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Effective indirect exchange interaction in p-doped MoS2 nanoribbons
in the presence of intrinsic spin-orbit interaction
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We study the Ruderman-Kittel-Kasuya-Yosida (RKKY) coupling between localized magnetic impurities in
the MoS2 nanoribbons. Our calculations are based on a three-orbital tight-binding model for a MoS2 finite
nanoribbon system with periodic boundary conditions. We consider impurities hybridized to different d orbitals
of the host transition metal. The large intrinsic spin-orbit coupling leads to the spatial anisotropy in the RKKY
interaction amplitude and appearance of collinear and noncollinear terms. We find that the RKKY interaction is
sensitive to the Fermi energy values and changes dramatically in doped systems. We analyze the exponent decay
behavior of the RKKY interaction envelope for doping levels inside the band gap of the infinite layer.
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I. INTRODUCTION

Two-dimensional (2D) layered materials in particular
transition-metal dichalcogenides (TMDs) such as MoS2 and
WSe2 have gotten attention recently [1]. TMDs have the
chemical composition of type MX2 which consists of three
atomic layers. M is one layer of the transition metal of
groups 4–10, which is sandwiched between two chalcogen X
layers. Among the various TMDs, the group-VIB ones (WSe2,
MoS2) as a new class of semiconductors have direct band
gap in the visible frequency range [2] and also have different
electronic structure such as strong photoluminescence, large
spin-orbit coupling (SOC) [3,4]. A variety of methods have
been prepared samples of thin group-VIB TMDs (monolayers,
bilayers, etc.) including mechanical exfoliation [5], chemical
exfoliation [6], physical vapor deposition (PVD) [7], and
chemical vapor deposition (CVD) [8–10].

MoS2, a semiconductor of the TMD family, with its re-
markable thermal and chemical stability and high mobility
is one of the most studied 2D materials [11–14]. Recent
theoretical and experimental studies have been focused on
the electrical, mechanical, and optical properties of the MoS2

monolayer [6,15–19]. The MoS2 monolayer exhibits other
unique properties than its bulk configuration. For instance,
bulk MoS2 is an indirect-gap semiconductor with a band
gap of 1.29 eV, while the MoS2 monolayer is found to be
semiconducting with a band gap of 1.8 eV [20]. Due to the
relevant admixture of Mo d orbitals, MoS2 has a relative
strong spin-orbital coupling and is a good candidate for the
applications of spintronic devices [14]. The pristine bulk
MoS2 is nonmagnetic, while recent studies have been found
that MoS2 nanostructures are magnetic due to zigzag edges
or vacancies [21,22]. Considerable efforts have been focused
on low-dimensional MoS2 nanostructures which are suitable
candidates for spintronics [23], catalysts [24,25], solar cells
[26], and Li-ion batteries applications [27]. MoS2 zigzag

*eb.heidari@gmail.com

nanoribbons have been investigated by using the density
functional theory approach. These nanostructures could be
metallic and could exhibit a surprising ferromagnetic behavior
due to edge states [28,29].

Ruderman-Kittle-Kasuya-Yosida (RKKY) interaction is an
indirect interaction between localized magnetic impurities in
the host material via the conduction electrons. The RKKY in-
teraction has been studied in infinite graphene [30], graphene
nanoribbons [31–33], graphene nanoflakes [34,35], TMDs
monolayers [36–38], and TMDs nanoflakes [39,40]. Interac-
tion (RKKY) in TMDs which have a complex band structure
and also have orbital degrees of freedom and strong intrinsic
spin-orbit interactions is more complex than conventional
metals. In TMDs, the effect of the SOC on the anisotropic
magnetic exchange interaction is particularly important be-
cause the spin-orbit coupling (SOC) produces a large spin
splitting near the valence band maximum [40]. The study
of RKKY interaction between impurities in the presence of
SOC in this energy region is more noticeable and controllable.
The electronic properties of TMDs infinite monolayers in
the presence of a large variety of impurities such as Mn
[41–44], Fe [41–45], Co [14,41–43], V [43,46], Nb [43,46],
and Ta [43] have been investigated by using first-principles
density functional theory (DFT). The RKKY interaction on p-
doped triangular zigzag-terminated MoS2 nanoflakes with the
impurities localized on the edges of the flake has been studied
and also the dependence of the interaction of hole doping is
investigated by using an effective three-orbital tight-binding
model [39,40].

