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Anomalous thermal expansion and chiral phonons in BiB3O6
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The origins of anomalous thermal expansion in the chiral monoclinic solid α-BiB3O6 have been studied
through ab initio calculations. Positive and negative axial thermal expansion are shown to be driven by librations
of borate units, elastic anisotropy, and most notably by chiral acoustic phonons involving elliptical motions of
bismuth atoms. The chirality of the lattice gives rise to these modes by allowing the transverse acoustic branches
to have opposite circular polarizations, only one of which couples strongly to the lattice strains. These results
further the understanding of relationships between crystallographic symmetry and physical properties.
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The monoclinic α phase of bismuth borate (BiB3O6), in
addition to having promising applications in nonlinear optics
[1,2] and quantum computing [3,4], possesses the unusual
physical properties of uniaxial negative thermal expansion
(NTE) [5,6] and negative linear compressibility (NLC) [7,8]
(Fig. 1). The chiral C2 space group adopted by α-BiB3O6 [6]
has unusually low symmetry for an NTE material [9,10], or
indeed more generally for an inorganic solid. The chirality
of α-BiB3O6 permits it to have chiral phonons, i.e., phonons
with a circular polarization and pseudoangular momentum
[11–13]. Phonon pseudoangular momentum can interact with
the electron magnetic moment [14–17], and can couple ther-
mal gradients to the angular momentum of bulk crystals [18].
In diamagnetic systems, phonon anharmonicity is known to be
affected by chirality in two ways: through the valley phonon
Hall effect [11], and through modification of the symmetry
constraints for scattering [19]. However, these previous stud-
ies were limited to one-dimensional (1D) and 2D materials.
The anharmonic effects of phonon chirality are studied here
in a diamagnetic 3D crystal through their relationship with
thermal expansion [20].

The thermal expansion of α-BiB3O6 is highly anisotropic,
with large NTE along a and large positive thermal expansion
along b [5,6]. Such behavior is characteristic of flexible
framework materials, i.e., materials which have a mixture of
compliant and stiff directions. Indeed, α-BiB3O6 is also very
elastically anisotropic: in the ac plane the ratio of Young’s
moduli between the stiffest and most compliant direction
(Ymax/Ymin) is 25 [Fig. 1(b)]; in the ab plane Ymax/Ymin = 15
[Fig. 1(d)] [5]. By these standards, α-BiB3O6 is an extraordi-
narily flexible inorganic material; it can be compared to the
colossal NTE material Ag3[Co(CN)6], for which Ymax/Ymin =
6.0 [21,22], and to ZnAu2(CN)4, which exhibits extreme NLC
and has Ymax/Ymin = 3.8 [23].

Axial NTE has been studied extensively in the tetrago-
nal, orthorhombic, and hexagonal crystal families due to the
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appearance of anomalously large-magnitude thermal expan-
sion [22], connections with ferroelectricity [24,25], and the
use of chemical control to achieve zero thermal expansion
[26]. However, NTE is extremely rare in monoclinic and tri-
clinic crystals [9,10]. Outside of α-BiB3O6, the phenomenon
has only been studied in molecular crystals, where the mecha-
nism commonly involves the sliding of layers relative to each
other [27,28]. Elastic interactions between layers in α-BiB3O6

are strong in the direction coinciding with Bi–O bonds, and
thermal expansion has a small positive value in that direction

(a) (b)

(d)(c)

Bi

BO4

Stiffness

Negative
thermal

expansion

Positive 
thermal 

expansion

FIG. 1. At left, the structure of α-BiB3O6 is shown in the ac
plane (a) and the ab plane (c), with bismuth atoms colored in
magenta and borate units colored in green [6]. At right [(b),(d)], the
indicatrix of directional Young’s modulus is shown in orange, and
those of positive and negative thermal expansion are shown in blue
and red, respectively [5,7]. Strong elastic couplings (i.e., directions
with large Young’s moduli) are found both between (b) and within
(d) layers, indicating that α-BiB3O6 is a flexible 3D framework
material, with large-magnitude directional thermal expansion along
the most compliant directions.

2469-9950/2019/100(6)/060302(6) 060302-1 ©2019 American Physical Society

https://orcid.org/0000-0002-5519-2519
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.100.060302&domain=pdf&date_stamp=2019-08-21
https://doi.org/10.1103/PhysRevB.100.060302


CARL P. ROMAO PHYSICAL REVIEW B 100, 060302(R) (2019)

[Fig. 1(b)]; α-BiB3O6 therefore offers a unique opportunity to
study NTE in a chiral monoclinic 3D framework solid.

