and K-3p density of states. It is also observed for distances
between 2 and 3 a.u. that the width of the ionization level is
increased when correlation effects are considered.

B. Spinless calculation of the dynamical collision process

The neutralization probability, in the case of an incom-
ing proton, is shown in Fig. 8(a) as a function of the ki-
netic energy of the projectile. It is also shown the hole
occupations,

∫
region X N (holes)

initial occ(ε, t → ∞)dε, for the different
regions X of the surface band structure named 1, 2, and 3 in
Fig. 8(b); and the electron occupation in the initially empty
band named region 4,

∫
region 4 N (electrons)

initial empty(ε, t → ∞)dε. In
this form we can infer that the band states, depending on
the ion velocity, largely contribute to the neutralization and
reionization processes.

The ionization level as a function of the distance to the
surface and its width indicated as error bars are also shown in
Fig. 8(b).The first thing that draws our attention in Fig. 8(a)
is the negligible electron occupation of region 4 equal to
the hole occupation of region 3 in the whole energy range
analyzed. This means that the electrons of the K-4s-band
states close to the Fermi level are promoted to the empty
K-4s- band states due to the collision. Then, the reionization
process takes place at the expense of the long lived holes
created in regions 1 and 2 during the neutralization process.
A typical exchange process, in which the electron is being
transferred from narrow bands to the ion level and vice versa,
seems to be occurring. Precisely, the same nonmonotonous
energy dependence observed for both the hole occupation of
region 1 and the electron occupation of the ionization level,
for energies higher than 700 eV, is a clear manifestation of
this electron exchange process, in which, depending on the
ion velocity, the electron will stay either in the ion level or
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FIG. 8. (a) Neutralization probability as a function of the incom-
ing proton energy (black full squares), hole occupation in region
1 (red empty circles), hole occupation in region 2 (blue empty
triangles), hole occupation in region 3 (orange empty down trian-
gles), electron occupation in region 4 (green full diamonds); (b) the
ionization level and its width as a function of distance to the K
adatom, the projected density of states on K, and the shadowed areas
indicate the different regions 1, 2, 3, and 4; (c) the distance evolution
(negative values of z indicate the incoming path) of the neutralization
probability for incoming energies 1000 eV (blue empty squares) and
2000 eV (red empty circles).

in the band states after the collision. The interaction with
the band states of region 2 becomes more efficient as the
projectile energy decreases and the effective region for the
charge exchange process moves away from the surface. Figure
8(c) shows the practically complete charge of the ionization
level along the incoming path of the ion projectile, while loss
and capture processes take place in the exit trajectory thanks
to the holes created in the localized band states due to the
neutralization during the incoming path. It is clear that the
electron loss and capture processes defining the final charge
state are regulated by the exit velocity. At these energies
(1000 and 2000 eV), the participation of region 1 becomes
more important through charge and discharge processes. The
electron transfer from the projectile level to the holes of region
1 is more efficient as the energy is increased. Observed in

FIG. 9. (a) Negative ion formation probability as a function of
the incoming neutral atom energy (black full squares), hole occupa-
tion in region 1 (red empty circles), hole occupation in region 2 (blue
empty up triangles), hole occupation in region 3 (orange empty down
triangles), electron occupation in region 4 (green full diamonds);
(b) the affinity level and its width as a function of distance to the
K adatom, the projected density of states on K, and shadowed areas
indicate the different regions 1, 2, 3, and 4; (c) the distance evolution
of the negative ionization probability for incoming energies 1000 eV
(blue empty squares) and 2000 eV (red empty circles).

Fig. 8(c), along the exit trajectory, is a discharge process fol-
lowed by a charged one, at distances approximately between
2 and 3 a.u. These processes are habilitated by the interaction
with the band states originated by the hybridization between
the K and C states, as it is inferred from the level width
observed in regions 1 and 2 of Fig. 8(b).

The bonding and antibonding interactions among the hy-
drogen state, the localized K-4s- and K-3p surface bands and
the K-3s core state, are surely playing an important role.
For instance, the high efficiency of the electron exchange
between region 1 and the ionization level may be favored by
the bonding interaction with the K-4s band states.

On the other hand, we found that the survival probability
of an incoming neutral atom is equal to 1 for all the analyzed
energy values. In this form, we verified that the reionization
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FIG. 10. Ion fractions as a function of the incoming energy: P0

(full circles), P− (full squares), and P+ (full triangles).

process is occurring at the expense of the holes created in the
band states because of the neutralization.

