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Wake potential in graphene-insulator-graphene composite systems
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We study the wake potential produced by an external charged particle that moves parallel to various
sy1-Al2O3-sy2 sandwich-like composites, where the system syi (with i = 1, 2) may be vacuum, pristine
graphene, or doped graphene. The effective dielectric function of the composites is obtained using three
complementary methods for graphene’s electronic response, based on the massless Dirac fermions (MDF)
method, the extended hydrodynamic (eHD) model, and the ab initio approach. Three velocity regimes are
explored with respect to the threshold for excitations of the Dirac plasmon in graphene, given by its Fermi
velocity vF . In the low-velocity regime (below vF ), only the transverse optical (TO) phonons in the Al2O3

layer contribute to the wake potential in the surface with sy2 (which is nearest to the charged particle), in a
manner that is only sensitive to the composition of that system: if sy2 is vacuum, the TO phonons give rise to
intense oscillations in the wake potential, which are strongly suppressed if sy2 is pristine or doped graphene.
For intermediate velocities (above vF ), the hybridized plasmon–TO phonon modes on both surfaces contribute
to the wake potential in the surface with sy2, with the most dominant contribution coming from the hybridized
Dirac-like plasmonic modes. In the high-velocity regime (well above vF ), the highest-lying hybridized Dirac
plasmon gives the dominant contribution to the wake potential, which exhibits a typical V-shaped wave-front
pattern that lags behind the charged particle. It is found that the MDF method agrees very well with the results of
the ab initio method for small and intermediate velocities. However, in the high-velocity regime, the high-energy
π plasmon in graphene introduces new features in the wake potential in the form of fast oscillations, just
behind the charged particle. Those oscillations in the wake potential are well described by both the eHD and the
ab initio method, proving that the π plasmon indeed behaves as a collective mode.
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I. INTRODUCTION

When a charged particle moves parallel to a metallic or po-
lar crystal surface, it drags charges in the surface producing a
dipolar density distribution (in analogy with the polaron prob-
lem), which is composed of single-particle excitations and the
excitation of collective modes in the surface—plasmons or
phonons, respectively. In the case of the collective modes, the
excited charge density wave patterns lag behind the incident
particle forming a V shape, known as the “wake effect” in
analogy to ship waves on water. The existence of the wake
pattern in a solid target is considered to be a signature of
collective modes in the target material, with its parameters—
the amplitude of the wake, its shape, and the spatial extent—
being controlled by the velocity of the incident particle and by
its impact parameter, as well as by the dispersion relation and
the damping processes of the collective modes.

Historically, the wake effect was first analyzed theoreti-
cally in 1974 by Neelavathi et al. [1], who predicted the possi-
bility of bound electron states in the wake potential trailing a
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swift ion that moves in a solid target. The first evidence of the
wake effect was provided shortly afterward in an experiment
demonstrating the so-called vicinage effect in the energy loss
of swift ion clusters in solids [2,3]. The vicinage effect due to
the plasmon wake was also predicted to give rise to strongly
asymmetric Coulomb explosion patterns of fast clusters in
metals and plasmas [4,5]. Moreover, the wake effect was
shown to play an important role in the dynamic screening
of the core exciton in the electron energy loss spectroscopy
(EELS) data for semiconductors and insulators measured in a
scanning transmission electron microscope (STEM) [6].

The occurrence of the wake effect was also studied on
solid surfaces, both in theoretical works [7,8] and in exper-
iments [9,10], which demonstrated vicinage effects in the
Coulomb explosion and energy loss of diatomic molecules
grazingly scattered on crystal surfaces. In the more recent
experiments, it was shown that the surface wake also plays a
role in the energy loss and straggling of fast ions traversing
a dielectric boundary [11] and that it affects the formation
of circular Rydberg states in beam-foil experiments [12].
While the above studies were concerned with the wake due to
electronic collective modes in solids and their surfaces, there
were several studies addressing the role of the wake due to
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the excitation of the Fuchs-Kliewer (FK) or optical surface
phonon modes in ion scattering from polar surfaces [13,14].

As far as the two-dimensional (2D) conductive materials
are concerned, the wake effect was first studied theoretically
in a strongly coupled 2D electron gas by Wang and Ma
[15], followed by several studies of the wake effect in carbon
nanostructures, including carbon nanotubes [16] and graphene
[17–23]. For the latter material, the wake effect was also stud-
ied in the presence of plasmon-phonon hybridization taking
place between graphene and a polar substrate [24] for both
isolated [25] and correlated [26] charged particles moving par-
allel to graphene. There have been other investigations of the
wake effect, e.g., in the case of dust grains in flowing plasma,
[27] where an analogy was established with the Mach cone
formation, as well as in the case of a 2D electron gas with de-
fects, where plasmon excitation was caused by microwave ra-
diation [28]. In addition, a recent study demonstrated efficient
steering of the plasmon wakes that were excited by a free elec-
tron propagating over a nanopatterned metal surface, where
the analogy with Cherenkov radiation was emphasized [29].

It should be mentioned that the scattering geometry, where
an incident charged particle moves parallel to a solid surface
or parallel to a 2D material lying atop a substrate, may be of
interest, e.g., for possible experiments using grazing scattering
of fast ions [9,10] or for the aloof trajectories of the electron
beam used for vibrational and valence EELS within STEM
[30]. In analogy with the Cherenkov radiation, one expects
that for the wake effect to emerge in such experiments, a
threshold value should exist for the velocity of the incident
particle, which needs to exceed the phase velocity of the
relevant surface modes in the target material.

In a 2D conductive crystal, such as graphene, it is expected
that a prominent role in the wake formation due to slow inci-
dent particles will be played by the so-called sheet plasmon,
also known as the Dirac plasmon in doped graphene [31–34],
which operates in the terahertz (THz) to mid-infrared (mid-
IR) frequency range. It is a unique feature of graphene that
the dispersion relation of its Dirac plasmon may be efficiently
tuned by changing the density of charge carriers in graphene,
which can be controlled via the potential applied to external
gate(s). As a consequence, one expects that the parameters of
the resulting wake pattern in graphene—its amplitude, shape,
and spatial extent—can be manipulated, not only by the inci-
dent particle’s speed and distance from graphene but also by
graphene’s doping density as an externally controlled param-
eter. We mention that this tunability of the Dirac plasmon in
graphene has already been experimentally realized, showing a
great potential for applications in photonics, optoelectronics,
transformation optics, and plasmonics in the THz to mid-IR
range [35–38].

Various experimental designs of layered heterostructures
involving graphene sheets include insulating spacer layers
made of polar materials [39–41], which usually support strong
FK phonon modes [42] that are also active in the THz to mid-
IR frequency range and can therefore strongly interact with
the Dirac plasmon mode(s) in the nearby graphene sheet(s).
As a consequence, both the dispersion and the damping path-
ways of the Dirac plasmons can be altered in a substantial way
[25,26,43,44], affecting graphene’s tunability for optoelec-
tronic [39,42–45] and plasmonic [46–48] applications. It is

expected that such strong plasmon-phonon hybridization can
also affect the wake effect when the charged particle moves
parallel to a heterostructure involving graphene. In that case,
the wake parameters—again, its amplitude, shape, and spatial
extent—can be additionally manipulated by the thickness of
the polar layers or by their dielectric properties [31,49].

As a prototype of such heterostructures involving doped
graphene sheets, we have studied in our previous publication
[50] a sandwich-like composite graphene-Al2O3-graphene,
and we found that it supports a variety of interesting plasmon-
phonon hybrid modes. Using a 5 nm thick layer of sapphire
(aluminum oxide, Al2O3), an experimentally often used di-
electric spacer [41,48,51,52] which supports two prominent
transverse optical (TO) phonon modes in its bulk, one obtains
two strongly coupled pairs of the FK phonon modes that are
localized at each surface of the sapphire layer. If one addition-
ally assumes that two sheets of doped graphene straddle the
sapphire layer, each supporting a Dirac plasmon mode, one
can observe up to six well-defined hybrid modes in the THz to
mid-IR frequency range showing a quite diverse set of disper-
sion relations with in-plane wave numbers Q � 1 nm−1 [50].

In this paper we shall explore the efficiency and selectivity
of the excitation of different hybrid modes in the graphene-
Al2O3-graphene composite by a charged particle that moves
outside the structure and parallel to its surfaces. This will be
achieved by exposing any wake patterns that may arise in the
electrostatic potential in the surface closest to the incident
particle. Such wake potential may be of interest for studying,
e.g., the possible occurrence of the wake-riding electrons on
that surface [8,53]. We designate our sandwich structure as
sy1-Al2O3-sy2, where the system on either side of the sand-
wich, syi with i = 1, 2, may be vacuum, pristine graphene,
denoted as gr(undoped), or doped graphene, denoted as
gr(doped). In the cases of undoped and doped graphene layers,
the corresponding values of the Fermi energy relative to the
Dirac point will be chosen as EF = 0 and 200 meV, respec-
tively. The surface that is closest to the incident charged parti-
cle will be assumed to be occupied by the system sy2. It can be
shown that the wake potential in that surface is predominantly
determined by the composition of the system sy2.

