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High-temperature superconductivity in single unit cell layer FeSe due to soft phonons
in the interface layer of the SrTiO; substrate
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Using a microscopic model of lattice vibrations in the STO(001) substrate, an additional 2, = 50 meV
longitudinal optical (LO) interface mode is identified. The soft mode propagating mainly in the first TiO, layer
(“O chains”) has stronger electron-phonon coupling to electron gas in FeSe than a well-known €2, = 100 meV
hard mode. The coupling constant, critical temperature, and replica band are calculated. Although there exists
a forward in the electron-phonon scattering peak, it is clearly not as sharp as assumed in recent theories
(delta-function-like). The critical temperature is obtained by solution of the gap equation and agrees with the
observed one. The corresponding electron phonon coupling constant A = 0.23. The quasiparticle normal state
“satellite” in spectral weight is broad and its peak appears at frequency much higher than €2, consistent with
observations usually associated with €2,. Possible relation of the transversal counterpart of the surface LO soft

mode with known phonons is discussed.
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I. INTRODUCTION

The best known group of superconductors with critical
temperature above 7, = 60 K, cuprates like YBay;CuzO7_s
(93 K at optimal doping) and Bi,Sr,CaCu,0g,4 (92 K), are
generally characterized by the following three structural/
chemical peculiarities. First they are all quasi-two-
dimensional perovskite layered oxides. Second the 2D
electron gas (2DEGQ) is created by maximally charging CuO
planes at optimal doping. Superconductivity resides in these
layers. Third the layers (or by layers) are separated by several
insulating ionic oxides. It is widely believed [1] that, although
the insulating layers play a role in charging the CuO planes,
the bosons responsible for the pairing are confined to the CuO
layer only.

Several years ago another group of high 7, materials (7, =
60-106 K) was fabricated by deposition of a single unit cell
(1UC) layer of FeSe on insulating substrates like SrTiO3 [STO
both [2] (001) and [3] (110)], TiO, [rutile [4] (100) and
anatase [5] (001)], and [6] BaTiOs3. It is interesting to note that
all three above features are manifest in this compound as well.
Indeed, the insulating substrates are again layered perovskite
oxides. The electron gas residing in the FeSe layer [7] is
charged (doped) by the perovskite substrate. Of course there
is a structural difference in that the layered cuprates contain
many CuO planes, while there is a single FeSe layer. The
difference turns out not to be that important, since recently it
was demonstrated [8] that even a single unit cell CuO on top
of the Bi;Sr,CaCu, 03, film still retains high 7. . Moreover
the pairing becomes of the nodeless s-wave variety as in the
pnictides.
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The role of the insulating substrate in the FeSe systems,
however, seems to extend beyond the charging [7]. Although
the physical nature of the pairing boson in cuprates is still un-
der discussion (the prevailing hypothesis being that it is “un-
conventional,” namely not to be phonon mediated), it became
clear that superconductivity mechanism in FeSe should at
least include the substrate phonon exchange. There are several
competing theories. One is an unconventional boson exchange
within the pnictide plane (perhaps magnons [9], like that in
other pnictide superconductivity theories [10]). It intends to
explain both the 40 K (upon optimal charging) superconduc-
tivity in K or Li intercalated FeSe [11] and “boosting” of
superconductivity by an interface STO phonons above 60 K.
Another point of view [12-15] is that the “intrinsic” pairing
in the FeSe plane is dominated by the pairing due to vibration
of oxygen atoms in substrate oxide layers near the interface.
Historically a smoking gun for the relevance of the phonon
exchange to superconductivity has been the isotope effect.
Very recently [16] the isotope '°O was substituted, at least
in surface layers of the STO(001) substrate, by '30. For the
same doping the gap at low temperature (6 K) decreased by
about 10%. Therefore the oxygen vibrations in the interface
layers at least influence superconductivity.

Moreover detailed measurements of the phonon spec-
trum via high resolution electron energy loss spectroscopy
(HREELS) [17] were performed. It demonstrated that the
interface phonons are energetic (“hard” up to 2, = 100 meV)
for surface mode. This was corroborated by the DFT calcula-
tions [18]. The phonons couple effectively to the electron gas,
as became evident from clear identification by ARPES of the
replica band [19,20]. The explanation of the replica bands was
based on the forward peak in the electron-phonon scattering.
Initially this inspired an idea that the surface phonons alone
could provide a sufficiently strong pairing [14,15]. The values
of the coupling constant deduced from the intensity of the
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replica bands, however, were found to be rather small A <
0.25. The BCS scenario, 7. ~ Qe /*, is clearly out, even
when possible violation of the Migdal theorem due to nonadi-
abaticity (€2, > EF) is accounted for [12]. One therefore had
to look for other ideas. One is provided by a possibility of
the extreme, delta-like, scattering peak model [21], for which
T. ~ ﬁﬂh. Indeed one can obtain [14,15] high 7, even for
such a small A, but only for rather restrictive values of pa-
rameters of the ionic substrate model (within the macroscopic
dipole approximation electrodynamics). Recently attempts
were made to solve the Eliashberg equation for the phonon
mediated coupling [22] derived directly in the framework of
the density functional (DFT) approach [23].

In the present paper we consider a sufficiently precise
microscopic model of phonons in the ionic STO(001) sub-
strate (beyond the phenomenological dipole approximation
approach) and find an additional much softer LO interface
mode that is as strongly coupled to the electron gas in the
FeSe layer as the hard mode. The only parameters entering
the model are the Born-Meyer interatomic potentials [24]
and measured atomic charges [25]. The coupling A, critical
temperature, replica band, and other characteristics of the
superconducting state are calculated and are consistent with
experimental observations. Although there exists a forward
in the electron-phonon scattering peak, it is clearly not delta-
like. The gap equations for the phonon-mediated pairing are
solved without this assumption. The soft mode €2, propagating
mainly in the first TiO, layer (“O chains”) contribute much
more than the highest frequency €2, mode to the pairing.

II. THE INTERFACE STRUCTURE, SYMMETRY

A. Structure of several top layers

The structure of the best studied high 7. monolayer FeSe
system, that on the STO substrate oriented along the (001)
is as follows The top three layers, where 2D electron gas
resides, are Se, Fe, Se, while the first substrate layer is TiO;
(see Fig. 1). The next layer is SrO.

