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Semiclassical quantization rules compactly describe the energy dispersion of Landau levels, and are predictive
of quantum oscillations in transport and thermodynamic quantities. Such rules—as formulated by Onsager,
Lifshitz, and Roth—apply when the spin-orbit interaction dominates over the Zeeman interaction (or vice
versa), but do not generally apply when the two interactions are comparable in strength. In this work, we
present a generalized quantization rule which treats the spin-orbit and Zeeman interactions on equal footing,
and therefore has wider applicability to spin-orbit-coupled materials lacking a spatial-inversion center, or having
magnetic order. More generally, our rule describes the Landau quantization of any number of nearly degenerate
energy bands, in any symmetry class. The resultant Landau level spectrum is generically nonequidistant but may
contain spin (or pseudospin) degeneracies. To tune to such degeneracies in the absence of crystalline point-group
symmetries, three real parameters are needed. We have exhaustively identified all symmetry classes of cyclotron
orbits for which this number is reduced from three, thus establishing symmetry-enforced “noncrossing rules” for
Landau levels. In particular, only one parameter is needed in the presence of spatial rotation or inversion; this
single parameter may be the magnitude or orientation of the field. Signatures of single-parameter tunability
include (i) a smooth crossover between period-doubled and period-undoubled quantum oscillations in the
low-temperature Shubnikov—de Haas effect, as well as (ii) “magic-angle” magnetoresistance oscillations. We
demonstrate the utility of our quantization rule, as well as the tunability of Landau level degeneracies, for the

Rashba-Dresselhaus two-dimensional electron gas, subject to an arbitrarily oriented magnetic field.

DOI: 10.1103/PhysRevB.100.014442

I. INTRODUCTION

In the semiclassical theory of a Bloch electron in a mag-
netic field, quantization rules not only serve as a compact
description of the energy dispersion of Landau levels; they
also form the basis for a quantitative theory of quantum
oscillations in transport [1] and thermodynamic [2] quantities.
The original formulation of the rule—by Onsager [3] and Lif-
shitz [4,5]—neglects the effect of spin-orbit coupling. While
subsequent generalizations [6—12] account for the spin-orbit
effect, such quantization rules apply only when the spin-orbit
splitting of energy bands is much stronger (or much weaker)
than the Zeeman interaction.

A quantization rule that treats the spin-orbit and Zeeman
interactions on equal footing has yet to be formulated. Such
a rule would be especially relevant to spin-orbit-coupled ma-
terials lacking a spatial-inversion center, or having magnetic
order. The energy bands of these materials carry a spin-half
degree of freedom, and the spin degeneracy of energy bands is
weakly lifted by spin-orbit coupling or magnetic ordering. A
prototypical example is given by a two-dimensional electron
gas (2DEG) with Rashba spin-orbit coupling:
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Given a magnetic field in the —z direction and focusing on en-
ergies much greater than ma?, the cyclotron orbits [illustrated
in Fig. 1(a)] are split in k space with a differential area §S that
is much less than their average area S [13]:

2 2mE
8S =4mmakg /h K S =mky, kg = P 2)

S is equivalently the area of the constant-energy contour in the
absence of spin-orbit coupling (¢ = 0).

Our work presents a generalized rule to describe the
Landau quantization of nearly degenerate energy bands, of
which spin-orbit-split bands are but one example. The near-
degeneracy condition means that the ratio of differential to
average area is small: |§S/S| < 1. Our proposed rule relies
also on a second condition—that § is much larger than the
inverse square of the magnetic length [ = \/ii/eB; this is
the standard semiclassical condition in the Onsager-Lifshitz-
Roth theory. By treating both |8S/S| and 1/1%|S| as small
parameters with finite ratio 12|85, our perspective diverges
from and generalizes single-parameter semiclassical theories
[6,8-11,14-17].

The parameter /?|8S| is a field-dependent, dimensionless
measure of the spin-orbit splitting of energy bands. Where
12|8S| is much greater than the interband magnetic moment
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FIG. 1. (a) Solid (resp., dashed) lines illustrate the band dis-
persion of an electron gas with (resp., without) Rashba spin-orbit
coupling. The oriented circles illustrate the spin-orbit-split orbits for
a magnetic field pointing in the —z direction. (b) The zeroth-order
orbit 0y is indicated by a dashed circle with area S; 8S is the
differential area between two spin-orbit-split orbits. The spin texture
is indicated by purple arrows.

of wave packets [7] (in units of the effective Bohr magneton),
the Onsager-Lifshitz-Roth quantization rules apply indepen-
dently to two concentric (but decoupled) orbits. The wave
packet’s magnetic moment is the generalization of the mag-
netic moment of electron spin; it further accounts for the
orbital moment [18], as well as the effect of Berry curvature.
Where [?|8S| is much less than the dimensionless magnetic
moment, the spin-orbit splitting of energies is negligible,
and we may then apply the known quantization rule for
exactly degenerate bands [6—10]. Our unifying rule provides
the smooth interpolation between the regimes of small and
large /2|8S|. Equivalently stated, we have extended the ap-
plicability of quantization rules to the intermediate regime
where the generalized Zeeman interaction (with the wave
packet’s magnetic moment) is comparable with the spin-orbit
interaction. This extension allows us to formulate semiclassi-
cal quantization rules for spin-orbit-coupled materials in any
symmetry class—with or without spatial-inversion symmetry,
with or without time-reversal symmetry. The unifying rule is
presented in Sec. II for nearly degenerate bands with a spin-

half (or pseudospin-half) degree of freedom. As elaborated
in Appendix A, the most general formulation of our rule is
applicable to any number of nearly degenerate bands of any
symmetry.

In Sec. IIT A, we demonstrate the utility of this rule for
the Rashba-Dresselhaus 2DEG with an arbitrarily oriented
magnetic field. A sufficiently strong in-plane field not only
moves the Dirac point but tilts the Dirac cone over—into a
type-1I [19-21] Dirac point. In Sec. III B, we investigate the
Landau-Zener tunneling dynamics that occur in the vicinity
of a II Dirac point; in particular, we will demonstrate that our
quantization rule can account for quantum tunneling between
nearly degenerate bands, a phenomenon known as interband
breakdown [10,22-24]. We will also critically evaluate a
recent claim [25] of perfect Klein tunneling at the energy of
the Dirac point; we find that such tunneling is never perfect
with a proper account of the Zeeman interaction.

Section IV applies our quantization rule to determine how
many real parameters are needed to tune to a pseudospin-half
degeneracy in the Landau level spectrum. This degeneracy
may be exact if Landau-quantized wave functions transform in
different unitary representations of a spatial symmetry; absent
such a symmetry, it is still possible for the repulsion between
two Landau levels to be anomalously weak; this notion of a
Landau level quasidegeneracy is formulated in Sec. IV A. In
close analogy with the Wigner—von Neumann ‘“‘noncrossing
rule” in quantum mechanics [26], we find that three tunable
parameters are needed to attain a Landau level quasidegener-
acy, in the absence of crystalline point-group symmetries (cf.
Sec. IVB). We have further determined symmetric variants
of the Landau level “noncrossing rule” for any spacetime
symmetry that occurs in crystalline solids; our results are
summarized in Tables I and II. In particular, we highlight that
in the presence of a spatial rotation or inversion symmetry,
only a single tunable parameter is needed to attain a Landau
level quasidegeneracy (cf. Sec. IV C 1); this single parameter
may be the magnitude or orientation of the field, or the Landau
level index itself.

In Sec. VB, we propose a signature of single-parameter
tunability in the low-temperature Shubnikov—de Haas ef-
fect [1]: a smooth crossover between period-doubled and

TABLE I. Symmetry-constrained codimensions for nearly degenerate orbits, which fall into five symmetry classes (as numbered in the fifth
column). This table is also applicable to exactly degenerate orbits, which fall into ten symmetry classes—five here, and five in Table II. The first
and second columns define how the symmetry acts on the cyclotron orbit. The next two columns inform us of whether the mapping k — gok [cf.
Eq. (46)] preserves (u = 0) or inverts (# = 1) the orientation of the orbit, and whether g preserves (s = 0) or inverts (s = 1) the arrow of time.
The sixth column specifies additional conditions—on the representation of g—which must be imposed to uniquely determine the codimension.
Zis defined as the diagonalized, unitary matrix representation of g in the degenerate subspace of Hy. For the reader’s convenience, we present
some commonly encountered matrix representations for exactly degenerate orbits in Table III. The last column lists the symmetry-constrained

codimensions (cf. Sec. IV B).

Action on orbit Action on k u Class label g Codimension
_ X gl 3
Vk € 09, g0k =k 0 I-1 oy |
|goog] = |og] 0 1I-1 1
Jk €o0g,gok £k | 12 §2=1 2
g=-1 0
0 III-1 3
lg o 00l # [0o] 1 112 3
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TABLE II. Symmetry-constrained codimensions for five of ten symmetry classes of exactly degenerate orbits; the other five are described
in Table I. We employ the same notations as in the caption of Table I. In class II-4, g is evaluated at g-invariant k (g o k = k). For exactly
degenerate orbits in classes I-2, II-3, and II-4, the two-by-two matrix propagator .4 has unit determinant, assuming that spin-orbit coupling can
be turned off continuously without changing the degeneracy of the orbit [9].

Action on orbit Action on k u s Class label g Codimension

_ £=1 1

Vk €0y, gok =k 0 1 1-2 £ o1 3

lg o 0] = |00 0 1 -3 1

dk cog,gok#k 1 0 114 ércxaz 2

gx o, 0

0 1 1I1-3 3

Ig 0 00| # [00] 1 0 1114 3
period-undoubled quantum oscillations. For a harmonic anal- on closed orbits which do not wrap noncontractibly around

ysis of quantum oscillations, we present in Sec. V A a gener- the Brillouin torus.

alized Lifshitz-Kosevich formula that inputs our quantization The quantization rule for Landau levels reflects the single-
rule and outputs harmonics. In particular, we show that de- valuedness of the semiclassical (WKB) wave function [28]

structive interference of the fundamental harmonic is always over 0g; i.e., the phase accumulated by an electron (over one
tunable by a single parameter, leading to a beating pattern in  cyclotron period T,) is an integer multiple of 27r: [[2S(E) +
the high-temperature quantum oscillations; the beating nodes y1/2m € Z. The leading-order phase is the classical action
recur aperiodically in 1/B, due to a competition between 2§ .= —2 fOT" kekydt; S has a dual interpretation as the signed
spin-orbit splitting and the Zeeman interaction. area (positive for electron-like orbits) in k space enclosed by

We conclude in Sec. VI by summarizing the technical 00, as illustrated in Fig. 1(b). y is a subleading Maslov correc-
results of this work, highlighting certain key equations, and  tion [29] that generally equals 7 times the rotation number r

presenting an outlook for future investigations. of 0g (i.e., the number of rotations made by the tangent vector
over one cycle) [10]; for orbits that are deformable to a circle,
II. QUANTIZATION RULE r= +1. In the ze?,roth-order solption, all Landau levels are
spin degenerate with a level spacing
Let us heuristically argue for the form of such a rule; 5
a more pedagogical and rigorous approach is elaborated in e = 27 o h_ o ﬁ 3)
Appendix A. We consider independent electrons described (at CTUI219S/0E] T mir T T,

zero field) by a translation-invariant Hamiltonian: Hy + 8H.
This decomposition is such that energy bands of H are D-fold
degenerate at every crystal wave vector k, while H is a weak
perturbation that lifts this degeneracy at generic k. For concep-
tual simplicity, we focus on D = 2 spin degeneracy, and post-
pone the general formulation for D > 2 to Appendix A. Hj is
commonly exemplified by the Schrodinger Hamiltonian, and
8H by a noncentrosymmetric spin-orbit interaction; alterna-
tively, Hy may be a centrosymmetric Pauli Hamiltonian (with PPS(E)+ A(E,B)+y =2nn, nelZ,a=12. (4
spin-orbit coupling), while §H describes a lattice deformation
that breaks the spatial-inversion symmetry.