Herein is reported a theoretical investigation of the ori-
gins of anomalous thermal expansion in α-BiB3O6, and of
the influence of phonon chirality on this bulk property. The
contribution of individual phonons to thermal expansion was
assessed following the method of Ref. [29]; i.e., using uniaxial
stress perturbations to calculate mode Grüneisen parameters
(γi j,n,k):

γi j,n,k = − 1

si ji j

(
∂ ln ωn,k

∂σi j

)
T,σ ′

, (1)

where s is the elastic compliance tensor. These mode
Grüneisen parameters were averaged, weighted by their con-
tribution to the heat capacity (Ce), to give bulk Grüneisen
parameters (γi j), and subsequently determined directional co-
efficients of thermal expansion (CTEs, αi j) as [29]

αi j = si ji jγi j
Ce

V
. (2)

This recently developed method relates each mode Grüneisen
parameter to the thermal expansion in a single direction, and
therefore allows identification of the phonons which drive
thermal expansion along each principal axis [29].

Phonon band structures and the elastic tensor were calcu-
lated using density functional theory (DFT) [30,31] within
the software package ABINIT [32–35]; example input files
are available as part of the Supplemental Material [36]. The
uniaxial stress perturbations used were σ11, σ22, σ33, and σ13;
the Cartesian axes x and y coincide with the lattice vectors a
and b, respectively, and the z axis is therefore the stacking
direction of the borate layers [Fig. 1(a)]. DFT methods were
validated by comparison of calculated elastic and thermal
expansion tensors to experimental values [5,7]. As described
in the Supplemental Material [36], several approaches were
trialed [37–45]. The most accurate results were found for a
dispersion-corrected exchange–correlation functional [39,40];
the calculations underestimated the magnitude of thermal
expansion somewhat but were able to qualitatively reproduce
the experimental behavior [36].

The calculated directional Young’s moduli (Yii = 1/siiii)
are shown in Fig. 2, and phonon band structures, colored
by their directional mode Grüneisen parameters (γi j,n,k), are
shown in Fig. 3. Thermal expansion results from the anhar-
monicity of both acoustic bands and low-energy optic bands,
predominantly those with energies below 200 cm−1. The
small mode Grüneisen parameters for perturbations along b
[Fig. 3(b)] indicate that the large thermal expansion in this
direction is driven by elastic anisotropy, as the directional
thermal expansion is inversely proportional to the directional
Young’s modulus [Eq. (2)] and the directional Young’s mod-
ulus is minimal along b [Fig. 2(b)]. Indeed, in the ab plane
the directional Young’s modulus of α-BiB3O6 exhibits the
bow-tie shape characteristic of flexible framework materials
with highly anisotropic thermal expansion, with maxima in Yii

close to minima in |αii| [Figs. 1(b) and 1(d)] [29,47–49].
The origins of anomalous thermal expansion in α-BiB3O6

can be understood further by inspection of the eigenvectors of
modes with large mode Grüneisen parameters. The complete
set of eigenvectors are available in the Supplemental Material
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FIG. 2. Calculated directional Young’s modulus (Yii) of
α-BiB3O6, shown as a blue surface. The views of the ac (a) and ab
(b) planes correspond to Fig. 1. Visualization generated with ELATE

[46].

[36], in a format which allows their visualization in animated
form [51]. The eigenvectors show that thermal expansion in
α-BiB3O6 is driven primarily by two types of low-energy
phonons: those which involve large displacements of the Bi
atoms [Figs. 4(a), 4(c) and 4(d)], and those which primarily
involve motions of rigid BO3 triangles and BO4 tetrahedra
[Figs. 4(b) and 4(e)]. The modes in this latter group are
rocking motions of O atoms in the B–O–B bonds [Fig. 4(b)]
and the Bi–O–B bonds [Fig. 4(e)]. Such librations of bridging
atoms are known to be a common mechanism of NTE in
flexible framework materials [9,10].

