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Quadratic magneto-optic Kerr effect spectroscopy of Fe epitaxial films on MgO(001) substrates
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The magneto-optic Kerr effect (MOKE) is a well known and handy tool to characterize ferro-, ferri-, and
antiferromagnetic materials. Many of the MOKE techniques employ effects solely linear in magnetization
M. Nevertheless, a higher-order term being proportional to M2 and called quadratic MOKE (QMOKE) can
additionally contribute to the experimental data. Here, we present detailed QMOKE spectroscopy measurements
in the range of 0.8–5.5 eV based on a modified eight-directional method applied on ferromagnetic bcc Fe
thin films grown on MgO substrates. From the measured QMOKE spectra, two further complex spectra of
the QMOKE parameters Gs and 2G44 are yielded. The difference between those two parameters, known as
�G, denotes the strength of the QMOKE anisotropy. Those QMOKE parameters give rise to the QMOKE
tensor G, fully describing the perturbation of the permittivity tensor in the second order in M for cubic crystal
structures. We further present experimental measurements of ellipsometry and linear MOKE spectra, wherefrom
permittivity in the zeroth and the first order in M are obtained, respectively. Finally, all those spectra are described
by ab initio calculations.
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I. INTRODUCTION

Ferromagnetic (FM) materials have been extensively stud-
ied due to their essential usage in data storage industry.
Recently, attention has been attracted to antiferromagnetic
(AFM) materials due to the new possibility to control AFM
spin orientation with an electrical current (based on spin-orbit
torque effects) [1,2]. Hence, there is increasing demand for
fast and easily accessible methods for AFM magnetization
state characterization. However, most of the methods that
are used for FM research are not applicable to AFM ma-
terials due to their lack of net magnetization. Nevertheless,
the magneto-optic Kerr effect (MOKE) [3] and magneto-
optic (MO) effects in general, which are very powerful tools
used in the field of FM research, can also be employed in
AFM research [4]. Although MOKE linear-in-magnetization
(LinMOKE), being polar MOKE (PMOKE), longitudinal
MOKE (LMOKE), and transversal MOKE (TMOKE) are
only applicable to canted AFM and AFM dynamics [5–7], it is
the quadratic-in-magnetization part of the MOKE (QMOKE)
that is employable for fully compensated AFM [8].

There are several MO effects quadratic in magnetization.
The QMOKE denotes a MO effect originating from
nonzero off-diagonal reflection coefficients (rsp or rps),
which appear due to the off-diagonal permittivity tensor
elements (such as εxy). On the other hand, magnetic linear
dichroism (MLD) and birefringence (also called the Voigt
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or Cotton-Mouton effect) denote MO effects observed in
materials where different propagation and absorption of
two linearly polarized modes occur, one being parallel and
the other perpendicular to the magnetization vector M [or
antiferromagnetic (Néel) vector L in the case of AFM].
These effects originate from different diagonal elements
of the permittivity tensor (for example, εxx − εyy for light
propagating along the z direction in the isotropic sample with
in-plane M when Mx �= My).

A more comprehensive approach to QMOKE is available,
which also takes into account the anisotropy of QMOKE
effects. Individual contributions to QMOKE can be measured
and analyzed, stemming from the quadratic MO tensor G
[9], which describes a change to the permittivity tensor of
the crystal in the second order in M. The separation al-
gorithm (known as the eight-directional method) has been
developed for cubic (001) oriented crystals [10]. It is based
on MOKE measurement under eight different M directions
for different sample orientations with respect to the plane of
incidence. Although applying this method on AFMs would
be considerably challenging (because magnetic moments of
AFMs have to be reoriented to desired directions), it is not in
principle impossible. The switching of AFM through inverse
MO effects is possible [6,11] and control of AFM domain
distribution was demonstrated by polarization-dependent op-
tical annealing [12]. However, the easiest way to apply above
mentioned separation process on AFMs would be to use
easy-plane AFMs such as NiO(111) where a sufficiently large
magnetic field will align the moments perpendicular to the
field direction due to Zeeman energy reduction by a small
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canting of the moments [13]. Furthermore, if we take ad-
vantage of exchange coupling to an adjacent FM layer, e.g.,
Y3Fe5O12 (YIG) [14,15], the requirement on the magnetic
field strength will be substantially lower.

Nevertheless, to employ QMOKE measurements on a reg-
ular basis, the underlying origin of QMOKE must be well
understood. Although QMOKE effects have been already
studied, especially in the case of Heusler compounds [16–23],
all the studies employ single wavelengths only. The MOKE
spectroscopy together with ab initio calculations is an ap-
propriate combination to gain a good understanding of the
microscopic origin of MO effects. In the field of LinMOKE
spectroscopy, much work has already been done [24–35], but
in the field of QMOKE spectroscopy, only few systematic
studies have been done so far [36,37] where non of those
studies is based on our approach to QMOKE spectroscopy.

Our separation process of different QMOKE contributions
is stemming from the eight-directional method [10], but we
use a combination of just four directions and a sample rotation
by 45◦ as will be described later in the text. This approach
allows us to isolate QMOKE spectra that stem mostly from
individual MO parameters and thus subsequently determine
spectral dependencies of Gs = G11 − G12 and 2G44, denoting
MO parameters quadratic in M [17,38–40]. Therefore we
start our study on FM bcc Fe thin films grown on MgO(001)
substrates to get a basic understanding of QMOKE spec-
troscopy for further studies of AFMs. In the case of FM
materials, we can simply orient the direction of M by using
a sufficiently large external magnetic field and then separate
different QMOKE contributions. We present a careful and
detailed study of the MO parameters yielding process, and
discuss all the experimental details that have to be considered
in the process. We also present a comparison to the ab initio
calculations and values that have been reported in the litera-
ture so far. Possible sources of deviations between reported
values are discussed.

Note that speaking of MOKE in general within this paper,
we understand effects in the extended visible spectral range.
There is a vast number of other magnetotransport phenomena
in different spectral ranges. In the dc spectral range, we can
mention the well known anomalous Hall effect [41], being
linear in M, and anisotropic magnetoresistance (AMR) [42]
together with the planar Hall effect, both being quadratic
in M. Recently, in the terahertz region, an MO effect of
free carriers, the so-called optical Hall effect [43], has also
received much attention [44]. From the x-ray family, there is
the well known x-ray magnetic circular (linear) dichroism and
birefringence, being linear (quadratic) in M [45,46]. All those
(and other) effects (together with LinMOKE and QMOKE)
can be described by equal symmetry arguments, predicting the
permittivity tensor contributions of the first and second order
in M [9]. The same argumentation is valid for other transport
phenomena induced, e.g., by heat. Here, thermomagnetic
effects such as the anomalous Nernst effect (linear in M)
[47–49] and the anisotropic magnetothermopower together
with the planar Nernst effect (quadratic in M) [50–52] define
the thermopower (or Seebeck) tensor.

In the upcoming Sec. II, a brief introduction to the theory
of linear and quadratic MOKE is presented. In Sec. III, we
describe the sample preparation together with structural and

magnetic characterization. Section IV provides the optical
characterization and Sec. V the MO characterization of the
samples, being LinMOKE and QMOKE spectroscopy to-
gether with QMOKE anisotropy measurements. Finally, in
Sec. VI, we compare our experimental findings with ab initio
calculations and the literature.