Let us apply a magnetic field, and first consider the spin-
degenerate Landau levels obtained by neglecting both §H
and the Zeeman splitting. In the semiclassical description,
we are interested in field-induced dynamics within a low-
energy degenerate band of H, with dispersion &(k), e.g.,
e(k) = h*k?/2m + O(k*) in the Rashba model. Landau quan- i [T
tization is well known to derive from the Peierls substitution A= WPI:—E / H(k(2))dt :| 5
e(k) — e(k) [27], with the kinematic quasimomentum oper- 0
ator k :=k + (¢/h)A(iVy) and A(r) being the electromag- with k(¢) € 0¢ a periodic function determined by the semiclas-
netic vector potential. Assuming that the field is aligned in sical equation of motion. H has the two-by-two matrix form:
the —z direction, [K,, K] = il ~2. The semiclassical solution s,
corresponds to cyclotron revolutions of an electron around a H =d¢e+ B<Mz - gx,U«B; + eeupXp va) =8¢ + BM;
constant-energy contour of &(k) [see Fig. 1(b)]; this contour, ©6)
equipped with an orientation given by the equation of motion
(hdky/dt =1 ’2ea,3 d¢/0kg, with €, = —e€,, = 1), shall be re- d¢ is the projection of 8H to the degenerate band subspace of
ferred as the zeroth-order orbit 0y. In this work, we focus only ~ Hp. 8¢ is assumed to be traceless; this property is guaranteed

Here, ¢, and T, are respectively the cyclotron energy and
period of the zeroth-order orbit, and m is the effective mass.
Henceforth, “degeneracy of Landau levels” should be under-
stood as a spin degeneracy.

To first order, 8H and the Zeeman interaction induce a
subleading phase offset (A,) which generically differs for the
two orthogonal spinor states (labeled a = 1, 2):

This implies that the spin degeneracy of Landau levels is split
by approximately e.|A; — A,|/27. The phase offsets A, can be
viewed as Floquet quasienergies [30] of a time-periodic, effec-
tive Hamiltonian () that governs the dynamics of the spinor
wave function. A, is obtained from eigenvalues {e™*« }Zzl of a
time-evolution propagator: the time-ordered exponential
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if 8H represents a spin-orbit-coupling term that breaks the
spin SU(2) symmetry of Hy [31]; more generally, one may
always absorb the traceful part (of the projection of 8H)
into the definition of e(k). In the basis of energy-split bands
(which we label by + and — for bands corresponding to the
outer and inner orbit, respectively), d¢ is a diagonal matrix
whose diagonal entries (8¢, §e— = —§¢e,) are related to the
hybridization parameter [32]:

T dt
— / (86, — 8e_)— ~ [%88. (7
0 hi

The remaining terms in Eq. (6) describe a generalized Zee-
man interaction BM which is the first-order-in-B correction to
the Peierls-Onsager Hamiltonian (k) [6,14,15]. Included in
this interaction is the Zeeman coupling to the spin (gsups. /7,
with up = efi/2my) and orbital (M,) magnetic moment [33]
of the nearly degenerate band; the latter is expressible in
terms of matrix elements of the velocity operator II,, =
(Y| [Ho, #1117,) /i between Bloch wave functions v/,

. /
ieh Z l_[x,m[ l_[_v,ln - Hy,ml Hx,ln

| €m — €]
Here, the summation in / does not include the two nearly
degenerate bands. There is finally a geometric contribution to
the Zeeman interaction, which involves the two-by-two non-
Abelian Berry connection [34,35] as well as the zeroth-order
band velocity:

. 1 de
%ﬁ,mn = l<um|aun/akﬂ>v Vo -

=a O

with {u,x}2_, the cell-periodic component of Bloch functions
{I/Ink}izl .

Equations (4)—(9) allow us to determine A; » to the lowest
order in 1//%|S| and |8S5/S|, and for arbitrary finite values
of [2|6S| and |BM|/8sx. The rigorous derivation of this
quantization rule is presented in Appendix A. We remark that
the quantization rule is invariant under basis transformations
within the nearly degenerate band subspace (see Appendix A).
In subsequent case studies, it may be analytically convenient
to adopt a k-independent basis for H, if such a basis exists;
the non-Abelian Berry connection—defined with respect to
this basis—vanishes.

A. Recovering the Onsager-Lifshitz-Roth quantization
rules in two limits

It is useful to compare §¢ with BM in the basis of
energy-split bands (labeled +): in the two regimes where
one dominates over the other, Egs. (4)—(9) reduce to the
known Onsager-Lifshitz-Roth rules for (i) two independent,
nondegenerate orbits, and (ii) degenerate orbits.

@) If |6e; — 8e_| is everywhere (along 0p) much greater
than B|M__|, then an electron would undergo adiabatic
(band-conserving) dynamics [36] along two independent,
nondegenerate orbits. Such an adiabatic regime always exists
as B — 0 for nearly degenerate orbits that do not intersect.
(Such intersection occurs, e.g., at a type-1I Dirac point, which
is the subject of the case studies in Secs. III B and IV D.) By
neglecting BM . _ in favor of intraband elements, A reduces

to a diagonal matrix with diagonal entries (e”+) given by

I dt 1

T dt
Ay = — — =+-[1’8S—B —. (10
. Has' =45 fOMﬁh (10)

0
Equation (4), combined with Eq. (10), may be identified as
the Onsager-Lifshitz rule [3-5] for two independent, nonde-
generate orbits of areas S 4S5, and with subleading phase
corrections that were first identified by Roth [7,37]. With the
perturbative inclusion of BM _, A [cf. Eq. (10)] would then
be expressible as a Laurent series in B, with a leading term
proportional to 1/B; this will be confirmed in a subsequent
case study [cf. Eq. (13)] and applied to understand beatings in
quantum-oscillatory phenomena (cf. Sec. V).

(ii) Let us consider the opposite regime where the Zee-
man splitting due to BM is much greater than (e — de_).
Equations (4)—(9), with H{ ~ BM, may then be identified with
the quantization rule (formulated previously by us [9,10]) for
degenerate orbits of any symmetry [38].

The quantization rule, as summarized by Egs. (4)-(9), is
the technical accomplishment of this work; the remainder of
this work is focused on unpacking its physical implications.
We will first demonstrate the utility of our rule in case studies
where the adiabatic approximation is invalid and §e competes
with BM. There are two conceptually different ways in which
the adiabatic approximation may fail: (i) If the spin-split orbits
are symmetric under continuous rotations (as they are for
the Rashba 2DEG), then adiabaticity may be lost over the
entire orbit (cf. Sec. III A). (ii) For asymmetric spin-split
orbits, adiabaticity may be lost in the vicinity of a single
isolated point, where orbits intersect at a type-II Dirac point
(cf. Sec. IIIB). In Sec. IV, we investigate how many real
parameters are required to tune A; = A, (mod 2m), which
would imply a (near) degeneracy of Landau levels.

III. CASE STUDY: RASHBA 2DEG WITH ARBITRARILY
ORIENTED FIELDS

A. Rashba 2DEG with an out-of-plane field

In this section, we apply our rule to the Landau levels of the
Rashba model [cf. Eq. (1)], for which continuous rotational
symmetry exists in the presence of an out-of-plane field.
In such case, analytic, closed-form solutions [39] exist for
verification of our rule.

For simplicity, we assume that the Pauli matrices in Eq. (1)
correspond to spin: s; = fio;/2. Let us evaluate the effective
Hamiltonian H(k) along the cyclotron trajectory oy with
radius k. In the energy basis of the Rashba Hamiltonian Hpg
[ef. Eq. (D],

Hk) = —hakt, + %MBBrX — 1sB(Ty — Deagka V 50,
(1D

where 7; are a new set of Pauli matrices with t, = 41 and
—1 corresponding to the outer and inner orbits, respectively.
e = (ik, — ky)/k is the angle of the in-plane spin-splitting
field (—hak,, hak,, 0) of Hg [cf. Eq. (1)], which winds once
over 0¢; the spin of our basis vectors likewise winds, in par-
allel (or antiparallel) alignment with this field [see Fig. 1(b)].
Terms proportional to the rate of spin rotation (V6) originate
from the non-Abelian Berry connection. The first term of H
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corresponds to the spin-orbit-induced splitting of the energy-
degenerate bands; the remaining terms may be interpreted as
B-induced deformations of the bands. The orbital moment
term BM,, which generally couples the two-band subspace (of
interest) to all other bands, is absorbed into the Zeeman spin
interaction with a phenomenological g factor g,, [40]. It is
well known that the Zeeman term tends to polarize spin in
the direction of B; remarkably, the non-Abelian Berry term
also has a polarizing effect, but with opposite sign. These two
effects completely cancel for free electrons (with g;; = 2 and
m equal to the free-electron mass my), but not generically in
band systems.

Due to the continuous rotational symmetry of Hg, V6 has
magnitude 1/k and lies tangential to oy; consequently, H is
constant along o, the propagator simplifies to A = ¢~ /t%/h
without time ordering, and the phase corrections to the quan-
tization rule are simply the eigenvalues of 7 multiplied by 7:

Ay = £1V/(1288)2 + m2(gim/mo — 2)* + 7. (12)

This is a function of the differential area §S [cf. Eq. (2)] and
the effective mass m. The stand-alone m term is the single-
band Berry phase associated to the winding of 6, by £2x. The
two quantities under the square root originate from the spin-
orbit energy splitting §¢ and the interband matrix elements of
BM (in the basis of zero-field bands).

Near the adiabatic regime, 1288 > T|gsim/my — 2|, we
may expand Eq. (12) as a Laurent series in B:

188 7% (gsam/my — 2)* 5

Ar == 2 +71:|:4 1255 4+ O0(B~). (13)
Equation (4), combined with the first two terms on the right-
hand side of Eq. (13), may alternatively be derived from the
standard Onsager-Lifshitz rules for two independent orbits,
with a common 7 Berry-phase correction for each orbit
[41]. Higher-order terms in Eq. (13) reflect the field-induced
hybridization of the spin-orbit-split orbits. In particular, the
linear-in-B term is related [11] to the single-band magnetic
susceptibility x4 as (w/iB/e)d x+/dE; this identification has
been made by Gao et al. [11], as well as Fuchs et al. [12].
Equation (13) has been partially obtained by by Mineev and
Samokhin for the Rashba model [42]; he missed the second
term in (g, m/mo — 2) [cf. Eq. (13)], due to his neglect of the
interband Berry connection.