The propagator of the dynamically screened Coulomb
interaction W (Q, ω, z, z′) for a composite structure
sy1-Al2O3-sy2 was derived in our previous paper [50],
so its derivation will only be briefly outlined here. The
main ingredients to our model are the single-layer graphene
response functions for noninteracting electrons, χ0

i (Q, ω)
with i = 1, 2, and the local dielectric function εS (ω) of the
bulk Al2O3. The response functions χ0

1,2(Q, ω) are obtained
in this work at zero temperature using three complementary
methods: (i) the random phase approximation (RPA) for
doped graphene, taking into account just its π electron
bands in the Dirac cone approximation [54,55] with the
effects of damping included via the Mermin procedure [56],
which we call the massless Dirac fermions (MDF) method;
(ii) a phenomenological approach that describes high-energy
interband transitions in graphene by a two-fluid model for
its π and σ electrons, amended by a low-energy Dirac
contribution near the K points in the Brillouin zone (BZ),
which we call the extended hydrodynamic (eHD) model
[57,58]; and (iii) an ab initio–RPA method that includes
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transitions between all valence and conduction bands in
graphene, which we simply call the ab initio method. The
propagator W is used to derive an effective 2D dielectric
function, ε(Q, ω), of the composite sy1-Al2O3-sy2 structure,
which is further used to evaluate the wake potential and to
facilitate understanding of the appearance and the role of
certain modes by analyzing the peaks in the loss function of
the structure, given by Im[−1/ε(Q, ω)] [56,59].

The wake effect is explored in three regimes of the incident
particle velocity, v, which will be expressed in units of the
Fermi velocity of graphene’s π electron bands in the Dirac
cone approximation [32], having a value of ≈c/300 (where
c is the speed of light in vacuum). It was found in Ref. [17]
that the threshold velocity for observing the wake effect in
graphene due to the excitation of its Dirac plasmon is given
by its Fermi velocity, i.e., vthr = vF = 1 in our units. Accord-
ingly, in the low-velocity regime, we set v = 0.5, so that only
the phonon-like modes can contribute to the wake potential
in the surface closest to the incident particle. It will be then
shown that, if the system sy2 is vacuum, the TO phonons give
rise to strong oscillations in the wake potential, which are
strongly suppressed if sy2 is either gr(doped) or gr(undoped)
because graphene screens out the TO phonons in both cases.
For the intermediate velocity of v = 2, which exceeds the
threshold velocity for the Dirac plasmon excitation, the in-
cident particle excites hybridized TO phonon–Dirac plasmon
modes, giving rise to intense features in the wake potential.
When sy2 is vacuum, the TO phonons still give rise to strong
oscillations in the wake potential, which are reduced when sy2
is gr(doped) and almost disappear when sy2 is gr(undoped).
In the high-velocity regime, where we set v = 4, strong Dirac
plasmon–like modes become the dominant contribution to the
wake potential, which behaves as a perfect (single-harmonic),
V-shaped wave lagging behind the charged particle.

It will be shown that the MDF method agrees very well
with the ab initio method for small and intermediate ve-
locities. However, in the high-velocity limit, smaller wave
numbers become important for the wake effect, where the
so-called π plasmon in graphene exhibits a strongly dipolar
mode [60], which introduces new features (fast oscillations)
in the wake potential. It is shown that, in this regime, the eHD
model agrees very well with the ab initio method. We note that
while all three methods provide results for χ0

i (Q, ω) including
a full dependence on the wave number Q, we shall see that the
so-called optical limit of each method, when Q ≈ 0, can play
an especially useful role in our calculations.

In Sec. II we outline the methodology used to calculate
dynamically screened Coulomb interaction W (Q, ω, z, z′), the
effective 2D dielectric function ε(Q, ω), and the wake po-
tential in various sy1-Al2O3-sy2 structures. In Sec. III we
present and discuss our results, whereas in Sec. IV we give
our concluding remarks.

II. METHODOLOGY

A. Modeling of the system

We assume that a point-like particle with charge Ze moves
at the velocity v parallel to a graphene-insulator-graphene
composite at distance z0 from the closest surface, as schemat-
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FIG. 1. The charged particle (Ze) moves with velocity v parallel
to the gr-Al2O3-gr composite. Simplified model where the sapphire
layer is approximated by a homogeneous dielectric slab described
by local dielectric function εS (ω), whereas graphene sheets are
described by 2D response functions for noninteracting electrons,
χ 0

1,2(Q, ω).

ically shown in Fig. 1. Two graphene layers are allowed to
occupy the z = ∓a/2 planes, with h being the size of the air
gaps to the nearby insulator surfaces.

The surface polarization waves excited by the moving
charge can be studied in terms of the total potential at the
z = a/2 plane, which may be expressed as [7,8,18,25,61]

�tot (ρ, z = a/2, t ) = 2Ze

π

∫ ∞

0
dQx

∫ ∞

0
dQy cos(Qyy)

× e−Qz0

Q
Re

{
eiQx (x−vt )

ε(Q, ω = Qxv)

}
, (1)

which we shall call the wake potential. Here Q = (Qx, Qy)
is the momentum transfer vector parallel to the (x, y) plane,
Q =

√
Q2

x + Q2
y , and ρ = (x, y) is a 2D position vector in that

plane. The main quantity in (1) is the effective 2D dielectric
function ε(Q, ω), which may be physically interpreted as the
dielectric response squeezed in the z = a/2 plane. We note
that with the incident particle moving parallel to the x axis,
the kinematic resonance condition is accounted for by setting
ω = Qxv in the expression for ε(Q, ω) in Eq. (1).

On the other hand, it can be shown [56] that the probability
density for the parallel momentum transfer Q and the energy
loss ω in the reflection EELS (REELS) is proportional to the
imaginary part of the induced potential W ind = 2π

Q [1/ε − 1],
i.e.,

P(Q, ω) ∝ −Im
1

ε(Q, ω)
, (2)

with the quantity on the right-hand side called the energy loss
function.

A derivation of the effective 2D dielectric function is
described in detail in Ref. [50], so we only briefly review
the main steps here. From Eqs. (16), (18), (23), and (24)
of Ref. [50] it can be shown that the Fourier transform
of the screened Coulomb interaction in the plane in which

035443-3
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z = z′ = a/2 can be written as

W (Q, ω, z = z′ = a/2) =
(
ṽ11 + ṽ2

12χ̃1
)
(1 + ṽ11χ̃2)

1 − ṽ2
12χ̃1χ̃2

, (3)

where the RPA screened response functions of the two
graphene layers are

χ̃i(Q, ω) = χ0
i (Q, ω)

1 − ṽ11(Q)χ0
i (Q, ω)

, i = 1, 2, (4)

whereas the “intrasystem” and “intersystem” Coulomb inter-
actions, “screened” by the dielectric slab, have the following
analytical form:

ṽ11 = vQ

{
1 + DS (ω)

1 − e−2Qa

1 − D2
S (ω)e−2Qa

}
, (5)

ṽ12 = vQ
1 − D2

S (ω)

1 − D2
S (ω)e−2Qa

e−Qa, (6)

with

DS (ω) = 1 − εS (ω)

1 + εS (ω)

and vQ = 2π
Q . Since we are only interested in the polarization

of the structure in the plane z = a/2, the effective 2D dielec-
tric function may be defined as the ratio of the total potential
in that plane to the bare in-plane Coulomb interaction, viz.,

ε−1(Q, ω) = W (Q, ω, z = z′ = a/2)/vQ. (7)

After inserting Eqs. (3)–(6) into Eq. (7) and doing some
algebra, the effective 2D dielectric function may be written
in a more explicit form as

ε(Q, ω) = 1

2

[
1 + εS coth (Qa) − 2vQχ0

2

]

− 1

2

ε2
S cosech2(Qa)

1 + εS coth (Qa) − 2vQχ0
1

, (8)

in terms of the alumina local dielectric function εS (ω) and the
2D response functions χ0

1,2(Q, ω) of noninteracting electrons
in the graphene layers. The latter are calculated using three
methods: MDF, eHD, and ab initio method.