II. THEORY OF LINEAR AND QUADRATIC MOKE

The complex Kerr angle �s/p for s and p polarized incident
light is defined as [53,54]

�s = − rps

rss
= tan θs + i tan εs

1 − i tan θs tan εs
≈ θs + iεs,

�p = rsp

rpp
= tan θp + i tan εp

1 − i tan θp tan εp
≈ θp + iεp. (1)

Here, θs/p and εs/p are Kerr rotation and Kerr ellipticity,
respectively. As |�s/p| < 1◦ for transition metals [30], one can
use small angle approximation in Eq. (1). The reflection coef-
ficients rss, rps, rsp, rpp are the elements of the reflection ma-
trix R of the sample described by the Jones formalism [54] as

R =
[

rss rsp

rps rpp

]
. (2)

These reflection coefficients fundamentally depend on the
permittivity tensor ε (second rank 3 × 3 tensor) of the magne-
tized crystal [53]. Elements εi j of the permittivity tensor are
complex-valued functions of photon energy, and its real and
imaginary part corresponds to dispersion and absorption of
the material, respectively. Changes in the permittivity tensor
with M can be described through the Taylor series: ε = ε(0) +
ε(1) + ε(2) + . . . , where the superscript denotes the order in
M. In our work, we ignore all the contributions of third and
higher orders in M, expressing the elements of the permittivity
tensor ε as

εi j = ε
(0)
i j + Ki jkMk︸ ︷︷ ︸

ε
(1)
i j →LinMOKE

+ Gi jkl MkMl︸ ︷︷ ︸
ε

(2)
i j →QMOKE

, (3)

where Mk and Ml are the components of the normalized M.
Ki jk and Gi jkl are the components of the so-called linear
and quadratic MO tensors K and G of the third and fourth
rank, respectively [9]. In Eq. (3), the Einstein summation
convention is used. Thus the permittivity ε up to the second
order in M is fully described. The general shape of K and
G can be substantially simplified using the Onsager relation
εi j (M) = ε ji(−M) and symmetry arguments of the material
[9]. The form of these tensors for all crystallographic classes
was thoroughly studied by Štefan Višňovský [53]. A cubic
crystal structure with inversion symmetry (e.g., bcc Fe as
investigated in this work) simplifies the permittivity tensor by

ε
(0)
i j = δi jεd , (4a)

Ki jk = εi jkK, (4b)

Giiii = G11, (4c)

Gii j j = G12, i �= j, (4d)

G1212 = G1313 = G2323 = G44, (4e)

064403-2



QUADRATIC MAGNETO-OPTIC KERR EFFECT … PHYSICAL REVIEW B 100, 064403 (2019)

μ
α

FIG. 1. (a) The right-handed coordinate system x̂, ŷ, ẑ is estab-
lished with respect to the plane of incidence and surface of the
sample. Components of the in-plane normalized magnetization MT

and ML are defined along the axes x̂ and ŷ of the coordinate system,
respectively. (b) Definition of the right-handed Cartesian system ŝ, p̂,
k̂ of incident and reflected beam. (c) Definition of positive in-plane
rotation of the sample and magnetization within the x̂, ŷ, ẑ coordinate
system, described by angle α and μ, respectively.

with δi j and εi jk being the Kronecker delta and the Levi-Civita
symbol, respectively. Hence, ε

(0)
i j is a diagonal tensor de-

scribed by a scalar εd for each photon energy. The linear MO
tensor K is described by one free parameter K , whereas the
quadratic MO tensor G is determined by two free parameters
Gs = (G11 − G12) and 2G44. In the literature, �G = Gs −
2G44 is also used [17,39], denoting the anisotropic strength
of the G tensor. The shape of these tensors for cubic crystals
and its dependence on the crystal orientation are intensively
discussed in the literature [9,40]. The physical meaning of Gs

and 2G44 is the following: Gs, 2G44 denote magnetic linear
dichroism when magnetization is along the 〈100〉 and 〈110〉
directions, respectively. Namely, Gs = ε‖ − ε⊥ for M ‖ 〈100〉
and 2G44 = ε‖ − ε⊥ for M ‖ 〈110〉, where the parallel (‖) and
perpendicular (⊥) symbols denote the directions of linear light
polarization (i.e., applied electric field) with respect to the
magnetization direction, respectively [40].

Let us briefly introduce the most important sign con-
ventions. All definitions are based on a right-handed x̂, ŷ,
ẑ coordinate system as sketched in Fig. 1 with the ẑ axis
being normal to the sample surface (i.e., along Fe[001]) and
pointing into the sample. The ŷ axis is parallel with the
plane of light incidence and with the sample surface, while
its positive direction is defined by the direction of ky, being
the ŷ component of the wave vector of incident light. The
orientation of the sample is then described by an angle α,
being the angle between the Fe [100] direction and the x̂ axis
of the coordinate system. Transverse, longitudinal, and polar
components of the normalized magnetization MT , ML, and MP

are defined along the x̂, ŷ, and ẑ axes, respectively. Further,
sign conventions are discussed in Appendix A.

The analytical approximation for FM layers relating
MOKE with the permittivity of the layer is [17]

�s = − rps

rss
= As

(
εyx − εyzεzx

εd

)
+ Bsεzx,

�p = rsp

rpp
= −Ap

(
εxy − εzyεxz

εd

)
+ Bpεxz, (5)

with the weighting optical factors As/p and Bs/p being even and
odd functions of the angle of incidence (AoI), respectively.

In the following, we limit ourselves to in-plane normalized
magnetization

M
‖M‖ =

⎡
⎣MT

ML

0

⎤
⎦ =

⎡
⎣cos μ

sin μ

0

⎤
⎦, (6)

where μ is the angle between the M direction and x̂ axis of
the coordinate system (see Fig. 1). From Eqs. (3)–(6), the
dependence of �s/p on K , Gs, 2G44 and on the angles α and μ

can be derived as [17,39,55]

�s/p = ±As/p

{
2G44

4
[(1 + cos 4α) sin 2μ − sin 4α cos 2μ]

+ Gs

4
[(1 − cos 4α) sin 2μ + sin 4α cos 2μ]

}

∓ As/p
K2

2εd
sin 2μ ± Bs/p K sin μ. (7)

A change of the sign ± is related to the incident s/p polarized
light beam. From this expression, measurement sequences
providing MOKE spectra originating mostly from individual
MO parameters are developed [10] and presented in Sec. V.

III. PREPARATION, STRUCTURAL AND MAGNETIC
ANISOTROPY CHARACTERIZATION OF THE SAMPLES

A series of epitaxial bcc Fe(001) thin films with various
thicknesses were prepared in an Ar atmosphere of 2.1 ×
10−6 bar using magnetron sputtering. The Fe layer was
directly grown on the MgO(001) substrate with a growth
rate of 0.25 nm/s. To prevent oxidation, the Fe layer was
capped with approximately 2.5 nm of silicon under the same
conditions and with a growth rate of 0.18 nm/s. A reference
sample of the MgO substrate with only silicon capping was
prepared in order to determine the optical parameters of
the capping layer independently. The sample set contains
ten samples with a nominal thickness of the Fe layer rang-
ing from 0 to 30 nm as shown in Table I. Furthermore,

TABLE I. Thicknesses and roughnesses of the samples, as de-
termined from XRR. Thicknesses of Fe layer dFe and capping layer
dcap are very robust parameters of the fit and the value for the error
bars is ±0.2 nm. Although changes of the roughness σ in tens of
percent provide insignificant change to the result, it is clear that the
roughness is very low as suggested in Fig. 3, and the estimated value
for the error bars is ±0.5 nm.