Let us summarize experimentally determined configura-
tions of atoms in the one unit cell FeSe/STO in a form
sufficiently accurate for the phonon spectrum calculation. The
top three layers, Se (1 and 3, green rings) and Fe (brown ring),
where 2D electron gas resides, are shown on the left in Fig. 2.
The first substrate layer is TiO,, as determined by STS is
shown in the center (Ti, blue rings; O, red full circle), while
the next layer is SrO (on the right, Sr, cyan rings; O, dark red
full circle). Below this plane the STO pattern is replicated. Out
of plane spacings counted from the TiO, layer are specified in
Table 1.

TABLE I. Atomic parameters.

Atom O in TiO, Ti Sr Se O in SrO
Mass (a.u.) 16 48 88 79 16

A (keV) 2.143 9.353  20.785 17.56 2.143
b(A™H 3.388 3.598 3.541 3.511 3.388
Charge Z —1.27 2.54 1.85 0 —1.36
Spacing z (A) 0 0 -1.6 3.7 —1.6

FIG. 1. The top TiO, substrate layer. Blue empty circles repre-
sent the Ti atoms, while red filled ones represent light O atoms. Unit
cell is depicted as a black square. Locations of the two sublattices in
Eq. (2) are shown.

Figure 3 is a three-dimensional (3D) view of the molecule
with sphere radii corresponding to the repulsive Meyer poten-
tial ranges given in Table I.

B. The unit cell and symmetry of the whole system

The square translational symmetry in the lateral (x,y)
directions of the system has two basis vectors (see Fig. 1).
Unit cell including both the metallic layer and the substrate
containing Fe,Se,TiSrOs (see Fig. 3) is marked by the black
frame in Fig. 4. The lattice spacing, that coincides with the
distance between the Ti atoms is a = 3.9A, equal to the
distance between the Se atoms [7,26]. The square translational
symmetry in the lateral (x,y) directions of the system has
two basis vectors shown in Fig. 1. The lattice spacing, that
coincides with the distance between the Ti atoms is a = 3.94,
equal to the distance between the Se atoms [26].

The left panel of Fig. 4 contains the projection of FeSe and
TiO,, while the whole “molecule” including the SrO layer is
given on the right panel.

III. MODEL THE 2D ELECTRON GAS IN FeSe
INTERACTING WITH PHONONS IN THE STO SUBSTRATE

A. Electron gas

Our model consists of the 2DEG interacting with surface
phonons of polar insulator STO:

H=H,+ th + Hefplr (D

The Fermi surface consists of two slightly distinct elec-
tron pockets centered around the crystallographic M point.
Although experiment [16] shows fourfold symmetry breaking,
it is much smaller than the asymmetry of the superconducting
order parameter and will be neglected. The electron gas is
described sufficiently well by a simple tight binding model on
square lattice with spacing a = 3.9A, proposed in Ref. [27].
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FIG. 2. Structure of the surface layers. On the left Fe (brown) and Se (green) planes are projected. In the center the TiO, (Ti, blue; O, red),

while on the right is the adjacent SrO (Sr, cyan; O, dark red).

Electrons are hoping between the Fe 4d,; and 4d,. orbitals
around locations of Fe atoms on two sublattices, A = 1, 2 (see
Fig. 1):

1

rm:a(ml,%—i—mz); rrzn :a(%—}—ml,mz). 2)

Hopping occurs on each sublattice independently with ampli-
tude ¢. The overlap between nearest neighbors is negligible
due to symmetry of orbitals. In momentum representation on
the 2D Brillouin zone (BZ), —n /a < k¢, k, < m /a, one has
(neglecting the spin o dependence [27])

H, = Zk b7 (e — €p ), &)

where ex = —2t(2 + cos[ak,] + cos[ak,]). It is sufficient for
our purposes to use a parabolic approximation with an
effective mass m* =2.7m, and Fermi energy [28] e =
60 meV. The electron gas is considered noninteracting al-
though screened delta-like repulsive interaction should be
added to the gap equation as discussed in [12].

B. Optical phonon modes in the TiO, layer

Phonons in ionic crystals are described by the Born-Meyer
potential due to electron’s shells repulsion [24] and electro-
static interaction of ionic charge,

2
VXY (1) = AxAy exp E(bx T )r] + ZXZY%, (4)

FIG. 3. Three-dimensional view of the surface layers composing
one unit cell :molecule. Colors as in Fig. 2. Sizes of atoms are
inversely to the values of the Born-Mayer parameter b.

with values of coefficients A and b listed in Table I. The ionic
charges of the STO plane below the last TiO, are taken from
a DFT calculation [25] of the Millikan charges (performed
without FeSe). In the TiO; layer the charges are determined by
neutrality, and a requirement that the position of the oxygen
atoms between the two Ti atoms is a minimum of potential.

It is reasonable to expect that the modes most relevant
for the electron-phonon coupling across the interface are the
vibrations of the atoms in the TiO, layer (see Fig. 5). Since
oxygen is much lighter than Ti, we assume that Ti atoms’
vibrations are negligible. Obviously we lose acoustic branch,
however, the acoustic phonons are not expected to contribute
to pairing [13,29]. Atoms in neighboring layers can also
be treated as static. Moreover one can neglect more distant
layers both in STO (beyond SrO) and in FeSe. Even the
influence of the lower Se layer is insignificant due to the
distance. Therefore the dominant lateral displacements, uﬁ,"‘,
o = x,y, are of the two oxygen sublattices directly beneath
the corresponding Fe sites of Eq. (2). The dynamic matrix
[Dq]ég is calculated by expansion of energy to second order
in oxygen displacement (details in Appendix A), so that the
Hamiltonian is

H _lz M%ﬂ—l-u“A[D ABPB 5)
T Ly dr dt I

Here M is the oxygen mass. Summations over repeated sub-
lattice and components indices is implied. Now we turn to
derivation of the phonon spectrum and the electron-phonon
coupling.

