
PHYSICAL REVIEW B 100, 014509 (2019)
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Applying the linearized Usadel equations, we consider the nucleation of superconductivity in multiply
connected mesoscopic superconductor/ferromagnet (S/F) hybrids such as a thin superconducting ring on a
ferromagnet with a uniform in-plane magnetization M and a spin-active S/F interface. We demonstrate that the
exchange field in F provokes a switching between superconducting states with different vorticities which may
increase the critical temperature(Tc) of the superconductor in a magnetic field. We study the interplay between
oscillations in Tc due to the Little-Parks effect and oscillations in Tc induced by the exchange field. Furthermore,
we analyze the influence of long-range spin-triplet correlations on the switching between different vorticities.
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I. INTRODUCTION

In hybrid systems containing superconducting and fer-
romagnetic metals (see reviews [1–6]), long-range correla-
tions are induced in the ferromagnets [7–14] related to odd-
frequency superconductivity [15] and spin-polarized triplet
Cooper pairs [16,17]. Such long-range spin-triplet pairs are
not destroyed by a ferromagnetic exchange field and can
penetrate a ferromagnet over long distances exceeding a sin-
glet pair coherence length. The reduction of a Co nanowire’s
resistance in contact with a superconductor observed in
Refs. [7,18] as the temperature is decreased below the super-
conducting transition, demonstrated evidence for a long-range
proximity effect. Evidence for electron pair conversion from
spin-singlet to spin-triplet has recently been demonstrated via
observations of long-ranged supercurrents in S/F/S Joseph-
son junctions with magnetically inhomogeneous S/F inter-
faces [11–14,19–23], transition temperature measurements
of S/F1/F2 spin valves [24–29], density of states measure-
ments on S/F systems [30–37], and ferromagnetic resonance
[38,39]. The optimal condition for pair conversion in a dirty
ferromagnet is realized when the exchange field h is inho-
mogeneous on scale of the coherence length ξ f = √

h̄D f /h
in the F [40], where D f is the electron diffusion constant.
Under appropriate conditions, odd-frequency spin-triplet cor-
relations manifest as an intrinsic paramagnetic Meissner state
[41–43]. The existence of an anomalous Meissner response
has been observed via depth-resolved measurements of the
local magnetic fields in Au/Ho/Nb using low-energy muons
[44].
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Long-range proximity effects have mainly focused on
mesoscopic ferromagnetic wires attached to a superconduc-
tor or layered (diffusive) S/F structures. Here we propose
using multiply connected hybrid S/F structures such as a
thin narrow superconducting ring on a ferromagnetic plate
[see Fig. 1(a)] to study proximity-induced long-range triplet
correlations. A distinguishing feature of multiply connected
S/F hybrids with the proximity effect is the generation of
a vortex state with a nonzero orbital angular momentum L
(vorticity) even in the absence of an external magnetic field
[45]. The damped oscillations of the amplitude of singlet
superconducting correlations in a ferromagnet in the direction
perpendicular to the S/F interface [46–48] generates the addi-
tional phase modulation of superconducting order parameter
� ∼ exp(iLθ ) on azimuthal angle θ and may induce spon-
taneous supercurrents. The angular momentum L of the pair
wave function determines the vorticity of the state. The inter-
play between orbital [49] and exchange [50] effects may result
in a switching between the states with different vorticities L,
as the ring radius R1 increases. Transitions between states with
different L result in a nonmonotonic dependence of the critical
temperature Tc on R1 and h.

The Little-Parks (LP) effect (the periodic oscillations of the
critical temperature Tc of a hollow superconducting cylinder
in an applied magnetic field H [51,52]) is an extremely sensi-
tive experimental tool for studying interference phenomena in
multiply connected superconducting systems. The orbital ef-
fect results in switching between states with different vorticity
L and manifests itself in oscillations of the phase-transition
line Tc(H ). The interplay between Tc oscillations due to
LP effect and oscillations due to h in multiply connected
S/F hybrids with a uniform magnetization was shown to be
accompanied by breaking of the strict periodicity of Tc(H )
oscillations and shifts in Tc maximum to finite H [53]. Similar
results were obtained later in Refs. [54,55] for the case of
a spiral exchange field distribution in a ferromagnet. Note,
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FIG. 1. (a) A superconducting ring (S) on the surface of a ferromagnetic plate (F) with a uniform exchange field h and a spin-active S/F
interface. Here R1 (R2) and w = R2 − R1 are the inner (outer) radius and the width of the S ring, (r, θ, z) is the cylindrical coordinate system.
The external magnetic field H is applied along the z axis. (b) Short-range proximity-induced superconductivity in a F metal. (c) Long-range
proximity induced superconductivity in a F metal due the presence of a spin-active S/F interface. Arrows indicate the spin structure of pair
correlations in F.

however, that in the case of a magnetic spiral, equal-spin
triplet pairs do not arise, and long-range proximity induced
superconductivity is absent [6,56].