The substitutional impurities such as Nb and Mn with Mo
for p-doped MoS2 have been investigated [41,47]. We analyze
the RKKY interaction for p-doped MoS2 nanoribbons in the
presence of the SOC with different Fermi levels at midgap
energies. Two magnetic impurities are localized at onsite
or plaquette positions. The onsite impurities are hybridized
on top of single transition-metal atoms, while the plaquette
impurities are localized in hollow sites of transition-metal
triangles. By switching on the SOC, the symmetry break-
ing occurs and RKKY interaction between localized spins
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FIG. 1. Schematic view of a MoS2 nanoribbon system used with width W and length L. This system includes N atoms of Mo at the vertical
edge and M atoms at the horizontal edge. The gray dashed lines surround a single row of atoms in the zigzag direction of the nanoribbon, so
that periodic boundary conditions contain zigzag atomic rows as M + 1 = M. The symmetry axis of the nanoribbon which is shown by a red
dashed line corresponds to δ = 0. The edges of the nanoribbon are shifted by δ = ±(N − 1)/2 direct lines from the center. The first impurity
is held fixed while the second impurity moves along the symmetry axis, as shown by the dashed red in the onsite case and the dashed blue in
the plaquette case.

consists of three different terms: Heisenberg, Dzyaloshinsky-
Moriya, and Ising interactions. Using an effective three-orbital
tight-binding model, we perform the exact diagonalization of
the single-particle Hamiltonian. We investigate the role of
separation between impurities on the intensity of the coupling,
comparing the behavior of impurities along the symmetry
axis of the nanoribbon and on edges. The Ising interaction
shows the larger period of oscillation compared to the other
terms at the deeper Fermi level in the gap, which is ex-
plained by intervalley scattering processes. We also analyze
the nanoribbon width dependence on the coupling for the
fixed distance between the impurities. We explore a beating
pattern of oscillations of the RKKY interaction which depends
strongly on the direction of impurity separation and decays
exponentially by increasing distance.

II. MODEL AND HAMILTONIAN

We study a finite system of the MoS2 nanoribbon with pe-
riodic boundary conditions as shown in Fig. 1, schematically.
We consider the sample with N row and M column of metal
atoms, so the total number of sites contains M.N . The width of
the MoS2 nanoribbon is defined as the number of direct lines
across the nanoribbon width, while the length of the MoS2

nanoribbon is defined as the number of zigzag lines along the
direction parallel to the nanoribbon zigzag edges. The nearest-
neighbor distance equals to a = 3.19 Å. The corresponding
length of the nanostructure is L = Ma, while its width is W =√

3/2(N − 1)a. The nanoribbon has the symmetry axis which
is described by δ = 0 and the nanoribbon edges are shifted
by δ = ±(N − 1)/2 direct lines from the center. Three Mo d
orbitals containing dz2 , dxy, and dx2−y2 contribute significantly.
The full Hamiltonian of the system including two magnetic
impurities can be written as:

H = H0 + Himp, (1)

where H0 = Hon + HSOC + Ht describes TMD without impu-
rities, and Himp is the interaction term between impurities and

spin of conduction electrons. The onsite Hamiltonian is given
by:

Hon =
Nt∑
j=1

∑
σ=↑,↓

∑
α,α′

εα,α′,σ c†
α,σ (r j )cα′,σ (r j ), (2)

where, c†
α,σ (r j ) [cα′,σ (r j )] is the creation (annihilation) opera-

tor of the conduction electrons at lattice site r j = j1a1 + j2a2

of the nanoribbon with orbital dα and spin σ =↑,↓. The al are
lattice vectors, a1 = a(1, 0), a2 = a(1/2,

√
3/2), with lattice

constant a. α ∈ {z2, xy, x2 − y2} and εα,α′,σ are the onsite
energies [48]. The nearest-neighbors hopping Hamiltonian is
given by:

Ht =
∑

j,σ,α,α′

3∑
l=1

t (al )
α,α′c†

α,σ (r j )cα′,σ (r j + al ) + H.c., (3)

where t (al )
α,α′ are hopping parameters in the three nearest-

neighbor directions, j = 1, 2, 3. The different onsite energies
and hopping parameters are taken from [48–50].

