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Topological proximity effects in a Haldane graphene bilayer system
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We reveal a proximity effect between a topological band (Chern) insulator described by a Haldane model and
spin-polarized Dirac particles of a graphene layer. Coupling weakly the two systems through a tunneling term
in the bulk, the topological Chern insulator induces a gap and an opposite Chern number on the Dirac particles
at half filling, resulting in a sign flip of the Berry curvature at one Dirac point. We study different aspects of
the bulk-edge correspondence and present protocols to observe the evolution of the Berry curvature as well
as two counterpropagating (protected) edge modes with different velocities. In the strong-coupling limit, the
energy spectrum shows flat bands. Therefore we build a perturbation theory and address further the bulk-edge
correspondence. We also show the occurrence of a topological insulating phase with Chern number one when
only the lowest band is filled. We generalize the effect to Haldane bilayer systems with asymmetric Semenoff
masses. Moreover, we propose an alternative definition of the topological invariant on the Bloch sphere.
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Topological systems have attracted considerable attention
these last decades [1,2] as they show robust gapless edge
modes which are relevant for quantum information purposes
[3]. The Haldane model [4] on the honeycomb lattice, which
has been realized in ultracold atoms [5,6], graphene [7], quan-
tum materials [8], and photonic topological systems [9–14],
now appears as a paradigmatic model in the topological
classification of Bloch energy bands. For spinless fermions,
the bulk state is insulating at half filling and characterized by a
topological invariant, the first Chern number, while the edges
of the system reveal a one-dimensional gapless chiral mode
by analogy with the quantum Hall effect [15–20]. Topological
proximity effects induced by a topological band insulator
[21–23] have also started to gain interest as a generalization
of the proximity effect induced from a superconductor onto
a metallic system [24,25]. Motivated by the recent interest
in bilayer topological graphene systems [26], we study the
proximity effect when tunnel coupling a Haldane model with a
layer of graphene. Particle-hole processes at the interface open
a gap as a result of pseudospin effects, inducing an inverse
topological order in the graphene system when both layers are
half filled.

We address different geometries to describe the bulk-edge
correspondence and the Berry curvatures [27] of Bloch bands
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which could be equivalently probed for fermions and bosons
at the one-particle level. We study the edge structure in rela-
tion with the Kane-Mele model [28–30] and with the quantum
spin Hall effect at weak coupling [31,32]. We then address the
strong-coupling flat-band limit and generalize the analysis to
a bilayer Haldane model with asymmetric Semenoff masses
[33]. We also suggest implementations in graphene bilayers,
cold atoms, and photonic systems.

The Haldane model and graphene layers are described
through the same pseudospin-1/2 representation in momen-
tum space, as a result of the two sublattices of the honeycomb
lattice [34], allowing us to describe the proximity effect in
the same torus representation of the first Brillouin zone and
fiber bundle approach on the Bloch sphere. In the latter case,
we introduce an alternative description of the topological
invariant.

The Hamiltonian takes the form H = Hg + Hh + Hr ,
where Hg describes the graphene layer [35–37], Hh the topo-
logical Haldane model, and Hr the tunnel coupling between
the layers with amplitude r. For simplicity, below we present
the results for a tunnel coupling r involving the same sublat-
tice in the two layers. In the Supplemental Material, we show
that this proximity effect is robust towards a more general
choice of coupling parameters between the two subsystems
[38]. We introduce the standard definitions where t1 means the
nearest-neighbor hopping element on the honeycomb lattice,
and t2 the second-nearest-neighbor tunneling element with
the associated Peierls phases ±� for sublattices A and B
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[38]. In wave-vector space, the Hamiltonian takes the form
H = ∫

dk/(2π2)H(k), where

H(k) =
(

dg · σ r · I
r · I dh · σ + εh · I

)
, (1)

with the vector σ of Pauli matrices acting in the Hilbert
space of sublattice A and sublattice B of each layer g
and h, respectively [34]. Particles are assumed to be spin-
less (spin polarized). To make an analogy with two 1/2
spins in k space, one could also choose to introduce
two different sets of Pauli matrices σg and σh acting in
the sublattice space of each layer; the results derived be-
low can be simplified in notations through the introduc-
tion of one set of Pauli matrices. The magnetic fields
are dh

x (k) = −t1
∑3

i=1 cos(k · ai ), dh
y (k) = −t1

∑3
i=1 sin(k ·

ai ), and dh
z (k) = −2t2 sin �

∑3
i=1 sin(k · bi ). The vectors

ai and bi link nearest neighbors and next-nearest neigh-
bors on the honeycomb lattice [38]. Furthermore, εh =
−2t2 cos �

∑3
i=1 cos(k · bi ) and I is the 2 × 2 identity matrix

acting in the sublattice space of the different layers. Since
we assume that the nearest-neighbor tunneling amplitudes are
identical in both layers (for the simplicity of notations but
without loss of generality), then dg

x (k) = dh
x (k) and dg

y (k) =
dh

y (k), and initially for graphene (when r = 0) the magnetic
field in k space resides in the equatorial plane dg

z (k) = 0. In
the numerical calculations below, we fix the phase � = π/2.