B. Graphene response functions χ0
1,2: MDF method

Analytical expressions for the response function χ0
i (Q, ω)

of single-layer doped graphene were obtained at zero tem-
perature in Refs. [54,55] within the collisionless RPA for
graphene’s π electron bands treated in the Dirac cone approx-
imation. A procedure was further outlined in Refs. [35,56]
that includes the effects of electron collisions in χ0

i (Q, ω)
following Mermin’s prescription [62], giving rise to the
MDF method used in our work. This method accurately
describes both the interband and the intraband electron tran-
sition at frequencies up to the IR for typical doping den-
sities n of graphene. In particular, there are three types of
electronic excitations that occur in different regions in the
first quadrant of the (Q, ω) plane [54,55]. A continuum of
the interband electron-hole excitations occurs in the region

ω/vF > max(Q, 2kF − Q), while the continuum of the in-
traband electron-hole excitations occurs in the region Q >

ω/vF > max(Q − 2kF , 0), where kF = √
π |n| is graphene’s

Fermi wave number. In the case of intrinsic graphene (n = 0),
the response function only gives rise to the continuum of
interband electron-hole excitations for ω > QvF . The Dirac
plasmon mode only arises in the case of doped graphene
with a well-defined ω ∝ √

q dispersion relation traversing the
region Q < ω/vF < 2kF − Q for Q < kF . We note that any
collective modes with dispersion relations that are immersed
into the continua of electron-hole excitations arising from
the MDF method are expected to undergo strong Landau
damping.

Optical limit

A very simple approximation for the response function
χ0

i (Q, ω) may be obtained within the MDF method, giving a
very popular and versatile approximation for photonic appli-
cations of graphene in the THz to mid-IR range of frequencies.
This approximation rests on the so-called optical limit for 2D
conductive materials, where Q ≈ 0, so that the independent-
electron response function is expressed in terms of the optical
conductivity of the material, σi(ω), as [63]

χ0
i (Q, ω) = Q2

iω
σi(ω). (9)

The optical conductivity in doped graphene may be generally
written in terms of the intraband and interband contributions
as [34]

σi(ω) = σ intra
i (ω) + σ inter

i (ω), i = 1, 2. (10)

The intraband term in this expression only arises when
graphene is doped, and it has a generic Drude form, which
may be written at zero damping as σ intra

i (ω) = i e2EF

π h̄2ω
, whereas

the real part of the interband term is given by Re[σ inter
i (ω)] =

σ0	(ω − 2EF /h̄), with its imaginary part determined by the
Kramers-Kronig relation. Here, 	 is the unit step function
expressing the Pauli blocking in doped graphene, whereas
σ0 ≡ e2/(4h̄) ≈ c/548 is the universal conductivity of intrin-
sic graphene (EF = 0), resulting from the low-energy π →
π∗ electron transitions near the K points of the BZ [32], where
the Dirac cone approximation applies. Using these simple
expressions for the intraband and interband conductivities in
Eq. (10), we obtain a response function from Eq. (9), which
we call the “optical” MDF method.

C. Graphene response functions χ0
1,2: The eHD method

At higher frequencies, corresponding to 1 eV � h̄ω �
50 eV, which are of interest in the valence EELS, the effects
of doping are not important, but the onset of high-energy
interband electron transitions in graphene gives rise to two
prominent peaks in the energy loss spectra near 4 eV and
14 eV, known as the π and σ + π plasmon peaks [64],
respectively. It was found that several different sets of ex-
perimental EELS data on single-layer [58] and multilayer
[65] graphene can be successfully modeled by resorting to
the optical limit for the response function χ0

i (Q, ω), given
in Eq. (9). Moreover, it was found that it suffices to only
consider the conductivity of intrinsic graphene (EF = 0) when
modeling the main peaks in the EELS data [58,64,65], so
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we may use Eq. (10) with σi(ω) = σ inter
i (ω), describing both

π → π∗ and σ → σ ∗ interband electron transitions across the
BZ in graphene.

A simple empirical approximation for the interband con-
ductivity, σ inter

i (ω) ≈ σHD(ω), was obtained based on a 2D
planar version of the two-fluid hydrodynamic (HD) model
for graphene’s π and σ electrons [57], which consists of two
terms, σHD(ω) = σπ (ω) + σσ (ω). Here, the optical conduc-
tivity of the νth fluid (with ν = π , σ ) was obtained in a
Drude-Lorentz form,

σν (ω) = ie2 n0
ν

m∗
ν

ω

ω(ω + iβν ) − ω2
νr

, (11)

with n0
ν , m∗

ν , ωνr , and βν being the equilibrium number density
of electrons per unit area, effective electron mass, restoring
frequency, and the broadening factor for the νth electron fluid,
respectively.

Noting that the restoring frequency of ωπr ∼ 4 eV in the
σπ (ω) term of the HD model describes electron transitions
between the π and π∗ bands at the M points in the BZ of
graphene, it turns out that σHD(ω) may be used as a very
good approximation for modeling the EELS data for graphene
at frequencies ω � 2 eV [59]. However, this model gives
Re[σHD(ω → 0)] = 0, in contrast to the well-established re-
sult for the zero-frequency limit of the interband conductivity
in intrinsic graphene, Re[σ inter

i (ω → 0)] = σ0.
At the same time, there were indications in recent experi-

mental EELS data [58,64,66,67] that the Dirac physics of the
low-energy interband transitions plays an important role at the
energy losses �2 eV for intrinsic graphene. Accordingly, we
have extended the above HD model by including a low-energy
contribution describing the π → π∗ transitions near the K
points in the BZ, which we call the Dirac correction, σD(ω),
having the proper zero-frequency limit Re[σD(ω → 0)] = σ0.
As a result, we obtained the eHD model as [58]

σeHD(ω) = σD(ω) + f σπ (ω) + σσ (ω), (12)

where

σD(ω) = σ0
ω4

c

ω4
c + ω4

[
1 + i

√
2

2

ω

ωc

(
1 + ω2

ω2
c

)]
. (13)

Here, ωc is a suitable cutoff frequency for the Dirac contribu-
tion, whereas the parameter f ∈ [0, 1] in Eq. (12) describes
a reduction of the contribution from the π → π∗ transitions
at the M points of the BZ. By taking m∗

ν in Eq. (11) to be the
free electron mass me for both the π and σ electron fluids, one
can use the f -sum rule for electron transitions in graphene to
express f in terms of ωc as [58]

f = 1 −
√

2

8

meωc

h̄nat
, (14)

where nat is the atomic density of graphene. It should be noted
that this value of f ensures that the first two terms on the right-
hand side of Eq. (12) fulfill the f -sum rule for one π electron
per carbon atom in graphene.

D. Graphene response functions χ0
1,2: Ab initio method

If the graphene layers are considered to be true 2D systems,
their full nonlocal independent-electron response functions

may be written as [33]

X 0
i (Q, ω, z, z′) = χ0

i (Q, ω)δ(z − zi )δ(z′ − zi), i = 1, 2,

(15)

where z1 = −a/2 and z2 = a/2. Here, the χ0
1,2(Q, ω) func-

tions are calculated from first principles as

χ0
i (Q, ω) = Lχ0,i

G=0G′=0(Q, ω), i = 1, 2, (16)

where the 3D Fourier transform of the independent-electron
response function is given by

χ0,i
GG′ (Q, ω) = 2



∑
K∈SBZ

∑
n,m

f i
n(K) − f i

m(K + Q)

h̄ω + iη + En(K) − Em(K + Q)

× ρnK,mK+Q(G) ρ∗
nK,mK+Q(G′),

i = 1, 2, (17)

with f 1,2
n (K) = [e(EnK−E1,2

F )/kT + 1]−1 being the Fermi-Dirac
distributions at the temperature T . The charge vertices in (17)
have the form

ρnK,mK+Q(G) =
∫



dre−i(Q+G)·rφ∗
nK(r)φnK+Q(r), (18)

where G = (G‖, Gz ) are the 3D reciprocal lattice vectors
and r = (ρ, z) is a 3D position vector. Integration in (18) is
performed over the normalization volume  = S × L, where
S is the normalization surface and L is a superlattice constant
in the z direction (separation between graphene layers in a
superlattice arrangement). The plane-wave expansion of the
wave function has the form

φnK(ρ, z) = 1√


eiK·ρ ∑
G

CnK(G)eiG·r,

where the coefficients CnK are obtained by solving the lo-
cal density approximation–Kohn-Sham (LDA-KS) equations
self-consistently, as will be discussed in Sec. III A.

Optical limit

The above ab initio calculation of graphene response func-
tions χ0

1,2(Q, ω) is straightforward, but it is not sufficient if we
want to investigate hybridization between the Dirac plasmon
and the FK phonons in a dielectric surface. Namely, due to
very low energy of the FK phonons (∼50 meV), the crossing
with the Dirac plasmon dispersion relation occurs for very
small wave numbers, on the order of Q = 0.01 nm−1, as will
be demonstrated in Sec. III B. On the other hand, even for
very dense K-point mesh sampling, such as 601 × 601 × 1
used in this calculation, the minimum transfer wave number Q
that can be reached (e.g., Q = 0.049 nm−1 in this calculation)
is still larger than the FK phonon–Dirac plasmon crossing
wave number. Therefore, we have to find a way to calculate
χ0

1,2(Q, ω) for a finer Q-point mesh, allowing us to approach
the optical limit when Q ≈ 0. One possibility is that, instead
of calculating the full response functions χ0

i (Q, ω), we use
the approximation given in Eq. (9) and calculate the optical
conductivities σi(ω), which can be obtained in the strict Q = 0
limit with good accuracy.