Using the theoretical studies [51,52] and first-principle
calculations [53–56], it is known that the valence and the
conduction bands are made mostly from dz2 , dxy, and dx2−y2

orbitals, while the contributions from s and p orbitals are small
in these bands. Thus in the tight-binding method, a suitable
approximation is to consider only the onsite contribution of
Mo atoms with three d orbitals. We consider SOC interaction
through the approximation of onsite MO contributions as
HSOC = λLzSz which can be written as in terms of creation
and annihilation operators of the electrons as:

Hsoc = λ/2
Nt∑
j=1

∑
σ=↑,↓

∑
α,α′

(Lz )α,α′ (σz )α,α′c†
α,σ (r j )cα′,σ (r j ),

(4)
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in which:

Lz =
⎡
⎣

0 0 0
0 0 2i
0 −2i 0

⎤
⎦.

Lz is the z component matrix of the orbital
angular momentum, Sz is the spin Pauli matrix, and
λ is the SOC strength. By considering the bases
{|dz2 ,↑〉, |dxy,↑〉}, |dx2−y2 ,↑〉, |dz2 ,↓〉, |dxy,↓〉}, |dx2−y2 , ↓〉,
we get components of the SOC contribution, including
εdxydx2−y2 ,↑ = εdx2−y2 dxy,↓ = iλ, εdxydx2−y2 ,↓ = εdx2−y2 dxy,↑ = −iλ.
We consider 2λ = 150 meV reported in previous works
of density functional theory (DFT) calculations and the
experimental values [57–60].

We consider two magnetic impurities hybridized to Mo
atoms, since at low energies (near the optical gap) admixtures
of d orbitals from these atoms mainly contribute the most
to the states. Himp is the Anderson-Kondo term between the
magnetic impurities and spins of the conduction electrons:

Himp =
∑
i=1,2

Jαi

2
Simp

i .sαi (ri), (5)

where Jαi shows the coupling between the magnetic impurity
spins i and the conduction electrons at the specific sites of the
TMD lattice and orbital α (dz2 , dxy or dx2−y2 ). We set Jα =
0.3 meV [39] and consider that the exchange coupling J is the
same for both impurities, irrespective of the orbital to which
they hybridize. The value of Jα is a choice in accordance with
predictions that range from a few meV to a couple hundred
meV [44–46,61], even at the edges [62]. Simp

i is the spin

operator of the localized magnetic impurity i, and sαi (ri) is
the electron spin operator at site (ri ) for orbital αi.

sα (r) =
∑

σ,σ ′=↑,↓
〈σ |sα|σ ′〉c†

α,σ (r)cα,σ ′ (r), (6)

where σ is the vector of spin-1/2 Pauli matrices. Substituting
equation (6) in equation (5), the RKKY interaction by using a
second-order perturbation [63–66] can be read as:

Himp = Jα1

2

∑
β=x,y,z

S(β )
1

∑
σ,σ ′=↑,↓

〈σ |s(β )
α1 |σ ′〉c†

α1,σ
cα1,σ ′

+ Jα2

2

∑
β=x,y,z

S(β )
2

∑
σ,σ ′=↑,↓

〈σ |s(β )
α2 |σ ′〉c†

α2,σ
cα2,σ ′ , (7)

where β and β ′ represent the spin projection (x; y; z)
for first and second magnetic impurities, respectively.
The effective anisotropic spin interaction between local-
ized magnetic moments includes Ising JZZ, JXX(= JYY) and
JDM Dzyaloshinskii-Moriya (DM) interactions. The RKKY
Hamiltonian can be expressed as:

HRKKY = JXX
(
Sx

1Sx
2 + Sy

1Sy
2

) + JZZ
(
Sz

1Sz
2

) + JDM(S1 × S2)z.

(8)

The ground state energy in a nanostructure for both parallel
and antiparallel orientation of the impurity spins is defined as
the sum of the sorted energy states of the full Hamiltonian
up to the Fermi energy εF , E (S1

imp, S2
imp) = ∑

↑,↓
∑εF

i=1 εi,σ ,
where the electronic eigenstates εi,σ of the system are found
by diagonalization of the full Hamiltonian H, described by a

FIG. 2. The magnitude squared of the wave function, |ψ j,εFi
|2 (i = 1, 2), for the three different orbitals for the right-hand side of

nanoribbon. The results correspond to two doping levels (a)–(c) εF1 and (d)–(f) εF2 , as indicated in each panel.
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matrix of size 6Nt × 6Nt .