FIG. 4. (Left) FeSe with the first TiO, layer. Colors are the same
as in Fig. 2.
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FIG. 5. Oxygen atoms vibrations in the TiO, plane. Polarization of the phonons with momentum along the x axis. The oxygen atoms
displacement’s directions are indicated by arrows. Sublattice A = 1 [see Eq. (2)] is active in the hard TO and soft LO.

IV. PHONON SPECTRUM AND THE ELECTRON-PHONON
INTERACTIONS

A. Phonon spectrum

Four eigenvalues are given in Fig. 6, while their polariza-
tion for a small q vector in the x direction depicted in Fig. 5.
One observes that there are high and low frequency modes
in the range Q’; ~ 100—120 meV and Qfl ~ 20-50 meV,
respectively. The energy of LO modes (blue in Fig. 6) is
larger than that of the corresponding TO (red), although the
sum QLO + QTO is nearly dispersionless. At I the splitting is
small, while due to the long range Coulomb interaction there
is hardening of LO and softening of TO at the BZ edges. The
dispersion of the high frequency modes is small, while for the
lower frequency mode it is more pronounced.

Geometrically it is clear that the low frequency €2 arises
due the “empty site” at point (1/2, 1/2)a; Fig. 1. Physically
the softness of the TO mode means that the crystal is close to
the ferroelectric transition of the displacement-type character-
istic to oxides in perovskites [30] (the lowest frequency at the
M point of the soft TO mode, QZM, would have reached zero
if the transition had occurred). Although the soft LO mode,
Qflw (important for the electron-phonon coupling) is slightly
higher than QflTO, it is still lower than Q’fl by a significant
factor 2.5.

B. Electron-phonon coupling

The STO surface phonon interaction with the 2DEG on the
Fe layer zr, = 4.4A above the TiO; plane is determined by the
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FIG. 6. Spectrum of phonons in the TiO, plane. Blue lines cor-
respond to transverse, while red line to the transverse modes.

electric potential created near the 4d Fe orbitals:

_Zoez ) uﬁl

. 6)
3/2
+ ZFe)
It is important that the vibrating charged oxygen atoms in the
last TiO, layer reside directly below Fe atoms. Influence on
the electron-phonon coupling of vibrating Ti atoms of the first
layer is further reduced since they are not situated directly
beneath the Fe sites.
The potential generated by the charged TiO, oxygen vi-
bration mode u4 at arbitrary point r is (namely ignoring
contributions from other charged ions)

COED D

D(r) =
r—rA

Zoe
\/(r—rﬁ—u;‘}l)2+zz

where the distance is to the Fe layer, z = zp, = 4.4A. Expand-
ing in displacement, one obtains

; (N

)t
~ @) "
CD(I‘, Z) ~ <De—i(r’ Z) ZO e Zm A rA | +z )3/2 .

®)

The Hamiltonian for interaction with electrons on the 4d Fe
orbitals with wave functions golA (r, z) (on both sublattices A =
1,2), H,; = fr ®(r)n,, expanded to first order in the oxygen
vibrations consequently is

(r—rf)-uf

—Zef
s ()

| 2~0B }"‘OB (9)

32

x |gf(r, 2)

Sublattice indices are A = 1,2 for oxygen and B =1, 2 for
Fe. Although the most general matrix element depends also on
the electron momentum k in addition to the phonon momen-
tum q, it does not appear in Eq. (9) since the coupling is to the
density, namely the size of the Fe orbital is neglected. Indeed
the localized (the tight binding) form, namely, neglecting the
size of the orbital, |¢j'(r, 2)|* = 8(r — rP)8(z — zr,), where
ZF. 1s given in Table I, reads

—Th) Un

i =~Zo¢ f ZlmAB

n, .
p 32
r—rA) +z2,

(10)
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Here the density operator 7, =¢;”'¢y®. The interaction
electron-phonon Hamiltonian has the form,

Hy=—e /r (), = Zoe? Zqﬁﬁqg’ff‘“ <. an

with ﬁg being Fourier transform of the electron density oper-
ator on sublattice B of Fe and

B
ra —rh

BA __ iaq-m m
8 = Z ¢
m

(e — x| + 22,

, (12)
)3/2

[31,32]. The latter depends on sublattices of both the vibrating
oxygen atoms A and the Fe orbital hosting the electron on
sublattice B (in addition to the polarization ). It is well known
that only longitudinal phonons contribute to the effective
electron-electron interaction, as is clear from the scalar prod-
uct form of Eq. (11). To conclude Egs. (3), (5), and (11) define
our microscopic model. In order to describe superconductiv-
ity, one should “integrate out” the phonon degrees of freedom
to calculate the effective electron-electron interaction. The
discrete Fourier transform,

1 2mwi
-~B __ —~B
ny = ]VA E qCXp |:-qu[:|}’1(1, (13)
together with Eq. (11), result in the Matsubara action,

Zoe® B BA, oA .
) D 4 e AR D)

B *0 B oB
nfq,fn[w] = Zk m wqu,mfn k,m>

that will be used below.
The electron-phonon coupling functions, defined by

-Aeph[wa M] =

pa =D e 8 (15)
depend on two indices, the phonon mode i and a sublattice
index A. The “geometric” function g&* is defined in Eq. (8) of
the main text. The corresponding plots for sublattice A = 2 are
rotated by 7 /2 due to the fourfold symmetry. The continuous
rotation symmetry is weakly broken at edges of the Brillouin
zone. The shape is slightly different for the hard and soft
mode, however, the rotation invariant fit of Eq. (16) is correct
to 5% as seen in Fig. 7. The transversal modes are smaller by
an order of magnitude.

The mostly transversal contributions ,03, » and ,oqA’S are
negligible (albeit nonzero for general q due to lack of con-
tinuous rotational symmetry). The LO contributions can be
approximated within 1% (see Fig. 8) by

qu ~ pe*|q|/<10’ (16)

with p = 27 /a® and gy = 1/zp. = 0.9/a ~ 0.23A~! for both
modes. The exponential decrease reflects [14,15,19] the dis-
tance between the phonon layer and the 2DEG.

C. Effective electron-electron interaction

To take into account finite temperature, we employ the
Matsubara action [12] for the above Hamiltonian, A = A, +

FIG. 7. Electron-phonon coupling dependence on quasimomen-
tum q (matrix element) on a quarter of Brillouin zone. The forward
scattering peak is clearly manifest.