In the strong-hybridization regime [[?8S < 7 (gs1m/my —
2)] where adiabaticity is lost, AL &~ *mw g, m/2my mod 27,
which corresponds to the Zeeman splitting of Landau levels
by gsupB, in the absence of the spin-orbit interaction.

Our quantization rule [Eq. (4) with Eq. (12)] may be
compared with the exact Landau level spectrum of the Peierls-
substituted Hamiltonian Hg(k) (plus the Zeeman coupling to
spin). The exact levels [39] are given implicitly by

125 12885 8S
ng=—+ ——
2w 167 S

1 |/1285 8S\* gsim 2

+— /[—— 12682 + 2 22— -2,

4 (1671 S) + )+”(mo )

(14)

with the functional forms of §S(E) and S(E) provided in
Eq. (2); ny > 1 and n_ > 0 here are integer-valued labels for
two distinct sets of levels. In the near-degenerate (5§S/S < 1)
and semiclassical (1//2S « 1) regime, with finite 125S, the
two terms in Eq. (14) involving 6S/S may be neglected, and
Eq. (14) reduces to our quantization rule with Ay given by
Eq. (12).

With the further inclusion of the Dresselhaus spin-orbit
interaction in Eq. (1), no closed-form analytic solution (of the
Landau levels) is known. We may anyway verify the validity
of our approximation scheme, by comparison with the Landau
levels obtained from numerical exact diagonalization; this is
carried out in Appendix B.

B. Case study of breakdown: Rashba 2DEG with tilted field

Our next case study involves orbits that (nearly) touch
at a type-II Dirac point [19,20], an asymmetric variant of
the conventional Dirac point (as will be introduced below).
Quantum tunneling localized to a type-II Dirac point (in short,
a I Dirac point) is known to be mathematically equivalent to
Landau-Zener breakdown, with the electric force replaced by
the Lorentz force [24,25,43]. Here, we will demonstrate how
Landau-Zener dynamics emerge from our quantization rule
[Egs. (4)—(6)] and explore how these dynamics are modified
by the Zeeman effect. In particular, we will show that the
perfect Klein tunneling predicted by O’Brien et al. [25] is
never perfect with a proper account of the Zeeman effect.

We begin again with the Rashba model [cf. Eq. (1)] of a
rotationally symmetric Dirac cone. To convert this Dirac point
to its asymmetric variant, let us introduce a Zeeman coupling
to an in-plane magnetic field B (parallel to the 4y direction):

Hpz = —— + 8¢, &¢ =d,o, +dy0,,
" )

(d,, dv) L= (—h()lky, hak, + ZH), Z” = gsHHBB||/2~ (15)

While this field breaks both time-reversal (7') and twofold
rotational (c¢;) symmetries, the composition ¢, 7 is preserved
as o Hp,(k)o, = Hgz(k), which constrains spin to lie in-
plane at each k. In this symmetry class, Dirac nodes are
irremovable but movable in two-dimensional k space. The
in-plane Zeeman field has the dual effect of moving the Dirac
node to the position

_ Zr - 7?2

k= _h_l’ k=0, €= szZ, (16)
and tilting the Dirac cone. To observe this tilt, consider the
linearized Hamiltonian in the vicinity of this node:

z
H= ha[(o\, - —2)5kx - oxak}} + €. (17)
° mo

When |Z| > |ma?|, the Dirac cone tilts over in the x direc-
tion, leading to a Lifshitz transition of the constant-energy
band contours, from circular to hyperbolic (in the linearized
approximation), as illustrated in Fig. 2(a). An overtilted Dirac
cone shall be referred to as type II. Our case study of a II
Dirac point connects two electron-like pockets [cf. Figs. 2(a)
and 2(b)], and differs from previous case studies [24,25] that
connect an electron- and hole-like pocket.
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1/B(1/T)

FIG. 2. Panel (a) illustrates the cyclotron orbits of the Rashba
2DEG in a tilted magnetic field. The inset illustrates an enlarged
view of near the II Dirac point. Panel (b) illustrates the cyclotron
orbit at the energy of the II Dirac point; a Klein-tunneling electron
will follow a trajectory that resembles the edge of a Mobius strip. The
orbit is drawn over the spin-splitting field (d., d,) of the degeneracy-
lifting Hamiltonian 8¢ [cf. Eq. (15)]. The wave function along the
inner (resp., outer) component of the Mo&bius strip orbit has its
pseudospin aligned parallel (resp., antiparallel) to the spin-splitting
field. Panel (c) schematically illustrates Landau levels near the II
Dirac point (in the weak-hybridization regime). The dashed line
represents the Onsager-Lifshitz-Roth quantization of the Mobius
strip orbit [cf. Eq. (24)], and the solid line incorporates the first-order
correction [cf. Eq. (25)] due to tunneling. (d) The black solid line
is the plot of 8F, [cf. Eq. (25)], which is the energetic correction
due to deviations from perfect Klein tunneling; for comparison, the
red dashed line shows the numerically exact deviations obtained
from exact diagonalization. This comparison is made for the Landau
levels closest to 0.45 eV and with even Landau level index n; for
the parameters we have chosen (m = 0.076mg, & = 1.5 x 10° cm/s,
Z; = 1meV, and g, = 2), the II Dirac point lies at 0.5 eV.

In addition to the in-plane field, let us also apply an
out-of-plane field B, , with associated magnetic length [, =
VhJeB_, cyclotron energy e := h*/mi? := hot = h/T*,
and Zeeman coupling to the spin magnetic moment: Z; :=
gs1mpB1 /2. We shall assume l/lJz_S < 1, where S is the area
of the zeroth-order orbit (with effective mass m and radius
ke = ~/2mE /h). The near-degeneracy condition (8S/S < 1)
is met for E > ma?, Z) [44]; here, S means the differential
area induced by both spin-orbit and in-plane Zeeman cou-
plings [see Fig. 2(b)]. The smallness of 1//2 S and 8S/S (with
finite ratio /2 8S) justifies our application of the quantization
rule [Egs. (4)—(6)], with the effective Hamiltonian

H(t) = ha(koy — kyox) +Zjoy, —Z, 0. (18)

Here, ¢ is a time variable which parametrizes the zeroth-order
orbit: k(t) = (—kg cosw}t, kg sinwlt). In the momentum-
independent spin basis of Eq. (18), the non-Abelian Berry
connection X [in Eq. (6)] vanishes; hence the generalized
Zeeman interaction B; M simply reduces to the Zeeman
coupling to the spin moment: Z, o,.

As alluded to in Sec. II, the adiabatic limit of two inde-
pendent orbits does not exist if the two spin-orbit-split orbits
exactly intersect at a II Dirac point. To investigate this failure
of adiabaticity, let us study the Landau levels at energies
close to the II Dirac point (¢p). We focus first on the regime
where, on average (over 0p), the energy splitting |§e; — Se_|
[cf. Eq. (15)] is much greater than B, | M _|. Equivalently,
we are in the regime where hakg > scL [45]. This implies
that the split orbits do not appreciably hybridize, except in
the vicinity of the II Dirac point where orbits (nearly) touch.
Near this touching point (where r = 0), the dynamics of a
spinor electron is described by linearizing H [cf. Eq. (18)]
with respect to ¢:

H = —hakgw:t oy + (Z) — hakg)oy, — Z, 0. (19)

The eigenbasis of o, corresponds to two diabatic levels with
characteristic slope vy := hakEa)j-; near ¢t = 0, the diabatic
levels anticross due to the hybridization terms proportional
to oy,.. Generally, the probability of tunneling between two
hyperbolic arms (across the hybridization-induced barrier) is
p? = exp(—2m ), with i = Eg2/2vdh and E, the energy gap
at the center of the anticrossing [46,47]; in this context,

ZJZ_ + (ZH — Fl()[k];)2
Zf-l(xkE(E‘cL

= ; (20)

with 2hakg the spin-orbit splitting at energy E [cf. Fig. 1(a)].
In the absence of the out-of-plane Zeeman coupling (Z; = 0),
L would vanish at the energy of the II Dirac point (where
Z, = hakg). This leads to unit-probability Klein tunneling,
as was first proposed by Ref. [25] in a different model
of the II Dirac point. However, with a proper account of
Z,, we find instead that i has a nonvanishing minimum:
Domin = (gs1m/my)(Z /8hakg), which is a product of the
dimensionless effective mass and the ratio of the out-of-plane
Zeeman splitting over the spin-orbit splitting. This minimum
may be significant for semiconductor heterostructures (e.g.,
gsim/my ~ 1 in InAs heterostructures [48]) and for heavy-
fermion systems.

To determine the Landau levels, one needs not just the
probability for tunneling but also the phase of the probability
amplitude. The full information is encoded in a scattering
matrix [22,24]

i@ _ _
S:(” 9), p=et  1=J1-p2, (I

which is a connection formula that matches the two-
component semiclassical (WKB) wave function across the
Dirac point. This formula has been expressed in the ba-
sis of Zeeman-modified energy bands [i.e., eigenvectors of
Eq. (18)]; diagonal (resp., off-diagonal) elements of S are
amplitudes for intraband transmission (resp., interband tun-
neling). The phase of the intraband amplitude is ¢ := & —
iln i + arg[['(ij1)] + 7 /4 with T’ the gamma function.

At parts of the semiclassical trajectory away from the
II Dirac point, an electron undergoes adiabatic (band-
conserving) dynamics. The time-ordered, coherent pro-
cess of Landau-Zener tunneling/transmission and adiabatic
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FIG. 3. Solid-angle representation of the single-band Berry
phase @2 for inner (subscript —, upper panel) and outer (+, lower
panel) orbit, at various energies close to the Dirac point energy
€o [cf. Eq. (16)]. The decomposition of the effective Hamiltonian
[cf. Eq. (18)] into Pauli matrices (H = Zj ‘Hjo;) defines a three-
vector H = (—aky, ak, + Zj, —Z,). $2 equals half the solid angle
subtended by FH(k) (solid blue line) as k is varied along the
outer/inner orbit [34]; the orientation of the solid angle is indicated
by blue dotted lines. The out-of-plane Zeeman interaction lifts H
out of the x-y plane, but this effect is significant only over a fraction
(~Z, /hakg) of the cyclotron period.

dynamics is described by the propagator:

_(Te® —p e~ 0
C G 2y e

The adiabatic phase A. is the sum of a dynamical phase
+1%8S/2 and the single-band Berry phase ¢2, for the outer (+)
and inner (—) orbit, respectively. The out-of-plane Zeeman
interaction breaks the C,7 symmetry that quantizes ¢? to
integer multiples of 7. At energies far above the Dirac point
(|E — €9| > |Z.|) where the out-of-plane Zeeman interaction
is negligible, both orbits encircle the Dirac point and hence
d)i ~ #£m; far below the Dirac point, neither orbit encircles
the Dirac point, leading to ¢ ~ 0. At intermediate energies,
qbf (resp., ¢?) is a continuous and decreasing (resp., increas-
ing) function of energy, as supported by the Bloch sphere
argument in Fig. 3.