The aim of our paper is to examine the long-range prox-
imity effect on switching between vortex states in multiply
connected S/F hybrids. We expect that the superconducting
ground state in such a geometry should be strongly influenced
by the presence of equal-spin triplet pairs in F. We focus on
the behavior of Tc for superconducting states with different
vorticities and study the influence of the equal-spin triplet
components on LP oscillations. We start with a qualitative
discussion of the long-range proximity effect on the LP os-
cillations in a superconducting ring width w lying on a thin F
[see Fig. 1(a)]. We assume that R1 � ξ f � w. The magnetic
field H corresponding to the local maxima in the transition
temperature Tc of the S ring is determined by [57]

Hn = �0 n

πR2
1[1 + (w/2R1)2]

, n = 0, ±1, ±2 . . . ,

where �0 = π h̄c/|e| is the magnetic flux quantum. In the
absence of equal-spin triplet superconducting correlations,
proximity-induced superconductivity in F occupies the region
2ws ≈ w + 2ξ f � R1 under the S ring [Fig. 1(b)]. As a
result, the period of the LP oscillations �H (s) = Hn − Hn−1 is
modified due to the small increase of the effective ring width
ws � w where superconductivity coexists, i.e.,

�H (s) ∼ �0

πR2
1[1 + (ws/R1)2]

,

and a slow modulation of the amplitude of the LP oscillations
takes place due to the exchange field [53].

Long-range equal-spin triplet pairs exist over a distance
of the order of the thermal length ξn = √

h̄D f /2πTcs � ξ f ,
and proximity-induced superconductivity in F occupies the
region 2wt , where wt ≈ ξn � R1 [Fig. 1(c)]. Here, Tcs is the
transition temperature of the superconductor in the absence
of a proximity effect, i.e., Tc of S without F and an applied
magnetic field. In this case the spin-triplet pairs dominate a
considerable part of the S/F structure, as shown in Fig. 1(c).
As a result, a noticeable change in the Little-Parks oscillations
can be expected due to the strong modification of the region
of proximity induced superconductivity. It has recently been
demonstrated that the spin-triplet odd-frequency supercon-
ducting correlations emerging in layered S/F systems favor

the formation of the in-plane FFLO phase with the gap
potential modulated along the S/F interface [43,58,59]. A
hallmark of in-plane FFLO instability is a vanishing of the
London magnetic field penetration depth λ(r) averaged over
the structure volume. In multiply connected S/F structures the
in-plane FFLO instability is expected to provoke a modifica-
tion of Tc(H ) which corresponds to the switching between
modes with the different vorticity L. This effect should be
especially important if R1 � ξ f , because of the mechanism
of vortex states switching (caused by the oscillatory behavior
spin-singlet pair wave function in a ferromagnet [45]) in
this case is suppressed. The experimental observation of the
unusual behavior of the Little-Parks oscillations predicted
here would provide direct evidence of spin-polarized triplet
Cooper pairs.

The paper is organized as follows. In Sec. II we de-
scribe the model of a multiply connected S/F system and
briefly discuss basic equations. In Sec. III we proceed with
the analytic calculations of Tc for different vortex states. In
Sec. IV we study the proximity induced switching between
different vortex states in the absence of an applied magnetic
field. We show that transitions between states with different
vorticity are accompanied by jumps of effective magnetic
field penetration depth. Moreover we analyze the influence of
the long-range spin-triplet correlations on the realization of
the states with higher vorticities. The interplay between the
oscillations of Tc due to the LP effect and oscillations due
to the h is analyzed in Sec. V. We summarize our results in
Sec. VI.

II. MODEL AND BASIC EQUATIONS

The planar F/S system under consideration [Fig. 1(a)] was
shown to be qualitatively similar to a hollow superconducting
cylinder surrounded by a ferromagnetic metal [45]. Hereafter,
we consider a model S/F system consisting of a thin-walled
hollow S cylinder embedded in a ferromagnetic metal. The
cross section of the model S/F structure is shown in Fig. 2.
The surrounding F metal has a uniform exchange field h and
spin-active S/F interfaces. A good electrical contact between
the F and S metals is assumed to provide a strong proximity
effect. The S and F metals have diffusion coefficients Ds and
D f , respectively, and satisfy the dirty limit where Tcsτ/h̄ �
1 and hτ/h̄ � 1. Here, τ = l/vF is the electron elastic

014509-2



LONG-RANGE TRIPLET PROXIMITY EFFECT IN … PHYSICAL REVIEW B 100, 014509 (2019)

FIG. 2. Cross section of the model cylindrical structure under
consideration. The blue arrows show the direction of the exchange
field h in the ferromagnet (F).