App 4 Aepn, Where
Ae=T71) 0 S G W,
M

A AB, BB .
-Aph = ﬁ an uo_(q’_n[nq,n]aﬂug,n,

Zo€2
A = == Y g P (17)

Here the bare Green’s function for normal electrons described
by a Grassmanian field ¥, is

GY, = (io] —ea+er) (18)

with w{ =nT(2n + 1). Here the density is written in terms
of the 4 x 4 polarization matrix,

2 _
[(Mqulyp = (@)) 8780 + M~ [Dgl57, (19)

o

defined via the dynamic matrix of Eq. (5) calculated in
Appendix A and w? = 27nT is the Matsubara frequency for
phonons. The action is completed by the free electron action.

Since the action is quadratic in the phonon field u the
partition function is Gaussian, it can be integrated out exactly.

0.0 0.2 0.4 0.6 0.8 1.0
q(ra)

FIG. 8. Fit of the electron-phonon interaction strength of the soft
mode by an exponential function of Eq. (18) of the main text.
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The electronic effective action is obtained by integration of
the partition function over the phonon field,

e*AcffW/] — /e*Aph[M]*Ag,th/,ul’ (20)
where the phonon action is
M AB BB
Apn= o D w e alTanloful, 1)
and the electron-phonon part is given by Eq. (10).
BB

The integral is Gaussian in the fields ug, and thus, since
the normalization constant is independent of the electron field
in n®_ _ is performed by completion to full square. The result

—qn’

collecting the constants is

(Z0€2)2
T D" [ anlys

x ¢ty _n] (22)

As a result one obtains the effective density-density interac-
tion term for of electrons,

1 B . BA_ A
Aoy = Zq.n n veant, . (23)

where the effective electron-electron frequency dependent
potential is

e—Aefr'W/] o exp |:_

(Zoe>)
e T A LU P N SR o)

In the basis of the four phonon modes with polarization

vectors e depending on the phonon branch i = 1, ...4, this
becomes
242 B A
o4 _ _Zoe) Z“ PqiP—q.i_, oA = eiC . gCh
Vg M =l 4 Q2 T e B
(25)

Consequently Eq. (25) takes a form,

e—ZIQI/lIo 1 + 1 ,
o + Qih wh? +QF

(26)

AB (2062/0)2
W

approximately independent of sublattice indices. One ob-
serves that at n7 < 2 the dominant mode one is the soft LO
mode for superconductivity and even for satellites.

V. SUPERCONDUCTIVITY
A. Gap equation

The STM experiments [33] demonstrate that the order
parameter is gapped (hence no nodes) and indicate a weakly
anisotropic spin singlet pairing. Therefore we look for solu-
tions for the normal and the anomalous Green’s function of
the Gorkov equations in the form,

0B | %0A A pB | _ AB
(nvis!) = 87" Gl (Wi L) = "Rl @D
where ¢°” is the antisymmetric tensor. At criticality,

Gﬁcn = SACGﬁ , (normal Green’s function not renormalized
significantly at weak coupling), the Gorkov equation for the

anomalous Greens function is (derived for a multiband system
in Appendix B):

FS + T.|GY M an 0 amnFas =0. (28)

In terms of the gap function,

ML= Y,

p k m— nFléf’ (29)

this becomes

2 AC AC

T. E A
pom |gp m q p.n—m=p,m

UAC

— _TL q—p.n—m A " AAC (30)
2 (w5)" + (o —er? "

From this point on let us assume that we consider just
the dominant mode and that this mode is dispersionless; see
Eq. (26), Q45 = ;. In addition only the element v!, = v22,
is considered, so that the sublattice index will be omitted. Thc
resulting sum near a circular Fermi surface can be approxi-
mated by an integral:

Tc(Zoezp)z Z 1 1
M o, + Q2 (2w )?

f ~2lq-pl/ao

x Apm = Agn. (1)
2 p.m q.n

p (0f)" + (eip) — €r)?

Using rotation invariance one obtains the following gap equa-
tion for an angle-independent gap function, Ap ,, = Ap , in
polar coordinates:

T.(Zoe*p)? 1 [p, q]
]‘(402 pz) Z b2 2/ fypq A”*m
2m) S+ 82 =0 (@5)" + (ep — €r)?

= Ay (32)

The integration over the difference of angles can be performed
numerically,

2w
vIp.q] = /¢ . expl—2y/p? + ¢* = 2pgcos ¢/qol.  (33)
This eigenvalue problem was first solved numerically and then
(in Appendix C) within the Eliashberg approximation in the
case when the main contribution comes from momenta very
close to kr. Both methods gives the same value for the critical
temperature 7, = 51 K

B. Solution of the gap equation

Momenta within the circular Brillouin zone of radius 7 /a
were discretized as p — 3= p with Ny = 400, while the Mat-
subara frequency m was truncated at |[wT.2m — 1)| ~ 49;.
Time reversal symmetry ensures A, _, = A, 41, so that
only positive integers were included:

Kpm.anp,m = Aq,nv
TAZ 2 \2 ,
Kpmogn = c(Zoe“p) 120 vip.gl (34)
MN; (a);’n) + (€p — €r)?

The critical temperature is obtained when the largest eigen-
value of the matrix K Eq. (32) is the unit. The numerical
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FIG. 9. Gap function for different Matsubara frequencies The
m=0,1 (red) is dominant, while strength of the subleading corre-
lators, m = —1, 2 (cyan), m = —2, 3 (green), m = —3, 4 (yellow),
decrease fast.

results are the following. 7, = 51 K, while for isotope '®
it becomes 7, = 49 K.

It is clearly demonstrated in Fig. 9 that the dependence on
m is very strong: The two lowest Matsubara frequencies A,
m = 0, 1 for which |#T(2m — 1)| = n T are dominant, while
corrections of m = —3, 4 (yellow line in Fig. 9) become less
than 1%.