Nominal dFe dcap σMgO σFe σcap

thickness (nm) (nm) (nm) (nm) (nm) (nm)

0.0 nm - 3.4 0.2 - 0.3
2.5 nm 2.5 2.1 0.4 0.0 0.0
5.0 nm 4.7 2.4 0.0 0.4 0.2
7.5 nm 6.9 2.5 0.0 0.3 0.4
10.0 nm 9.4 2.7 0.2 0.0 0.6
12.5 nm 11.5 2.5 0.1 0.3 0.3
15.0 nm 14.0 2.5 0.0 0.2 0.1
20.0 nm 18.4 2.6 0.1 0.0 0.5
25.0 nm 23.3 2.4 0.1 0.2 0.6
30.0 nm 28.3 2.5 0.0 0.0 0.6
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FIG. 2. (a) XRD 
-2
 scans of the samples with a nominal
thickness > 10 nm. Thinner samples do not provide sufficient peak
intensity. (b) An off-specular XRD scan (Euler’s cradle texture map)
is presented for the Fe{110} peaks at 2
 = 44.738◦ of the sample
with a nominal thickness of 20 nm. The measurement was performed
for full 360◦ sample rotation (angular axis of the plot) with the tilt of
the sample � = 〈40◦, 50◦〉 (radial axis of the plot).

an additional set of Fe samples grown by molecular beam
epitaxy (MBE) on MgO(001) substrates and capped with
Si were prepared to investigate the influence of the deposi-
tion process on the MO properties of Fe. Their preparation
and comparison with the sputtered samples is discussed in
Appendix C.

To verify crystallographic ordering and quality, Phillips
X’pert Pro MPD PW3040-60 using a Cu Kα source was em-
ployed. X-ray diffraction (XRD) 
-2
 scans were performed
around 2
 = 65◦, which is the position of the characteristic
Fe(002) Bragg peak. Thinner samples provide very weak
peaks due to the lack of the material in the thin layers as
presented in Fig. 2(a). Furthermore, for the sample with a
nominal thickness of 20 nm, an off-specular texture mapping
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FIG. 3. Selected XRR scans (blue dots) and their simulation
(red line) for several samples from the series. The periodicity of
oscillations is well described, providing us with reliable information
about the thickness of the layers in the samples. The damping of
oscillations is low, suggesting low roughness of the interfaces within
the samples. The curves are shifted vertically for clarity.

was performed using a Euler cradle [Fig. 2(b)]. During this
scan the Fe{110} peak at 2
 = 44.738◦ was used and we
scanned � in the range of 40◦–50◦ with full 360◦ rotation
of ϕ, where � and ϕ are the tilt angle of the Euler cradle and
the rotation angle of the sample around its surface normal,
respectively. The result implies that the Fe layer within the
sample is of good crystalline quality, showing a diffraction
pattern in fourfold symmetry.

The thickness of each layer and the roughness of each
interface was characterized by x-ray reflectivity (XRR) using
the same diffractometer as for the XRD measurements. To
analyze the XRR curves, the open-source program GENX [56]
based on the Parratt algorithm [57] was used. XRR scans are
shown for selected samples in Fig. 3. The periodicity of the
oscillations is described very well by the model, providing
reliable information about the thickness values of the Fe
layers dFe and the capping layers dcap. The densities of the
layers were fixed parameters of the fit and all values were
taken from the literature [58,59]. The thickness of the native
silicon oxide could not be clearly determined by the XRR
technique as Si and SiOx have very similar densities. Hence,

FIG. 4. Magnetic characterization of the sample with a nominal
thickness of 12.5 nm. (a) The LMOKE hysteresis loops at Fe[100]
and Fe[110] external field directions. About 75 mT is sufficient to
saturate the sample in the in-plane hard axis. (b) In-plane magnetic
remanence, with the in-plane magnetic easy and hard axes along
Fe〈100〉 and Fe〈110〉 directions, respectively.
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the thickness of the oxide was estimated (0.9 nm) with
respect to the growth dynamics of the native silicon oxide
[60]. Table I summarizes all the values of the thickness and
roughness provided by the XRR data fit.

LMOKE hysteresis curves with an external magnetic
field along Fe[100] and Fe[110] directions measured at λ =
670 nm (1.85 eV) are shown in Fig. 4(a). The anisotropy of
the magnetic remanence (an average value of positive and
negative remanence) presented in Fig. 4(b) indicates the four-
fold cubic magnetocrystalline anisotropy with the magnetic
easy and hard axes along the Fe〈100〉 and Fe〈110〉 directions,
respectively. Figure 4(b) further suggests that magnetic easy
and hard axes are rotated slightly counter-clockwise with
respect to Fe〈100〉 and Fe〈110〉 directions, respectively. This
could be explained by a slight misalignment of the sample
in the setup with respect to α = 0◦, but more probably by
additional QMOKE contributions to the LMOKE loops as
identified in the inset of Fig. 4(a). The magnetic field of
≈75 mT is enough to saturate the sample in a magnetic in-
plane hard axis, hence the in-plane magnetic field of 300 mT
used within QMOKE spectroscopy is more than sufficient to
keep the sample saturated with any in-plane M direction.

IV. OPTICAL CHARACTERIZATION

The Mueller matrix ellipsometer Woolam RC2 was em-
ployed to determine spectral dependencies of εd for all the
layers within the investigated samples in the spectral range
0.7–6.4 eV. Spectra of εd of Fe were determined by a mul-
tilayer optical model [61], processed using COMPLETEEASE

software [62]. The thicknesses and roughnesses of the con-
stituent layers were determined by XRR measurements. The
permittivity of MgO and native SiOx was taken from the
literature [63]. From the measurement of the reference sample
(MgO with the Si capping only, with nominal Fe thickness
0 nm), the permittivity of the Si layer was obtained. Hence,
for all the remaining samples, εd of the Fe layer was the only
unknown and free variable of the fit.

The spectra of the imaginary part of εd for Fe and Si
layers were described by B-spline [64], while complementary

spectra of the real part were determined through Kramers-
Kronig relations. The B-spline is a fast and sturdy method
for determining spectra of εd , but does not provide direct
information about the electronic structure of the material.
The resulting spectra of the real and imaginary parts of Fe
layers are presented in Figs. 5(a) and 5(b), respectively. The
sample with a nominal thickness of 2.5 nm is deviating from
the others, probably due to low crystallographic quality of
the film. Although the characteristic peak at 2.5 eV in εd

imaginary spectra of the Fe layer is not present in the spectra
of Fe by Palik [63], the position of this peak is consistent with
other reports as shown in Sec. VI.

V. MAGNETO-OPTIC CHARACTERIZATION

Three in-house built MOKE setups were employed to
measure the LinMOKE and QMOKE response on the sample
series. One setup (located at Bielefeld University) detects
the MOKE with variation of the sample orientation α for
a fixed photon energy 1.85 eV. Two other setups detect
spectra of MOKE for a fixed sample orientation, measuring
in the spectral range of 1.6–4.9 eV (Charles University in
Prague) and 1.2–5.5 eV (Technical University of Ostrava),
respectively, with perfect agreement of spectra obtained from
both setups. The sample with a nominal thickness of 12.5 nm
was later remeasured with an enhanced spectral range of
0.8–5.5 eV. A detailed description of the spectroscopic setup
at the University of Ostrava can be found in the literature [65].