Our quantization rule [Egs. (4)—(6)], with A having the
form of Eq. (22), may be equivalently expressed as

Q4+ Q. Q_—Q,
COS| ————— | =7T1COS| —m—/—/————
2 2

Qs = 12(S +£85/2) + ¢F + yus (23)

2. are phases acquired by an electron in adiabatically travers-
ing the orbits labeled +, respectively; the quantum Maslov
correction yr = m for circular orbits. A quantization rule
analogous to Eq. (23) was previously derived by us for a II
Dirac point that intermediates an electron- and hole-like orbit
[24].

In the limit ;i — oo, Landau-Zener tunneling is negligible
(t > 1,9 - 0), and Eq. (23) simplifies to the Onsager-
Lifshitz-Roth rules (21 /27 € Z) for two independent orbits.

For 7 that is neither zero not unity, the two incommensurate
harmonics (24 + 2_) in Eq. (23) compete to produce a
quasirandom Landau level spectrum [22]. That is to say, the
spectrum is no longer quasiperiodic in /> with a single period
(as characteristic of Landau levels in the semiclassical regime

+ ¢i|, with

without breakdown [3-5]); instead, the spectrum becomes
correlated at multiple scales (in /?) [10,22-24], corresponding
to the multiple Feynman trajectories that are enabled by
tunneling.

To appreciate this, let us analyze the Landau levels (near
the Dirac point) perturbatively in the small parameter t. To
zeroth order, Eq. (23) reduces to

2°S(EY) + m =2mn — {E)B)}, ;. (24)

To derive the above equation, we have utilized ¢ + ¢% =
0, which is valid for any two-band model in the nearly
degenerate regime [49]; in Fig. 3 this is reflected in the sum
of solid angles (at fixed energy) equaling 4. Equation (24)
may be interpreted as a quantization rule for a trajectory on
a Mobius strip [cf. Fig. 2(b)] with net area 2§ = 4w mE /i*;
the corresponding Landau levels [sketched by dashed lines
in Fig. 2(c)] are periodic in E — E + 7 /I>(3S/dE) and in
1> — 1> + 7 /S. Both periods are approximately half that of
either disconnected orbit, in the assumed nearly degenerate
regime 8S <« S. The & correction in Eq. (24) is the Berry
phase associated to a 2w rotation of the wave function spin
over a single Mobius orbit, as illustrated in Fig. 2(b). The
Maslov phase, which is generally equal to 7z times the rotation
number of an orbit, is trivially 27 for the Mobius orbit.

To recapitulate, E,? (B) [cf. Eq. (24)] exhibits a periodicity
on short scales associated to the large area of the Mobius orbit.
This short-scale periodicity is lost due to imperfect Klein
tunneling, yet a longer-range correlation (associated to the
smaller differential area §S between spin-split orbits) persists,
as the solution (E,? + 8E,) of Eq. (23) to the first order in
shows [50]

—1)" IZ(SS B _ 4B
S8E,(B) = (271) rsj‘ cos <T + % — (ZJ)
N (=)™ ma?(E — €)(eH)!/? cos <128S 3 <Z?>
27’z 2 ’
(25)

with the right-hand side (of each line) evaluated at E = E°(B).
The second line is an approximation for Z;, — 0, and has
greater utility where g, m < my. For two adjacent Landau
levels, we have plotted E(” + §E, as dashed lines in Fig. 2(c).
The validity of Eq. (25) is further supported by a compar-
ison with numerically exact Landau levels, as illustrated in
Fig. 2(d).

IV. SYMMETRY CLASSIFICATION OF LANDAU
LEVEL CROSSINGS

The Landau levels derived from Eq. (4) are generically
nonequidistant, and the spin-half (or pseudospin-half) degen-
eracy between Landau levels is generically lifted due to the
subleading corrections (A ). As argued in Sec. II, the level
splitting is approximately .6 /2w with 61 = |A; — A;]|. Con-
versely, Landau levels are approximately spin degenerate if
A1 = Xy (mod 2); this degeneracy condition for the eigenval-
ues of A typically requires fine-tuning of some Hamiltonian
parameters.
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FIG. 4. A schematic illustration of Landau level dispersion (solid
lines) with respect to B for nearly degenerate orbits in 2DEG with
Rashba and Dresselhaus spin-orbit coupling [cf. Eq. (33)]. dA is
plotted in the colored background. Landau level quasidegeneracies
occur at 61 = 0 (indicated by red dashed lines) and SA = 2m is
never reached (cf. Sec. IV C). Parameters: m = 0.076mg, o = 7.6 x
10° cm/s, B = 4.6 x 10° cm/s [51].

In Sec. IV A, we will relate the eigenvalue degeneracies
of A to the (near) degeneracies of Landau levels. We then
ask how many tunable real parameters are needed to attain an
eigenvalue degeneracy of .A; this number provides a classifica-
tion of Landau level crossings. Our answer is 3 in the absence
of crystallographic point-group symmetry, as discussed in
Sec. IV B; the answer may reduce to 0,1, or 2 depending on
the symmetry class of the orbit, as summarized in Tables I
and II.

Depending on preference, the reader may directly read
Secs. IVA, IV B, and IV E, which have been written in a
self-contained fashion. A physically motivated reader may
prefer to go through all subsections in order: Secs. IV C
and IV D further describe two rotation-symmetric models that
are motivated by the Rashba-Dresselhaus 2DEG. In these
models, only one tunable parameter is needed; this can be the
magnitude of the B field itself.

A. Relating the eigenvalue degeneracy of A to the
quasidegeneracy of Landau levels

Figure 4 illustrates a typical Landau level dispersion in the
near-degeneracy regime (65 < S) of the Rashba-Dresselhaus
2DEG [cf. Eq. (33)] in an out-of-plane field. Each solution
of the quantization rule [cf. Eq. (4)], with fixed a € {1, 2}
and n € Z, defines a curve in (E, B) space that we indicate
by a solid black line. The condition of eigenvalue degeneracy
for A,

M(E,B) = m(E,B)+2mn, meZ, (26)

defines a distinct set of curves (red dashed lines in Fig. 4), for
the symmetry class of the Rashba-Dresselhaus 2DEG. [For
other symmetry classes, the eigenvalue degeneracy for .4 may
instead define a set of points, or may generically have no
solution in (E, B) space.] The two sets of curves (solid and
dashed) intersect at isolated points where Landau levels are
spin degenerate, to the accuracy of our quantization rule. In
principle, such an intersection may correspond to an exact
degeneracy, if the associated Landau levels belong to different
unitary representations of a spatial symmetry; this subject
will be partially addressed in subsequent subsections, but a

systematic group-theoretic analysis is involved and will be left
to future investigations.

Moving away from these intersection points, the repulsion
between paired Landau levels remains anomalously weak [in
a manner that will be quantified in Egs. (28) and (29) below]
in the immediate vicinity of the red dashed lines, as illustrated
by the purple-shaded regions in Fig. 4. From a pragmatic
standpoint, a typical experiment may not be able to distinguish
an exact degeneracy from an anomalously weak degeneracy
(in short, a quasidegeneracy), due to the smearing effects of
temperature and/or disorder [52]. The existence of quaside-
generacy lines [i.e., lines of solutions to Eq. (26)] imposes
a distinct signature on the low-temperature Shubnikov—de
Haas effect, as will be elaborated in Sec. V B. We are thus
motivated to (i) precisely quantify a quasidegeneracy, and
(ii) identify the symmetry classes for which quasidegeneracies
occur along lines rather than points, or rather than being
generically nonexistent. The first task is carried out in the
rest of this subsection, and the second will be the subject of
subsequent subsections in Sec. IV.

Suppose the propagator A were degenerate at (E, B) [cf.
Eq. (26)]. Generically, (E, B) is not simultaneously a solution
of the quantization rule in Eq. (4). That is to say, E is not
generically the energy of a Landau level at field B. To obtain
a Landau level, we may tune either E or B away from (£, B),
and utilize that Ay are slowly varying functions of (E, B)
compared to [>S(E):

ﬁ‘ > % e

oA
. IS >

2
912

; 27
oE oE @7

these inequalities are guaranteed by the near-degeneracy con-
dition (6§ < §) and the smoothness of S(E), as shown in
Appendix C. For fixed B, we are therefore guaranteed to find
paired Landau levels in close proximity to £, with each pair
having an energetic splitting of order

‘M ~ 0(%) <1 (28)
e lps 120S/0E ’

with [ the magnetic length associated to B; this is illustrated
schematically in Fig. 4. At fixed B, the number of Landau
levels sandwiched between two adjacent curves of Eq. (26)
is of order [?(3S/0E)/(drq/dE).

Alternatively, we may fix £ and investigate how Landau
levels disperse as a function of B; the analog of Eq. (28) is
the existence of paired Landau levels in close proximity to /2,
with a splitting of order

12— 1 0A 2
+ ~o( ”><<1, Tpi= ——.  (29)

Tp: — S a2 S(E)

E=E

dXy/01% is estimated in Appendix C, and 7> above is the
period (in /%) of quantum oscillations, in the absence of
spin-orbit coupling. At fixed E, the number of Landau levels
sandwiched between two adjacent curves of Eq. (26) is of
order S/(a/\a/aﬂ). The derivation of Egs. (28) and (29) is
presented in Appendix C.

To recapitulate, for every exact degeneracy of A, there
exist, in close proximity, paired Landau levels which are
nearly degenerate in the sense of Egs. (28) and (29). Each such
pair of Landau levels will be described as quasidegenerate.

014442-8



LANDAU QUANTIZATION OF NEARLY DEGENERATE ...

PHYSICAL REVIEW B 100, 014442 (2019)

B. Landau level crossings in the absence of symmetry,
and with band-conservation symmetry

In the absence of symmetry, it is well known (as the
noncrossing rule in quantum theory [26]) that eigenvalue
degeneracies of complex, finite-dimensional matrix Hamil-
tonians are attainable by tuning three parameters. Here and
henceforth, parameters will always refer to real parameters.
Since unitary matrices are exponentiated Hamiltonians (mul-
tiplied by i), the eigenvalue degeneracies of the two-by-two
unitary propagator A [cf. Eq. (5)] are also attainable by tuning
three parameters (in the absence of symmetry) [53]. We briefly
review how this result is attained; the elementary argument
that will be presented here will be nontrivially generalized to
other symmetry classes of orbits in the subsequent sections.