Shape of the momenta distribution of all the modes can be
described as a Lorenzian around kr. The width is significant
due to exceptionally small “adiabaticity parameter” Er /2, =
1.4 (would be smaller for the hard mode €2;). The Lorenzian
width shrinks to zero for small gy (the delta forward peak
scattering limit) and for the adiabatic case of large Er /€2;. The
gap function Ay, vanishes at the transition temperature and
increases below it as (T — T,)'/? according to the Ginzburg-
Landau approach preserving its shape.

The dominant region around kr allows application of the
Eliashberg approximation, that in the present case allows the
analytic solution presented in Appendix C. The results are
consistent with numerical simulation.

VI. NORMAL STATE EFFECTS OF THE
ELECTRON-PHONON INTERACTIONS

A. Self-energy
The first Gorkov equation in the normal phase, namely
Eq. (B10) for anomalous Green function F = 0, is just the
conventional Gaussian approximation:

GgA + GO GBA BCGI;S_O( _ 2G0 GCA CXGXX (SACGg. (35)
The sublattice Ansatz, G = §48G, already used at the criti-

cal point is still valid,

§AC (Ga + GGGy — 2GGuGy Y ¥ ) = 5°G,
(36)
since v!'! = v??, v'? = v?! due to the fourfold symmetry. Con-

sequently in components one can write

+Z v“GHa— v0 + v? Z G,.

(37)

G,' = (G~

The frequency-momentum independent term is accounted
for by renormalization of the chemical potential. While in
principle this equation should be solved self-consistently,
since the electron-phonon interaction is relatively weak, one
neglects the correction to G?( 4o On the right-hand side. This
results in the perturbation theory formula for the self-energy
are [substituting the expression for v;(l from Eq. (16) and G°
from Eq. (18)]:

70 22T 1|2
Bk ==Y v!Gh, = ) | _— Ll . (38)
MN; Lm,i ((271Tm)2 + )(mT(Zm +2n+1) — (eky1 — €r))
Summing over the bosonic Matsubara frequency m, one obtains
2 A
Sn. k) = (20 )? 3 | nb[sz] —np[—(exp1 —€p)+ 1 mp[Q4] + nl—(exn — €p)] 9
’ MN; Li 2 iw] + Q — (ex1 — €F) iw] — Qf — (e —€p) |
[
where the Bose and the Fermi distributions are over momenta 1 by an integral in polar coordinates [, ¢),
1 (Zo€*p)* / %
=——— nflel=———. (40 () = —5—= le7?/®
mlel = oeri=1 "= e 40 8T2MSQ

This is used below to calculate the dimensionless coupling
constant A and to describe the “satellites” in the electron
spectrum.

For momentum on the Fermi surface, gx = ¢r one can
use the parabolic band approximation formula Eq. (42 ). At
low temperatures (compared to €2) retaining a single mode
with frequency €2, the self-energy [utilizing the interpolation
formula of Eq. (26) for ,ol{ ;] takes a form (replacing the sum

1=

2 A

y f ( O[—&1¢] e O[&,4] ) @l
$=0 iw + Q— ‘i:l,qb iw— Q — él,q&

where © is the Heaviside function and &; , was defined as
| + 2kg cos qbl
2m* ’

As above one incorporates, for example, the step func-
tion ®[—§; 4] as a restriction on the integration range,

§1.p =&qn — € = (42)
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[ +2kpcos¢ <0, leading the limiting value of ¢ =
arccos[—/] with dimensionless momentum [ = [ /2kg.

Let us transform the self-energy to physical (dimension-
less) frequencies as 2’”72“0 — w + in for infinitesimal positive
n. The self-energy takes a form (the tilde over / is suppressed
from now on),

2 1
D) = £ 24 f e L — (w + in + @)/1]
Q 1=0
+ L[l + (Q —w—in)/l1}, (43)

where Q = 25Q, and the electron-phonon coupling constant

22
is defined as
_ (2062,0)2771*3

- 44
g 82Mk} “44)

The angle integrals in Eq. (41) were performed for any com-
plex parameter a:

Jair
¢=0 @ + COS @
— _(_1)int[(72arg[71+a]+arg[17a2])/2n] i .

Vi—a’

I[a]

arccos[—1] 1
bLlal = — -
2lal /(,Jzo a—+ cos¢

= —2 arctanh a0 ! tan al
V=2 [vl—cﬂ [?H
5L[a] = I[a] — D[a]. (45)

This expression will be used for description of the ARPES
satellites and the effective electron-electron dimensionless
coupling A.

B. Quasiparticle spectrum and satellites

The spectral weight of quasiparticles (electrons) is given
by the imaginary part of the full Green function containing
the effects of the electron-phonon interaction,

Ag(w) = —%Im G(w, k). (46)

For momentum on the Fermi surface, e¢x = ¢f, using the self-
energy of Eq. (43), it is

1

) = i sy

(47)

The spectral weight is presented in Fig. 5 for 2 = €2 (from
now on we drop the tilde, Q = 2’”7%9 — Q) and n = 0.03.
One observes that beyond the dominant sharp quasiparticle
peak near w = 0, there are two small “satellite” structures cre-
ated by the soft phonon mode. The one observed on ARPES
extends from the phonon mode w = —€; all the way to the
peak at the satellite location slightly above w = —Q; — 1/4.

The location of the “satellite” (poles) is determined by
solving the equation for diverging normal Greens function for

20—
101
s 0 J
c
[
g
.E -10}
>
2
o -20
Q
-
& -30}
-40|
_5oL . . . . .
0.0 0.2 0.4 0.6 0.8 1.0

dimensionless momentum |

FIG. 10. Discontinuities of the integrand over quasimomentum
/. The jumps appear at two points, Eq. (49) for all frequencies
between the location of the ARPES satellite peak and negative
phonon frequency —2;.

physical frequencies.
& [

~ 2 Jio
+ L[l — (w —)/1]]. (48)

y e~ HrlRe[ I [1 — (w — )/1]

The small imaginary part in is not required since expressions
in Eq. (45) reproduce exactly the principal value integrals
over [ in Eq. (43). The integrand of the right-hand side of
the equation (the self-energy), is an integrable discontinuous
function. It is given in Fig. 10.

There are discontinuities at

lin= %(1 +V1+4w+ Q)), 49)

when the argument of function /; (a) equals 1. The integration
was performed in any region separately.