scattering time with the electron mean free path l . To observe
a pronounced influence of the proximity effect on Tc, the
thickness of the S shell w = R2 − R1 must be smaller than
the superconducting coherence length ξs = √

h̄Ds/2πTcs. The
exchange field h acting on the spin of the conduction electrons
is assumed to have steplike profile

h(r) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

h ž ,
r � R1 − wx

r � R2 + wx
,

h ž + hx(r) x̌ ,
R1 − wx � r � R1

R2 � r � R2 + wx
,

0 , R1 < r � R2 ,

(1)

where x̌, ž are the axes for spin quantization. We neglect
reduction of the magnetization in the ferromagnet and magne-
tization leakage into the superconductor due to the magnetic
proximity effect [60–62]. The spin-active interface between
S and F is described by the rotation of the exchange field
h in thin cylindrical layers R1 − wx � r � R1 and R2 � r �
R2 + wx near F/S interfaces provided wx � ξ f , R1 but the
product

∫
dr hx(r)/wxh is of the order unity [40].

Our calculations of the second-order superconducting
phase transition temperature Tc are based on solutions of
the linearized Usadel equations [63]. At T ∼ Tc, the normal
Green function g coincides with the value in the normal
state (g � −i sgn ωn), and the linearized Usadel equations for
anomalous quasiclassical Green’s function [6,64,65]

f̂s, f = f s
s, f + f t

s, f σ̂ , f t
s, f = f z

s, f ž + f x
s, f x̌ (2)

take the form (see reviews [1,3,66] for details):

− h̄Ds, f

2

(
∇ − 2ie

h̄c
A

)2

f s
s, f + | ωn | f s

s, f

+ i sgn ωn
(
h f t

s, f

) = �, (3)

− h̄Ds, f

2

(
∇ − 2ie

h̄c
A

)2

f t
s, f + | ωn | f t

s, f

+ i sgn ωn h f s
s, f = 0. (4)

Here, where f s
s, f (r, ωn) [f t

s, f (r, ωn)] is the singlet (triplet) part
of the Green’s function (2) in the superconductor and ferro-
magnet, ωn = (2n + 1)πTc is the Matsubara frequency at the
temperature Tc, � = �s is the singlet pairing potential inside
superconductor (� = 0 in ferromagnet), and A is the vector
potential of the external magnetic field H = rotA = Hz0. We
have neglected the effect of the ferromagnet magnetization M
because of the additional magnetic flux enclosed by the S shell
�M ≈ 4π2R2

1M is assumed to be small in comparison with the

magnetic flux quantum �0 = π h̄c/|e| for typical parameters
of S/F hybrids [53]. The Usadel equations (3),(4) must be
supplemented with the Kupriyanov-Lukichev boundary con-
ditions [67] for all components of the Green function (2) at
the S/F interfaces r = R1 and r = R1:

ξs ∂r f̂s = γ ξ f ∂r f̂ f , f̂s = f̂ f + γbξn ∂r f̂ f . (5)

Here γ = σ f ξs/σsξ f , σ f and σs are the normal-state con-
ductivities of the F and S metals, and γb is related to the
transparency of the S/F interface and is determined by the
boundary resistance per unit area Rb: γbξs = Rbσ f .

The Tc is determined by the self-consistency equation for
the singlet gap function �s:

�s(r) ln
Tc

Tcs
+ πTc

∑
ωn

(
�s(r)

ωn
− f s

s (r, ωn)

)
= 0 . (6)

For simplicity of Tc calculations, we assume h � Tcs and
neglect proximity suppression caused by a finite S/F interface
resistance, i.e., we take γb = 0 in (5). In this regime, f̂s = f̂ f

at the S/F interface.
Choosing the cylindrical coordinate system (r, θ, z) and

the gauge A = (0, Aθ , 0), Aθ = rH/2 we consider homoge-
neous along z solutions of the equations (3),(4), characterized
by a certain angular momentum L, referred further as vorticity

�s(r) = �L(r) eiLθ , f s,z,x (r, ωn) = f s,z,x
L (r, ωn) eiLθ . (7)

The vorticity parameter L in (7) coincides with the angular
momentum of the Cooper pair wave function.

According to Eqs. (3), (4), and (6) there is a symme-
try f s(r,−ωn) = f s(r, ωn) and f z,x (r,−ωn) = − f z,x(r, ωn),
so that we can treat only positive ωn values. The Usadel
equations (3) and (4) can be written in the form

− h̄D

2
Q̂L f s

L + ωn f s
L + ı h f z

L + ı hx f x
L = �L, (8)

− h̄D

2
Q̂L f x

L + ωn f x
L + ı hx f s

L = 0 , (9)

− h̄D

2
Q̂L f z

L + ωn f z
L + ı h f s

L = 0 , (10)