From an overall view of Fig. 9(a), we can infer that the
affinity level is charged at the expense of the band states of
region 3, 2, and 1, while the empty band states of region 4
are contributing to the discharge. At incoming energies below
600 eV, the charge transfer process is defined far from the
surface and it is mainly produced by the interaction with the
band states of region 2, 3, and 4 (the hopping with the K-3p
orbital decays with distance faster than the hopping with the
K-4s orbital (Fig. 6)]. The nonmonotonous dependence with
the energy of the hole occupation of region 3, practically
coincident with the electron occupation of the affinity level,
is a display of the exchange process between quasiresonant
localized states. At larger energy values, the distance region
where the transfer process is effective becomes closer to the
surface and the band states of region 1 contribute to the charge
of the affinity level. At the same time, the discharge to the
empty states of region 4 is less probable as the ion movement
is faster, explaining in this form the increasing negative ion
fraction. In Fig. 9(c), we observe that the affinity level is
completely occupied in the incoming path and again, that the
electron loss and capture processes defining the final charge
state are regulated by the exit velocity. It is also observed
in Fig. 9(c) that as the ion energy increases, the survival
probability of negative ions moving away from the surface
grows in the region close to the surface (z < 6 a.u.) and
the discharge to the band states of region 4 diminishes. As
in Fig. 8(c), observed along the exit trajectory, is a discharge
process followed by a charged one, at distances approximately
between 2 and 3 a.u. These processes have the same origin: the
interaction with the band states originated by the hybridization
between the K and C states, as is seen by means of the level
width in regions 1 and 2 of Fig. 9(b).

C. Finite-U calculation of the dynamical collision process

To introduce the electronic correlation means that there is
only one atomic orbital that admits up to two electrons. The

FIG. 11. Distance evolution of (a) the neutral ion fraction and
(b) the negative ion fraction, for incoming energies 1000 eV (red
dashed-dotted line) and 2000 eV (blue dashed line).

simple picture of thinking in two atomic energy levels for
describing two independent processes (the ionization level for
the neutralization and the affinity level for the negative ion
formation) is not valid. A first signal of a correlated behavior
arises from the norm condition, and in that case, if one charge
state is negligible, the increasing probability of one charge
state is clearly at the expense of the decreasing probability
of the other. This is not occurring in our case, according to the
results shown in Fig. 10, because the three charge states have
an appreciable occurrence probability in the whole analyzed
range of incoming energies.

It is observed in Fig. 10 that the negative ion fraction is
between 10 and 40% for energies below 1500 eV, and for
energies below 500 eV the negative fraction is larger than the
positive one.

In Fig. 11 we present the evolution along the trajectory
of P0 and P− for two different energies, 1000 and 2000 eV.
From Figs. 11(a) and 11(b) we observe that the proton is
negatively charged along the incoming path since it has now
the possibility of capturing up to two electrons. In the exit
trajectory, electron loss and capture processes involving the
holes created in the incoming path occur, and each charge fluc-
tuation is accompanied by a change of the system energy. That
means: in the first step, the electron loss from H− involves the
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FIG. 12. (a) Neutral ion fraction and (b) negative ion fraction as a
function of incoming energy. The calculation including the inner and
valence states of K adatom (black full squares) and the calculation
considering only the 4s-band states (blue full down triangles). Full
circles (red) show the negligible contribution of the carbon atoms
because they are very far from the projectile.

affinity level, but in the following step, the electron loss from
H0 involves the ionization level. This correlated behavior is
possibly responsible for such an oscillatory dependence on the
energy of the ion fraction, compared with the noninteracting
spinless calculation [Figs. 8(a) and 9(a)].

The loss processes in the empty 4s-band states also occur,
but in this case they are habilitated not only from the affinity
level but also from the ionization one, as it is suggested by
its larger width in the case of correlated charge channels
[Fig. 7(a)].

The important role of the inner 3p and 3s states of potas-
sium can be inferred by omitting them in the calculation of the
dynamical charge transfer process. In Fig. 12 we compare the
calculation including the core state 3s and the valence band
states 3p and 4s of the potassium adsorbed on graphene, with
the calculation that includes only the K-4s band states. It is
found that the negative ion formation is strongly diminished
when the inner states of K are not considered, and a reduction,
but not so marked, of the neutralization probability is also
observed. The more defined oscillatory behavior with energy
of P0 seems to be related to the typical interaction between
two localized states.

In Fig. 12, also shown is the negligible contribution of
the C atoms of the graphene surface to the charge exchange

FIG. 13. Neutral (black lines) and negative (gray lines) ion frac-
tions as a function of distance in the case of considering only the
4s-band states of the adsorbed potassium, for incoming energies:
1000 eV (short-dashed-dotted line) and 2000 eV (solid line).

process, calculated by removing the K adatom, but maintain-
ing its position as the scattering center. The large distance of
the ion projectile to the carbon atoms is responsible for this
very small possibility of a direct charge exchange between
them (see the small hydrogen-carbon hopping integrals in
Fig. 6).