E
(
S(β )

(α) =↑, S(β ′ )
(α′ ) =↓ ) − E

(
S(β )

(α) =↑, S(β ′ )
(α′ ) =↑ ) = 2S2J (β,β ′ )

(α,α′ ) .

(9)

The negative (positive) values of J correspond to ferromag-
netic [antiferromagnetic (AFM)] coupling between the mag-
netic moments.

III. RESULTS AND DISCUSSION

We consider p-doped MoS2 nanoribbon system of 50 rows
(approximately 160 Å). The values of width N used in the cal-
culations of distance dependence of the coupling are odd. We
use εF1 = 0.4793 eV and εF2 = 0.2180 eV, corresponding to
52 and 106 holes in the nanoribbon. Two magnetic impurities
are hybridized to d orbitals of the Mo atoms in the nanocrystal.
For instance, Jx2−y2,x2−y2 is the interaction strength between
impurities when the first and second impurities are hybridized
both to dx2−y2 orbitals. The RKKY interaction has the different
oscillatory pattern, depending on different doping levels and
also the orbital to which impurities hybridize. Figure 2 rep-
resents the normalized wave functions in real space, |ψ j,εFi

|2
(i = 1, 2), for the corresponding unperturbed MoS2 nanorib-
bon for Fermi levels fixed at two different p-doped levels,
corresponding to 52 and 106 holes. Two Fermi levels are
shown in the insets of Fig. 2. We consider the right-hand
side of MoS2 nanoribbon. We can see that for εF1 the wave
functions are mostly localized at the Lower edge and zigzag
edge of the nanoribbon, while for εF2 the wave functions are
localized at the lower edge with much smaller amplitudes. As
the Fermi energy gets deeper into the valence band, such as

εF2 , the square magnitude of wave function becomes smaller.
Thus, we can control the strength of the indirect interaction by
localizing the impurities at points where the modulus squared
of the wave function has large amplitudes.

As a general rule, the exchange interaction decays as
(2kF r)2cos(2kF r) in conventional metals [67,68]. This spatial
pattern is a combination of an oscillatory function cos(2kF r)
and a decaying envelope [(2kF r)2, d < 0], where r is the
distance between two impurities, kF is the Fermi wave vector,
and |d| is the dimensionality of the host material. The oscil-
latory term cos(2kF r) changes the behavior of the interaction
between FM and AFM alignment. The intriguing manner of
the RKKY interaction in doped MoS2 finite-length nanorib-
bon is its dependence on the Fermi energy values which in
turn changes by the level of doping. The RKKY interaction
by definition is due to the conduction electrons the density
of which is determined by the density of states (DOS) at
the Fermi energy. The long-range (exponential decay) RKKY
coupling in MoS2 nanoribbon is in contrast to the short-range
(r−3 decay) in the bulk because of the extreme easiness of
polarizing and unpolarizing the localized edge states of the
MoS2 nanoribbon. On the other hand, the spin and orbital
content of the conduction states and symmetry of the host state
electrons influence the resulting value of indirect interaction
features. For instance, in graphene, the interaction decays
as r−3 at the Dirac point, while in doped or spin-polarized
graphene it decays with the distance according to r−2 [36],
as in conventional 2D materials. In MoS2 nanoflakes, the
exchange interaction decays with |d| < 2 for doping levels
inside the band gap of the infinite layer, corresponding to
edge states of the flake at the Fermi level and exhibit sub-2D

FIG. 3. The three components of the effective impurity interaction vs relative distance along the horizontal directions of the nanoribbon.
All curves correspond to εF1. The plots are presented for various distances of the impurities from the nanoribbon center (δ = 0, −1, −2, −3).
The first impurity is fixed at the begin of the selected row, while the second one moves at all onsites along the corresponding direction. First
and second impurities are assumed hybridized both to dx2−y2 orbitals which are indicated in panel (a).
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FIG. 4. The three components of the effective impurity interaction vs relative distance along the horizontal directions of the nanoribbon.
All curves correspond to εF2. The plots are presented for various distances of the impurities from the nanoribbon center (δ = 0, −1, −2, −3).
The first impurity is fixed at the beginning of the selected row, while the second one moves at all onsites along the corresponding direction.
First and second impurities are assumed hybridized both to dx2−y2 orbitals which are indicated in panel (a).

decay behavior [40]. We analyze the distance dependence for
the indirect coupling between magnetic impurities in MoS2

nanoribbons for doping levels lying inside the band gap,
comparing the behavior of impurities along the symmetry axis
and on edges.