Mapping the first Brillouin zone on a torus onto the
sphere S2, the Haldane model at r = 0 is characterized
by the normalized magnetic field d∗ = [sin θ (k) cos φ(k),
sin θ (k) sin φ(k), cos θ (k)] such that the Chern number asso-
ciated with the two bands of the topological Haldane insulator
can be defined as

Ch
± = 1

2π

∫
S2

F± = ∓ 1

4π

∫
S2

d� = ∓1, (2)

with the relation between the Berry curvature and the solid
angle on the sphere S2, F± = ∓ sin θdθdφ = ∓ d�

2 . In Fig. 1
(top left), we show the Berry curvature associated with the
lowest-energy band of the Haldane model, corresponding to
the Chern number Ch

− = C1 = +1. The Chern number of such
spin-1/2 models on the sphere S2 has been measured in circuit
quantum electrodynamics [39–41]. The Berry curvature of
the Haldane model has also been measured in cold atoms
[6] through the momentum distribution [6,42]. The topology
of Bloch bands can also be accessed through Wilson line
measurements [43] and coupling with circularly polarized

FIG. 1. Berry curvature in the Brillouin zone for the Haldane and
graphene layers at r = 0 and small r, showing the Berry phase jump
effect [38]. Here, t1 = 1 and t2 = 1/3. Results in the Haldane layer
remain almost unchanged from r = 0 to r = 0.4: The pseudospin
1/2 is polarized close to the Dirac point, and the dominant contribu-
tion to the Berry curvature occurs close to the highly symmetric M
points [38].

light [7,44]. The Chern number of graphene is equal to
Cg

± = C2 = 0 when r = 0. One can still define a Berry phase
[27] ±π associated with pseudospin effects around the two
inequivalent Dirac points ±K (K and K′) (see Fig. 1) [35].

To show how an effective dg
z magnetic field component

can be induced in the graphene layer through the presence of
the dh

z term in the Haldane system, we build a perturbation
theory and a path integral approach in the small r � (t1, t2)
limit by integrating out degrees of freedom of the Haldane
model and revealing particle-hole processes at the interface;
see Supplemental Material [38]. A particle starts from, say,
graphene in sublattice A (B), then takes the same sublattice
in the Haldane layer, and after the action of the second-
nearest-neighbor tunneling term t2 giving a phase +� (−�),
the particle goes back in the graphene lattice, producing an
effective dg

z term with t eff
2 ∼ −|r|2/(27t2

2 sin2 �)t2; the minus
sign is a result of second-order perturbation theory [22]. The
partition function of the graphene layer becomes [38]

Zg =
∫

Dζg(k)Dζ̄g(k) exp −
(∫ β

0
dτ

∫
d2k

2π2
ζ̄g(k)

[
∂τ + dg(k)σ − |r|2

||dh(k)||2 (1 − e−ετ )dh(k)σ

]
[ζg(k)]T

)
, (3)

with ζg(k) = [cgA(k), cgB(k)] describing a fermion operator
in the graphene layer, at sublattice A and B, respectively, and
ε an energy scale close to t2. At long timescales ετ � 1
or low energy compared to the Haldane gap we find that
the proximity effect indeed results in the induction of a
magnetic field in the graphene layer along the z direction. In

the Supplemental Material [38], we build an analogy with an
Ising coupling between two spins-1/2 impurities σg and σh in
reciprocal space.

Then, we derive an effective low-energy model
close to the Dirac points of graphene (dx = dy ∼ 0),
approximating dh

z (k ∼ ±K) = ±3
√

3t2 sin �. By analogy
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to the Haldane model, the induced mass term is
∼ − |r|2/(27t2

2 sin2 �)dh
z (k)σz. This now ensures that the

low-energy band of the graphene layer satisfies the following
condition on the Chern number Cg

− = C2 = −1.
To understand this key point, we use the form of the

eigenstates close to a given Dirac point in graphene [35],

1√
2

(
1

±eiφ(q)

)
, (4)

where q corresponds to a small deviation from a Dirac
point such that tan φ = qy/qx. The ± signs refer to positive
energy and negative energy bands respectively meeting at
the Dirac point; these two bands are related through φ ↔
φ + π . It is constructive to introduce the induced mass (gap)
m = −|r|2/(27 sin2 �t2