It is important to note that the discontinuity
disappears at [=1/2 when 144w+ Q)=0,
determining the discontinuity of the integral to be at
w- =—Q —1/4. The equation is solved graphically
in Fig. 11 and numerically in Fig. 12 for €, and €.
Returning to physical units, for 2; = 51.6 meV one obtains
o~ = —90.0 meV with divergence of the spectral weight
appearing at @P** = —89.5 meV.

C. The shape of the quasiparticle satellites

The shape of the spectral weight A(k, w) at |k| = kr was
calculated for 2 = ; (see Fig. 12, left panel). One observes
that beyond the dominant sharp quasiparticle peak near w =
0, there are two small “satellite” structures created by the
soft phonon mode. The one with the spectral weight of 0.13,
observed in ARPES [16,19], extends (see Fig. 12, right panel)
from the phonon mode w = —; all the way to the peak
at the satellite location slightly above w = —Q; — Er/h =~
—100 meV. The satellite excitation, associated with the hard
mode €2, would appear at much lower energies and with
lower weight.

054514-8



HIGH-TEMPERATURE SUPERCONDUCTIVITY IN SINGLE ...

PHYSICAL REVIEW B 100, 054514 (2019)

0.4f

0.2f

0.0

-0.2f quasiparticle |

-0.4f

satellite
-0.6f

-0.5 -0.4 -0.3 -0.2 -0.1 0.0

w

FIG. 11. Graphical solution of the w = X(kr, w) equation. Two
solutions corresponding to the ARPES satellite peak (negative en-
ergy) and the main quasiparticle excitation near zero are apparent.

D. Dimensionless electron-electron coupling A

The coupling constant is defined in terms of the self-energy
analytically continued to the physical frequencies in the limit

w— 0,
d (Zoe*p)* [ _
A== =Sk, )0 = SOZMQ /ZO le 2L ().
(50

One again accounts for the step function ®[—§; 4] function
as | + 2kr cos¢ < 0, leading to the limiting value of ¢y =
arccos[—1/2kp]:

o O[—& 4]
L(l) = :
D /¢->—0 <<sl,¢ “qp "

/Tr ;
= 2
=gy <l+2];p cos¢l _ Q)

O& 4] )
(&9 + Q)

%o 2

+ / - 51)
—0 ( 1+2kp cos ¢
0=0 (L2t 1 Q)

It is important to perform the angle exactly in terms of ana-
Iytic functions fkl, ff that are somewhat cumbersome. Direct
numerical integration suffers from extreme sensitivity near

20

L

-100 -50 O 50 100

w (mev)

the Fermi level. Chan N/glng the variable again to dimensionless
1 =1/2kr — [ and Q = 2 Q one writes

2k2
*2 ~ o
L) = (A1l — QN+ ffI-1 - /1),  (52)
2kl
where
1 V1 =12 a
fllal = = - R'[a] ¢,
a* —1 a+1 |a2 . 1|
1 V1 =12 a
1,2 1,2
= R s
S lal a2—1{ PE + 21 [a]}
| 2 arccot[ vl fan % ] fora < —1
R'[a] = ;
v/ 1—a? tan[¢ /2] +a+1 _ _
Re log—ﬂtanwz/zkaq for — 1 <a< —I
2 arctan[ Va—1 tap 0 ] fora < —1
R*[a] =

/1—a? tan[¢ /2] +a—1

V1—a tan[o/2]—a+1 for —1 <a<-I

—Re log
(33)
The dimensionless coupling constant therefore becomes

—4kpl/qc

k:ng%/l ¢
Q Ji—o l

where the electron-phonon coupling definition, Eq. (44), was
used. This is convergent (the term in brackets is proportional
to [ at small /) and was calculated numerically. The standard
dimensionless electron-phonon coupling is from Eq.. (52); the
soft and hard modes are A; = 0.23 and A;, = 0.07, respec-
tively. The first is larger than estimated from the satellite ex-
periments [16], while the second is smaller. However, the the-
oretical formula used in the estimate [14,15,19] was derived
on an assumption of the delfa-like forward scattering peak
for the hard mode. The soft mode value alone would not be
sufficient, if the BCS formula is applied: 7, = 1.14Qe~"/* =
9K . Higher T, value above is caused by the forward peak that
is, however, just exponential [see Eq. (16)], much wider than
conjectured delta function assumed in Refs. [14,15,19].

Q/n).
(54)

(il — /1 + fA—1 —

1.0
0.8
0.6

A(ke,w)

0.4
0.2

0.0
-120-100 -80 -60 -40 -20 O

w (mev)

FIG. 12. Spectral weight of electronlike excitation. (Left) Overview of the main quasiparticle and two satellites (ARPES and inverse

ARPES).
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VII. DISCUSSION AND CONCLUSIONS

To summarize, using a microscopic model of the ionic
lattice vibrations in the STO substrate below one unit cell
FeSe, an “additional” 2, = 50 meV LO interface mode is
identified (see Fig. 6). The soft mode propagating mainly in
the first TiO; layer (“O chains”) has stronger electron-phonon
coupling to electron gas in FeSe than a well-known 2;, =
100 meV hard mode. The increase seems to be solely due to
reduced frequency since the matrix elements of the electron-
phonon interactions [31,32] are very similar for the two modes
(numerous other phonon modes [18,23] have significantly
lower matrix elements).

The coupling constant, critical temperature, and replica
band are calculated. The numerical solution of the gap equa-
tions (as well as the Eliashberg approximation to it) results
in the 7. = 51K (while for the 30 isotope it becomes T, =
49 K). This result is both due to the reduced phonon frequency
and due to the spatial separation between the two-dimensional
electron gas in the FeSe layer and vibrating ions. The later
manifests itself in an exponential forward peak in the electron-
phonon scattering. It leads to a deviation from the BCS de-
pendence of critical temperature on A. The coupling constant,
A = 0.23, is strong enough in this case to account for most
if not all of the huge enhancement of the superconductivity
on the STO substrate compared to parent compound FeSe.
The peak is clearly not as sharp as assumed in recent theories
[14,15,19].