In Fig. 3, the distance dependence of the RKKY coupling
between magnetic impurities for MoS2 nanoribbon with the
width of N = 7 for different distances of the impurity pair
from the nanoribbon center is presented. The first impurity
is fixed at an initial position on the zigzag edge in the
nanoribbon center or with distance (δ = −1,−2,−3) from
the nanoribbon center. The second impurity is moved along
the symmetry axis. Two impurities, as indicated in the inset
(a), are hybridized to dx2−y2 orbitals for doping level εF1 ,
corresponding to 52 holes. The largest distance between the
magnetic impurities considered in this paper is r/a = 49. The
three components (Ising, XX, and DM) oscillate between
antiferromagnetic (AFM) (J > 0) and ferromagnetic (FM)
(J < 0) as the impurities separate. The different terms exhibit
similar behavior of oscillation. In panels (a) and (b), JZZ > 0
for r/a > 30, so that for large distances between the impuri-
ties the behavior of the Ising interaction does not change from
F to AF magnetic order or vice versa and thus polarization
of impurity spins is AFM with respect to the interactions JXX

and JDM which are almost FM as the impurities separate. In
general, interaction JZZ is out of phase with JXX and JDM,
however, JZZ and JDM are in phase with each other for some
separation, for instance for 15 < r/a < 30 in the panels (b),

(c), and (d). We can see that for impurities located in the center
of the nanoribbon, in panel (a), Ising JZZ has a larger period
of oscillation than other panels. The strength of the RKKY
coupling between the edge impurities, panel (d), is stronger
than center impurities, panel (a).

In Fig. 4, we have plotted results corresponding to Fig. 3,
but for doping level εF2 , corresponding to 106 holes. Two
magnetic impurities are hybridized to Mo dx2−y2 orbitals and
the various distances of the impurities from the nanoribbon
center are considered, δ = 0,−1,−2,−3, like Fig. 3. We find
the different oscillatory pattern for exchange interactions in
comparison to the one described for εF1 . In contrast to the
JXX and JDM terms, with a period of 	7 sites, Ising JZZ has
a long-period oscillation with a period of 	20 sites.

This behavior can be attributed to the fact that for JZZ

intervalley scattering differs from JXX and JDM according to
the achievements of Ref. [48]. As one can observe, JZZ is
dominated due to scattering processes that happens within
the same K or K ′ valley, without spin flip introduced. JXX

and JDM terms show a shorter oscillation period than JZZ

because intervalley scattering processes occur from K valley
to K ′ or 	 (and vice versa), which flip the spin. Although
JXX and JYY change sign every 3–5 sites, JZZ is mostly
AFM (positive) in nature, with a small FM in the interval
r/a ∈ [25, 30] in panels (b) and (d) and r/a < 12 in each
panel. In general, the constant amplitude of the oscillations
of the RKKY coupling between magnetic impurities shows
an envelope exponent. The three components of interactions
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FIG. 5. The three components of the effective impurity interaction vs relative distance along the horizontal directions of the nanoribbon.
The curves correspond to εF1, panels (a)–(d), and εF2, panels (e)–(h). The plots are presented for various distances of the impurities from the
nanoribbon center (δ = 0, −1, −2, −3). The first impurity is connected to dx2−y2 and the second to dxy orbitals. The first impurity is fixed at
the beginning of the selected row, while the second one moves at all onsites along the corresponding direction.

are out of phase with each other, although JXX and JDM terms
have a relative phase difference of nearly one site between
themselves. However, Ising component has the same phase
with JXX or JYY terms for some impurity separations, for
instance with JXX for r/a = 19 and with JDM for r/a = 44
in panel (b). By increasing the distance between the magnetic
impurities, the RKKY coupling decays slower with respect
to Fig. 3, for εF1 . The coupling for edge impurities increases
approximately four orders of magnitude with respect to the
impurities of the nanoribbon center. By comparison of Figs. 3
and 4, it is observed that the coupling terms for εF1 , lower
doping level, have greater values than εF2 .