We begin by decomposing a two-by-two unitary matrix
as A = e A € U(2), with A e SU(2); it is possible in some
case studies that A = A. The necessary and sufficient condi-
tion for an eigenvalue degeneracy of A is that A = %/. In the
canonical parametrization of SU(2) over the three-sphere S,

4
i r+ir 3+ iry 2 '
A_<—r3+ir4 rl—ir2>’ Z;rj_l’ rj € R.
J:
(30)

A = =+I lie on distinct points of 3, and are attainable by
tuning three real parameters: r, = r3 = ry = 0. The conclu-
sion that three parameters need be tuned remains valid for any
nonsingular parametrization of SU(2).

As a shorthand, we will refer to the number of parameters
(needed to tune to an eigenvalue degeneracy of A) as the
codimension; the geometric interpretation of codimension is
elaborated in Appendix D.

Symmetry reduces codimension. A case in point is band-
conservation symmetry in the adiabatic regime (cf. Sec. II),
which restricts 4 to have diagonal form (r3 = r4 = 0) in the
basis of energy bands [cf. Eq. (10)]. The phase of r; £ ir,
equals +/285/2 plus subleading corrections. This phase—
a single parameter—can be tuned to attain A = +I. As a
function of /2, we deduce that Landau level quasidegeneracies
occur with a periodicity of 2w /§S. This periodicity has a
dual interpretation—as a periodic increment of a single flux
quantum for the differential magnetic flux (between the two
split orbits).

One of our main results is that rotational symmetry (with
rotational axis parallel to the field) reduces the codimension
to one. This will be demonstrated by two case studies: the
Rashba 2DEG in Sec. IV C, and a model with II Dirac points
in Sec. IV D.

C. Codimension reduction for the Rashba-Dresselhaus 2DEG
1. Rashba 2DEG with continuous rotational symmetry

To understand why rotational symmetry reduces the codi-
mension in the Landau level problem, we return to the Rashba
model [cf. Eq. (1)]. This model has a continuous rotational
symmetry (denoted ¢,,), which manifests as the constancy of
‘H (k) over the circular zeroth-order orbit [cf. Eq. (11) with the
simplification €.k, V g6 = 1]. Consequently, the propagator

[cf. Eq. (5)] simplifies to the exponential form:

A= —exp —2niZ§jrj , 3D
J
where
gom 1 hokg
= ) 0’ - i 32
§ ( 4myg 2 & > (32)

and {t;} are a set of Pauli matrices. Any SU(2) matrix can
be expressed in the exponential form [cf. Eq. (31)] for some
(possibly nonunique) &, with & not necessarily zero. We will
demonstrate codimension reduction for the general form of
A (having any &), with the Rashba model as a particular
realization.

All eigenvalue degeneracies of A occur on two-spheres in

&% + &3 + &7 equal to an integer ()
multiple of 1/2; j is odd (resp., even) for A = I (resp., A =
—1). The condition |&| = j/2 (for any nonzero, integer-valued
j) may be attained by tuning a single parameter. In other
words, all nonzero-radius spheres are unit-codimensional sur-
faces (known as hypersurfaces), whose stability relies on ¢,
symmetry.

These hypersurfaces separate & space into infinitely many,
distinct connected components; i.e., the zeroth homotopy
group 1y comprises an infinite set. Each hypersurface may
thus be viewed as a symmetry-protected, topological defect,
which separates domains (in & space) where Landau levels are
non-quasidegenerate. By varying B alone (at fixed energy),
one then transits between different domains; each penetration
of a hypersurface is accompanied by a Landau level quaside-
generacy. For the exactly soluble Rashba model (& = 0),
these co-protected quasidegeneracies are consistent with (and
partially demystify) the abundance of exact level crossings
in the spectrum of Hg(k) [cf. Eq. (14)]; such crossings are
not expected from the Wigner—von Neuman noncrossing rule
[26]. The zero-radius sphere (that is, a point) has codimension
three, as would be expected if symmetry were absent (cf.
Sec. IV B). This point degeneracy can be understood from
an elementary result in quantum mechanics: taking o = 0,
gs1 =2, and m = mg in Eq. (32), we recover the Zeeman-
split Landau levels of a free-electron gas without spin-orbit
coupling; all levels (except the lowest) are spin degenerate
owing to the equality of the Zeeman and cyclotron energies
[54].

The above discussion is reminiscent of nodal (Dirac-Weyl)
points, lines, and hypersurfaces in the quasiparticle spectra of
topological semimetals [55-57] and superconductors [58,59].
Both Dirac points (in 2D k space, e.g., graphene [60]) and
line nodes (in 3D k space) are attainable by tuning two wave
numbers; the stability of such codimension-two manifolds is
due to the protection of symmetries. On the other hand, Weyl
points in 3D k space have codimension three and do not
require any point-group symmetry for their stability. Just like
Weyl points, the point degeneracy of A is associated with a
nontrivial Chern number [61] (defined as an integral of the
Berry curvature [34] over a Gaussian surface surrounding the
point) [62].

& space with radii |§| =
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(b)

FIG. 5. Landau level quasidegeneracy in the Rashba-Dresselhaus
model. (a) A = I defines a path-connected hypersurface. Points in
a =0 or B =0 planes are colored in red. (b) A = —I defines a
manifold which lies confined to the « = 0 and 8 = 0 planes (blue
translucent planes). Each c¢,,-symmetric plane contains an infinite set
of concentric, circular line degeneracies. Every circle (except for the
smallest in either plane) intersects two other circles in an orthogonal
plane, such that the entire line node is path-connected.

2. Rashba-Dresselhaus 2DEG with discrete rotational symmetry

The Rashba model suffers from an oversimplification:
continuous rotational symmetry is not a symmetry in any
crystallographic space group. It is possible for ¢,.-symmetric
k - p models to approximate Bloch Hamiltonians (defined
over the Brillouin torus) with a discrete, order-N rotational
symmetry (denoted cy). How robust are the above-mentioned
Landau level quasidegeneracies (over the B axis) when ¢
symmetry is perturbatively reduced to c¢y? For any integer
N > 2, we find that N — 1 of every N quasidegeneracies
are perturbatively stable. This general statement is proven in
Appendix D, and here we illustrate it for a specific model
of N =2; we will reduce the ¢,, symmetry of the Rashba
model [cf. Eq. (1)] to ¢, by adding the Dresselhaus spin-orbit
interaction (with coupling parameter 8):

2K
Hpp(k) = S + ha(kyoy — kyoy,) + BB (koo — kyoy).

(33)

For the Rashba-Dresselhaus 2DEG, A depends on
o, B, I, E, monly through three independent parameters:

hakr hBk,
( ke hP E,guﬁ> R, (34)

& Ec mo

which is not the exponential parametrization of Egs. (31) and
(32). A(hakg/e., hBkg/e., gs1m/my) = £I then determines
a set of concentric circles in the § = 0 plane, as per the cy-
symmetric case study in Sec. IV C 1. Moving off this plane,
we find that A = [ is satisfied in the neighborhood of § = 0;
i.e., A =1 defines a hypersurface in R? that is illustrated in
Fig. 5(a). On the other hand, A = —I is not satisfied in the
neighborhood of 8 = 0; hence the circles associated to A =
—I remain isolated as line nodes, as illustrated in Fig. 5(b).
To recapitulate, we have found that one of every two Landau
level crossings (those labeled by odd j) destabilize due to the
symmetry reduction.

To demonstrate how the .4 = I hypersurface derives from
¢, symmetry, consider the effective Hamiltonian ,

H= ha(kxay - kyax) + hﬁ(kxax - ky“y) - gSTJ_/‘LBBazv
(35)

in a momentum-independent basis where the Pauli matri-
ces correspond to spin operators. The twofold rotational
symmetry

Hk) = o H(—=k)o,, k()= —k<t + %) €09, (36)

implies that the propagator over the time interval [7,/2, 0] is
symmetry related to that over [T, T./2]:

A= Ar 1. pAr 0 = 0 Az p00, Az 0. 37

The tracelessness of H (at each k) implies that A7z o
has unit determinant. Employing the canonical SU(2)
parametrization for the half-loop propagator [Eq. (30) with A
replaced by Az, 2 o], we derive from Eq. (37) that

1= 2r(r, —iry) 2iry(r3 + irs) )

—2ir2(r3 —ir4) 1 —2r2(r2+ir1)

(3%)

A=A(ry, r2,1r3) = (

with Z‘;:I rj2- = 1. Equation (38) is a parametrization of the
twofold-symmetric propagator by the symmetric coordinates
r = (ry, r, r3). It follows that », =0 is a necessary and
sufficient condition for A =1. A =1 thus defines a path-
connected hypersurface, which separates r = (ry, r, r3) space
into two distinct connected components. As proven in Ap-
pendix D, this conclusion generalizes for any N > 2: the
degenerate manifolds of ¢y-symmetric .4 separate the space of
symmetric coordinates into N distinct connected components.
Figure 5(a) illustrates the A = I manifold in the coordinates
of Eq. (34) [which are distinct from the r coordinates in
Eq. (38)].

On the other hand, A = —I occurs if and only if r =
(0, &1, 0). These two points are mapped to a path-connected
line node confined to the « =0 and B =0 planes [cf.
Fig. 5(b)]; the difference in codimension originates from
the ¢, symmetry within these two planes (cf. Sec. IVC1),
which was not accounted for in the ¢;-symmetric analysis of
Eq. (38).

D. Codimension reduction for 2DEG with distinct,
symmetry-related II Dirac points

In the adiabatic limit of two nearly degenerate orbits, we
have found (in Sec. IV C) that the codimension for A = £/
is unity. Here we investigate how this result changes as adi-
abaticity is relaxed by Landau-Zener tunneling, that respects
a discrete N-fold rotational symmetry (cy). Since a II Dirac
cone is tilted in a special direction, a II Dirac point cannot
be the center of a rotational symmetry; the minimal model
with ¢y symmetry thus requires N distinct but symmetry-
related II Dirac points. For N = 2, we will demonstrate that
the codimension for A =1 (but not for A = —I) remains
unity, in accordance with the symmetric-coordinate analysis
of Eq. (38); the persistence of Landau level quasidegeneracies
(at finite tunneling probability) will be demystified in terms
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of the destructive interference of tunneling Feynman paths.

For N =3, we will find that two of three Landau level

quasidegeneracies are perturbatively stable against tunneling,

but even these will destabilize beyond a critical tunneling
strength.

We begin with a minimal, ¢;-symmetric model:
n*k>?
H=—

n*k?
- + (_ - H)GZ + wkyaju (39)
2m1

2m2
with 0 < m; <« my and positive p. The ¢, symmetry mani-
fests as o, H (k)o, = H(—k), and relates two Dirac points at

ke = £/ 2myp/h,

In the vicinity of either point, the Hamiltonian has the lin-
earized form

[2
H.=+h _M(@ + 03)8kx + wék,o| + €, (41)
my \ N

from which we deduce that both Dirac points are type II
if m; < my; we further assume m; < m, so that the near-
degeneracy condition (85/S « 1) is satisfied.