Q̂L = 1

r

d

dr

(
r

d

dr

)
−

(
L − φr

r

)2

,

where D = Ds, f is the diffusion coefficient in S and F, re-
spectively, and φr = πr2H/�0 is a dimensionless flux of the
external magnetic field H threading the circle of certain radius
r. As follows from Eqs. (8), (9), and (10), if the gap potential
�L is real, the components f s

L of the anomalous Green’s
function are also real, while the components f x

L and f z
L are

imaginary. Then it is convenient to introduce the complex
function [68]

F (r) = f s
L + i f z

L (11)

and the real function

P(r) = −i f x
L , (12)

so that

f s
L = Re[F ] , f z

L = i Im[F ] , and f x
L = i P . (13)
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These functions satisfy the equations

− h̄D

2
Q̂LF + (ωn + ı h) F − hx P = �L , (14)

− h̄D

2
Q̂LP + ωn P + hx Re[F ] = 0 . (15)

The boundary conditions for F and P follow directly from the
conditions (5) for f̂ components.

III. Tc OF VORTEX STATES

We proceed with Tc calculations for different vortex
states (7).

A. Solution inside the F core: (r � R1)

The solution of Eqs. (14) and (15) in the F cylinder
r � R1 − wx with uniform exchange field h = h z0 can be
expressed via the confluent hypergeometric function of the
first kind (Kummer’s function) K (a, b, z) [70]

Ff 1(r) = C1 e−φr/2φ| L |/2
r K ( aLn, bL, φr ) , (16)

Pf 1(r) = C2 e−φr/2φ| L |/2
r K

(
ar

Ln, bL, φr
)
, (17)

where

aLn = |L| − L + 1

2
+ (ωn + i h) R2

1

2h̄D f φ1
,

ar
Ln = Re[aLn] , bL = |L| + 1

and φ1 = πR2
1H/�0 is a dimensionless flux of the external

magnetic field H threading the circle of the radius R1. To
proceed further with tractable formulas, we take into account
that the spin-active layer near the interface r = R1 is thin
(wx � ξ f , R1). After averaging Eqs. (16) and (17) over the
thickness of thin wx → 0 layer one can receive the following
relations between the values of the functions Ff 1, Pf 1 and
their derivatives ∂rFf 1, ∂rPf 1 at the S/F interface r = R1:

dFf 1

dr
= κLn

R1
Ff 1 − 2δ

ξ f
Pf 1 , (18)

dPf 1

dr
= μLn

R1
Pf 1 + 2δ

ξ f
Re[Ff 1] , (19)

where

κLn ≡ κLn(φ1) = |L| − φ1

+ 2φ1
aLn K ( aLn + 1, bL + 1, φ1 )

bL K ( aLn, bL, φ1 )
, (20)

μLn ≡ μLn(φ1) = |L| − φ1

+ 2φ1
ar

Ln K
(

ar
Ln + 1, bL + 1, φ1

)
bL K

(
ar

Ln, bL, φ1
) , (21)

and the parameter δ, characterizing the spin-activity of the SF
interface, is determined by

δ = ξ f

h̄D f

∫ R1

R1−wx

hx(r)dr = ξ f

h̄D f

∫ R2+wx

R2

hx(r)dr , (22)

and can be controlled by a modification of the magnetic
texture of the F subsystem [11,23,69].

B. Solution in outer ferromagnet: (r � R2)

The solution of Eqs. (14) and (15) in ferromagnet with
a cylindrical cavity of radius r = R2 can be expressed via
the confluent hypergeometric function of the second kind
U (a, b, z) [70]

Ff 2(r) = C̃1 e−φr/2φ| L |/2
r U ( aLn, bL, φr ) , (23)

Pf 2(r) = C̃2 e−φr/2φ| L |/2
r U

(
ar

Ln, bL, φr
)
. (24)

As before the spin-active layer near the S/F interfaces (r =
R2) is assumed to be thin and described by δ (22). The
relations between the values of the functions Ff 2, Pf 2 and
their derivatives ∂rFf 2, ∂rPf 2 at the S/F interfaces r = R2 are
as follows:

dFf 2

dr
= κ̃Ln

R2
Ff 2 + 2δ

ξ f
Pf 2 , (25)

dPf 2

dr
= μ̃Ln

R2
Pf 2 − 2δ

ξ f
Re[Ff 2] , (26)

where

κ̃Ln ≡ κ̃Ln(φ2) = |L| − φ2

− 2φ2
aLn U ( aLn + 1, bL + 1, φ2 )

U ( aLn, bL, φ2 )
, (27)

μ̃Ln ≡ μ̃Ln(φ2) = |L| − φ2

− 2φ2
ar

Ln U
(

ar
Ln + 1, bL + 1, φ2

)
U

(
ar

Ln, bL, φ2
) , (28)

and φ2 = πR2
2H/�0 is the flux of the external magnetic field

enclosed in the cavity of radius R2 in units of �0.