We now describe the QMOKE spectra measurement pro-
cess. Using Eq. (7) (describing the Kerr effect dependence
on the angles α, μ and the MO parameters K , Gs, and
2G44), we derive a measurement procedure separating MOKE
contributions originating mostly from individual elements of
the linear and quadratic MO tensors, K and G, respectively.
With the specified AoI and sample orientation α, we measure
MOKE with several in-plane M directions [10]. To rotate
M in the plane of the sample, a magnetic field of 300 mT
is used and secures that the sample is always in magnetic
saturation as proven in Fig. 4. Three MO contributions can be
separated.

QMOKE ∼ Gs = Qs : �
μ=45◦
s/p + �

μ=225◦
s/p − �

μ=135◦
s/p − �

μ=315◦
s/p ≈ ±2As/p

(
Gs − K2

εd

)
,

α = 45◦
AoI = 5◦, (8a)

QMOKE ∼ 2G44 = Q44 : �
μ=45◦
s/p + �

μ=225◦
s/p − �

μ=135◦
s/p − �

μ=315◦
s/p ≈ ±2As/p

(
2G44 − K2

εd

)
,
α = 0◦
AoI = 5◦, (8b)

LMOKE ∼ K : �
μ=90◦
s/p − �

μ=270◦
s/p ≈ ±2Bs/pK,

α = arb. angle
AoI = 45◦ , (8c)

where ± denotes s/p MOKE effects. The AoI in the equa-
tions were chosen with respect to the AoI dependence of
the optical weighting factors As/p ∼ cos(AoI) and Bs/p ∼
sin(AoI). Hence, the AoI in Eqs. (8a)–(8c) only affects
the amplitude of the acquired spectra and is not essen-
tial for the spectra separation process, unlike the sam-
ple orientation α and the magnetization directions μ that
are vital to the measurement sequences. QMOKE and

LMOKE spectra were measured at AoI = 5◦ and 45◦,
respectively.

QMOKE and LMOKE measurement sequences are de-
termined by Eqs. (8a)–(8c), left side, as a difference of
MOKE effects for different magnetization orientations μ at
specified sample orientations α. We further use the denom-
inations Qs and Q44 for those QMOKE measurement se-
quences in Eqs. (8a) and (8b), respectively. The right side of
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FIG. 5. The (a) real and (b) imaginary parts of εd of Fe layers.
Black dashed lines are the εd of Palik [63] and were used as an initial
guess for the fit of the εd of the Fe layers for all the samples (full,
colored lines).

Eqs. (8a)–(8c) shows the outcome of those sequences when
using the approximative description of MOKE, Eq. (5), pro-
viding selectivity to Gs, 2G44, and K within validity of Eq. (5),
respectively.

The next step is to extract the MO parameters Gs, 2G44

and K from the measured spectra using the phenomenological
description of the MOKE spectra by Yeh’s 4 × 4 matrix for-
malism [53,61] based on the classical Maxwell equations and
boundary conditions. Propagation of coherent electromag-
netic plane waves through a multilayer system is considered
within this formalism. By solving the wave equation for each
layer (characterized by its permittivity tensor and thickness),
the reflection matrix R of the multilayer system can be ob-
tained, which allows us to numerically calculate the MOKE
angles of the sample according to Eq. (1). The thickness and
the εd of each layer is known from XRR and ellipsome-
try measurements, respectively. Nevertheless, the permittivity
tensor of the FM layer is described by the sum: ε = ε(0) +
ε(1) + ε(2). Hence, Gs, 2G44, and K are the unknowns in Yeh’s
4 × 4 matrix formalism calculations, being free parameters
to the fit where both measured and calculated sequences are
given by Eqs. (8a)–(8c), left side. However, as the measured
and calculated spectra are determined by those equal se-
quences, the determination of spectra of the MO parameters
Gs, 2G44, and K is not affected by an approximation given by
Eq. (5). Finally, we would like to point out that the condition
of proper positive direction of M rotation angle μ must be
met. Although the opposite direction of M rotation will lead
only to the opposite sign of experimental spectra, it may lead
to completely incorrect spectra of Gs and 2G44 parameters
upon processing. We have checked that all sign conventions as
defined in Appendix A agree with experimental procedures,
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FIG. 6. QMOKE anisotropy measurement at a photon energy of
1.85 eV, with AoI = 45◦ for the sample with a nominal thickness of
12.5 nm. The dependence of the three MOKE contributions, being
LMOKE ∼ML , QMOKE ∼MLMT and QMOKE ∼(M2

T − M2
L ) on

the sample orientation α is demonstrated. Further, several MOKE
values are designated in the graph, being A© = As(2G44 − K2

εd
), B© =

As(Gs − K2

εd
), C© = BsK and D© = As�G.

analytical descriptions, and numerical calculations. For fur-
ther details about this issue, please see Appendix B.

A. Quadratic MOKE anisotropy

The anisotropy of QMOKE is demonstrated by the so-
called eight-directional method [10]. The MOKE signal was
detected for eight in-plane magnetization directions, being
μ = 0◦ + k × 45◦, k = {0, 1, . . . , 7}. From those measure-
ments, constituent MOKE signals were separated, being
namely LMOKE ∼ML contribution and two quadratic contri-
butions QMOKE ∼MLMT , and QMOKE ∼(M2

L − M2
T ). Note

that the separation process could be derived using Eq. (7).
The dependencies of those three MOKE contributions on

the sample orientation α are yielded. In Fig. 6, we present all
three MOKE contributions measured for the sample with a
nominal thickness of 12.5 nm at a photon energy of 1.85 eV
and with AoI = 45◦. The fourfold anisotropy of the QMOKE
contributions and isotropic LMOKE contribution follow the
theory well [see α dependence in Eq. (7)]. Note that the
separation processes of the contributions ∼MLMT for α = 45◦
and 0◦ and ∼ML are identical as described in Eqs. (8a)–(8c),
respectively.

B. Linear MOKE spectroscopy

The LinMOKE spectra provide the spectral dependence of
K (after processing by Yeh’s 4 × 4 matrix formalism) which is
very important for the further QMOKE spectra processing due
to the additional K2/εd contribution as follows from Eqs. (8a)
and (8b). Also, it is appropriate to provide the complete
spectroscopic description of the samples up to the second
order in M within this paper.
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FIG. 7. Experimental PMOKE spectra of (a) Kerr rotation θp and
(b) Kerr ellipticity εp at AoI = 5◦, scaled to magnetization saturation.
Spectra of the (c) real and (d) imaginary parts of the MO parameter K
yielded from the saturated PMOKE spectra do not differ significantly
with the thickness (except for the sample with a nominal thickness
of 2.5 nm). The K spectra provided by LMOKE spectroscopy
of the sample with a nominal thickness of 12.5 nm agree very
well with K spectra obtained from the saturated PMOKE spectra.
(e) LMOKE spectra of the sample with a nominal thickness of 12.5
nm. (f) Thickness dependence of PMOKE at a photon energy of
1.85 eV at AoI = 5◦.