The optical conductivity in graphene may be written as
in Eq. (10) [34], with the intraband, or Drude conductivity,
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given by

σ intra
i (ω) = ini

ω + iηintra
, (19)

where

ni = − 2



∑
K,n

∂ f i
n(K)

∂En(K)

∣∣ jx
nK,nK(G = 0)

∣∣2
(20)

represents the effective number of charge carriers. The inter-
band conductivity is

σ inter
i (ω) = −2i

ω

∑
K,n �=m

h̄ω

En(K) − Em(K)

× f i
n(K) − f i

m(K)

h̄ω + iηinter + En(K) − Em(K)

× jx
nK,mK(G = 0)

[
jx
nK,mK(G′ = 0)

]∗
, (21)

where the current vertices are given by

jμnK,mK+Q(G) =
∫



dre−i(Q+G)·r jμnK,mK+Q(r), (22)

with

jμnK,mK+Q(r)

= h̄e

2im
{φ∗

nK(r)∂μφmK+Q(r) − [∂μφ∗
nK(r)]φmK+Q(r)}. (23)

We note that in Ref. [58], we have gauged our parametrization
of the empirical σeHD(ω) using the results for σ inter

i (ω) ob-
tained from ab initio calculations for undoped graphene based
on Eq. (21) in a full range of frequencies.

In the optical limit, i.e., when Q ≈ 0, one can use Eq. (9)
to express the independent-electron response functions in
terms of the ab initio optical conductivity via Eq. (10).
This approximation for χ0

i (Q, ω) will be called the “optical”
ab initio response function of doped graphene. Needless
to say, this approximation should work extremely well in
the technologically interesting range of frequencies from the
mid-IR (Q ∼ 0.001 nm−1) down to THz (Q ∼ 10−5 nm−1).
Therefore, the calculation of the loss function in Eq. (2) and
the integration in the wake potential in Eq. (1) in the range of
wave numbers Q < 0.01 nm−1 pertaining to the optical limit
will be performed using the 2D dielectric function given in
Eq. (8) with the explicit use of the optical ab initio response
function.

E. Al2O3 model dielectric function

Within the model used here, the Al2O3 slab is treated as
a homogeneous dielectric described by some local dielectric
function εS (ω). For simplicity, we also take h = 0, so that the
dielectric layer completely fills the space between graphene
layers and has the thickness of a = 5 nm. It was found
that this approximation has negligible effects on the coupled
modes and therefore on the wake potential. The dielectric
properties of the bulk ionic crystals in the long-wavelength
limit are governed by their optical phonons in the � point.
Complex polar crystals, such as Al2O3, possess a number
of different optical phonons with different symmetries and
polarizations. However, here we assume that the polarization

of the bulk Al2O3 mainly comes from excitations of the two
optical modes that have the largest oscillator strengths [42,68],
so that the bulk dielectric function of this material may be
approximated by [69]

εS (ω) = ε∞
ox + (

εi
ox − ε∞

ox

) ω2
TO2

ω2
TO2 − ω2 − iωγTO2

+ (
ε0

ox − εi
ox

) ω2
TO1

ω2
TO1 − ω2 − iωγTO1

, (24)

where ε∞
ox , εi

ox, and ε0
ox are the optical, intermediate, and static

permittivities, ωTO1 and ωTO2 are the first and second trans-
verse optical (TO) angular frequencies (with ωTO1 < ωTO2),
and γTO1 and γTO2 are the damping rates of the corresponding
TO phonons.

III. RESULTS AND DISCUSSION

A. Computational details

The first part of our ab initio calculations consists of
determining the KS ground state of single-layer graphene
and the corresponding wave functions φnK(ρ, z) and energies
En(K). For graphene’s unit-cell constant we use the experi-
mental value of ag = 0.245 nm [70], while for the superlattice
unit-cell constant (separation between the periodic replicas
of graphene layers) we take L = 5ag. For calculating the
KS wave functions and energies we use a plane-wave, self-
consistent field DFT code (PWSCF) within the QUANTUM
ESPRESSO (QE) package [71]. The core-electron interaction
is approximated by the norm-conserving pseudopotentials
[72], and the exchange correlation (XC) potential by the
Perdew-Zunger local density approximation (LDA) [73]. To
calculate the ground-state electronic density we use a 21 ×
21 × 1 Monkhorst-Pack K-point mesh [74] of the first BZ.
For norm-conserving pseudopotentials and alkaline, alkaline-
earth, and lighter atoms in the III, IV, V, and VI columns
of the periodic table (Al, C, S, P, O, B, …) the plane-wave
cutoff energy of 50 Ry is a well-converged value for the
ground-state band structure EnK and KS wave function φ∗

nK(r)
calculations [33,75–77]. For charge vertices (18) and then
response function (17) calculations the plane-wave cutoff
energy can be even reduced, in comparison with that used
in the ground-state calculation, and the dielectric response
calculation will still be well converged [33]. Therefore the
50 Ry plane-wave cutoff energy used here gives accurate KS
wave functions φ∗

nK(r) and therefore response function χ0.
The second part of our ab initio calculations consists of deter-
mining the independent-electron response function, Eq. (17),
and the optical conductivity, Eqs. (10), (19), and (21). In order
to achieve better resolution in the long-wavelength limit (Q ≈
0) and the low-energy (ω ≈ 0) limit, the response function
in Eqs. (17) and (18) and the conductivity in Eqs. (10) and
(19)–(23) are evaluated from the wave functions φnK(r) and
energies En(K) calculated for the 601 × 601 × 1 Monkhorst-
Pack K-point mesh, which corresponds to 361 801 K points in
the first Brillouin zone (1BZ). The band summations (n, m)
in Eqs. (17), (20), and (21) are performed over 30 bands.
In the calculations, we use two kinds of damping parame-
ters: ηintra = 10 meV for transitions within the same bands
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(n ↔ n), and ηinter = 50 meV for transitions between different
bands (n ↔ m).

For our empirical eHD method, which relies on the op-
tical conductivity given in Eq. (12) along with Eqs. (11),
(13), and (14), we have found in Ref. [58] that the param-
eters n0

π = nat = 38 nm−2, n0
σ = 3nat = 114 nm−2, ωπr =

4.19 eV, ωσ r = 14.15 eV, βπ = 2.04 eV, βσ = 2.178 eV, and
ωc = 3.54 eV give σeHD(ω), which reproduces several sets
of the experimental EELS data for undoped graphene and
agrees well with the ab initio calculations of σ inter

i (ω) based
on Eq. (21).

For the bulk Al2O3 dielectric function given in Eq. (24),
we use the parameters ε0

ox = 12.53, εi
ox = 7.27, ε∞

ox = 3.20,
ωTO1 = 48.18 meV, ωTO2 = 71.41 meV, γTO1 = 1.74 meV,
and γTO2 = 6.82 meV. After determining the response func-
tion in Eq. (17) [or (9) in the optical Q ≈ 0 limit] and using
the Al2O3 dielectric function in Eq. (24), the effective 2D
dielectric function in Eq. (8) is calculated.

While the ab initio method is expected to describe elec-
tronic excitations in graphene in a broad range of frequencies,
up to the far ultraviolet (FUV), the MDF method provides a
very good description of the electronic excitations in the THz
to IR frequency range. The main contribution to the wake
effect at low and intermediate velocities of the incident par-
ticle comes from the hybridized Dirac plasmon–TO phonon
modes, which lie exactly in the THz to IR frequency range,
so that the MDF method should be sufficient to provide a
satisfactory description of the wake potential. However, for
higher velocities, the high-energy π plasmon peak (near 4 eV)
in the energy loss spectra of graphene starts to contribute in
the wake potential, and in order to capture this contribution,
the MDF should be replaced by the eHD or the ab initio
method.

B. Loss function

In order to understand contributions of particular collective
modes to the wake potential, we shall first briefly analyze
the loss function intensities in several of the most relevant
sy1-Al2O3-sy2 composites. A very detailed analysis of the
loss function in various related composites can be found in
Ref. [50]. The loss function intensities are calculated using
the MDF method, which was found to give a sufficiently
accurate wake potential for low and intermediate velocities
of the incident particle. For higher velocities, the eHD or the
ab initio–RPA method will have to be used in order to give a
more realistic description of the wake potential.