Figure 13 shows the neutral and negative ion fraction as a
function of the distance to the surface, in the case of omitting
the K-inner bands. We can conclude, by comparing with the
evolution of the charge states along the trajectory shown in
Fig. 11, that the 3p-band states of adsorbed potassium pro-
vides an important source of electrons and that the promotion
effect of the 3s-core state is favoring the negative charge of
the incoming proton.

The conclusions related to the important role of the core
K-3p state will change for alkaline adsorbates such as Li
and Na, because the core states of both of them are located
well below the bottom of the valence band of graphene (the
energies referred to the Fermi level are Li-1s = −53.1 eV;
Na-2p = −28.1 eV and Na-2s = −61.2 eV [33]).

In addition, a memory loss effect is not expected, taking
into account that the charge exchange occurs between the
atomic state of the projectile and the very narrow bands local-
ized on the adsorbed atom, as reflected in the characteristics
of the hydrogen level widths shown in Fig. 7. Furthermore,
different final charge fractions were obtained by changing the
initial charge state of the hydrogen ion, reaffirming the lack of
a memory loss.

Finally, in Fig. 14, we compare the negative (�−)
and neutral (�0) fractions obtained by considering the
Coulomb repulsion U (�− = P−and �0 = P0), with the same
quantities constructed from the spinless calculation [26]:
�− = 〈n̂a〉H0→H−〈n̂a〉H+→H0 , the positive ion fraction �+ =
(1 − 〈n̂a〉H+→H0 )(1 − 〈n̂a〉H0→H− ), and �0 = 1 − �+ − �−.
Here, 〈n̂a〉H+→H0 means the occupation of the ionization level
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FIG. 14. Ion fractions as a function of the projectile incoming
energy calculated by considering (full symbols) and not considering
(empty symbols) correlation effects. The squares correspond to
negative (�−), and circles to neutral (�0) fractions.

and 〈n̂a〉H0→H− , is the occupation of the affinity level (see
Sec. III)

We observe from Fig. 14 that the calculation that ignores
the correlation effects provides approximately an average of
the neutral fraction, while it underestimates the negative ion
fraction for energies below 1500 eV. But, from the com-
parison, we extract clearly that the pronounced oscillatory
behavior is introduced by the correlated nature of the three
possible charge states of hydrogen. Furthermore, the negative
hydrogen formation reaches higher values than the measured
ones in clean carbon based surfaces such as highly oriented
pyrolitic graphite (HOPG) [26,42].

VI. CONCLUSIONS

In this work we have studied the frontal collision of protons
with a potassium atom adsorbed on graphene. Electronic
correlation is introduced in the calculation of the LDOS at the
adatom site and the charge fractions of the scattered proton.

The local density of states at the K site includes not only the
4s-valence orbital of the K atom but also the 3p-core orbital
whose energy resonates with the graphene valence band, and
then, it turns out to be widened by the interaction. The 3s-core
state is also included in the LDOS at the K site, as an inner
band of zero width.

We have taken into account the changes in the LDOS at the
C sites due to the presence of the K adatom. We found that, in

a frontal collision with the K adatom, the C atoms practically
do not participate in a direct charge exchange process.

The localized features of the spectral density on
the K adatom, intimately related to the band structure
of the graphene sheet, enable a full negative ionization during
the incoming path and then, in the exit, electron loss takes
place, not only in the empty 4s-band but also to the long-lived
holes created during the approach to the surface. Afterwards,
the charge fluctuation H0 to H+ occurs fundamentally at the
expense of the holes created in the surface band states during
the full negative ionization that took place in the incoming
path. There is also a small contribution to the positive ion-
ization process due to the electron loss to the empty K-4s
band, which is habilitated by the more significant level width
introduced by the correlation effects.

We found that the K-3p band provides an important source
of electrons, and that the promotion effect of the K-3s core
state is favoring the negative ion formation. The core states of
the alkaline atoms adsorbed on graphene will introduce im-
portant differences between them: neither Li nor Na have core
levels that can resonate with the valence band of graphene.

The pronounced oscillatory behavior of the charge state
probabilities with the incoming energy is caused by the cor-
related states of hydrogen interacting with the localized band
states of the potassium adsorbed on graphene. In addition, the
negative ion fraction obtained reaches high values compared
with the case of hydrogen scattered by C atoms in carbon
based surfaces like HOPG.