The PMOKE spectra for all the samples are presented
in Figs. 7(a) and 7(b). In Figs. 7(c) and 7(d), we present
the K spectra obtained from the PMOKE spectra and in the
case of the sample with a nominal thickness of 12.5 nm
from the LMOKE spectra, as well. The LMOKE spectra are
presented in Fig. 7(e). It should be noted that the PMOKE
spectra were measured with the magnetic field of 1.2 T which
is not enough to magnetically saturate the samples out of
plane. Nevertheless, the PMOKE spectra multiplied by a
factor of 2.2 yield spectra in excellent agreement with the K
spectra from the LMOKE spectroscopy, both measured on the
sample with the nominal thickness of 12.5 nm. We find this
excellent agreement as the confirmation of the correctness of
the determination of the optical constants of εd and K from
experimental data. Note that all the presented spectra in the

FIG. 8. (a) Rotation and (b) ellipticity of Qs spectra. (c) Ro-
tation and (d) ellipticity of Q44 spectra. All of them measured
with s-polarized incident light. The measured spectra were digitally
processed (smoothed) with a Savitzky-Golay filter over the photon
energy to improve signal-to-noise ratio. The sample with a nomi-
nal thickness of 12.5 nm was measured with an extended spectral
range of 0.8–5.5 eV. Again, the thinnest sample with a nominal
thickness of 2.5 nm shows the largest deviation compared to the other
samples of the thickness dependent series.

following Sec. VI are recorded only from MOKE measure-
ments with in-plane magnetization, where the samples were
always magnetically saturated.

Finally, the dependence of the PMOKE scaled to the
magnetization saturation on the Fe layer thickness at a photon
energy of 1.85 eV is shown in Fig. 7(f). The experimental
data follow the predicted dependence well. All the values
that were needed for the Yeh’s 4 × 4 matrix formalism were
taken from the sample with a nominal thickness of 12.5 nm
and only the thickness of the Fe layer was varied to obtain
the thickness dependence [the value of K was provided by
LMOKE spectroscopy, hence the experimental value at a
nominal thickness of 12.5 nm does not absolutely follow
predicted amplitude as one can notice in Fig. 7(f)]. A small
disagreement between other experimental and calculated val-
ues is due to both slightly different εd and K for different
Fe thicknesses, as well as a probable small difference in the
scaling factor for different Fe layer thicknesses.

C. Quadratic MOKE spectroscopy

The QMOKE spectra for all the samples were measured
according to Eqs. (8a) and (8b). The measured spectra in
the range of 1.6–4.8 eV are presented in Fig. 8. The sample
with a nominal thickness of 12.5 nm was measured at the
setup with an extended spectral range of 0.8–5.5 eV. Recall,
measured QMOKE also has a contribution from the linear
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FIG. 9. Spectra of the (a) real and (b) imaginary parts of the
quadratic MO parameter Gs and the (c) real and (d) imaginary parts
of the quadratic MO parameter 2G44 for all the samples of the series.

term K , being proportional to K2/εd MLMT provided by cross
terms εyzεzx/εd and εzyεxz/εd [Eq. (5)]. Let us emphasize, this
quadratic-in-magnetization contribution to MOKE arises from
optical interplay of two off-diagonal permittivity elements,
both being linear in magnetization.

The deduced spectra of the quadratic MO parameters Gs

and 2G44 are shown in Fig. 9. The shape of the spectra do not
substantially change with the thickness, showing that there is
no substantial contribution from the interface.

The only exception (apart from the sample with a nominal
thickness of 2.5 nm, which is also deviating in all previous
measurements) is the real part of the 2G44 spectra below 2 eV
for the sample with a nominal thickness of 10 nm. The source
of this deviation stems from the interplay of two sources: (i)
the ellipticity of Q44 spectra is almost twice large in the case
of this sample, compared to others [see Fig. 8(d)]. (ii) The
value of K is above 1 in spectral range below 2 eV (for both
the real and imaginary part, and in the absolute value). Thus
the contribution of K2/εd is the dominant contribution to Q44

spectra below 2 eV, and therefore a small change in the Q44

spectra will substantially affect the yielded 2G44 spectra.
In Appendix C, we further present a comparison of K , Gs,

and 2G44 spectra of the sample with a nominal thickness of
12.5 nm (prepared by magnetron sputtering) and the sample
prepared by MBE. Analogous instability of the 2G44 param-
eter can actually be observed here as well. A rather small
difference in yielded K spectra and measured Q44 spectra
provides a significant change of result in yielded 2G44 spectra.
Otherwise, the spectra of samples grown by two different
techniques follow the same qualitative progress, but deviate
slightly in the magnitude, probably due to small differences in
the crystalline quality.

In Figs. 10(a) and 10(b), we present the measured and
calculated Fe layer thickness dependence for Qs and Q44,

FIG. 10. Thickness dependence of (a) Qs and (b) Q44 for a photon
energy of 1.85 eV. Lines were provided by Yeh’s 4 × 4 matrix
calculus. Both thickness dependencies are for AoI = 5◦. (c) The
spectral dependence of the real and imaginary part of �G = Gs −
2G44 represents the anisotropy strength of the quadratic MO tensor
across the whole spectral range. Every point is weighted by its photon
energy for clarity.

respectively. The dependence is for a photon energy of
1.85 eV and the calculations are provided by Yeh’s 4 × 4
matrix formalism with AoI = 5◦ (being the AoI used within
the experiment), where εd , K , Gs, and 2G44 were taken from
the sample with a nominal thickness of 12.5 nm. The theo-
retical dependence slightly differs from experimental results
for thinner Fe layers. This could be explained by slightly
different εd , K , Gs, and 2G44 for the thinner samples as shown
in Figs. 5, 7, and 9, respectively, as well as slightly different
material properties of capping layers in each sample. Strong
deviation could be seen in the case of the experimental value
of Q44 for the sample with a nominal thickness of 10 nm, as
already discussed above.

The parameter �G = Gs − 2G44 provides information
about the anisotropy strength of the quadratic MO tensor G
[40]. Its spectral dependence for the sample with a nominal
thickness of 12.5 nm is presented in Fig. 10(c), shown in the
form �GE , i.e., multiplied by photon energy.

VI. COMPARISON OF EXPERIMENTAL SPECTRA WITH
CALCULATIONS AND THE LITERATURE

In this section, we discuss the comparison of experimental
spectra with ab initio calculations and the literature. All
the representative experimental data within this section are
from the sample with a nominal Fe thickness of 12.5 nm.
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Further, all the spectra in this section are expressed in the
form multiplied by photon energy E , being an alternative
expression of the conductivity spectra. Note that this is
analogous to the well-known relation of conversion between
complex permittivity and complex conductivity tensor εi j =
δi j + iσi j h̄/(ε0E ), where E is the photon energy and δi j the
Kronecker delta.