Figure 2(a) shows the loss function in the symmetric
gr(doped)-gr(doped) composite, with vacuum between the
graphene layers separated by a = 5 nm. The thin white lines
show the lower, ω = vF (Q − 2kF ), and the upper, ω = vF Q,
edges of the intraband π∗ ↔ π∗ electron-hole excitation con-
tinuum, as well as the lower edge, ω = 2EF − vF Q, of the
interband π ↔ π∗ electron-hole excitation continuum in the
Dirac cone approximation. We see two plasmon branches,
which are a consequence of hybridization between the Dirac
plasmons in graphene layers. Because the interaction which
produces plasmon hybridization decays as ∼e−Qa, a “cutoff”
wave number below which two plasmons still interact may be
estimated as QC ∼ 1/a. Therefore, for Q > QC the plasmons

interact weakly, and the two branches become almost de-
generate. The loss function intensity shows that this estimate
works quite well, as the Dirac plasmon splitting occurs below
QC ∼ 0.2 nm−1, while above that value the two plasmons tend
to merge. Considering that the system is symmetric, the parity
is a good quantum number and the plasmon modes can be
classified as symmetric (or even) and antisymmetric (or odd)
modes. The dotted magenta and white lines in Fig. 2(a) show
the dispersion relations of the odd (ω−) and even (ω+) Dirac
plasmons, calculated analytically using the “optical” MDF
model [50]. The agreement with the full MDF model loss
function intensity patterns worsens for larger wave numbers
(Q � 0.2 nm−1), as excepted.

Let us now examine what happens when a dielectric slab
is placed between two graphene layers. Figure 2(b) shows
the loss function in the symmetric gr(doped)-Al2O3-gr(doped)
composite. Considering that now each doped graphene sup-
ports one Dirac plasmon and each Al2O3 surface supports two
FK phonons, this system supports six hybridized modes in
total. The dotted lines show the dispersion relations of the
six modes calculated using the “optical” MDF model with
definite symmetry: three antisymmetric (odd) modes (ω−

1 ,
ω−

2 , and ω−
3 ) and three symmetric (even) modes (ω+

1 , ω+
2 ,

and ω+
3 ). The six dispersion curves agree very well with

the loss function intensity patterns, which will help us relate
the characteristic structures in the wake potential with the
particular modes in the loss function. The loss function is
dominated by two highest plasmon-like branches, ω±

3 , which
actually represent modifications of the high-frequency behav-
ior of the Dirac plasmons (ω±) in Fig. 2(a) by the presence
of the Al2O3 substrate. The odd branch, ω−

3 , bends toward
a finite frequency in the long-wavelength limit (Q → 0) due
to interaction with the substrate polarization. The four lower
branches, ω±

1,2, are dominated by the surface phonon modes,
as can be concluded from the fact that the two pairs of the
surface phonon branches become degenerate at Q � QC =
0.2 nm−1 and they settle at the bulk values of the first and
second TO phonon frequencies, ω±

1 ≈ ωTO1 = 48 meV and
ω±

2 ≈ ωTO2 = 71 meV, respectively. The two faint horizontal
lines in Fig. 2(b), which are visible in the loss function at
Q � 0.4–0.5 nm−1, represent vertically shifted degenerate
pairs of the phonon branches ω±

1,2, as a consequence of the
nearly static screening by graphene layers [50].

Figure 2(c) shows the loss function in the asymmetric
gr(doped)-Al2O3-gr(undoped) composite. In this system, the
Dirac plasmon in doped graphene and the four surface TO
phonons in two Al2O3 hybridize into five modes (ωi, i =
1, . . . , 5) whose dispersion relations are denoted by white
dotted lines. In comparison with Fig. 2(b), it is obvious that
replacement of the doped by undoped graphene strongly in-
fluences the Dirac plasmon intensity. First of all, considering
that the undoped graphene does not support Dirac plasmon,
the branch ω−

3 , which is present in Fig. 2(b), disappears in
Fig. 2(c). On the other hand, the presence of the undoped
graphene practically destroys the plasmonic branch ω5, which
appears as ω+

3 in Fig. 2(b), due to its strong Landau damping
by the interband π ↔ π∗ transitions in pristine graphene, in
the region ω > vF Q. One further notices that the degeneracy
among the four phononic dispersion branches is lifted [50],
whereas the intensity of the horizontal line in the loss function
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FIG. 2. The loss function in symmetrical (a) gr(doped)-vacuum-gr(doped) and (b) gr(doped)-Al2O3-gr(doped) composites. The magenta
dotted lines show dispersion relations of the odd (ω−) plasmon-phonon modes, while the white dotted lines show dispersion relations of even
(ω+) plasmon-phonon modes. The loss function in asymmetric (c) gr(doped)-Al2O3-gr(undoped) and (d) gr(doped)-Al2O3-vacuum composites.
The white dotted lines show dispersion relations of five plasmon-phonon hybridized modes (ωi; i = 1, . . . , 5). The loss function intensities
are calculated using the MDF method, while the dispersion relations are obtained from the “optical” MDF method. The separation between
graphene layers, or the Al2O3 slab thickness, is a = 5 nm, and graphene’s electronic doping density corresponds to EF = 200 meV. The thin
white lines show the lower, ω = vF (Q − 2kF ), and the upper, ω = vF Q, edges of the intraband π∗ ↔ π∗ electron-hole excitations, as well as
the lower edge, ω = 2EF − vF Q, of the interband π ↔ π∗ electron-hole excitations in the Dirac cone approximation. Thin yellow lines denote
the ω = Qxv lines for v = 0.5, 1, 2, and 4 in order to visualize their crossing with eigenmodes which contribute in the wake potential.

at large Q values is slightly higher in Fig. 2(c) than in
Fig. 2(b).

Figure 2(d) shows the loss function in the asymmetric
gr(doped)-Al2O3-vacuum composite. Similarly to Fig. 2(c),
here the Dirac plasmon in doped graphene and the four
surface TO phonons in two Al2O3 hybridize into five modes
(ωi, i = 1, . . . , 5) whose dispersion relations are denoted by
white dotted lines. It should be noted here that the removal
of the undoped graphene from the dielectric surface on the
right-hand side in Fig. 1 drastically changes the loss function

spectral intensity. First of all, because there is no more Landau
damping in the region ω > vF Q, the Dirac plasmon ω5 recov-
ers its strength and becomes quite prominent for smaller wave
numbers, Q � 0.3 nm−1. On the other hand, the higher-lying
surface phonon branch at ω4 ≈ 110 meV becomes extremely
intense for all wave numbers Q [50]. The latter effect will
have significant impact on the wake potential, especially in
the low-velocity regime, as will be shown in the next section.

Besides the transitions within and between the conically
shaped π and π∗ bands, which are included in the MDF
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FIG. 3. Wake potential in gr(doped)-gr(doped) (thick black solid
line), gr(doped)-Al2O3-gr(doped) (thick red dashed line), gr(doped)-
Al2O3-gr(undoped) (thin black solid line), and gr(doped)-Al2O3-
vacuum (thin red dashed line) composites. The separation between
graphene layers is a = 5 nm, the parallel velocity is v = 0.5, and the
height is z0 = 5 Å.

method, the eHD and ab initio response functions, Eq. (17),
also include transitions between more realistically shaped π

and π∗ bands (including the Van Hove singularities at the
M points in the BZ), as well as transitions between higher
occupied and unoccupied bands (e.g., π ↔ σ ∗ and σ ↔ σ ∗
transitions [60]). These transitions represent additional polar-
ization mechanisms that may affect the wake potential in the
high-velocity regime, as will be discussed in Sec. III E.

As can be seen from Eq. (1), if the incident particle has the
velocity v, the only contribution to the wake potential comes
from the excitation of polarization modes along the ω = Qxv

line in the (Q, ω) (quarter) plane. In other words, the charged
particle of velocity v can excite all eigenmodes in the system
with the phase velocity � v (or, a particular eigenmode will be
excited when the line ω = Qxv crosses its dispersion relation),
giving rise to a steady-state distribution of induced charge,
which trails the incident particle. In order to visualize those
crossings with eigenmodes, which contribute in the wake
potential, we display the ω = Qxv lines by thin yellow lines
in Fig. 2 for v = 0.5, 1, 2, and 4.

C. Low-velocity limit

For the low-velocity limit, we consider velocities below the
threshold for excitation of Dirac plasmons in doped graphene,
v < 1, in which case the line ω = Qxv does not cross any
of the Dirac plasmonic branches seen in Fig. 2. Results for
the wake potential are calculated using the effective dielectric
function in Eq. (8) obtained from the MDF method, and they
are shown in the reference frame of the moving particle using
the normalization by the potential �0 = Ze/z0.

Figure 3 shows the wake potential in various graphene
and Al2O3 composites, when the charged particle moves
at a distance z0 = 5 Å with a velocity v = 0.5, while the
thickness of the structure is a = 5 nm. The wake potential
is plotted as a function of x for y = 0 in the z = a/2 plane.
The thick black solid line shows the total potential in the

gr(doped)-vacuum-gr(doped) structure, exhibiting only a
sharp peak around the charged particle position (x = vt) in
violation of the perfect screening regime; namely, the poten-
tial produced by the charged particle at the z = a/2 plane
in free space (Ze/z0) is not perfectly compensated by the
potential produced by its image charge (−Ze/z0). In this case,
the incident particle does not drag waves behind itself because
its velocity is always below the phase velocities of the two
hybridized Dirac plasmons, as can be seen in Fig. 2(a).