The low-energy acoustic phonons which drive positive
thermal expansion along b, and contribute significantly to
negative thermal expansion along a, involve large displace-
ments of the Bi atoms as well as smaller transverse motions
of the borate framework. In some of these modes the Bi atoms
oscillate along a linear trajectory [Fig. 4(a)], in others the
Bi atoms revolve about their average positions [Figs. 4(c)
and 4(d)]. These revolutions follow elliptical orbits due to
the anisotropic coordination environment of the Bi atoms
[Fig. 1(a)]. Acoustic modes have been found to contribute
to NTE in 1D materials [10,52] and in the metal-organic
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FIG. 3. Phonon band structure of α-BiB3O6, with bands colored according to their directional mode Grüneisen parameters (γi j,n,k),
calculated using the method of Ref. [29]. Phonons with energies greater than 500 cm−1 do not contribute significantly to thermal expansion and
are not shown. The density of states (ρ), weighted by the Grüneisen parameters as

∑
k ρk(ω)γi j,k(ω), is shown as a histogram at the right of

each plot, with positive values colored in blue and negative values in red. Special points in the Brillouin zone were selected following Ref. [50].
The modes marked a–e are visualized in Figs. 4(a)–4(e).

framework MOF-5 [53], although the mechanism in those
cases simply involves sinusoidal oscillation of chains or lay-
ers, respectively. In α-BiB3O6, these transverse displacements
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FIG. 4. Cartoon view of the eigenvectors of several phonons in
α-BiB3O6: linear oscillations of Bi atoms (a); librations of BO4

tetrahedra (b); elliptical revolutions of Bi atoms about their average
positions [(c),(d)]; librations of BO3 triangles (e) (see Figs. 3 and
5 for mode wave vectors and energies). In order to allow viewing
of these modes, animations have been provided in the Supplemental
Material [36].

are present in the borate layers, and are strongly coupled to
the circular motions of the Bi atoms. The elliptical motion
of the Bi atom shown in Fig. 4(c) is associated with a larger
transverse displacement of the borate layer than the opposing
revolution shown in Fig. 4(d). These modes are chiral; the
coordinated rotation of the Bi atoms has a distinct handedness
and a circular polarization results.

The circular polarization (S) of a phonon can be quan-
tified by performing a series of basis transformations to its
eigenvectors (|ε〉) so that each sublattice has a right- or
left-handed circular polarization with respect to a given axis
[11]. This method has previously been applied to one- and
two-dimensional materials [11,12,19]; to examine phonon
chirality in α-BiB3O6 it was generalized by determining the
polarization along each Cartesian axis independently. The
new bases are defined, for example for a polarization along
b, as |R1,22〉 ≡ 1√

2
(i 0 1 · · · 0)T, |L1,22〉 ≡ 1√

2
(−i 0 1 ·

· · 0)T, |Rn,22〉 ≡ 1√
2
(0 · · · i 0 1)T, and |Ln,22〉 ≡ 1√

2
(0 · · ·

−i 0 1)T, where n is the number of atoms [11,12]. The phonon
polarization along b (S22) is then the sum of the polarizations
of each sublattice:

S22 =
n∑

α=1

(|〈Rα,22|ε〉|2 − |〈Lα,22|ε〉|2)h̄; (3)

the circular polarizations S11 and S33 are obtained by rotation
of the basis vectors [11,12].
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FIG. 5. Phonon band structure of α-BiB3O6, with bands colored
according to their circular polarizations along b (S22). A polarization
of h̄ corresponds to a fully right-polarized phonon [11]. Special
points in the Brillouin zone were selected following Ref. [50]. The
modes marked a–e are visualized in Figs. 4(a)–4(e).

The circular polarizations along b of the low-energy
phonons are shown in Fig. 5 (the polarizations along the
orthogonal axes are shown in the Supplemental Material [36]).
A comparison of Figs. 3 and 5 shows that phonon chirality
can significantly influence the mode Grüneisen parameters.
The transverse acoustic branches can have opposite chirality
(e.g., along 	 → C2), with one branch involving right-handed
revolutions of Bi atoms [Fig. 4(c)] and the other having
left-handed revolutions [Fig. 4(d)]. The right-handed branch
couples strongly to the lattice strains, as evidenced by its large
mode Grüneisen parameters, while the left-handed branch
does not couple significantly. Note that the two branches do
not simply mirror each other; branches with the same ener-
gies but reversed chirality exist along paths related by time-
reversal symmetry, e.g., 	 → C′

2 [11,50]. Specific signs of the
phonon polarization do not lead to specific mode Grüneisen
parameters; the chirality is important because the polarized
modes correspond to motions which would be symmetry
forbidden for phonon eigenvectors in an achiral lattice.