In Fig. 5, we have plotted the indirect exchange versus
the distance between impurities when the first impurity is
connected to the dx2−y2 orbital and the second one to the dxy

orbital. The interactions which are shown for εF1 in panels
(a)–(d) and for εF2 in panels (e)–(h) have similar oscillation
behavior to the one described for Jx2−y2,x2−y2

with natural
quantitative differences on the overall amplitude, that depend
on the orbital to which impurities hybridize. The interac-
tion Jx2−y2,xy for εF2 has the same order of magnitude as
Jx2−y2,x2−y2

, while for εF1 is typically 10 times smaller in
magnitude due to the second impurity hybridized to a dxy

orbital. We can see that Jx2−y2,xy for εF1 has a shorter period
of oscillation, about 15 sites, than Jx2−y2,x2−y2

in Fig. 3, while
for εF2 exhibits the similar oscillatory pattern in comparison
to Jx2−y2,x2−y2

in Fig. 4. If we compare the Jx2−y2,xy behavior

for two different levels of hole doping in panels (a)–(h),
we observe that the Ising interaction for εF1 has a shorter
oscillation period than εF2 , by a typical factor of 1 or 2 times
larger in magnitude. Also, we can see that the decay behavior
of the RKKY interaction envelope with distance for εF1 is
faster than εF2 . Thus the interaction decays slower for deeper
Fermi levels in the gap (higher doping). This result also is
achieved for MoS2 nanoflakes, recently [39]. The coupling
for edge impurities is larger than for center impurities by
approximately 5 and 4 orders of magnitude for εF1 and εF2 ,
respectively. We find that the interactions oscillate between
FM and AFM behavior and decay exponentially with the
impurity separation. For εF1 , in panels (a)–(d), JDM decays
much faster than the other components. The Jxx term is mostly
FM, while the Jzz term is AFM for large separations. For εF2 , in
panels (e)–(h), Jxx show the same qualitative behavior as JDM,
while the Jzz term has a longer period of oscillation than Jxx

and JDM interaction terms, and Jzz > 0 for r/a > 30 so that the
impurities aligned antiferromagnetically for larger separation.

Figure 6 shows the distance dependence of indirect cou-
pling between the impurities when the nanoribbon width is
increased from N = 7 to N = 13. Two impurities localized
with distance δ = −1 from the nanoribbon center. The first
impurity is fixed at the initial position and the second one
moves along the horizontal line parallel to the center of
nanoribbon towards edge. Two impurities hybridized to dz2

orbitals. The two doping levels (52 and 106 holes) which
shown in Fig. 6 are indicated in the bottom of the panels.
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FIG. 6. The three components of the effective impurity interaction vs relative distance along the horizontal direction of the nanoribbon for
different widths N and orbital dZ2 . The impurities embedded at the on-site position with distance δ = −1 from the center of the nanoribbon.
The first impurity is fixed at the beginning of the selected row, while the second one moves at all onsites along the corresponding direction.
The curves correspond to εF1, panels (a)–(d), and εF2, panels (e)–(h).

The three components (ZZ, XX, and DM) oscillate between
AFM and FM behavior and have different oscillation patterns
for two doping levels. These components in each panel of
Fig. 6 have nearly the same period of oscillation, except for
JZZ for a width of N = 7 and doping level εF2 , panel (e),
that has a longer period of oscillation than JXX and JDM. We
see that Jz2,z2

for width N = 7, panels (a) and (e), shows the
same behavior as Jx2−y2,x2−y2

and Jx2−y2,xy that is described
above. When the doping level is set to εF1 , the interaction has
the same order of magnitude for all the nanoribbon widths.
However, for εF2 the interaction first increases one order of
magnitude, then it stays almost constant with width. We can
see that the number of oscillation periods increases for both
levels of doping by increasing the nanoribbon width, but with
shorter periods of oscillation. For instance, JZZ for width N =
7 for εF1 , panel (a), has oscillation period nearly 16 sites, while
for width N = 13 the period is about 10 sites. The number of
oscillation periods for doping level εF2 is further than εF1 when
the nanoribbon width increases. For all the studied nanorib-
bon widths, the strength of the indirect exchange interaction
becomes weak for larger distances between impurities.