At energies close to the Dirac point [E —¢€) K
wmy(2€9/my)'/?], there are two concentric orbits which
(nearly) touch at both Dirac points, as illustrated in Fig. 6(a).
For sufficiently weak field, interband tunneling is localized
near either II Dirac point, and occurs with the Landau-Zener
probability

_ m
ky=0, €=—p  (40)
my

[Z7 + (my/m2)*(E — €9)*]1?
2w~/2E [m; '

Equivalently, i1 = Sp/?/8, with St the area of the rectangle
inscribed between the two hyperbolic arms [cf. Fig. 6(a)].
Elsewhere, an electron undergoes adiabatic (band-conserving)
dynamics. Due to ¢, symmetry, the time-evolution propagator
over the full cyclotron period is simply the square of the
propagator for half the period:

A, e 2
| fre”? —p et~ 0
el AT e

\jvith p=e " 1 =,/1-p? [cf. Egs. (21) and (22)], and
A+ = +[?85/4 plus a field-independent geometric phase.
The necessary and sufficient condition for a degeneracy of

Ais

2 — 6—271;1

P NS (42)

0, A=+,

+1, A=-L @4

A:i=h_ — iy +20, tcos% = {
A is the differential phase between two Feynman paths that
involve a single tunneling event over one cyclotron period,
as illustrated in Fig. 6(d). The adiabatic limit is given by
T =1 and ¢ = 0, which leads to the satisfaction of Eq. (44)
for I equal to an integer multiple of 277 /8S (up to a field-
independent offset). As noted in Sec. IV B, such a periodicity
corresponds to a differential increment of a single, magnetic
flux quantum.

Deviating from the adiabatic limit, we deduce from
Eq. (44) that A = remains attainable by varying B, but
A = —I is unattainable because T < 1; this is consistent with

A

N
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FIG. 6. (a), (b) Cyclotron orbits for ¢;-symmetric (a) and c3-
symmetric (b) breakdown. Top right inset of (a) presents an enlarged
view of the breakdown junction, where the purple rectangle has
area Sp. (¢) Klein-tunneling limit of ¢,-symmetric (upper) and c3-
symmetric (lower) breakdown cyclotron orbits. (d) Feynman paths
that switch between bands through one tunneling event. (¢) Feynman
paths that preserve the band index through either zero or two tunnel-
ing events. (f) Schematic Landau level dispersion for c¢3-symmetric
breakdown with respect to T at a fixed energy. For the plotted interval
of 1/B, there are three quasidegenerate points (indicated by solid
dots) in the limit of zero Landau-Zener tunneling (t = 1). Only two
of three quasidegeneracies are stable upon inclusion of tunneling.
That is to say, two of three points extend into quasidegenerate lines
(indicated by red dashed lines) as t is decreased from unity, while the
third point is isolated; i.e., the quasidegeneracy is immediately lost as
7 is decreased. At T = 0.5, the two quasidegenerate lines eventually
merge and annihilate.

the codimension analysis of Eq. (38). The conditions A4 =1
and p>0 are interpreted as the destructive interference of
two single-tunneling Feynman paths [cf. Fig. 6(d)]. Con-
currently, there is constructive interference of the Feynman
loops involving zero and two tunneling events [cf. Fig. 6(e)].
The differential phase between outer and inner zero-tunneling
(band-conserving) loops is simply 0 (mod 27 ); hence Landau
levels are quasidegenerate. Such quasidegeneracies recur as A
advances by 27, corresponding to a periodicity in [? of 47 /8S
(or two flux quanta). This periodicity is not affected by the
additional phase 2¢ in A, because ¢ varies on the scale 277 /St
[63], which is much larger than 4 /3S. To recapitulate, half
the Landau level quasidegeneracies (over the B axis) are desta-
bilized by tunneling; the robustness of the other half relies
on ¢, symmetry. There exists a complementary argument
for the existence of Landau level quasidegeneracies in the
Klein-tunneling limit (r = 0) [cf. Fig. 6(c), upper panel]: the
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two independent orbits are related by ¢, symmetry, leading to
exactly degenerate Landau levels.

A completely different physical realization of two or-
bits linked by Landau-Zener tunneling was proposed in
Refs. [64,65], for a bilayer metal subject to a tilted magnetic
field. In the absence of hybridization between the top and
bottom layers, there are two decoupled orbits in each layer;
in this example, the layers replace spin as a two-component
degree of freedom. In the presence of hybridization, Landau
levels become layer degenerate only at certain “magic angles”
[66] of the field orientation (a single parameter); this was
experimentally confirmed in Ref. [67]. However, the role of
¢»/spatial-inversion symmetry was not recognized in these
works.

For our last illustration, we consider a II Dirac model with
¢3 symmetry, as illustrated in Fig. 6(b). In the adiabatic regime
(r & 1), Landau level quasidegeneracies are periodic in corre-
spondence with a differential increment of one flux quantum.
However, in the Klein-tunneling regime (7 =~ 0), there exists
only one dominant orbit shaped like a threefold-symmetric
trefoil knot [cf. Fig. 6(c), lower panel]; all Landau levels are
nondegenerate with spacing determined by the effective mass
of the trefoil. This property generalizes to cy-symmetric II
Dirac models with odd N.

To resolve this tension (for N = 3), consider that the
propagator A has a form analogous to Eq. (43), but with (-)?
replaced by (-)?, and with A, = +1%85/4 replaced by £/?85/6
(plus a field-independent geometric correction). The degen-
eracy condition is modified to 7 cos[(A —A_)/2+ @] =
+1, +£1/2. With nonzero tunneling (1/2 < t < 1), only £1/2
is attainable; this implies that of every three degeneracies that
exist in the adiabatic limit, only two are perturbatively stable.
Beyond a critical field (defined by T = 1/2), all degeneracies
coalesce pairwise (on the B axis) and annihilate. This behavior
is illustrated in Fig. 6(f).

We conclude this section with a general result that is valid
for any integer N > 2: of every N quasidegeneracies that exist
in the adiabatic limit, N — 1 of them are perturbatively stable
against tunneling that respects ¢y symmetry. We prove this in
Appendix D.

E. The tenfold table for symmetry-constrained codimensions

Going beyond band conservation and rotational symmetry,
we present the symmetry-constrained codimensions for all
ten symmetry classes of orbits [9]. Depending on the class,
the codimension is either 0,1,2, or 3. We begin by briefly
reviewing the tenfold symmetry classification of orbits in
Sec. IVE 1. We then study in Sec. IV E2 five of the classes
which are relevant to nearly degenerate orbits. All ten classes
are relevant to exactly degenerate orbits, which we study in
Sec. IVE3.

1. Tenfold classification of orbits

Any symmetry g of a field-independent, translation-
invariant Hamiltonian H acts on spacetime as

r g 0 r )
()26 p)()rl) @

with s(g) = 0 (resp., 1) if g preserves (resp., reverses) the
arrow of time. g is the matrix representation of g in real
space, and the corresponding action of g on the crystal wave
vector is

k— gok:=(—1)®gk. (46)

Given H and the orientation of the magnetic field, electrons
follow orbits (denoted o) that are confined to field-orthogonal
k planes. Given an orbit o0 in a k plane, we restrict our attention
to the subgroup of A that preserves the plane. Any element of
this subgroup maps the orbit to itself (denoted as |g o 0| = |o|)
or to a distinct orbit (|g o 0|#|0|). In the former mapping, we
may further distinguish two cases: (a) g maps every k on the
orbit to itself, as exemplified by the composition 7'i of time-
reversal (T) and spatial-inversion (i) symmetries. (b) There
exists at least one k on the orbit that is mapped to a distinct
wave vector; e.g., time-reversal symmetry relates two wave
vectors (k and —k) on an orbit that encircles a time-reversal-
invariant point.

Lastly, we distinguish between mappings [Eq. (46)] that
preserve [u(g) = 0] or invert [u(g) = 1] the orientation of the
orbit. For example, a rotation with axis parallel to the field is
orientation preserving, while a reflection with axis orthogonal
to the field is orientation inverting. The combination of all
distinguishing criteria leads to a tenfold classification of orbits
0o with g symmetry, as was first presented in Ref. [9] and is
summarized by the ten numbered rows in Tables I and II.

2. Symmetry-constrained codimension for nearly
degenerate orbits

In the particular context of nearly degenerate bands, H =
Hy + 8H is the sum of a zeroth-order Hamiltonian (with
spin-degenerate bands) and a symmetry-lowering perturba-
tion. Given a zeroth-order orbit oy of Hy, we are interested
in the subgroup of A that maps o to itself or to a distinct
zeroth-order orbit.

Of the ten classes described in Sec. IVE 1, only five are
relevant to nearly degenerate orbits (which are split with
differential area §S that is much less than the area of o).
To identify these five, recall that 1, in our quantization rule
is determined by the propagator A [cf. Eq. (5)], which is a
time-ordered exponential of an effective Hamiltonian H =
8€ + BM [cf. Eq. (6)]; H perturbatively encodes H and the
Zeeman interaction, for an electron traveling over op. Since
g is a symmetry of 8H, 8¢ is invariant under action of g.
On the other hand, M is the field-parallel component of
a pseudovector that is odd under time reversal [68], hence
changes under g to (—1)“"*M (plus a gauge-dependent term
[10] which is not essential to the present argument). Only with
u + s = 0 or 2 would both terms in ‘H transform consistently
(invariantly) under g; this identifies the five classes in Table I.

For these five classes, we list their corresponding
symmetry-constrained codimensions in the rightmost column
of Table I; these numbers are derived in Appendix D. Recall
that the codimension is the number of independently tunable
parameters needed to attain a degeneracy for .A. Each listed
codimension is robust to any perturbation of the Hamiltonian
that preserves the corresponding symmetry (specified by the
row) and the homotopy class [10] of the zeroth-order orbit.
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TABLE III. Matrix representations of reflections (e.g., t,), ro-
tations (e.g., ¢2y), glide reflections (e.g., tyq/2), and screw rotations
(e.g., ¢2y,4/2). The latter two nonsymmorphic elements involve half
a lattice translation in the x, y, or z direction (labeled by a, b, c,
respectively). The —z axis of our Cartesian coordinate system is
aligned parallel to the magnetic field. This table is applicable to
exactly degenerate orbits whose degeneracy is protected by either
spacetime-inversion symmetry (7'1), the composition of time-reversal
and nonsymmorphic twofold rotation symmetry (7 ¢, ¢/2) (for orbits
confined to the k, = m plane), or spin SU(2) symmetry (i.e., negligi-
ble spin-orbit coupling).

Class label Symmetry Origin of degeneracy g«
I-1 o Cam))2 Tl, spin SU(Z) (or
Ty ep 1
11-4 tx(y).c/Z Tl, spin SU(Z), Tc22.c/2 o,
Tx(y)s Tx(y),b(@)/2 T, spin SU(2) o,
C2x(y)> C2x(7).b(a)/2 Tcoep I

(An example of a change in homotopy class is given by a
deformation of a circular orbit into a figure of eight.)