Figures 3 and 5 show that the acoustic modes with circular
polarization along b are significant contributors to the anoma-
lous thermal expansion of α-BiB3O6, as they have large values
of γ11, γ22, and γ33. These mode Grüneisen parameters are
strongly influenced by dispersive interactions, as their signs
and magnitudes vary widely between calculations including
a dispersion correction (Fig. 3) and those performed without
it (see the Supplemental Material [36]). This discrepancy
suggests that the qualitative level of accuracy in the calcu-
lated CTE could be due to underestimation of the Grüneisen
parameters of the chiral modes.

The relationship between phonon chirality and thermal
expansion in α-BiB3O6 can be understood by examination
of the chiral acoustic modes. If the structure of α-BiB3O6

were achiral, adjacent Bi atoms would be required to re-
volve in opposite directions in order to maintain zero circular

polarization [11,12]. Therefore, modes which involve such
elliptical motions are limited to the edges of the Brillouin
zone in achiral crystals. As Fig. 3 shows, the modes that
contribute most strongly to thermal expansion lie away from
the edges of the Brillouin zone. Therefore, revolutions of Bi
atoms with small wave vectors couple strongly to the lattice
strains, and if such phonons were disallowed by symmetry,
the thermal expansion of α-BiB3O6 would be less extreme.
Chirality therefore acts like a degree of freedom, or as a kind
of flexibility: it allows a specific type of low-energy phonon
in α-BiB3O6, analogously to how corner-linked topologies
of coordination polyhedra can allow low-energy rigid unit
modes (RUMs) to exist [10]. Since the chiral phonons can
have negative mode Grüneisen parameters, it is possible for
them to act as soft modes and cause pressure-induced phase
transitions [10,54].

The chiral nature of α-BiB3O6 is quite unusual among inor-
ganic framework materials, and here the connection between
that unusual structural feature and the phonons which cause
anomalous thermal expansion has been revealed. It is interest-
ing to note that, despite the general rarity of chiral inorganic
crystals, several very prominent NTE materials crystallize in
chiral space groups: α-ZrW2O8, which was the first material
discovered to have isotropic NTE over a broad temperature
range, crystallizes in P213 [55], and β-eucryptite, which is
widely used in zero-thermal-expansion glass ceramics, adopts
P64222 [56]. The structure of β-eucryptite is identical to that
of β-quartz, which also displays NTE [57].

The chiral modes found in α-BiB3O6 are distinct from the
RUMs which have been used successfully to understand NTE
in some materials [10]. However, the RUM model has been
found to not apply to many NTE materials, either because of
overconstraint of coordination polyhedra [58], or because the
polyhedra simply are not rigid [59,60]. In materials where
the RUM model fails, the origins of NTE often remain
incompletely understood, and it is possible that, for chiral
systems, calculations of mode circular polarizations could
bring additional clarity.

In α-ZrW2O8, NTE is caused by a wide range of low-
energy modes involving motions of rigid WO4 tetrahedra and
Zr–O bonds [59,61]. These modes can be described as fluctu-
ations towards denser structures where nonbridging O atoms
on WO4 tetrahedra form W–O–W chains [60,62]. The rigidity
constraints could allow chiral motions of the Zr atoms and of
the nonbridging O atoms on the WO4 tetrahedra. For example,
a revolution of a terminal O atom would bring it closer in turn
to each of the three equivalent positions where it could form a
W–O–W link [60]. As the terminal O atoms are permitted by
network topology and crystallographic symmetry to undergo
chiral revolutions, it would not be surprising to find such
modes with the methods used here.

In conclusion, two types of phonons were found to con-
tribute significantly to thermal expansion in α-BiB3O6: mo-
tions of the rigid borate units, and modes involving oscilla-
tions and revolutions of the bismuth atoms. These revolutions
correspond to chiral acoustic phonons; along certain direc-
tions in reciprocal space the two transverse acoustic branches
have opposite circular polarizations, with only one coupling
strongly to the lattice strains. Were the lattice achiral, such
modes would be disallowed by symmetry except at the edges
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of the Brillouin zone, where they have small mode Grüneisen
parameters. Phonon chirality has therefore been related to
the macroscopic behavior of a three-dimensional material,
demonstrating that structural chirality permits specific types
of modes in a manner analogous to structural flexibility. The
resulting chrial phonons have low energies and large mode
Grüneisen parameters; they thereby drive thermal expansion
and potentially could act as soft modes and cause phase
transitions. This result reveals a connection between the ab-
sence of a particular type of crystallographic symmetry and an

emergent physical property, and can be applied to the study of
structure–property relationships in other chiral crystals.
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