We analyze the effective exchange interaction as a function
of the impurity separation for plaquette configuration for two
doping levels corresponding to 52 and 106 holes in Figs. 7(a)
and 7(b), respectively. The impurities localized in hollow sites
below the symmetry axis are hybridized to dz2 orbitals. The
first impurity is held fixed at the initial plaquette position
while the second impurity moves along the horizontal line

parallel to the center of the nanoribbon as shown by dashed
blue in Fig. 1. In the plaquette situation, each impurity is
surrounded by three Mo atoms (in a triangle) which is con-
sidered in nearest-neighbor position. The exchange coupling
associated to each of the Mo atoms is J0/3. We find that Jz2,z2

for plaquette configuration has similar oscillation behavior to
the one described for onsite configuration, Jz2,z2

, Jx2−y2,x2−y2
,

and Jx2−y2,xy. In panel (a), for εF1 , the different exchange
components oscillate between AFM and FM behavior, and for
larger separations, r/a > 34, JZZ > 0 and JXX < 0, JDM < 0.
However, for doping level εF2 , panel (b), the Ising component
JZZ > 0 for r/a > 11 and the other components oscillate
always between AFM and FM. If we compare the plaquette
configuration with onsite, Fig. 6 for N = 7, we observe that
interaction for the plaquette case has a smaller magnitude
than onsite. The interaction for εF1 is one order of magnitude
smaller and for εF2 is slightly smaller in magnitude due to
the contributions of the conduction electrons from the three
first neighbor atoms, Mo atoms, around each impurity in the
indirect exchange interaction.

In Fig. 8, we analyze the nanoribbon width dependence on
the RKKY coupling for the fixed distance between the impu-
rities which are localized in the center of the nanoribbon. Two
impurities are hybridized to the dx2−y2 orbital. The two doping
levels, corresponding to 52 and 106 holes, are indicated at the
bottom of the panels (a) and (b), respectively. It is visible that
the coupling energy depends on the nanoribbon width, with a
short period of oscillations, about two sites. The oscillations
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FIG. 7. The three components of the effective impurity interaction vs relative distance along the horizontal direction of the nanoribbon.
The impurities embedded at plaquette position with distance δ = −1 from the center of the nanoribbon. The first impurity is held fixed at the
initial plaquette position and the second one moves at all plaquettes along the corresponding direction. The curves correspond to (a) εF1 and
(b) εF2. First and second impurities are assumed hybridized both to dz2 orbitals.

decrease by the increasing nanoribbon width. If we compare
the behavior of the interaction for two doping levels, panels
(a) and (b), we observe that the oscillations decay slower
with the width for εF2 . As one can observe in panel (a), first
JDM oscillates between FM and AFM behavior, then it stays
always FM for N � 9. However, JZZ and JXX interaction terms
are AF for N � 13, alternating between AFM and FM as
the width increases. In panel (b), the three components of
the indirect exchange are always AF. The interaction for the
JDM term has smaller magnitude than the other components
for two doping levels. In order to verify the correctness of
the numerical results, we use perturbation theory calculation
as a benchmark, at least for one example in Fig. 9 which
shows RKKY interaction vs separation between two magnetic
impurities localized in the bottom edge of the nanoribbon.
We perform our calculations by second-order perturbation
theory and compare with the exact diagonalization-based
calculations. Panels (a) and (b) show two different doping
levels which are represented by Fermi energies εF1 and εF2 ,
respectively. The two doping levels, corresponding to 52 and
106 holes, are indicated at the bottom of the panels. The Ising

component of the indirect exchange term and the different ex-
change terms are indicated in panels (a) and (b), respectively.
The first impurity is localized at the r/a = 0, while the second
one is at the r/a > 0, up to r/a = 49. The exchange cou-
pling between the localized magnetic moments is set to J0 =
10 meV, and consider both impurities to be hybridized to dz2

orbitals.
We can observe that the results obtained by the exact

diagonalization-based calculation approach and by second-
order perturbation theory are agreement for small Jαi in
equation (5). Two panels exhibit the oscillatory behavior of
RKKY interaction, Jz2,z2

, as described before for Jx2−y2,x2−y2

and Jx2−y2,xy, with natural quantitative differences on the over-
all amplitude, depending on the orbital to which impurities
hybridize and the value of J0. In Fig. 9, JZZ is mostly AFM
(positive) in nature, but JXX and JDM oscillate always between
AFM and FM. We find that the RKKY interaction envelope
decays exponentially with distance r for two doping levels,
although it decays slower at the deeper Fermi level in the gap
(higher doping), εF2 , as described before for Jx2−y2,x2−y2

and
Jx2−y2,xy.