The thick red dashed line in Fig. 3 shows the wake potential
when Al2O3 is inserted between two doped graphene layers,
i.e., in the system gr(doped)-Al2O3-gr(doped). In this struc-
ture, the charged particle drags relatively weak polarization
waves. This is because this system supports two low-intensity
TO phonon branches, which are crossed by the v = 0.5 line,
as can be seen in Fig. 2(b). The thin black line in Fig. 3 repre-
sents the wake potential in the gr(doped)-Al2O3-gr(undoped)
composite. The graphene layer closer to the charged particle is
now undoped (and hence it does not support Dirac plasmon),
so the screening of the TO phonons in the Al2O3 surface
is weaker, giving rise to slightly stronger oscillations in the
wake potential. This is also evident from Fig. 2(c), where
it can be seen that the v = 0.5 line crosses the horizontal
phonon line in the loss function, which is much stronger
than the corresponding phonon line in Fig. 2(b). The thin
red dashed line in Fig. 3 shows the wake potential in the
gr(doped)-Al2O3-vacuum composite. Now, the wake potential
is strongly enhanced in comparison with the other cases. This
is because the removal of the graphene layer closer to the
incident particle leaves the electrical field, which excites the
surface TO phonons in the Al2O3 layer, fully unscreened. It
should be recalled from Fig. 2(d) that the intensity of the
phonon branch ω4 (which is crossed by the v = 0.5 line) is
very strong, resulting in a strong enhancement of oscillations
in the wake potential.

Therefore, in the velocity range v < 1, the oscillations in
the wake potential come from excitations of the surface TO
phonons, with an amplitude that depends on how the TO
phonons are screened by graphene adlayers. It can be seen
that a characteristic wavelength of oscillations in the wake
potential can be determined from a critical wave number for
which the ω = Qv line crosses the most intense among the
phononic dispersion relations,

λC = 2π

QC
. (25)

For example, this can be tested for the case when the ω =
Qv line crosses the intense ω4 branch. As denoted by the
magenta line in Fig. 2(d), it occurs for QC = 0.34 nm−1,
which from Eq. (25) gives λC = 18.5 nm. On the other hand,
the wavelength determined directly from Fig. 3 (which is
indicated in the graph) is λC = 18.9 nm.

We did not explore the wake potential in the plane z =
−a/2 of the composite with various graphene/vacuum config-
urations, i.e., on the side opposite from the incident particle,
for the following reason. Namely, at low velocities, the ω =
Qv line crosses the surface phonon branches at larger wave
numbers, Q ≈ ωi/v, implying that the factor e−2Qa, which
controls interaction between the phonon modes in the left and
right surfaces of the dielectric layer in Fig. 1, is small enough
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FIG. 4. The distribution of the wake potential in the plane z = a/2 for (a) gr(doped)-gr(doped) and (b) gr(doped)-Al2O3-gr(doped)
composites. The parameters are the same as in Fig. 3.

to render the wake potential in the plane z = −a/2 heavily
suppressed. For the same reason, the wake potential in the
plane z = a/2, lying closer to the incident particle, is almost
independent from the polarization that is localized in the plane
z = −a/2 on the opposite side of the structure. Therefore, the
moving particle interacts predominantly with phonon modes
in the nearest surface, so that the structure may be effectively
considered as the surface of a semi-infinite dielectric, which
is either free or covered by a single layer of graphene. As we
shall see later, this will not be the case for intermediate and
high velocities, v > 1.

In order to explore the spatial distribution of the wake pat-
terns, we show in Fig. 4 the wake potential across the z = a/2
plane, using the same parameters as in Fig. 3. If the charged
particle moves above two doped graphene layers, the wake
potential, shown in Fig. 4(a), only consists of an anisotropic
narrow peak located around x = vt . On the other hand, if the
Al2O3 slab is inserted between two doped graphene layers,
the wake potential, shown in Fig. 4(b), develops waves behind
the moving particle. Those waves are the signature of the
surface phonons, which are dragged by the charged particle,
as discussed in Fig. 3. What is intriguing here is the fact that
the potential is very narrowly localized around the particle
trajectory (x = vt, y = 0) without any noticeable V-shaped
spreading. This narrow distribution of the wave pattern seems
to be a signature of the phonon-dominated wake effect [25].

D. Intermediate velocities

We next consider velocities above the threshold for exci-
tation of Dirac plasmons, which possess phase velocities that
are always greater than the Fermi velocity in graphene, vF = 1
(in our units), as can be seen in Fig. 2.

Figure 5 shows the wake potential in various
sy1-Al2O3-sy2 composites of thickness a = 5 nm with
the charged particle moving at the height z0 = 5 Å, whereas
for its velocity we chose v = 2. The wake potential is first

plotted as a function of x for y = 0 in the plane z = a/2, as
before. Calculations are performed using the MDF method.

Figure 5(a) displays the same graphene/vacuum config-
urations on the right-hand side of the composite structure
as shown in Fig. 3. In the case of two doped graphene
layers with vacuum between them (thick black solid line),
the wake potential exhibits oscillations, which trail behind
the charged particle. Those oscillations represent polarization
waves resulting from excitations of the two hybridized Dirac
plasmons, as can be seen in Fig. 2(a) where the v = 2 line
crosses the dispersion curves of those plasmons. When an
Al2O3 slab is inserted between two doped graphene layers
(red dashed line), the first two oscillations behind the particle
in the wake potential become slightly suppressed. This is
because the Dirac plasmons hybridize with the surface TO
phonons, so that the lower Dirac plasmon branch ω−

3 starts
at a finite frequency for Q → 0. Accordingly, the ω = Qv

line crosses the lower Dirac plasmon branch at a smaller QC ,
where this mode has lower intensity, as can be seen by a
comparison of Figs. 2(a) and 2(b). When the doped graphene
on the right-hand side of the structure is replaced by an
undoped graphene (thin black solid line), oscillations from
two strongly interacting Dirac plasmons disappear, and only
a very weak and rather long-ranged wave remains behind the
charged particle. This occurs because the undoped graphene
does not support Dirac plasmons [the plasmon branch ω−

3 ,
present in Fig. 2(b), now disappears], while the remaining
Dirac plasmon in the doped graphene on the left-hand side
[the plasmon branch ω5 in Fig. 2(c)] becomes strongly Landau
damped by the interband π ↔ π∗ transitions in the undoped
graphene on the right-hand side. As a result, the v = 2 line
crosses the already very weakened and broad Dirac plasmon
[labeled by ω5 in Fig. 2(c)], so that fast oscillations disappear
from the wake potential. On the other hand, the undoped
graphene also strongly screens the TO surface phonons, which
results in very weak oscillations with long wavelengths in the
wake potential. This scenario is consistent with the strong
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FIG. 5. (a) Wake potential in gr(doped)-gr(doped) (thick black solid line), gr(doped)-Al2O3-gr(doped) (thick red dashed line), gr(doped)-
Al2O3-gr(undoped) (thin black solid line), and gr(doped)-Al2O3-vacuum (thin red dashed line) composites. (b) Wake potential in gr(doped)-
Al2O3-gr(doped) (thick black solid line), gr(undoped)-Al2O3-gr(doped) (thick red dashed line), vacuum-Al2O3-gr(doped) (thin black solid
line), and vacuum-Al2O3-vacuum (thin red dashed line) composites. The separation between graphene layers or the Al2O3 thickness is
a = 5 nm, the parallel velocity is v = 2, and the height is z0 = 5 Å.

enhancement of oscillations in the wake potential, which
occurs when the undoped graphene is removed from the
right-hand side of the structure, as shown by the thin red
dashed line in Fig. 5(a). In this configuration, the ω = Qv

line crosses the strong (unscreened) surface TO phonon mode
ω4, but it also crosses the Dirac plasmon ω5, which recovers
its intensity when the undoped graphene is removed, as can
be seen in Fig. 2(d). Accordingly, one would expect that the
wake oscillations in the thin red dashed line also contain a
component with a wavelength that comes from the excitation
of the Dirac plasmon in doped graphene on the left-hand side
of the structure. However, because the wavelength value of
λC = 72 nm, obtained using Eq. (25) and the wave number
QC = 0.087 nm−1 at which the v = 2 line crosses the ω4

branch in Fig. 2(d), agrees very well with the wavelength
λC ≈ 75 nm taken directly from Fig. 5(a), it appears that
the surface TO phonon mode with ω4 provides a dominant
contribution to the wake potential in this configuration.