C. Solution in thin superconducting shell: (R1 � r � R2)

In the absence of an exchange field, equations (14) and (15)
in the superconducting region R1 � r � R2 take the form

− h̄Ds

2
Q̂LFs + ωn Fs = �L , (29)

− h̄Ds

2
Q̂LPs + ωn Ps = 0 . (30)

Assuming that the parameter γ in the Kupriyanov-Lukichev
boundary conditions (5) is small enough (γ � 1), we can
neglect variations of Fs(r), Ps(r), and �L(r) in the thin S
shell for w � ξs, R1 (see Refs. [71,72] and review [73]).
Averaging Eqs. (29) and (30) over the thickness with the
boundary conditions (5) and relations (18), (19), (25), and (26)
to integrate the terms ∂r (r ∂rFs) and ∂r (r ∂rPs), we obtain the
following equations

(�̄n + νLn) Fs − ε Ps = �̄L , (31)

(�̄n + ηLn) Ps + ε Re[Fs] = 0 , (32)

where �̄n = �n/Tcs, �̄L = �L/Tcs,

�n = ωn + Ds

2

( L − φ1 )2

R2
1

, β = π γ

(w/ξs) (R1/ξ f )
,

νLn = νr
Ln + i ν i

Ln = β(κLn − κ̃Ln) ,

ηLn = β(μLn − μ̃Ln) , ε = 2βδ(R1 + R2)/ξ 2
f .
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Solution of the algebraic system (31) and (32) determines the
amplitudes f̄ s

L, f̄ z
L , f̄ x

L of the anomalous Green’s functions (5)
in superconductor for the orbital mode L:

f̄ s
L = �̄L

(
�̄n + νr

Ln

)
|�̄n + νLn|2 + ε2

(
�̄n + νr

Ln

)
/(�̄n + ηLn)

, (33)

f̄ z
L = −i ν i

Ln

�̄n + νr
Ln

f̄ s
L , f̄ x

L = −i ε

�̄n + ηLn
f̄ s
L . (34)

The solutions (33) and (34) describe the process of con-
verting short-range spin-singlet Cooper pairs into long-range
spin-triplet pairs (see Refs. [3,5,6] for details): A spin-single
singlet source f̄ s

L generates the f̄ z
L triplet component through

scattering at the SF interface. When the magnetization of
the system is textured such that the spin-quantization axis
varies spatially (δ �= 0), the effect of spin rotation comes into
play. As a result, the different spin-triplet components trans-
form into each other. Through this process even-frequency
singlet s-wave pairs convert to long-range odd-frequency
spin-polarized pairs f̄ x

L , where both electrons of a pair have
the same sign of spin projection. The leakage of long-range
odd-frequency pairs in the F region produces an additional
depairing effect which decreases the density of spin-singlet
Cooper pairs in the S shell. This effect becomes stronger as
the spin-activity parameter δ and the parameter γ grow.

Substituting solution (33) into Eq. (6) one obtains a self-
consistency equation for the critical temperature TL of the state
with a vorticity L:

ln
TL

Tcs
+ πTL

∑
ωn

(
1

ωn
− f̄ s

L

�L

)
= 0 . (35)

As usual, the critical temperature Tc of a superconductivity
nucleation in the S/F hybrid is determined by the maximal
value TL:

Tc = max
L

{TL} . (36)

IV. PROXIMITY INDUCED VORTEX STATES

We start our analysis for the case of zero external magnetic
field focusing on the effect of the S/F interface spin-activity
and long-range triplet generation on the phase transition line
Tc(R f ). The solution of Eqs. (14) and (15) for H = 0 in
the ferromagnet can be expressed via the modified Bessel
functions IL(ζ ) and KL(ζ ) of the order of L:

Ff 1(r) = ∑
ωn

F̄L(ωn) IL(knr)
IL(knR1) ,

r � R1 − wx,

Pf 1(r) = ∑
ωn

P̄L(ωn) IL(qnr)
IL(qnR1) ,

(37)

Ff 2(r) = ∑
ωn

F̄L(ωn) KL(knr)
KL(knR2) ,

r � R2 + wx,

Pf 1(r) = ∑
ωn

P̄L(ωn) KL(qnr)
KL(qnR2) ,

(38)

where F̄L = f̄ s
L + f̄ z

L, P̄L = −i f̄ x
L , qn =

ξ−1
n

√
Tc(2n + 1)/Tcs, k2

n = q2
n + 2i/ξ 2

f . Taking into account
the solutions (37) and (38) we obtain the following simplified
expressions for the parameters κLn (20), μLn (21), κ̃Ln (27),

μ̃Ln (28):

κLn = |L| + (knR1) IL+1(knR1)

IL(knR1)
,

μLn = |L| + (qnR1) IL+1(qnR1)

IL(qnR1)
,

κ̃Ln = |L| − (knR2) KL+1(knR2)

KL(knR2)
,

μ̃Ln = |L| − (qnR2) KL+1(qnR2)

KL(qnR2)
,

which have to be used in expressions to calculate the critical
temperature TL of the proximity induced state with a vor-
ticity L. Note that the states with angular momenta ±L are
degenerated for H = 0 and have the same critical temperature
T−L = TL.