The electronic structure calculations of bcc Fe [69] were
performed using the WIEN2K [70] code. The used lattice con-
stant for all calculations was the bulk value, being 2.8665 Å.
The electronic structure was calculated for two M directions
parallel to Fe[100] and Fe[011], respectively. We used 903 =
729 000 k points in the full Brillouin zone. The product of
the smallest atomic sphere and the largest reciprocal space
vector was set to RMTKmax = 8 with the maximum value of
the partial waves inside the spheres, lmax = 10. The largest
reciprocal vector in the charge Fourier expansion was set to
Gmax = 12 Ry1/2. The exchange correlation potential LDA
was used within all calculations. The convergence criteria
were 10−6 electrons for charge convergence and 10−6 Ry

FIG. 11. Experimental (markers) and ab initio calculated inter-
band spectra (lines) of (a) real and (b) imaginary parts of (εd − 1)E
[eV]. Experimental spectra acquired in this work have marker every
ten experimental points (blue bullets). The remaining spectra are
taken from literature [26,38,66–68].

= 1.4 × 10−5 eV for energy convergence. The spin-orbit
coupling is included in the second variational method.

The Fermi level was determined by temperature broad-
ened eigenvalues using broadening 0.001 Ry (0.014 eV). The
optical properties were determined within electric dipole ap-
proximation using the Kubo formula [26,71]. The Drude term
(intraband transitions) is omitted in the ab initio calculated
optical and MO properties. We discuss possibilities of how to
handle the Drude contribution in Appendix D. By broadening
the spectra and applying the Kramers-Kronig relations, we
obtain a full permittivity tensor ε for each direction of M.
The spectra for K , Gs, and 2G44 are obtained directly from
the permittivity tensors ε [72]:

K = 1
2

(
ε([100])

yz − ε([100])
zy

)
, (9a)

Gs = ε([100])
xx − ε([100])

yy , (9b)

2G44 = ε([011])
yz + ε([011])

zy , (9c)

where the superscript denotes the M direction in the crystal-
lographic structure.

Figures 11(a) and 11(b) present experimental spectra of
εd − 1 compared to their ab initio calculations. We also
present experimental data from the literature [26,66,67] and
ab initio calculations by Oppeneer et al. [26] in the same
figure. The imaginary (absorption) part of the diagonal per-
mittivity, 
{εd} is dominated by the absorption peak at 2.4 eV.

FIG. 12. Experimental (markers) and ab initio calculated inter-
band spectra (lines) of the (a) real and (b) imaginary parts of KE
[eV]. Experimental spectra acquired in this work have a marker every
five experimental points (blue bullets). The remaining spectra are
taken from the literature [24–26,38,68].
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FIG. 13. The experimental Gs spectra [(a) and (b)] and the experimental 2G44 spectra [(c) and (d)] compared with the ab initio calculations.
Gs spectra are calculated for �M ‖ [100] and 2G44 spectra calculated for �M ‖ [011] both with smearing of FWHM = 1.2 eV and with 903 =
729 000 k points in the full Brillouin zone. Further, we show a comparison with data taken from the literature [36,38,68]. The spectra taken
from Sepúlveda et al. [36] have been multiplied by a factor of 5 to be comparable with our experimental spectra.

This peak originates from transitions of mostly 3d down elec-
trons above and below the Fermi level. The ab initio calculated
peak position is very stable regarding small changes of the
lattice constant, magnetization direction, and small distortion
of the Fe lattice. On the other hand, the peak position is
determined by the selected exchange potential, where LDA
provides the closest match to the experimental results, while
other potentials (GGA, LDA +U , GGA +U ) display larger
deviation from the experimental peak position. Therefore we
choose the LDA exchange potential to calculate the electronic
structure of bcc Fe, although LDA still overestimates the
width of the occupied 3d bands. The width of the occupied
3d bands can be corrected using dynamical mean-field theory
(DMFT) [73]. Further, note that the peak amplitude depends
on the smearing parameter [26], and we chose smearing δ =
0.6 eV in the case of εd to adjust the peak height.

Figures 12(a) and 12(b) show a comparison between exper-
imental and ab initio calculated spectra of K , demonstrating
excellent agreement. Note the absorption part corresponds
to �{K}, with two peaks at 2.0 and 1.1 eV. The amplitude
of �{KE} is about −2.5 eV, i.e., about 4% of the maximal
value of 
{εd E} being about 60 eV. Although in both figures
(Figs. 11 and 12) absolute values differ by dozens of percent
for some photon energies, the peaks and courses of spectra,
being characteristic for the given material, are very similar
for all the presented data, both experimental and theoretical
(note that disagreement with the reported values at single
wavelength [38,68] is probably due to sign inconsistency).
Further, the dc limit of the imaginary part of the K spectra
corresponds to the anomalous Hall conductivity. Its value
extracted from the ab initio calculation is 512 (� cm)−1

[760 (� cm)−1 without broadening] agreeing with the value
provided in Ref. [74]. Finally, note that sign of ab initio
(WIEN2K ver. 17) calculated K spectra is reversed, to agree

with the sign of the experimental K spectra (this sign error
was corrected in WIEN2K ver. 19.1).

Figure 13 shows experimental spectra of the real (a) and
imaginary (b) parts of Gs spectra, compared with the ab initio
calculations. The fundamental (imaginary) part of Gs has a
pronounced peak at 1.6 eV with the amplitude in the experi-
mental spectra being 
{GsE} = −0.11 eV. The main features
of Gs are well-described by ab initio spectra. However, the
ab initio calculated peak at 1.6 eV has about half that am-
plitude. Figures 13(c) and 13(d) show the real and imagi-
nary parts of the experimental spectra of 2G44, respectively,
compared to the ab initio calculations. In the case of the
fundamental part of 2G44 spectra, both shape and amplitude
are well described ab initio. The larger disagreement between
�{Gs}, �{2G44} and their ab initio descriptions (particularly
for small photon energies) could be due to the missing Drude
term, which is omitted in the ab initio calculations, and which
mainly contributes to the real part of the permittivity at small
photon energies. Finally, note that in the ab initio calculations,
convergence (for example, on density of the k mesh) of 2G44

is much better compared to Gs, as Gs is calculated as a small
change of the diagonal permittivities [Eq. (9b)], whereas 2G44

is calculated from off-diagonal permittivity [Eq. (9c)].
Further, we show the comparison of the spectral depen-

dence of Gs and 2G44 from Sepúlveda et al. [36]. The spectra
had to be multiplied by a factor of 5 to be comparable to our
experimental and the ab initio spectra. Then, the agreement is
perfect for the real part of both Gs and 2G44 in the spectral
range 1.5–4.0 eV. The disagreement of spectral dependence
under 1.5 eV can be explained by different sample quality;
as the same behavior was already experienced for 2G44 in the
case of the sample with a nominal thickness of 10 nm and also
in the case of the sample prepared by MBE, which is discussed
in a previous Sec. V C and in Appendix C, respectively. The
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comparison of the imaginary part of Gs and 2G44 between
our data and the scaled data of Sepúlveda et al. [36] provide
very similar behavior except for some offset and also different
amplitude of peaks, especially in case of the 
{2G44} peak
at 1.5 eV. We do not know wherefrom the scaling factor 5
between our data and data of Sepúlveda et al. is stemming.
In the case of Sepúlveda et al., the data were obtained from
experimental measurement of variation of reflectivity with
quadratic dependence on magnetization. The poor quality of
the samples can be ruled out, as in the case of polycrystalline
material �G = 0, i.e., Gs = 2G44, which is not the case here.
However, note that our optical spectra of εd , K , 2G44, and Gs

well describe their experimental reflectivity spectra using our
numerical model.