2 )dh
z (k), which changes of sign at the

two Dirac points in the graphene layer. In the Supplemental
Material, we provide the forms of the eigenstates as a function
of vF ||q|| and m [38]. We check that eigenstates converge to
those of Eq. (4) in the limit |m| � vF ||q||, where vF = 3t1a/2
is the Fermi velocity and a the lattice spacing. The two Dirac
points K and K′ are now related through a mass m → −m
inversion corresponding to change φ → φ′ = −φ + π . The
operation φ → −φ corresponds to the change K in K′ and
the additional π phase corresponds to inverting the upper and
lower bands. We find that the Berry phases around the two
Dirac points become equal [38],

γK = γK ′ = −1

2

∮
∇φ(k) · dk = −π. (5)

The integration follows a closed path around a Dirac point.
We numerically check [45] that a −π Berry phase occurs
at both Dirac points of graphene (see Fig. 1), similarly to
the Haldane model when t2 � t1. We also check that for the
upper band of graphene, Cg

+ = +1 = −Ch
+ or γK = γK ′ = π

(this is equivalent to changing m → −m at a Dirac point or
dh

z → −dh
z ; see also the Supplemental Material in Ref. [38]).

Progress on engineering twisted bilayer graphene systems has
recently allowed one to achieve new band structures, and
Dirac fermions with opposite chiralities have recently been
observed [46]. Then, by applying circularly polarized light
[7], one could already achieve two topological bands showing
opposite Chern numbers. Below, we shall engineer a specific
bilayer graphene model which can be realized in cold atoms.

The Berry phases could be directly measured as demon-
strated in Refs. [6,43,47]. Information on Berry phases could
also be reconstructed from quantum Hall conductivity [19,48]
quantum circular dichroism by shining light [44], scanning
probe [49,50], and Klein paradox [51,52] measurements.

Now, we study in more detail the edge properties. For two
layers of equal size, for r �= 0, we find the formation of a gap
at the edges at half filling, resulting from the hybridization of
the zigzag edge mode of graphene—present at r = 0—with
the topological edge mode [see the black edge modes in
Fig. 2 (left) corresponding to the right boundary of the green
cylinder]. This is also consistent with the Kane-Mele model
[53], where the r coupling at the edges corresponds to a spin-
flip process which breaks the Z2 symmetry and opens a gap
similar to the effect of the Mott transition [54,55]. To confirm
that a chiral edge state has now appeared in the graphene layer
at half filling moving in the opposite direction as the edge state

FIG. 2. Cylinder representations of the Haldane (in gray) and
graphene (in green) systems, in the wave-vector space. The green
region has 60 unit cells and the gray region has 14 additional unit
cells. Band structures for t1 = 1 and t2 = 1/3 in the weak- and
strong-coupling limits for this cylinder geometry [1]; the lattice spac-
ing is a = 1. On the left, we zoom on the two low-energy graphene
bulk bands. We observe two counterpropagating edge modes with
different velocities at zero energy for r of the order of t2. For very
strong couplings, on the right, the counterpropagating edge modes at
low energy are only linked to the Haldane region, and the central
strongly hybridized region becomes identical to the vacuum (or
becomes topologically trivial).

in the Haldane layer, in agreement with (Ch
− − Cg

−) = 2 in the
bulk for r �= 0 [56], we suggest to suppress smoothly the r
tunnel coupling at the left edge. In the numerics, we check that
for more additional 10 unit cells in the Haldane region, the
results are stable: Fig. 2 then shows two counterpropagating
edge modes with different velocities, due to the different
gaps in the two layers, crossing the chemical potential at
half filling (or energy zero). Alternatively, one could build
a slightly smaller layer and observe two counterpropagating
edge modes, one in each layer (see Fig. 2, top right).

To address the strong-coupling limit r � (t1, t2) analyt-
ically, we define the field operators ψ± = 1/

√
2(cgA ± chA)

hybridizing the sublattices A of the two layers and χ± =
1/

√
2(cgB ± chB) hybridizing the sublattices B of the two

layers. Similarly to the graphene layer in Eq. (3), c†
hA and

c†
hB represent creation operators at sublattices A and B in the

Haldane layer. To show that the strong-coupling description
is very general we introduce the magnetic fields d1 and d2

associated with the two layers, that we shall rewrite in the
hybridized basis. To find the effective Hamiltonian in the basis
[ψ−, χ−, ψ+, χ+], we can equivalently perform a unitary
transformation, such that the Hamiltonian becomes

H̃(k) =
(

−rI + (d1+d2 )
2 · σ (d1−d2 )

2 · σ
(d1−d2 )

2 · σ rI + (d1+d2 )
2 · σ

)
. (6)

The energy spectrum shows two pairs of bands centered
around ±r (see Ref. [38]) and described by a Haldane model
with an effective magnetic field in k space which gives rise
to (d1 + d2) · σ/2. The off-diagonal terms couple band pairs
of different energy which do not affect the low-energy theory.
For the Haldane graphene bilayer with d1 = dg and d2 = dh,
Berry curvatures of the two lowest bands for r � t2 are shown
in Fig. 3.
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FIG. 3. Berry curvatures for the two lowest-energy bands at
strong coupling r = 7 (t1 = 1 and t2 = 1/3).