Of the five classes only classes I-1, II-1, and II-2 potentially
have symmetry-constrained codimensions that are reduced
from three: classes I-1, II-1, and II-2 have in common that
lg o 09| = |og|, and therefore the propagator A [cf. Eq. (5)]
is self-constrained. To clarify, a self-constraining symmetry
relates the propagator A [cf. Eq. (5)] to itself or to its inverse
A~!, depending respectively on whether u = 0 or 1.

Class I-1 groups together spatial symmetries that preserve
the arrow of time and map every k on o to itself. The
simplest example of such a symmetry (g) is a reflection
symmetry with axis parallel to the field, and of oq that is
confined to a g-invariant k plane. To uniquely determine the
symmetry-constrained codimension in class I-1, one must
specify whether the nearly degenerate bands belong to identi-
cal or distinct representations of g. The symmetry-constrained
codimension is reduced to unity in the latter (and only the
latter) case, due to the absence of level repulsion between
distinct representations of g. Common representations of sym-
metries in this class (and also in class II-4) have been listed in
Table III.

Class II-1 corresponds to spatial symmetries that preserve
the arrow of time and the orientation of o0y, as exemplified
by spatial rotational symmetry with rotational axis parallel
to the field. Another example is given by spatial-inversion
symmetry, for oy that is confined to an inversion-invariant
plane: k, = 0 or w. The symmetry-constrained codimension
here is unity [69], as has been modeled in Secs. IV C and IV D.

Symmetries in class II-2 reverse both the arrow of time
and the orientation of the orbit. The symmetry-constrained
codimension is 2 or 0, depending respectively on whether
the antiunitary representation of g squares to +1 or —1. The
former is exemplified by the composition of time reversal
with a reflection symmetry (with reflection axis orthogonal
to the field); this is a symmetry of the Rashba-Dresselhaus
Hamiltonian [cf. Eq. (33)]:

gHrp(kye, k)" = H(ky, ko), g=€"*K,  (47)

with K implementing complex conjugation. A consequence
of this symmetry is that any of the quasidegeneracy lines
in Fig. 5(b) are robust, a property we had previously (and
consistently) deduced from continuous rotational symmetry.

An example of g = —1 is given by the composition 7't 2
of time reversal with a glide symmetry; t, ¢, is itself the com-
position of a reflection (with axis orthogonal to the field) and
half a lattice translation (parallel to the field). The propagator
for an orbit in the Brillouin zone boundary (k, = m plane)
would then be Kramers degenerate: the symmetry-constrained
codimension vanishes.

Finally, we point out that the Rashba 2DEG in a tilted
magnetic field, as studied in Sec. III B, also falls into class
II-2 owing to the symmetry:

0. KHgz(ky, ky)Ko, = Hgz(k, —ky). (48)

Consequently, the degeneracy manifolds are lines in the pa-
rameter space (o, By, g;1 ). Numerically, we have determined
that these lines lie solely within the By = 0 and « = O planes.
At any point within either plane, the Landau levels are exactly
solvable. For B = 0, Hgz reduces to the Rashba Hamiltonian
and the degeneracy manifolds form a series of concentric
circles [illustrated in Fig. 5(b) with 8 = 0]. For o = 0, the
degeneracy manifolds occur at

8s m

2 sec(@) =n, (neZ), (49)
4 nmy

with 6 the tilt angle: cos(9) = By /,/B + Bf.

3. Symmetry-constrained codimension for exactly
degenerate orbits

This work has mainly focused on the Landau quantization
of nearly degenerate bands, which are eigenstates of the
field-independent Hamiltonian Hy + 8H. In this section we
focus on higher-symmetry solids where the degeneracy-lifting
perturbation 8H is disallowed. Hy may or may not include
spin-orbit coupling; in the former case, a crystalline point-
group symmetry (e.g., 7i symmetry) is required for energy
bands of A to be twofold degenerate at each k.

Given Hy and the orientation of the field, electrons of oppo-
site spin follow exactly overlapping orbits (denoted o) which
are confined to field-orthogonal k planes. Such overlapping
orbits will be referred to as exactly degenerate, in contrast with
quasidegenerate orbits that are split on the k plane. Despite the
exact degeneracy of orbits, the corresponding Landau levels
are generically split by the Zeeman interaction BM. We may
therefore ask, in complete analogy, How many tunable param-
eters are required to attain a Landau level quasidegeneracy for
exactly degenerate orbits?

We answer this question in nearly the same vein as for
nearly degenerate orbits: the quantization rule for exactly
degenerate orbits [9] has the same form as Eqs. (4)—(9) with
3¢ =388 = 0. An eigenvalue degeneracy of A would also
imply a Landau level quasidegeneracy, since the analysis of
Sec. IV A applies to the special case 65 = 0.

There is, however, a difference in the possible symmetry
classes that apply to exactly degenerate vs quasidegenerate
orbits. In Sec. IVE2, we restricted ourselves to symme-
tries that map the magnetic moment M to itself (plus a
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gauge-dependent term [10]), so that both terms in H = d¢ +
BM transform consistently as scalars. In the present con-
text, this restriction is void because ¢ = Q; hence we also
allow for symmetries that invert the sign of M. Therefore,
the symmetry-constrained codimension for exactly degenerate
bands falls into ten classes, with M-preserving symmetries
presented in Table I and M-inverting symmetries presented
in Table II.

Some M-inverting symmetries also exhibit reduced
symmetry-constrained codimensions, as listed in the five
classes of Table II. As a case in point, class II-2 symmetries
invert time and M, and map every wave vector (in 0g) to
itself. The corresponding codimension is three (resp., one)
if g squares to —1 (resp., +1). The former is exemplified
by Ti symmetry, and the latter by T ¢y, (the composition of
time reversal with a twofold rotation about the field direction).
For an exactly degenerate orbit o confined to a ¢y -invariant
plane, the associated propagator A is unitarily equivalent to a
special orthogonal matrix [10,70] with a single, tunable angle
of rotation; this provides an intuitive explanation for the unit
codimension.

The simplest example of codimension reduction by an
M-preserving symmetry is that of continuous spin rotation
in class I-1. This is a symmetry of any solid with negligible
spin-orbit coupling, and results in the absence of Landau
level repulsion between different spin species; this implies the
codimension is 1 (cf. class I-1 in Table I, with nonidentical
symmetry eigenvalues).

The detailed modeling of all ten classes of exactly degen-
erate orbits is left to future work. We conclude this section
by commenting on the tunable experimental parameters that
are relevant to exactly degenerate orbits. The absence of e
implies that the eigenvalues of A are independent of the mag-
nitude of B [cf. Eq. (12) with 6§ = 0]. However, the generic
anisotropy of the Zeeman interaction suggests that we may
sweep the orientation of B; the generic energy dependence of
M suggests that we may tune the Landau level index, e.g., by
varying a bias voltage in tunneling spectroscopy.

V. QUANTUM-OSCILLATORY PHENOMENA FOR
EXACTLY AND NEARLY DEGENERATE ORBITS

In Sec. II we have presented a quantization rule [Eqs. (4)—
(9)] that is applicable to both nearly degenerate (0 < 85 < §)
orbits and exactly degenerate (§S = 0) orbits. This section
explores the implication of this rule for quantum-oscillatory
phenomena of the Shubnikov—de Haas (SdH) [1] and de
Haas—van Alphen (dHvVA) [2] types. In Sec. V A, we present
a generalized Lifshitz-Kosevich formula [4,5] that inputs our
rule and outputs quantum oscillations. Applying this formula
in the high-temperature regime, we will prove that destruc-
tive interference of the fundamental quantum-oscillatory har-
monic may be tuned by a single parameter in any symme-
try class; this parameter may be the magnitude (B) of the
magnetic field for quasidegenerate orbits, but not for exactly
degenerate orbits. Section V B focuses on the low-temperature
SdH effect for nearly degenerate orbits in symmetry classes I-
1 and II-1 (cf. Table I), wherein we predict a smooth crossover
from period-doubled to period-undoubled oscillations upon
variation of B (at fixed particle density).

(a) B(10°cm/s) S~

(b) SA=0  Sh<m/2
0.0 1.5 3.0 45 6.0 75

N
NN
NN
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FIG. 7. Quantum oscillations in the Rashba-Dresselhaus 2DEG.
(a) Evolution of 61 with respect to the inverse field for different
values of 8. The horizontal dashed line indicates A = m. For § =
3.0 x 10° cm/s, we have plotted—in the upper panel of (b)—the
Landau levels at three B values, as indicated by the vertical dashed
lines in (a). The evolution of A for 8 = 3.0 x 10° cm/s is given by a
cyan-colored line indicated by a black arrow in (a); the three chosen
B values correspond approximately to A = 0, A = /2, and 6A =
7, respectively. Lower panel of (b) illustrates the sawtooth oscillation
of the chemical potential (at fixed electron density) corresponding
to the upper panel. Other parameters chosen in (b): m = 0.076my,
a=75x10"cm/s,and E = 0.4 eV.

A. Single-parameter tunability for the destructive interference
of the fundamental harmonic

Lifshitz-Kosevich formulas [4,5] allow for a harmonic
analysis of quantum oscillations and have previously been
derived for exactly degenerate orbits in symmetry class I-1
[7], with the generalization to all ten symmetry classes in
Ref. [9]. A simple generalization of the derivation in Ref. [9]
extends the utility of these existing formulas to nearly degen-
erate orbits. For example, the oscillatory component of the
magnetization of 2D metals has the form

2 oo .
Ll s o SIS 42 4 7))

27w BS—! sinh(272rkgT /e.)

a=1 r=1
(50)

M =

where the argument of the sine function involves quantities
from our quantization rule [Egs. (4)—(9)]; T is temperature
and 7p the Dingle scattering lifetime [71]. All the quantities
on the right-hand side of Eq. (50) are evaluated at the chemical
potential. [Equation (50) corrects the analogous formula in
Ref. [9] by a factor of half.]

At high temperature (kg7 >> ¢.) and/or with strong dis-
order (w.Tp <K 1), the dominant contribution to M is from
the fundamental harmonic (» = 1), which sums two sine func-
tions with generically distinct phase offsets A;,. This sum-
mation (or interference) is constructive if SA = |A; — A,| =0,
and destructive if §A = 7 (= denotes an equivalence modulo
2m). In the latter case, only even-r harmonics remain.

We have shown in Sec. IV that the number of tunable
parameters required to attain A = 0 ranges from O to 3; this
number is a symmetry-dependent measure of Landau level
repulsion (cf. Tables I and II). As illustrated in the rightmost
panel of Fig. Fig. 7(b), A = m is the condition for Landau lev-
els to be quasiequidistant with spacing ~¢./2; since no level
repulsion need be overcome, we expect §1 = is attainable
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with at most one tunable parameter (in any symmetry class).
To prove this, we return to the canonical parametrization of
the SU(2) component (A) of A [cf. Eq. (30)]. The necessary
and sufficient condition for 84 = 7 is that A(ry, ra, r3) has
eigenvalues 4 and —i; this is equivalent to setting r; = 0 in
Eq. (30), a condition on a single parameter [72].