Finally, the supplemental data files in Ref. [75] provide
spectra of εd , K , Gs, and 2G44, being the experimental spectra
of the sample with a nominal thickness of 12.5 nm, where the
spectra are expressed in the form of the permittivity (i.e., the
spectra are not in the form multiplied by its photon energy).
Further data sets can be received upon request.

VII. CONCLUSION

We provided a detailed description of our approach to the
QMOKE spectroscopy, which allows us to obtain quadratic
MO parameters in the extended visible spectral range. The ex-
perimental technique stems from the eight-directional method
that separates LinMOKE and QMOKE contributions.

The quadratic MO parameters Gs and 2G44 of bcc Fe
(expressing magnetic linear dichroism of permittivity along
the [100] and [110] directions, respectively) were systemati-
cally investigated. The spectral dependence of Gs and 2G44 is
experimentally determined in the spectral range 0.8–5.5 eV,
being acquired by QMOKE spectroscopy and numerical sim-
ulations using Yeh’s 4 × 4 matrix formalism. A sample series
of Fe thin films with varying thicknesses grown by magnetron
sputtering on MgO(001) substrates and capped with 2.5 nm
of silicon were used. Except for the sample with a nominal
thickness of 2.5 nm, the dependence of the obtained spectra on
the Fe layer thickness is small, indicating a small contribution
of the interface. During our investigations, the linear MO
parameter K in the spectral range 0.8–5.5 eV and the diagonal
permittivity εd in the spectral range 0.7–6.4 eV were also
acquired.

Further, all measured permittivity spectra are compared
to ab initio calculations. The shapes of those spectra are
well described by electric dipole approximation, with the
electronic structure of bcc Fe calculated using DFT with LDA
exchange-correlation potential and with spin-orbit coupling
included. However, to describe Gs and 2G44, a fine mesh of
90 × 90 × 90 is used as Gs is calculated as a small variation
of diagonal permittivity εii with magnetization direction.

With the measurement process well established, the tech-
nique is ready to be used on other ferromagnetic materials,
and also tested on antiferromagnetic materials. A suitable
candidate could be the easy-plane AFM NiO grown on a ferri-
or ferromagnetic support in order to control the AFM by the
exchange coupling to the additional ferri- or ferromagnetic
layer which can be magnetically aligned by an external field.
In such a bilayer, the contribution of the ferri- or ferromag-

netic layer has to be studied separately in the same manner as
we have done here for bcc Fe.
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APPENDIX A: SIGN CONVENTIONS

Within the fields of optics and MO, there is a vast amount
of conventions. As there is no generally accepted system of
conventions, we define here all conventions adopted within
this work.

To describe reflection from a sample, three Cartesian sys-
tems are needed, one for incident light beam, one for reflected
light beam and one for the sample. All those Cartesian systems
are right-handed and defined in Fig. 1 of the main text.

Time convention. The electric field vector of an electro-
magnetic wave is described by negative time convention as
E(r, t ) = E(r)e−iωt , providing permittivity in the form ε =
�{ε} + i
{ε}, where the imaginary part of complex permit-
tivity 
{ε} > 0.

Cartesian referential of the sample. The Cartesian system
describing the sample is the right-handed x̂, ŷ, ẑ system, where
ẑ axis is normal to the surface of the sample, and points into
the sample. The ŷ axis is parallel with the plane of light inci-
dence and with the sample surface, while its positive direction
is defined by the direction of ky, being the ŷ component of the
wave vector of incident light as shown in Fig. 1. In this system,
rotations of the crystallographic structure and magnetization
take place.

Cartesian referential of light. We use the right-handed
Cartesian system ŝ, p̂, k̂ for description of the incident and
reflected light beam. The direction of vector k̂ defines the
direction of propagation of light. Vector p̂ lies in the incident
plane, i.e., a plane defined by incident and reflected beam. The
vector ŝ is perpendicular to this plane and corresponds to x̂.
This convention is the same for both incident and reflected
beams (Fig. 1).

Convention of the Kerr angles. The Kerr rotation θ is posi-
tive if azimuth θ of the polarization ellipse rotates clockwise,
when looking into the incoming light beam. The Kerr ellip-
ticity ε is positive if temporal evolution of the electric field
vector E rotates clockwise when looking into the incoming
light beam.

Convention of rotation of the sample, the magnetization,
and the optical elements. The rotation is defined as positive
if the rotated vector pointing in the x̂ (ŝ) direction rotates
towards the ŷ ( p̂) direction. The sample orientation α = 0
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corresponds to the Fe[100] direction being parallel to the x̂
axis and, when looking at the top surface of the sample, the
positive rotation of the sample is clockwise. Likewise, the
magnetization direction μ = 0 corresponds to M being in
the positive direction of the x̂ axis and, when looking at the top
surface of the sample, the positive rotation of magnetization
M is clockwise. Further, when looking into the incoming
beam, the positive rotation of the optical elements is counter-
clockwise, in contrast to the positive Kerr angles, defined by
historical convention.

APPENDIX B: CONSEQUENCES OF THE MOKE SIGN
DISAGREEMENT BETWEEN THE EXPERIMENTAL AND

NUMERICAL MODELS

The correct sign of LMOKE and QMOKE spectra is given
by the conventions used. Nevertheless, to obtain the correct
spectra of MO parameters K , Gs, and 2G44, the same con-
ventions must be adopted within the numerical model and the
experiment. One would intuitively expect only the reversed
sign of yielded MO parameters, when the sign conventions
of the experiment and the numerical model do not comply.
However, completely incorrect values are yielded in this case
for the quadratic MO parameters.

There are numerous points in the experiment where we can
go wrong and thus measure the MOKE spectra of the incorrect
sign according to our conventions, e.g., wrong direction of in-
plane M rotation (i.e., μ → −μ), wrong direction of positive
external field and thus opposite direction of M (i.e., μ →
μ + 180◦), error in the calibration process of the setup itself
(note that the positive direction of the optical element rotation
and the positive direction of the Kerr rotation have opposite
conventions) or some quirk in the processing algorithm of the
measured data itself (usually we measure change of intensity,
which has to be converted to Kerr angles). Further, we can
also make a sign error in the code of the numerical model.

The correct sign of the numerical model output can be
checked for by comparison to the simple analytic model that
exist for some special cases. For example, PMOKE effect
� at the normal angle of incidence for a vacuum/FM(bulk)
interface within our sign convention:

� = εxy√
ε

(FM)
d

(
1 − ε

(FM)
d

) . (B1)

Various sign mistakes in the experiment will not always
lead to the same error, e.g., the wrong direction of positive
external magnetic field will affect the sign of LMOKE spectra
but not the QMOKE spectra. On the other hand the wrong
direction of M rotation will produce a wrong sign of both
spectra, LMOKE and QMOKE alike—see the Eqs. (8a)–(8c).