In Fig. 2, one can see that when the velocity takes the
value v = 2, the dispersion curves for all eigenmodes are
crossed by the line ω = Qv at wave numbers Q < 0.2 nm−1.
Considering that the slab thickness is a = 5 nm, the interac-
tion between eigenmodes that are localized on the surfaces
on the left-hand side and the right-hand side of the structure
is governed by a factor e−2Qa > e−2, which is sufficiently
large to allow for strong hybridization to take place among
those modes. Therefore, the wake potential in the z = a/2
plane should be sensitive to the configuration of the surface
in the z = −a/2 plane on the opposite side of the structure.
To explore this aspect of the problem, we use in Fig. 5(b)
the thick black solid, thick red dashed, and thin black lines
to show the wake potential in the gr(doped)-Al2O3-gr(doped),
gr(undoped)-Al2O3-gr(doped), and vacuum-Al2O3-gr(doped)
composites, respectively. By the comparison of the thick red
dashed curves in Figs. 5(a) and 5(b), it can be seen that when
the doped graphene on the left-hand side is replaced by an
undoped graphene, the wake potential changes, but not drasti-
cally. Referring to Fig. 2(b), this replacement causes the disap-
pearance of the ω−

3 mode, so that only the plasmonic ω+
3 mode

contributes to the wake potential. This is probably manifested
as a slight phase shift in the oscillatory pattern, in comparison
with the case when two Dirac plasmons contribute. Also,
the interband π ↔ π∗ transitions in the undoped graphene
broaden the ω+

3 plasmon mode due to Landau damping, so
that the wake potential becomes weaker in the region far from
the particle. When the undoped graphene is removed from the
left-hand side of the structure, the interband π ↔ π∗ transi-
tions disappear, and the Dirac plasmon in the doped graphene
on right-hand side recovers its strength, so that the wake
potential becomes enhanced, as evidenced by the thin black
line in Fig. 5(b). Finally, removal of both graphene layers from
the structure unscreens the electric field, which excites the
surface TO phonons [similarly to the branch ω4 in Fig. 2(d)],
so the oscillations in the wake potential are strongly enhanced,
as shown by the thin red dashed line in Fig. 5(b). A similar
effect occurs when just the graphene layer on the right-hand
side is removed from the plane closer to the charged particle,
as already shown by the thin red dashed line in Fig. 5(a).

In Fig. 6(a), we show spatial distribution of the wake
potential across the z = a/2 plane in a gr(doped)-vacuum-
gr(doped) composite, where the separation between the
graphene layers is a = 5 nm, the parallel velocity of the
particle is v = 2, and its height is z0 = 5 Å. The wavelength
of the polarization waves lagging behind the particles is λC =
32 nm, which agrees with the wavelength λC = 30 nm ob-
tained using Eq. (25) and the wave number QC = 0.21 nm−1

for which the v = 2 line crosses the even Dirac plasmon
branch ω+ in Fig. 2(a). This undoubtedly proves that the main
contribution to the wake potential in this configuration comes
from the even plasmon with ω+. A deviation from an ideally
filled V shape is evident in Fig. 6(a) due to the appearance
of a “hole” in the sector near x = −70 nm. This “hole” is
probably a consequence of a small contribution from the odd
ω− plasmon in the wake potential, which causes a locally
destructive interference with the main oscillations coming
from the ω+ mode.

Figure 6(b) shows the spatial distribution of the wake
potential in the gr(doped)-Al2O3-gr(doped) composite. From
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FIG. 6. The distribution of the wake potential in the plane z = a/2 for (a) gr(doped)-gr(doped) and (b) gr(doped)-Al2O3-gr(doped)
composites. The separation between graphene layers is a = 5 nm, the parallel velocity is v = 2, and the height is z0 = 5 Å.

Fig. 2(b) is evident that for v = 2, the ω = Qv line does not
cross any prominent phonon branches, and therefore phonons
are not responsible for the features in the wake potential in
Fig. 6(b); i.e., here the hybridized Dirac plasmons with ω±

3
are still the main generators of those features. The dielectric
layer reduces the amplitude of the wake potential in the sector
just behind the charged particle. This is because the dielectric
layer screens the intensity of hybridization among the Dirac
plasmons, changing the modes ω± seen in Fig. 2(a) to the
modes ω±

3 in Fig. 2(b). In addition, the presence of the TO
phonon modes in the dielectric bends the ω−

3 plasmon towards
a finite frequency when Q → 0, so that the ω = Qv line
crosses the curve ω−

3 at a smaller QC than in the case of its
crossing the plasmon with ω−. Consequently, a contribution
from the ω−

3 plasmon distorts the “ideal” V shape in the sector
near x = −50 nm, in a manner that is different from the “hole”
due to the ω− plasmon, seen in Fig. 6(a). It may also be
noticed from both panels in Fig. 6 that the wave-front angle
θ of the V shapes increases when the dielectric is inserted
between the graphene layers.

E. High-velocity limit

When the velocity v further increases beyond the value v =
2, the wave number QC at which the ω = Qv line crosses the
Dirac plasmons decreases; i.e., the characteristic wavelength
λC of the wake potential increases. We explore this here using
calculations based on the MDF method.

Figure 7 shows the wake potential in the gr(doped)-
vacuum-gr(doped) (black solid line) and in the gr(doped)-
Al2O3-gr(doped) (red dashed line) composites when the inci-
dent particle velocity is v = 4. As can be seen in Fig. 2(a),
the ω = Qv line does not cross the ω− branch for v = 4,
so the only contribution to the wake potential in this con-
figuration is expected to come from the excitation of the
plasmon ω+ mode. As a result, the wake potential becomes
an almost perfect “single-harmonic” wave, which lags behind

the charged particle. The wavelength λC = 66 nm taken from
Fig. 7 agrees well with λC = 69 nm obtained from Eq. (25),
and the wave number QC = 0.09 nm−1 for which the v = 4
line crosses the even Dirac plasmon branch ω+ in Fig. 2(a).
When the dielectric layer is inserted between graphene layers,
the ω−

3 bends toward a finite energy for Q → 0, and the line
ω = Qv crosses it, but there is a relatively minor change
in the shape of the wake potential. In the case without the
dielectric layer, one sees a longer-ranged bow wave in front of
the particle, as well as a narrow dip right behind the particle,
which disappears upon the inclusion of the dielectric layer. At
longer distances behind the particle, one sees in Fig. 7 that the
main modification of the wake potential is a slight increase
of the wavelength to the value λC = 72 nm in the case with
the dielectric layer. This is because the dielectric screening
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FIG. 7. Wake potential in gr(doped)-gr(doped) (black solid line)
and gr(doped)-Al2O3-gr(doped) (red dashed line) composites. The
separation between graphene layers is a = 5 nm, the parallel velocity
is v = 4, and the height is z0 = 5 Å.
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FIG. 8. The distribution of the wake potential in the plane z = a/2 for (a) gr(doped)-gr(doped) and (b) gr(doped)-Al2O3-gr(doped)
composites. The separation between graphene layers or the Al2O3 slab thickness is a = 5 nm, the parallel velocity is v = 4, and the height is
z0 = 5 Å.

slightly shifts the ω+ branch toward lower energies, so the
line ω = Qv crosses it at a somewhat smaller QC , as can be
seen in Fig. 2(b).

Figure 8(a) shows a planar distribution of the wake po-
tential for the gr(doped)-vacuum-gr(doped) composite. In the
region |y| � 20 nm, the wake potential behaves as a well-
developed V shape lagging behind the particle. However, in
the region |y| � 20 nm, one can notice an unusual addition
to this primary V shape in the form of a fainter secondary
V shape with a larger opening angle than the angle of the
primary V shape. This broad, secondary V shape could be
attributed to a nonresonant (reactive) contribution of the ω−
plasmon to the wake potential. Figure 8(b) shows modifica-
tions in the planar wake potential occurring when the dielec-
tric Al2O3 is inserted between graphene layers. As already
pointed out, the even ω−

3 branch bends toward a finite energy
[see Fig. 2(b)] and the ω = Qv line crosses it, but the primary
V shape in the wake potential in the region |y| � 20 nm does
not change very much. We can notice a slight increase of the
wavelength λC in the primary V shape, as already discussed in
Fig. 7. Probably the main effect of the ω = Qv line crossing
the ω−

3 branch in the presence of the dielectric layer is a
modification of the wake potential in the region |y| � 20 nm
in Fig. 8(b), which contains a broader distribution of the wave
fronts at distances −40 nm � x − vt < 0 behind the particle
than in the secondary V shape in Fig. 8(a).

F. Wake potential from ab initio and eHD methods

As already discussed, when the dominant features in
the wake potential are governed by the hybridized Dirac
plasmon–TO phonon modes in the THz to the mid-IR
frequency range, it is sufficient to use the MDF method
in calculations, which captures all those features. Indeed,
we have verified that using the ab initio method instead
of the MDF method does not change the qualitative and

quantitative picture of the wake potential for low and inter-
mediate velocities. However, for larger velocities, the ω =
Qv line starts to also cross the high-energy π plasmons in
graphene, which happens at small enough wave numbers Qπ ,
where the π plasmon represents a sufficiently strong dipolar
mode, which could introduce some new features in the wake
potential. In order to capture those features, one should use the
ab initio method, which is expected to yield accurate enough
results in its optical limit. Alternatively, one can simply use
the eHD method to get a qualitatively correct account of the
high-energy π → π∗ interband transitions near the M points
in the BZ of graphene, occurring at ω ≈ 4 eV.