For transparent SF interfaces (γb = 0), we consider the
case of a weak ferromagnet (ξs < ξ f ) with a small conduc-
tivity (σ f < σs) to avoid superconductivity destruction by the
proximity effect [74]. In Fig. 3 we show example dependen-
cies of Tc versus R1 for different values of δ characterizing
the spin activity of the S/F interface. We see that generation
of long-range triplet correlations in F metal produces an
additional depairing effect which results in an overall decrease
in Tc for arbitrary L. For a small F cylinder radius R1 < ξ f

only the state with L = 0 appears to be energetically favor-
able, while the TL of a vortex state with L � 1 is suppressed
because of a large orbital effect. The increase of the radius
R1 reduces the kinetic energy of supercurrents for a vortex
state. At the same time, the damped-oscillatory behavior of the
singlet Cooper pair wave function in a ferromagnet provokes
generation of states with a nonzero vorticity. This exchange
mechanism of switching between different vortex states exists
in the absence of a spin-flip scattering at the SF interface
[Fig. 3(a)] and works until the radius of the S shell does
not exceed considerably ξ f [45]. The destructive action of
the long-range proximity effect reduces the region of R1

where the vortex free state L = 0 dominates and provokes
the appearance of the states with nonzero orbital momentum
L �= 0. Note that for strong enough spin activity of the SF
interface, the Tc(R1) phase boundary exhibits quasiperiodic
oscillations as a function of the ring radius in the region
R1 � ξ f [see Figs. 3(c) and 3(d)]. In this case the influence
of damped-oscillatory behavior of the singlet f s

L and the short
triplet f z

L components of superconducting correlations is weak
and cannot provoke switching between the superconducting
states with different vorticities.

In Fig. 4 we have plotted the spatial dependence of f s
L

and f z,x
L components of the quasiclassical Green’s function

f̂ (2) for two different radia of the ring. One can see that
f s
L and short-range triplet f z

L decay and oscillate on the scale
ξ f while the long-range triplet component f x

L decays to zero
slowly. As a result, the triplet component f x

L dominates over a
considerable part of the S/F structure if R1 � ξ f . Long-range
odd-frequency superconducting correlations create paramag-
netic currents in the SF structure and favor the formation of
the “in-plane” FFLO phase with the gap potential modulated
along the SF interface [43]. In our case this FFLO-like phase is
revealed by the formation of the high vorticity states at large
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FIG. 3. Typical dependences of Tc on the internal radius R1 of the S ring in zero applied field (H = 0) for different values of δ = δ1 + δ2

characterizing the spin-activity of the S/F interface: (a) δ = 0; (b) δ = 0.25; (c) δ = 0.3; (d) δ = 0.35. The numbers near the curves denote
the corresponding vorticity L. The inserts show the zoom in the part of the curves in the rectangles. Here we choose w = 0.6 ξs; ξs/ξ f =
0.1; ξn/ξ f = 5; σ f /σs = 0.5 (γ = 0.05).

R1 radius—see Figs. 3(c) and 3(d). A hallmark of in-plane
FFLO instability is vanishing of the London magnetic field
penetration depth λ(r) averaged over the structure volume.

A. Effective magnetic field penetration depth

To calculate the London penetration depth λ(r) that ap-
pears in relation

j = c

4πλ2

(
h̄c

2e
∇φ − A

)
, (39)

between screening current density j and vector potential A, we
can use the expression for the k projection of the supercurrent

in terms of quasiclassical Usadel functions f̂ (r, ωn) defined
by the parametrization (2) [6]

jk
s, f = πTc

σs, f

e

∑
ωn

Im
[(

f s
s, f

)∗ ∇̃k f s
s, f − (

f t
s, f

)∗ ∇̃kf t
s, f

]
,

(40)
and the local London penetration depth

λ(r) =
{
λ f (r), r < R1, r > R2,

λs, R1 � r � R2,
(41)

FIG. 4. Spatial dependence of the components f s,z,x
L (vorticity L = 1) of the Green function f̂ (2) in zero applied field (H = 0) for different

values of the ring radius: (a) R1 = 2.2 ξ f ; (b) R1 = 10.0 ξ f and for different values of the parameters δ characterizing a spin activity of the S/F
interface: δ = 0 (dotted line); δ = 0.25 (dashed line); δ = 0.35 (solid line). The other parameters are the same as in Fig. 3.
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depends on the radius r and can be expressed via the ampli-
tudes F (r) and P(r) as follows:

λ−2
s, f (r) = 8π2TL

h̄c2

∑
ωn

σs, f
[

Re
[
F 2

s, f (r)
] − P2

s, f (r)
]
, (42)

where Fs = FL(ωn), Ps = PL(ωn), Ff (r) = Ff 1(r) (Ff 2(r))
and Pf (r) = Pf 1(r) (Pf 2(r)) for r � R1 (r � R2), respectively.
If triplet superconducting correlations dominate in a ferro-
magnetic region, the corresponding value of λ−2

f (r) becomes
negative, and the local screening current (40) is paramagnetic.
Note that penetration of odd-frequency pairs into the normal
metal results in the anomalous behavior of the impedance of
a spin-triplet superconductor-normal metal planar structures
[75] and reversal of direction of proximity induced supercur-
rents in the F layer induced by the Abrikosov vortex in SF
bilayer [76].

Although the negative contribution to the current prevails
over the positive one in a considerable part of the SF structure,
λ−2

s (r) > 0 in the thin S shell and λ−2
f (r) > 0 in ferromagnetic

layers ∼ξ f near the S/F boundaries, where the direction of
the screening current corresponds to the conventional diamag-
netic Meissner effect. A superconducting state remains stable
in the whole as long as the London penetration depth (42)
averaged over the cross section of the S/F structure

�−2 = 2π

S

∫ R∞

0

rdr

λ2(r)
, S = πR2

∞ (43)

is positive [43]. The external radius of the structure R∞ is
assumed to be large enough (R∞ � ξn) to neglect the effect of
the external boundary on the solutions (23),(24). Substituting
the solutions of the linearized Usadel equations (33), (34),
(37), and (38) into (42), we obtain the following expression
for the effective magnetic penetration depth �L of the orbital
mode L that the temperature T is close to the critical temper-
ature TL:

�−2
L = �−2

T

∑
ωn

{
Re

[
F̄ 2

L (ωn)

(
w

R1
+ σ f

σs
CL(kn)

)]

− P̄2
L (ωn)

(
w

R1
+ σ f

σs
CL(qn)

)}
, (44)

�−2
T = 16π3T σsR2

1

h̄c2 S
,

CL(q) = R2
2

R2
1

KL−1(qR2) KL+1(qR2)

2 K2
L (qR2)

− IL−1(qR1) IL+1(qR1)

2 I2
L (qR1)

− w

R1
.

In the case of a second-order phase transition at T = TL

from the superconducting to the normal state, the order param-
eter �L disappears (�L, F̄s, P̄s → 0), and effective penetra-
tion depth (44) diverges (�L → ∞). At T < TL, the structure
of the superconducting order parameter corresponding to the

FIG. 5. Typical dependences of the effective penetration depth � the internal radius R1 of the S ring in zero applied field (H = 0) for
different values of the parameters δ characterizing a spin activity of the S/F interface: (a) δ = 0; (b) δ = 0.25; (c) δ = 0.3; (d) δ = 0.35. The
numbers near the curves denote the corresponding values of vorticity L. The insets show the zoom in the part of the curves in the rectangles.
The other parameters are the same as in Fig. 3.
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FIG. 6. The dependences of the critical temperature Tc on the
external magnetic field H for different values of the parameter δ

characterizing a spin activity of the S/F interface: δ = 0 (dotted line);
δ = 0.25 (dashed line); δ = 0.35 (solid line). The radius of the ring
R1 = 2.2 ξ f . The magnetic field H is measured in the units of the
magnetic flux φ1 enclosed in the F core. The other parameters are the
same as in Fig. 3.

free energy minimum may differ from (7), and the equilibrium
value of �L in the S/F cylinder must be determined with the
help of complete nonlinear Usadel equations without using the
linear approximation (3) and (4). Therefore, expression (44)
establishes only the relation between superconducting order
parameter �L and the effective magnetic field penetration
depth �L in the S/F structure for L orbital mode at a temper-
ature T close to superconducting transition temperature TL.

Figure 5 shows the typical dependence of the effective
penetration depth � on R1 for different values of δ. One
can easily see that switching between different orbital modes
L � L + 1 (see Fig. 3) is accompanied by jumps in �/�T

due to qualitative changes in the radial structure and symmetry
of the pair wave functions and the singlet/triplet correlations
distributions in the S/F structure [59]. Such abrupt changes
of screening properties of S/F cylinder due to orbital modes
switchings look similar to the 0 − π transition in S/F/S
trilayer [77–79]. Negative values of � correspond to the
total paramagnetic response of the hybrid structure. Here we
neglect the possibility of LOFF modulation along the S/F
cylinder axis assuming that the homogeneous in z state exists
in the planar hybrid structure under consideration (see Fig. 1).
The effect of an in-axis LOFF instability on screening prop-
erties of a thin-walled superconducting cylinder filled with
a ferromagnetic metal was studied in Ref. [59]. In contrast
to switching of orbital modes L � L + 1, the appearance of
LOFF modulation along the z axis is not accompanied by
abrupt changes in the screening properties of the S/F cylinder
and results in the restoration of the diamagnetic response of
the hybrid structure. For layered S/F structures a similar effect
was first analyzed in Ref. [43].