In Fig. 2, the two lowest “hybrid” bands are still described
by a total Chern number zero and the bulk green region now
behaves as the vacuum, i.e., it becomes topologically trivial. In
Fig. 2, we now observe two counterpropagating edge modes
with equal velocities at zero energy, when suppressing the
tunnel coupling at one edge in the cylinder geometry (in
the gray region). By making one layer slightly larger than the
other, the two edge modes now entirely connect to the Haldane
bulk bands of the gray region.

At quarter filling [implying that the particle densities of
the two layers satisfy (ng = nh = 1/4)] only the lowest band
in Fig. 2 (right) should be filled, and the system reveals a
topological phase with Chern number 1. The edge structure
shows on average 1/2 particle in one layer moving together
with 1/2 particle in the other layer.

We now address the situation of a Haldane model in each
layer with d1 = d2 = dh which can be realized in ultracold
atoms through a shaking protocol, resulting in t2 � t1 [38].
We predict an evolution from a phase with total Chern number
C = 2 to a phase with total Chern number 0, when increasing
r [38]. This demonstrates that the topological proximity effect
subsists in the case of two coupled insulators [23]. We now
discuss the effect of Semenoff masses M1 and M2 in the two
layers [33]. This results in an additional term (M1 + M2)σz/2
in Eq. (6) in the subspace [ψ−, χ−] and similarly for the
subspace [ψ+, χ+]. For asymmetric masses, we find two
transitions showing a jump of the Berry phase at one Dirac
point only (as discussed above for a graphene layer weakly
coupled to a Haldane Chern insulator), namely, the K′ and
then the K point, and the bands remain distinguishable in
the intermediate C = 1 region (see Fig. 4). We present the
gap evolution and additional information in the Supplemental
Material for this situation, that may be realized in ultracold
atoms [38]. For M1 = M2, a band touching effect occurs, then
suppressing the C = 1 region [38].

Below, we present an alternative description of the topo-
logical proximity effect on the Bloch sphere with polar angle
θ (k) and azimuthal angle φ(k), defining the Haldane model at
r = 0. From Stokes’ theorem, for r �= 0, we rewrite the Chern
number of the different bands in the equatorial plane for an
angle θ (k) = π/2 as

Cj = 1

2π

∫ 2π

0
dφ

(〈
ψ

j
N

∣∣i ∂

∂φ

∣∣ψ j
N

〉 − 〈
ψ

j
S

∣∣i ∂

∂φ

∣∣ψ j
S

〉)
, (7)

where |ψ j
N 〉 = |ψ j (θ (k), φ(k), N )〉 and |ψ j

S 〉 = |ψ j (θ (k),
φ(k), S)〉 are eigenstates corresponding to the band j defined

FIG. 4. Numerical phase diagram for two coupled Haldane mod-
els with d1 = d2 = dh. Evolution of the total Chern number C for
the two lowest bands as a function of r and M2 for M1 = 1/

√
3 in

units of t1 = 1 and t2 = 1/3. Illustration of Berry phase “jumps” at
the second phase transition.

in the north (N) or south (S) hemisphere [38]. Going from
the north to south pole is equivalent to modifying the vectors
ai → −ai and bi → −bi in real space (if we fix k). This
is also equivalent to changing the role of sublattices A and
B in each layer. We check that for the lowest-energy band
corresponding to the valence band of the Haldane model in
weak coupling, then C1 = Ch

− = +1. The two lowest bands
(and also the two upper energy bands) acquire opposite wind-
ing phases due to the relative phase fixing the argument at
the north pole when r �= 0, i.e., C2 = Cg

− = −1, encoding
the mass inversion effects between bands. We justify the
equivalence between Eqs. (2) and (7) in Ref. [38].

To summarize, we have presented a proximity effect from
a topological Chern insulator on a graphene layer. The two
lowest filled energy bands show inverse Chern numbers +1
and −1. We have illustrated the bulk-edge correspondence in
relation with the Kane-Mele model [28,56], and with general
bulk-edge correspondence in the ultrastrong-coupling limit.
Progress on twisted bilayer systems [46] and coupling with
circularly polarized light [7] could allow one to engineer such
a topological proximity effect. In the Supplemental Material,
we discuss implementations in cold-atom bilayers in relation
to Fig. 4 and light systems thoroughly. Interaction effects lead-
ing to a Mott transition [54,55,57,58] and fractional quantum
Hall phases will be studied further [59].
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[57] I. Vasić, A. Petrescu, K. Le Hur, and W. Hofstetter, Phys. Rev.

B 91, 094502 (2015).
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