In the following, we will discuss a consequence of the
latter case, when the direction of M rotation has the opposite
direction, μ′ → −μ leading to a wrong sign of experimental
spectra measured according to Eqs. (8a)–(8c). While linear
MO parameter K ′, yielded from the LMOKE spectra with
a reversed sign, will only have the opposite sign compared
to the true MO parameter K , the quadratic MO parameters
G′

s and 2G′
44, yielded from the Qs and Q44 spectra with the

opposite sign, will be completely different from the true MO

FIG. 14. Comparison of the spectra of MO parameters of (a)
K , (b) Gs, and (c) 2G44 to the MO parameters yielded from the
experimental spectra with the wrong (reversed) sign of μ (K ′, G′

s,
and 2G′

44).

parameters Gs and 2G44, respectively. This is due to the
contribution of K2/εd to the Qs and Q44 spectra, which are
invariant to the sign of K itself. Thus the MO parameters
yielded from sign-reversed experimental spectra are bound
with the true MO parameters by the equations:

K ′ = −K, (B2)

G′
s = −Gs + 2

K2

εd
, (B3)

2G′
44 = −2G44 + 2

K2

εd
. (B4)

In Fig. 14, we show the wrong MO parameters K ′, G′
s, and

2G′
44 compared to the true MO parameters K , Gs, and 2G44.
Note that neither the shape nor the sign of the true MO

parameters is given by the convention used. Any sign con-
ventions can be adopted, but the crucial point is that the
conventions used in real experiments and in numerical cal-
culus are the same. Obviously, this issue applies to any error
in the experimental setup or the numerical code that would
unintentionally reverse the sign of the measured or calculated
MOKE spectra, respectively.
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APPENDIX C: COMPARISON OF THE SAMPLES GROWN
BY MOLECULAR BEAM EPITAXY AND BY MAGNETRON

SPUTTERING

Fe and Si films were prepared on a single-crystalline
MgO(001) substrate via MBE. Prior to deposition, the sub-
strates were annealed at 400 ◦C for 1 h in a 1 × 10−4 mbar
oxygen atmosphere to remove carbon contamination and ob-
tain defined surfaces. Fe films were deposited by thermal
evaporation from a pure metal rod at a substrate temperature
of 250 ◦C. Silicon capping layers were evaporated at room
temperature using a crucible. The deposition rates of 1.89
and 0.3 nm/min for Fe and Si, respectively, were used and
controlled by a quartz microbalance next to the source. The
base pressure in the UHV chamber was 10−8 mbar.

The XRD and XRR were measured as described in Sec. III.
A thickness of 12.6 nm was determined by XRR for the MBE
prepared Fe layer and 7.0 nm for the Si + SiOx capping layer.
The thickness of the reference sample with only Si + SiOx

capping was 8.1 nm. The XRD 
-2
 scan was performed
around 2
 = 65◦ and showed that the samples are of good
crystallinity. Further, the ellipsometry, LMOKE and QMOKE
spectroscopy were measured on the sample to feed the Yeh’s
4 × 4 matrix calculations with the required sample data. The
spectra of K , Gs, and 2G44 obtained by numerical calculations
are presented and compared to the spectra of the sputter-
deposited sample with a nominal thickness of 12.5 nm in
Figs. 15(a)–15(c), respectively. The behavior of the spectra
of both samples is very similar, except for the real part
of 2G44 spectra at lower photon energies. Nevertheless the
same discrepancy has already been discussed in Sec. V C
for the case of the 10-nm sample. Otherwise the differences
of absolute values across spectra are not surprising, as the
reported experimental values of MO parameters differ for
different samples prepared by different deposition techniques
and different groups (as shown in Figs. 11–13), probably
being connected with slightly different crystalline qualities of
the Fe layer.

APPENDIX D: THE DRUDE CONTRIBUTION

The contribution of intraband transitions in the diagonal
permittivity could be described by the classical phenomeno-
logical Lorentz-Drude model (in the following, called the
Drude term)

εD = 1 − E2
p

E2 + i�E
, (D1)

where E is the photon energy, Ep = h̄ωp is the plasma energy
describing the strength of the oscillator, with ωp being the
plasma frequency and � = h̄τ−1 the damping constant, and
1 stands for the relative vacuum permittivity.

In order to include the Drude term into G spec-
tra, first recall that Gs and 2G44 express MLD, Gs =
ε‖ − ε⊥ for M ‖ 〈100〉 and 2G44 = ε‖ − ε⊥ for M ‖ 〈110〉
where parallel (‖) and perpendicular (⊥) denote the di-
rection of the applied electric field (i.e., linear light po-
larization) with respect to the magnetization direction.
Second, we assume both ε‖ and ε⊥ are described by the Drude
model (D1), however, with plasma energy Ep and damping

FIG. 15. Comparison of the spectra of the MO parameters of (a)
K , (b) Gs, and (c) 2G44 of two samples, one prepared by magnetron
sputtering and the other by MBE. For each of the samples, all the
data used within numerical calculations were obtained from the
parameters of the particular sample.

constant � slightly different for both ‖ and ⊥ directions

MLDD = ε‖ − ε⊥ = �Ep
∂

∂Ep
εD + ��

∂

∂�
εD

= εD

[
2�Ep

Ep
− i��

−E + i�

]
, (D2)

where MLDD denotes the Drude contribution to MLD, with
�Ep = Ep,‖ − Ep,⊥ and �� = �‖ − �⊥ being differences of
the plasma energy and the damping constant between parallel
and perpendicular magnetization directions, respectively. Due
to the anisotropy of G spectra, �Ep and �� have different
values for M ‖ 〈100〉 and M ‖ 〈110〉.

The number of free parameters in the Eqs. (D1) and (D2)
can be reduced from four to two if values of dc conductivity
and AMR are known. One part of the sample with a nominal
thickness of 12.5 nm was patterned into a Hall bar with a top
down process using UV lithography and Argon milling. Four
point conductivity measurements were performed for various
applied currents in the [100] direction from 50 to 500 μA. The
characteristic dimensions of the Hall bar are length = 635 μm,
width = 80 μm, and height = 11.5 nm. The resistivity,
and thus the conductivity, was determined by performing a
linear fit to the data. One obtains conductivity values of σ‖ =
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0.4002 × 107 S/m and σ⊥ = 0.4020 × 107 S/m, being the
conductivity with M parallel and perpendicular to the current,
respectively. The AMR value of 0.45% correspond well with
the literature [76].

The conductivity σ and relative permittivity ε are related
by (ε − 1)ε0 = iσ h̄/E , where ε0 is the vacuum permittivity
and h̄ is the reduced Planck constant. Hence, at E = 0, dc
conductivity is

σ = ε0

h̄

E2
p

�
(D3)

and the (dc) anisotropy magnetoresistance is

AMR = σ⊥ − σ‖ = ε0

h̄
lim
E→0

[
iE (ε‖ − ε⊥)

]

= σ

[
2�Ep

Ep
− ��

�

]
. (D4)

In order to discuss the Drude contribution to Gs and
2G44, we first determine the Drude contribution to (εd − 1).
Knowing the experimental value of dc conductivity and fitting
the Drude model of Eqs. (D3) and (D1) to the difference
between experimental and interband (i.e., ab initio) spectra,
the only free parameter in the fit is the plasma frequency
becoming Ep = 4.95 eV and the corresponding damping term
� = 0.082 eV. Further, we use the experimental value of
dc AMR. Recall, AMR was measured solely for current in
[100], i.e., for determination of the Drude contribution to
Gs. However, we can assume an equal experimental Drude
contribution also for the current in the [110] direction when
estimating the Drude contribution to 2G44. Then, combining
Eqs. (D2) and (D4), �� can be eliminated resulting in only
one free parameter �Ep to describe the Drude contribution to
Gs and 2G44 spectra.
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