FIG. 8. The three components of the effective impurity interaction vs width of the nanoribbon. The curves correspond to (a) εF1 and (b) εF2.
The plots are presented for impurities located at the center of the nanoribbon. First and second impurities are assumed hybridized both to dx2−y2

orbitals which are indicated in panel (a).
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FIG. 9. The three components of the effective impurity interaction vs relative distance along the horizontal direction of the nanoribbon.
The curves correspond to (a) εF1 and (b) εF2. The plots are presented for impurities located at the edge of the nanoribbon. The interaction is
calculated for J (= 10 meV). Full (empty) symbols indicate the exact diagonalization-based calculation approach (perturbation theory) results:
red for Ising ZZ , blue for XX , and green for DM terms. First and second impurities are assumed hybridized both to dz2 orbitals which are
indicated in panel (a).

Let us discuss the behavior of the RKKY interaction for
two doping levels as it contains different orbital and spatial
symmetries. We observe that the three components of RKKY
interaction (Ising, XX , and DM) oscillate between AFM
and FM behavior and have different oscillation patterns
for two doping levels. The overall decaying envelope and
oscillation frequency depend smoothly on the Fermi energy
value. The details of the oscillation periods naturally depend
on the orbital to which impurities hybridize and distance of
the impurity pair from the nanoribbon center. The RKKY
interaction decays exponentially with the impurity separation
along the symmetry axis of the nanoribbon, although it decays
slower at the deeper Fermi level in the gap (higher doping).
Moreover, when the impurities are located on the lower
edge of the nanoribbon (such as away from the center of the
nanoribbon), δ = −3, the strength of the indirect interaction
is relatively large, since the modulus squared of the wave
function has large amplitude. For instance, in panel (d) of
Fig. 3, for δ = −3, we see that the indirect coupling has a
larger magnitude than the other panels. Also, we can see this
result in Figs. 4 and 5.

IV. CONCLUSIONS

We have studied the effective indirect interaction be-
tween two magnetic impurities localized in a p-doped MoS2

nanoribbon in the presence of the intrinsic spin-orbit in-
teraction. Our calculations are based on a three-orbital
tight-binding model for a finite nanoribbon system with
periodic boundary conditions. We analyzed the interaction
for magnetic impurities situated at various distances (δ =
−1,−2,−3) from the system symmetry axis and on edges.
The large spin-orbit coupling leads to the spatial anisotropy in

the RKKY interaction amplitude and appearance of collinear
and noncollinear terms. The DM interaction has the same
order as the JXX and Ising JZZ components. The magnitude of
the indirect RKKY coupling between magnetic impurity spins
in MoS2 nanoribbon is strongly dependent on the location of
the impurities in the nanoribbon. Also, the interaction Jβ,β ′

α,α′
between magnetic impurities hybridized to different orbitals
exhibits pronounced oscillatory behavior which is naturally
dependent on the energy doping. Thus, the magnitude of the
interactions and the magnetic order of the system can be tuned
by doping or gating of the material to a suitable midgap state
and by the judicious position of magnetic impurities. Most in-
teractions are nearly out of phase with each other, with similar
periods of oscillation for εF1 . However, JZZ has a longer period
of oscillation than other components for εF2 , with the interval-
ley scattering mechanisms responsible for this behavior. The
magnitude of the RKKY interaction for magnetic impurities
localized at nanoribbon edges is stronger than the center
impurities. We find that the RKKY interaction is sensitive
to the Fermi energy values and changes dramatically in p-
doped MoS2 nanoribbon. The RKKY interaction envelope
decays exponentially by increasing distance, however, more
slowly for deeper Fermi levels (higher doping). In general,
all coupling terms in the nanoribbon MoS2 system depend on
the separation direction between magnetic impurities, either
horizontal or vertical, which shows the importance of crystal
symmetries in the effective exchange interaction. In order to
verify the correctness of the numerical results in the paper, we
use perturbation theory calculation as a benchmark, at least
for one example. We observed that the results obtained by
the exact diagonalization-based calculation approach and by
second-order perturbation theory are in agreement for small
Jαi in equation (5) [69–73].
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