Finally, we can conclude that the charge states after the
collision with the adsorbed potassium are determined along
the whole trajectory, and are dependent on the initial projectile
charge state.
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APPENDIX: FINITE-U APPROXIMATION

Taking into account the Anderson Hamiltonian introduced
in Sec. II B and keeping only terms up to a second order in the
surface-atom coupling V σ

�ka
(t ), the equations of motion for the

Green functions

Fσ (t, t ′) = i〈[|σ 〉〈0|t ′ , |0〉〈σ |t ]〉, (A1)
F σ

↑↓(t, t ′) = i〈[|↑,↓〉〈σ |t ′ , |σ 〉〈↑,↓|t ]〉,

result in

i
dFσ (t, t ′)

dt
= εI Fσ (t, t ′) + i

∑
�k

V σ
�ka

(t )[2〈n̂�kσ̄
〉 − 1][〈ĉ�kσ̄

|σ̄ 〉〈0|〉eiε�kσ
(t ′−t ) + 〈ĉ†

�kσ̄
|σ 〉〈↑,↓|〉e−i(ε�kσ

−E2 )(t ′−t )]

+
∫ t ′

t0

dτ
{[

�R
σ (t, τ ) + �R<

σ̄ (t, τ )
]
Fσ (τ, t ′) + [�σ (t, τ ) + �<

σ̄ (t, τ )]Gσ (τ, t ′)
}
, (A2)
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i
dF σ

↑↓(t, t ′)

dt
= (εI + U )F σ

↑↓(t, t ′) + i
∑

�k
V σ∗

�ka
(t )[2〈n̂�kσ̄

〉 − 1][〈|↑,↓〉〈σ̄ |ĉ�kσ
〉eiε�kσ

(t ′−t ) + 〈ĉ†
�kσ

|0〉〈σ |〉e−i(ε�kσ
−E2 )(t ′−t )]

+
∫ t ′

t0

dτ {[�R
σ (t, τ ) + �R>

σ (t, τ )]F σ
↑↓(τ, t ′) + [�σ (t, τ ) + �>

σ (t, τ )]Gσ
↑↓(τ, t ′). (A3)

For calculating Eqs. (A2) and (A3), it is necessary to calculate the advanced Green functions

Gσ (t, t ′) = i�(t ′ − t )〈[|σ 〉〈0|t ′ , |0〉〈σ |t ]〉,
Gσ

↑↓(t, t ′) = i�(t ′ − t )〈[|↑,↓〉〈σ |t ′ , |σ 〉〈↑,↓|t ]〉, (A4)

whose motion equations are given by

i
dGσ (t, t ′)

dt
= δ(t ′ − t )〈|σ 〉〈σ | + |0〉〈0|〉 + εI Gσ (t, t ′)

+ i�(t ′ − t )
∑

�k
V σ∗

�ka
(t )[〈ĉ�kσ̄

|σ̄ 〉〈0|〉eiε�kσ
(t ′−t ) − 〈ĉ†

�kσ̄
|σ 〉〈↑,↓|〉e−i(ε�kσ

−E2 )(t ′−t )]

+
∫ t ′

t
dτ [�σ (τ, t ) + �<

σ̄ (τ, t )]Gσ (τ, t ′), (A5)

i
dGσ

↑↓(t, t ′)

dt
= δ(t ′ − t )〈|↑,↓〉〈↑,↓| + |σ 〉〈σ |〉 + (εI + U )Gσ

↑↓(t, t ′)

+ i�(t ′ − t )
∑

�k
V σ∗

�ka
(t )[〈|↑,↓〉〈σ̄ |ĉ�kσ

〉eiε�kσ
(t ′−t ) − 〈ĉ†

�kσ
|0, 0〉〈σ |〉e−i(ε�kσ

−E2 )(t ′−t )]

+
∫ t ′

t
dτ [�σ (τ, t ) + �>

σ (τ, t )]Gσ
↑↓(τ, t ′). (A6)

The expressions for the self-energies introduced in Eqs. (A2), (A3), (A5), and (A6), are

�σ (τ, t ) = i�(τ − t )
∑

�k
V σ∗

�ka
(t )V σ

�ka
(τ )e−iε�kσ

(t−τ ),

�<
σ (τ, t ) = i�(τ − t )

∑
�k

V σ∗
�ka

(t )V σ
�ka

(τ )〈n̂�kσ
〉(e−iε�kσ

(t−τ ) + e−i(ε�kσ
−E2 )(τ−t ) ), (A7)

�>
σ (τ, t ) = i�(τ − t )

∑
�k

V σ∗
�ka

(t )V σ
�ka

(τ )〈1 − n̂�kσ
〉(e−iε�kσ

(t−τ ) + e−i(ε�kσ
−E2 )(τ−t ) ),

�<
σ (t, τ ) = i

∑
�k

V σ
�ka

(t )[2〈n̂�kσ
〉 − 1]〈n̂�kσ

〉[e−iε�kσ
(t−τ ) − e−i(ε�kσ

−E2 )(τ−t )],

(A8)
�>

σ (t, τ ) = i
∑

�k
V σ

�ka
(t )[2〈n̂�kσ

〉 − 1]〈1 − n̂�kσ
〉[e−iε�kσ

(t−τ ) − e−i(ε�kσ
−E2 )(τ−t )].

The total energy E2 corresponds to the two electron configuration, that is E2 = 2εI + U .
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