V. LITTLE-PARKS OSCILLATIONS

Now we proceed with calculations of Tc on external mag-
netic field H applied along the z axis. Figures 6 and 7 show
examples of dependency of Tc on the external magnetic flux
φ1 = πR2

1H/�0 for different values of δ. The phase boundary
exhibits Little-Parks oscillations due to transitions between

FIG. 7. The dependences of the critical temperature Tc (solid line) and the vorticity L (dashed line) on the external magnetic field H for
different values of the parameter δ characterizing the spin activity of the S/F interface: (a) δ = 0; (b) δ = 0.25; (c) δ = 0.3; (d) δ = 0.35. The
insets show the dependence �Tc(φ1) = Tc(φ1) − (c1φ1 + c0 ) (the functions c1φ1 + c0 are shown by the dash-dotted line). The internal radius
of the ring R1 = 10ξ f . The magnetic field H is measured in the units of the magnetic flux φ f enclosed in F core. The other parameters are the
same as in Fig. 3.
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the states with different angular momenta L � L ± 1 of the
superconducting order parameter. For R1 ∼ ξ f , the Tc(H )
phase boundary exhibits quasiperiodic oscillations versus H
(Fig. 6). One can observe a shift of the main Tc maximum
toward nonzero H . The main maximum of Tc corresponds
to the minima of both the orbital and exchange effects of
superconductivity destruction. Since for chosen parameters of
the S/F structure the exchange part of the depairing effect
is minimal and the corresponding Tc is maximal for a state
with a nonzero vorticity L, the orbital effect is canceled at
φ1 ≈ L �= 0. Thus, the main Tc maximum shifts to a certain
nonzero φ1 value [53]. Generation of long triplet correlations
in F metal produces an additional depairing effect which
results in a total decrease in the critical temperature Tc and a
reduction of the interval of magnetic field in which magnetism
and superconductivity coexist.

Figure 7 shows the LP quasiperiodic oscillations of Tc

versus φ1 for R1 � ξ f and for different values of δ. One
can observe a noticeable modification of the Tc(φ1) phase
boundary when triplet superconducting correlations dominate
in ferromagnetic regions [see panels (c) and (d) in Fig. 7]—
the LP oscillations are destroyed for small values of the
magnetic flux. To manifest this effect the insets in Fig. 7 show
the dependence �Tc(φ1) = Tc(φ1) − (c1 φ1 + c0) where the
constants c0,1 are chosen to compensate monotonic growth
of Tc with increasing of the magnetic flux. One can see that
for δ = 0.3 and δ = 0.35 the curves �Tc(φ1) show the Little-
Parks oscillations if the magnetic flux φ1 is large enough:
φ1 � φ∗

1 , and the oscillations are destroyed for smaller values
magnetic flux φ1. The value of cutoff parameter φ∗

1 grows with
increasing the spin-active constant δ. Note that the amplitude
of LP oscillations �Tc for φ1 � φ∗

1 does not depend on a value
of the spin-active constant δ.

VI. SUMMARY

We have analyzed switching between superconducting
states with different vorticities caused by the exchange field in
multiply connected S/F hybrids associated with generation of
odd-frequency spin-triplet correlations near the S/F interface.

As an example, we have considered mesoscopic thin-walled
superconducting cylindrical shell embedded in ferromagnetic
metal. A good electrical contact and the spin-active S/F
interface between the S and F metals are assumed to assure
a rather strong long ranged proximity effect. We suggest
a mechanism of switching between superconducting states
with different vorticities caused by prevalence of spin-triplet
pairs in a considerable part of the S/F structure. The spin-
active interface favors the emergence of the states with high
vorticity L > 1. The screening properties of the mesoscopic
S/F structure with a multiply connected geometry have been
analyzed. The presence of spin-triplet superconducting cor-
relations results in suppression of a diamagnetic response
so that the effective magnetic field penetration depth �−2

can take a negative value indicating a paramagnetic Meissner
effect. The observation of a paramagnetic response in the
S/F setup of Fig. 1(a) would provide clear evidence of the
long-ranged odd-frequency triplet correlations. The behavior
of the Little-Parks oscillations of the critical temperature Tc on
an external magnetic flux φ1 threading the ring was analyzed.
The interplay between the orbital and exchange effects results
in breaking of the periodicity of Tc(φ1) dependence and a slow
modulation of the amplitude of the quasiperiodic oscillations.
The Little-Parks oscillations are shown to be destroyed in the
region of small values of the magnetic flux threading the ring
if a spin activity of S/F interface is strong enough so that the
spin-triplet pairs prevail in the multiply connected hybrid.
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