As to remarkable normal state properties of the 1UC
FeSe/STO, the results are following. The violation of the
Migdal theorem is confirmed and satellite excitations due to
phonons in the spectral weight appear; Fig. 12. The satellite
is broad, but unlike in the delta function scattering peak
theory [14,15,19] its divergence appears at frequency much
higher than €2, consistent with observations. We discuss next
possible signatures of the soft mode and generalizations of the
mechanism to other high 7, materials.

The transversal (TO) counterpart of the LO soft mode
considered here indicates a close proximity of the ferroelectric
instability of the displacement type due to oxygen “empty
site”’; see Fig. 5. Can this be related to known phonon char-
acteristics? Of course STO is a perovskite with very high
dielectric constant “close” to ferroelectric transition [29]. First
the soft surface mode considered here is not related to the
displacive structural transition [29,34] in bulk STO at 105 K
(so-called A, mode has large frequencies at low temperature
become soft at 105 K). There exists, however, another bulk
TO mode [29,34] (E, + A»,), that might be associated with
the surface soft mode. Its frequency strongly decreases with
temperature and it contributes to the large dielectric constant.
Numerous surface measurements [17,35] and density func-
tional calculations [18,23] of phonons in the 1UC FeSe/STO
system indicate that there are a few possible candidates in the
relevant energy domain.

The present approach is a phenomenological in the sense
that instead of directly relying on the DFT simulation results
for the phonon spectrum, one utilizes the DFT results for
the charge distributions in conjunction with the experimental
direct studies of the crystalline structure (greatly enhanced
recently in view of progress in the STM and x-ray techniques)

in the strongly ionic layers adjacent to 2D electron gas to
infer about both the dispersion of the relevant phonon modes
and their coupling to the charged layer. These are factors that
directly affect Cooper pairing. The explicit identification of
the dominant degrees of freedom is necessary for a quali-
tative understanding of the pairing mechanism without the
background of plethora of other modes that exist in both the
FeSe unit cell and the substrate material. Note that, unlike in
other approaches, semimacroscopic quantities like dielectric
constants are included on the microscopic level.

Similar soft modes might exist in other high 7, supercon-
ductors. For example, recently fabricated ultrathin CuQO, films
on the BiO surfaces of the Bi — 2212 crystals were shown
[8] to exhibit a large s-wave gap in the CuO, layers. This
perovskite allows the microscopic approach outlined in the
present work.
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APPENDIX A: THE TiO, OXYGEN VIBRATION MODES

The dominant degree of freedom (oxygen atoms in the
interface TiO, on two sublattices directly beneath the 4d Fe
orbitals) were described in the text. The vibrations along the
z direction is also safely neglected. The Hamiltonian for these
degrees of freedom is

th = Kph + W, (AD)

where kinetic energy is

M d \? d ,\?
A () ()]

and the potential energy part consists of interatomic potentials
defined in Eq. (4) and Table I. Only interactions of the
“dynamic” oxygen atoms in the TiO, with neighboring SrO
below and Se above are taken into account:

1

W = 3 Zn’m.A (v — i, —uf ] + V5O [RY — 1), — uj ]
oSO ] o[RS e -

1
+§ Z#m’A v —rjp +uf —ujy]

00T,.1 2 1 2
+ E v, —r, +u, —u |
n,m [n m n m]

Here the positions of the heavy Ti, Sr, Se atoms and oxygen
atoms of the SrO layer are

Rzi = a(ny, ny, 0);

Sr Se 1 1 .
Rn = Rn = a(nx + 2 ny + 2 ZSr)a

(A3)

R = a(n,. ny, zs:); (Ad)

see Figs. 1-3. Vibrations of heavy atoms and even oxygen in
other planes are not expected to be significant due to their
mass or distance from the TiO layer oxygen atoms. Some
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effects of those vibrations are accounted for by the effective
oxygen mass, while more remote Fe later above and next TiO,
below the important layer were checked to be negligible.

J

Harmonic approximation consists of expansion around a
stable minimum of the energy. The matrix of the second
derivatives include

d*w TIO Ti _ St _ ol SeOTpRSe 00RO 1
duglldu{“ = —0mi Z R ] + vaﬁ [R ] t Vagp [Rn - ] + vy [R m]}
+ Oml Zn?ﬁm Uo?,go [t — 1] — vo?ﬂo [t — 1] Zn;ﬁm a1 + S Zn vo?ﬂo [t —ra]:
4w 007,.1 2 d*w 0071,.2 1
Tl 4P = Vg [tm — 17 ]5 du2di? —Vg [t — 11 |5
Uy aly Uy dly
d2W _ Z T10 RT1 _ ] + SrO [RSr _ ] + SeO [RSe _ ] + [RO ]}
d a2 B2 - ml vaﬂ n vaﬁ n Uaﬁ
ugrduy
~+ Smi Zn#m vgﬁo[rﬁ1 — rﬁ] + Vop [rlzn — rlz] Zn# Snl + Smi Z r -2 (AS)
Here
d*v*r 2ZxZ «/A A b
vy Irl = CXEY 3rort — 582 4 YD 5 0r ot rrp (14 br))e ™, (A6)
dr,d rﬂ r
with b = 3(b* + b").
Fourier transform defined as
2myi
A A
= — — k-m|ug, A7
uy N, exp[ N, i|um (A7)
where N? is the number of unit cells. This leads to the following expression for the dynamic matrix,
alp2
DkI’3 = ——Z exp [——k ni| Vo g [r —rﬁ]
a2pl _ 00,1 27.
Dy _—17 Znexp [— n} a,s[ —ril;
N
n Vs [t — 3]
Diwl _ Dzzﬂz L Zn{ g:SO[RTl ro] + USrO[RS _ ro] + USeO[RSe rﬁ] + USE[RS — rﬁ]} (A8)
+ Lz (1 —exp [ = 5k n])oZf [y — rg]
(
These determine the eigenvalues and polarizations presented to be summed over), the action is
in Fig. 5 and Fig. 6, respectively.
A['(/f] — T—]w*GA(GO)_l_l/IO(:’A
APPENDIX B: DERIVATION OF GORKOV EQUATIONS + _1/[*0)’ wx Yy w*ﬂx I/f (B2)
FOR A TWO-BAND SYSTEM
We derive the Gorkov equations within the functional Functional derivative of the partition sum,
integral approach [36,37] starting from the effective elec-
: : *0A
tron aczlon Eqgs.(9) and (13) for grassmanian fields v, 7 | A s g (B3)
and Yy’ —J, ’

gA

*0A (0 1
G kn

kn

Aly] =

12 vie
Y  YX X
2T E q-nnqnvqn g n-

To simplify the presentation it is useful to lump the quasimo-
mentum and the Matsubara frequency into a single subscript,
{k, n} — k. In this form (all the repeated indices are assumed