In order to facilitate our analysis of contributions from
various modes in the wake potential, we let a → ∞, so that
the structure is represented by a semi-infinite dielectric with
a single layer of graphene on top of it, which can support at
most three hybridized Dirac plasmon–TO phonon modes plus
the high-energy π plasmon.

Figure 9 shows the loss function obtained using the
ab initio method in an extended (Q, ω) phase space for
two configurations: (a) Al2O3(semi-infinite)-gr(doped) and
(b) Al2O3(semi-infinite)-gr(undoped) composites. The loss
function spectra with doped graphene exhibit two main fea-
tures: a narrow and intense low-energy Dirac plasmon, which
occupies only a very small part of the (Q, ω) phase space, but
gives a very important contribution to the wake potential, and
a very broad, intense π plasmon, which should also give a sig-
nificant contribution to the wake potential in the high-velocity
limit. On the other hand, the loss function for the structure
with undoped graphene is only dominated by the broad π

plasmon. In all the spectra, there exist barely noticeable low-
energy (ω ∼ 100 meV) horizontal TO phonon branches.

Figure 10 shows the wake potential in (a) Al2O3(semi-
infinite)-gr(doped) and (b) Al2O3(semi-infinite)-gr(undoped)
composites obtained using the ab initio method (black solid
lines in both panels) and the eHD method [magenta dashed
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FIG. 9. The loss function in (a) Al2O3(semi-infinite)-gr(doped) and (b) Al2O3(semi-infinite)-gr(undoped) composites obtained using the
ab initio method. The Qπ and ωπ represent the wave vector and frequency, respectively, for which the v = 4 line crosses the centroid of the π

plasmon.

line in panel (b)]. The case with doped graphene shows slow
oscillations with λC ≈ 92.6 nm in Fig. 10(a) that corresponds

FIG. 10. The wake potential in (a) Al2O3(semi-infinite)-
gr(doped) and (b) Al2O3(semi-infinite)-gr(undoped) composites
obtained using the ab initio method (black solid line) and the eHD
method (magenta dashed line). The charged particle velocity is
v = 4 and the height is z0 = 5 Å. The inset shows the zoom of panel
(b) in the region x � vt in order to emphasize the contribution of the
π plasmon to the wake potential.

to the excitation of the Dirac plasmon. Besides those slow
oscillations, one can notice very fast (noise-like) oscillations
in the region just behind the charged particle (x � vt). The
same oscillations also occur in Fig. 10(b) when the doped
graphene is replaced by an undoped graphene, where they
are accompanied by rather weak and very slow oscillations
with λC ≈ 180 nm, corresponding to the excitations of the TO
phonon modes at very short wave numbers. In order to explore
the origin of those fast oscillations, the inset to Fig. 10(b)
shows a zoomed-in portion of the wake potential in the range
−10 nm < x − vt < 2 nm. Obviously, the fast oscillations
are not noise, but rather have a well-defined wavelength λπ .
Comparing the value λπ = 3.1 nm obtained from Eq. (25)
and the wave number Qπ = 2 nm−1 for which the v = 4 line
crosses the π plasmon in Fig. 9 with the wavelength of the
fast oscillations λ ≈ 3.0 nm obtained directly from the inset
to Fig. 10(b), we may conclude that those fast oscillations
represent the wake pattern due to excitation of the π plasmon.

It is interesting to note that the eHD method (magenta line),
in which transitions between the π and π∗ bands at the M
points of the BZ are included with a few parameters in our
simple eHD model for the optical conductivity of graphene,
Eq. (12) [57,58], is capable of providing a very good agree-
ment with the ab initio results, especially at distances close to
the charged particle. This is particularly remarkable given the
fact that the eHD method is formulated in the optical limit;
see Eq. (9).

Figure 11 shows the spatial distribution of the wake
potential in the plane z = a/2 in the Al2O3(semi-infinite)-
gr(undoped) composite obtained using the ab initio method.
The charged particle velocity is v = 4 and its height is z0 =
5 Å. In spite of a diffuse background behind the charged
particle, which is likely coming from the large width of
the π plasmon and/or from the extended continuum of the
electron-hole excitations at ω > QvF in Fig. 9(b), one can see
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FIG. 11. The distribution of the wake potential in the plane z =
a/2 for Al2O3(semi-infinite)-gr(undoped) composite obtained using
the ab initio method. The charged particle velocity is v = 4 and the
height is z0 = 5 Å.

that a well-developed V-shaped pattern emerges in Fig. 11,
containing waves of the wavelength λπ that lag behind the
charged particle, which represent the π plasmon in graphene.
This is a nice verification of the fact that for larger wave
numbers (above the optical regime), Q ∼ 2 nm−1 (∼0.1 a.u.),
electron transitions between the π and π∗ bands at the M
points indeed constitute a collective mode, or plasmon, as
predicted in Ref. [60].

IV. CONCLUSIONS

We have performed a detailed study of the wake potential
in various sy1-Al2O3-sy2 composites, where syi with i = 1, 2
may be vacuum, pristine graphene, or doped graphene, by
considering three velocity regimes using three complementary
methods for the response function of graphene. It was found
that the wake potential calculated using the ab initio method
agrees very well with the results obtained using the MDF
method at low and intermediate velocities for both doped and
undoped graphene layers, and it agrees well with the results
obtained using the eHD method at large velocities for undoped
graphene.

It was shown that in the low-velocity regime (below the
threshold for excitation of the Dirac plasmon in graphene, v <

1), the charged particle excites only the polarization modes
in the adjacent surface (nearest to the charged particle). In
this regime, it is the excitation of the TO phonons in the
dielectric layer that gives a dominant contribution to the wake
potential, which is strongly dampened when the adjacent
dielectric surface is covered by graphene. It was shown that
the spatial distribution of this phonon-dominated wake pattern
is narrowly localized along the line parallel to the incident
particle trajectory.

For intermediate velocities (above the threshold for excita-
tions of the Dirac plasmons, v > 1), the hybridized plasmon–

TO phonon modes that are localized on the opposite surfaces
of the structure contribute to the wake potential in the adjacent
surface. In this regime, the dominant contribution comes from
the hybridized Dirac plasmons, ω± or ω±

3 , giving rise to
typical V-shaped wave patterns, containing some localized
anomalies in the form of “holes” due to destructive interfer-
ences among the hybridized modes.

For large velocities (v � 1), the charged particle only
excites the even (symmetric) hybridized Dirac plasmons, ω+
or ω+

3 . As a result, in this regime, the wake potential forms
near-perfect, “single-harmonic” V-shaped wave patterns, lag-
ging behind the charged particle. Besides slow oscillations in
the wake potential (which come from the excitations of the
Dirac plasmon in configurations with doped graphene or from
excitations of the TO phonons in configurations with undoped
graphene), there are fast oscillations in the wake potential, just
behind the charged particle. Those oscillations were obtained
in calculations using both the eHD and the ab initio methods.
It was therefore proven that the fast oscillations, giving rise to
the near-perfect, V-shaped wave patterns in the wake potential
just behind the charge particle, indeed represent the high-
energy π plasmon in graphene.

While our findings can be useful in the vibrational and va-
lence EELS of layered heterostructures that include graphene
by using the aloof electron beams within STEM, we have
shown that various properties of the wake pattern can be used
to gain theoretical insight into the plasmon-phonon hybridiza-
tion in those structures by selectively choosing the relevant
frequency range via the simple change of the incident particle
velocity.

In order to keep the parameter space in the present work
tractable, we have decided to hold several important parame-
ters fixed at their respective typical values: the doping density
(i.e., Fermi energy, EF ) of graphene, the thickness of the
structure, a, and the distance of the charged particle, z0. While
a detailed study of the effects due to variations of all those
parameters will be a topic of future work, we only note here
that variations in z0 are not expected to give rise to any sub-
stantial changes in our results on the wake potential, but can
affect the magnitude of that potential. Specifically, one may
surmise from the factor exp (−Qz0) in Eq. (1) that increasing
the value of z0 would cause a suppression of contributions of
large wave numbers to the wake potential. Accordingly, one
expects that generally, increasing the distance z0 would cause
a reduction in the magnitude of the wake potential for the
in-plane distances that are close to the projected position of
the charged particle, as well as a reduction in the amplitude of
oscillations behind the particle in the regime of low incident
velocities, which is dominated by the phonon excitations.
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The authors thank I. Kupčić for useful discussions and
invaluable advice. Computational resources were provided by
the Donostia International Physics Center (DIPC) comput-
ing center. V.D. acknowledges support from the QuantiXLie
Center of Excellence, a project cofinanced by the Croatian
Government and European Union through the European Re-
gional Development Fund—the Competitiveness and Cohe-
sion Operational Programme (Grant No. KK.01.1.1.01.0004).

035443-15
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Wang, Phys. Lett. A 329, 94 (2004).
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