B

to the following Gaussian average of the “equations of state,”

= _<W> = —(GR) g+ U eyt
+ X (g u) T W — o .
(B4)
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Translation invariance and the s-wave Ansatz,
B
(V5 va") = 8ap870 G
B
<1/fUA¢p )= 5a+ﬂ80prB;
(1//*UA 1//_*/OB)

(BS)

o'pF+AB
o s
lead lead to
—1 X
JgB — _(G%) ,(pr BXG);iﬁwJX + 80/7 BXF +ﬂw*l)

+ 205y P GEX. (B6)
Similarly,
3A
J;UB — <61//UB> — ( ) w*o‘B (w*UB Il/;px)ll/)fl)fx
+UBX<I/I*GB wpx+y>1//*px BXw*aB(w*le/pr_H/)

_ (0! B BX r-+BX . pX
= (G ) w;a - sapvx Fﬂfx w—ﬁ
2 BXIp_;O'BGXX

BXGXB l)0>I<UX

(B7)
The second derivatives with respect to fields are

oB
8]/;“

_ op,. BC -+BC.
syie ~ o R
(SJWB BC (~0)\~1 BC ~CB BC, BX ~XX
31//*0C =058 (8%(Gp) " — v, Gl = 28" G
SJ(TB

B o BC (~0\~1 _ vBC€
5W5C =9 p‘sﬂ—y( -8 (Gﬁ) Gx+,3
+28%vgX GYY):

(SJUB

_ .o BC -BC
SW*PC =¢ p8ﬁ+y x Fyrpe (B8)

The Gorkov equations are obtained from the following
identity:

SJUB SJ*O'B
(w*UBI/[ )(Sw*pc <1//9Av/ ) 1ﬁ*,oC = O;
] SJ*UB
o' v57") e + W) 5pc =978 (B9)

Substituting Eqgs. (BS5) and (B8) into Eq. (9), one finally
obtains the first,

G<A GO b Z GBAYBC Gﬁia ) Zx GEAYEY G);X
+y UBC FAB FjaBCX — §1C. (B10)
and the second Gorkov equation,
EA(GL) ! + IR, + EICGED
+2FAC ZX v§¥GEY =0. (B11)

The system of Gorkov equations [Egs.(B10) and (B11)]
simplifies near the criticality. The last term in Eq. (B10) is of
order F? and thus negligible. The second and the third terms
are small corrections to the normal state Greens function at

weak electron-phonon coupling. Therefore one obtains from

Eq. (B10),
GB = §*8G0. (B12)

Substituting this into the second Gorkov equation, Eq. (B11),
one obtains

AC C, AC 1-AC
Fo+ Kyv, F o, = =0, (B13)
where
C G(ioth())z
= (B14)

K> =
14+ GG, +2G0, Y uiRGY

In the denominator one argues that at weak coupling the first-
order corrections can be neglected.

APPENDIX C: SOLUTION OF THE GAP EQUATION
IN THE ELIASHBERG APPROXIMATION

In polar coordinates for an angle-independent gap function,
AN, = A;{‘FCm = AXC and shifting the integration variables as
the equation for momentum q on the Fermi surface, ¢4 = ¢r,
takes a form,

T Z 1 / Vi AAC
c m (27[)2 \ (wfn)Z m

_AAC
A = A
+ (€|g41.| — €F)

(ChH
The left-hand side of the equation using the fit Eq. (16), can
be written in polar coordinates as

7"6(2062)2/02 AAC

1/a
S / Je=21/0
wh_,) + Q% Ji=o

MQ2r)? m(

f27r 1
< | (C2)
Rescaling T=1 /2kr, one obtains
T.(Zo &2 pm*)z Aﬁ,c 1 e—4kpi/qo
Am>Mky m (a)f,’_m)z + Q2 /7=0 i
2 1
X f (C3)
=0 (m*wh)’ [ (2k21)" + (I + cos ¢)?
Integrating exactly over the angle ¢,
1 /2” 1
21 Jy—o (s/1)?* + (I 4+ cos ¢)?
l
= —Re[(1 + s*/1> — 2is — 1*)~ /7], (C4)
s

one obtains, dropping tilde over T'in what follows,

(Zoe2p)2m* Z Afnc P w,’;lm*
TM = (o) @) m 1L 2K ]

(C5)

Here the function is defined as an integral:

! 1
flal = / eHrifiRe
1=0 V1I+22/12 —

2iz — 12 } (o
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0.05f

0.00™

FIG. 13. Function f[z] in the gap equation, Eq. (22), in the main
text.

The function f[z] and its rational fit f[z] = 0.3% are
shown in Fig. 13.

Changing the variables to 7, = \/f(w,{m*/Zk%)/la),j;IAn,

makes the kernel matrix of the integral equation,

Zm Kounim = 0, N

symmetric,

mn

_ (pZ%e?)*m* \/f(wf;m*/Zk%)f(w.g’m*/zk%)
- wM((eh,)’ + 92) Pmt et
(C8)

Critical temperature is obtained when the largest eigenvalue of
the matrix K is the unit. This was done numerically by limiting
the variable n to |n| < 200.

Assuming as usual [31], that the dependence of A on k
is weak, Al = A28 substituting the soft mode v{'C and
integrating over polar angle of [/, the eigenvalue équation
simplifies to

Flewhm*/2k3]

- . AAC _ AAC
((@h_/Q)" + 1)12m + 1]

n

(Zoe*p)’m*
72Q2M Zm

(€9

Critical temperature is obtained when the largest eigenvalue
of the matrix in Eq. (C9) is the unit. The numerical results are
the following: 7, = 51 K, while for isotope 30 it becomes
T. =49 K.
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