For exactly degenerate orbits, the single parameter to attain
destructive interference might be the chemical potential (as
illustrated for the quantum oscillations of Na3Bi in Ref. [9])
or the orientation of the magnetic field; however A, is indepen-
dent of the field magnitude (B) to the accuracy [7,11,12,17] of
our theory, as explained in Sec. IV E 3.

For nearly degenerate orbits, X, is expandable as a Laurent
series in B with leading term 1/B [cf. Eq. (13)]; hence B can
be tuned to attain destructive interference. The slow variation
of A, compared to the action /%S (cf. Appendix C) implies a
beating pattern for the fundamental harmonic. In the weak-
field, adiabatic regime, the nodes of this pattern occur with
period 277 /8S in {2 (cf. Sec. IV B); in the nonadiabatic regime,
this periodicity is lost due to field-induced hybridization of
orbits [cf. Eq. (13)].

Such beatings have been observed for semiconductor
heterostructures [73-75] and inversion-asymmetric metals
[76-78]. In most experiments, the beating has been used to
infer the magnitude of the spin-orbit coupling [73,77,78];
some of these experiments [73] paid attention to the aperiod-
icity of the beating, and attributed it phenomenologically to a
B-dependent splitting of the two orbits, which have distinct
frequencies f; and f> in 1/B. In our language, |f| — f2| =
BéXx/2m, with the leading term of SA(E, B) proportional to
1/B.

Our contribution is a quantitative theory of the B depen-
dence of 81; we have related the subleading term (~B°) to
a generalized Zeeman interaction, and higher-order terms to
a competition between spin-orbit coupling and the Zeeman
interaction [cf. Eq. (12)]. As one application, one may extract
the intervals (in 1/B) between nodes for the Rashba 2DEG [by
imposing A = 7 in Eq. (12)] and for the Rashba-Dresselhaus
2DEG (see the subsequent Sec. V B).

B. Shubnikov—-de Haas effect for nearly degenerate
orbits in symmetry classes I-1 and II-1

Let us focus on nearly degenerate orbits for which a single
parameter (B) can be tuned to attain §A = O (equivalently, to
attain a Landau level quasidegeneracy). Such orbits with unit
codimension lie in symmetry classes I-1 and II-1; in class
I-1 further assumptions must be made about the symmetry
representation, as explained in Sec. IVE?2 and summarized
in Table I.

We propose a signature for tunable quasidegeneracies in
the Shubnikov—de Haas effect at fixed particle density n,, low
temperature (kg7 < &.), and weak disorder (w.tp > 1). In
this regime, it is known that minima of the longitudinal con-
ductivity occur at discrete fields (denoted B, ) where the filling
is integer valued [79]; the period of quantum oscillations is
determined by the total density n, through 1/B; — 1/Bj| =
e/n.h. As B increases through B, a Landau level is com-
pletely depopulated, leading to a periodic drop in the chemical
potential () by the energy gap between adjacent Landau

levels, as illustrated in Fig. 7(b). Where §A = 7, Landau lev-
els are quasiequidistant; hence adjacent minima (of conductiv-
ity) should be identically low. Where é1 = 0, every consecu-
tive gap is small compared to kgT and 4/ tp; hence every other
minimum (of conductivity) vanishes [39]. 0 < A < 7 thus
characterizes a smooth crossover between period-doubled and
period-undoubled oscillations, as representatively illustrated
in Fig. 7(b); the amplitude of oscillations in the undoubled
regime is roughly half the amplitude in the doubled regime.

Our contribution is the exhaustive identification of symme-
try classes (I-1 and II-1) for which such a crossover will occur.
In particular, we are proposing that the crossover occurs for
the Rashba-Dresselhaus 2DEG [cf. Eq. (33)], whose nearly
degenerate orbits fall into class II-1. For this model, Fig. 7(a)
plots 1 vs 1/B for various choices of the Dresselhaus
coupling B. As expected from the codimension analysis of
Sec. IV C 2, half of the degeneracies (A = 0 = 2) are lifted
by introducing nonzero S.

VI. SUMMARY, DISCUSSION, AND OUTLOOK

We have extended the semiclassical theory of Landau
quantization to describe nearly degenerate cyclotron orbits,
i.e., orbits which are split in k space with a differential area
(8S) that is much less than their average area. The quantiza-
tion rule for two nearly degenerate orbits is summarized in
Egs. (4)—(9), and may be applied to spin-degenerate orbits
which are split by spin-orbit coupling or by breaking of a
crystalline point-group symmetry. The former type of splitting
is exemplified by our case study of the Rashba-Dresselhaus
2DEG with an arbitrarily oriented field.

The subleading phase corrections (A1, A2) in our quantiza-
tion rule [Eq. (4)] encode the dynamical correction due to the
splitting of orbits, as well as a generalized two-band Zeeman
interaction. If A; = A, mod 27 for specific values of energy £
and magnetic field B, there exist—in close proximity to £ and
B—paired Landau levels which are either exactly pseudospin
degenerate, or nearly pseudospin degenerate in the sense of
Egs. (28) and (29). Such paired Landau levels have been
referred to as quasidegenerate, and are illustrated in Fig. 4.

For each of the five symmetry classes of nearly degenerate
orbits, we have determined the number of tunable real param-
eters needed to attain a Landau level quasidegeneracy; these
numbers may be viewed as symmetry-dependent measures of
Landau level repulsion. We have referred to these numbers
as symmetry-constrained codimensions. Depending on the
symmetry class and representation, the codimension ranges
from 0, 1, 2, to 3, as summarized in the rightmost column of
Tables I and II.

If the codimension is unity, it is possible (for nearly degen-
erate orbits) to tune the magnitude of the field to attain Landau
level quasidegeneracies; the implications for this tunability—
in the Shubnikov—de Haas effect of two-dimensional metals—
are discussed in Sec. V B. If the codimension is two, an
additional parameter is needed, e.g., the orientation of the field
[64] or the Landau level index (tuned through the bias voltage
in tunneling spectroscopy [80-82]). While we have mainly
exemplified our theory for 2DEGs or two-dimensional metals,
we remark that for the Landau levels of three-dimensional
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solids, the crystal wave vector parallel to the field provides
yet another tunable parameter.

We highlight a result from Table I that is widely ap-
plicable: the codimension is unity for orbits having either
a spatial-inversion or rotation symmetry (class II-1). Both
symmetries are commonly found in solids. From a geo-
metric perspective, the quasidegeneracies (in this symmetry
class) lie on hypersurfaces in the space of tunable parame-
ters. From a topological perspective, each hypersurface is a
domain wall that separates distinct connected components,
and there are N connected components for orbits with an
order-N rotational symmetry; N = 2 in the case of inversion
symmetry. This topological distinction between rotational
symmetries of different orders has the following implication:
if the rotational symmetry is reduced in order, a specific
subset of the quasidegeneracies remains stable, as explained
in Sec. IVC and exemplified for the Rashba-Dresselhaus
2DEG. For further motivation in an entirely different context,
a reduction in rotational symmetry occurs also in a phase
transition to a nematic Fermi fluid [83]; it may be possible
to utilize the selective stability of Landau level quaside-
generacies as an experimental indicator for nematic phase
transitions.

Our quantization rule [Eqgs. (4)—(9)] may be applied, as a
special case, to exactly degenerate orbits: spin-differentiated
orbits which overlap exactly in k space. There are ten possible
symmetry classes for exactly degenerate orbits, five more
than for near-degenerate orbits. For each of these ten, we
have also determined their symmetry-constrained codimen-
sions in Tables I and II. We remark on one further dis-
tinction from nearly degenerate orbits: the magnitude of the
field becomes less useful as a tuning parameter; however
the field orientation and Landau level index remain feasible
options.

Our codimension analysis is applicable to contexts be-
yond that of Landau level repulsion. By keeping only the
Berry term in Eq. (6), Eq. (5) reduces to the Wilson loop
of the non-Abelian Berry gauge field [35], i.e., the matrix
representation of holonomy. Any symmetric Wilson loop can
be classified according to Tables I and II; the codimensions
for an eigenvalue degeneracy of the Wilson loop are also
identical to those listed in Tables I and II. Our work thus also
explains the existence of robust crossings in the Wilson loop
spectra, which have been widely applied in topological band
theory. For example, the existence of such crossings have been
used to diagnose the presence of a 3D Dirac point protected
by rotational symmetry [84], as well as to diagnose fragile
topological phases with rotational symmetry [85,86].

Symmetry does not only constrain the level repulsion be-
tween A; and X,; in certain classes, it constrains their sum. In
our previous work on exactly degenerate, spin-differentiated
orbits [9,10], we have derived a zero-sum rule (A + A, =
0) in classes I-2, II-3, and II-4, with the assumption that
spin-orbit coupling can be continuously tuned to zero without
changing the degree of degeneracys; this zero-sum rule implies
a quantized phase offset for the fundamental harmonic of
quantum oscillations [9]. Here, we report that the zero-sum
rule applies also to nearly degenerate orbits in classes I-1,
II-3, and 1I-4; this may be derived by combining the symmetry
analysis of Ref. [9] with the tracelessness of d¢ [cf. Eq. (6)].

With the inclusion of nonsymmorphic space-group sym-
metries, it is not uncommon to find energy bands which
are (nearly) fourfold degenerate [87-89]. This motivates a
generalization of our rule—for any number of nearly degen-
erate orbits—that is presented in Appendix A. The symmetry-
constrained codimensions in the more general case are left to
future investigations.

Note added. A recent publication by Malla and Raikh [90]
has come to our attention. These authors also studied the
Rashba 2DEG in a tilted magnetic field, but without inclusion
of the out-of-plane Zeeman interaction. One conclusion of
their work (that disagrees with ours) is that the Landau-Zener
formalism does not hold in any parameter regime of the
Rashba model, due to ever-present Stiickelberg oscillations
between inner and outer orbits; as a result, the Klein tunneling
does not occur even if the electron trajectory is passing
through the Dirac point. We believe the source of the discrep-
ancy lies in their identification of the asymptotic states (for
Landau-Zener scattering) as orthogonal states with opposite
spin (in a fixed direction). On the contrary, the Landau-
Zener formalism actually does hold for nonorthogonal spin
states that depend on Hamiltonian parameters, as given by
Eq. (16) with energy fixed to the Dirac point; see also the
spin texture in the vicinity of the Dirac point in Fig. 2(b).
We have also numerically checked that 100% Klein tunnel-
ing occurs with negligible Stiickelberg oscillations, at the
energy of the Dirac point and in the limit of small cyclotron
frequency.
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APPENDICES

The Appendices are organized as follows: In Appendix A,
we prove the quantization rule of Egs. (4)—(9). The Landau
levels derived from this quantization rule are then compared
with numerically exact Landau levels in Appendix B, for
the Rashba-Dresselhaus 2DEG in a magnetic field. In Ap-
pendix C, the existence of Landau level quasidegeneracies is
proven. In Appendix D, we derive the symmetry-constrained
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codimensions of Landau level quasidegeneracies, in all sym-
metry classes of cyclotron orbits.

APPENDIX A: PROOF OF QUANTIZATION RULE FOR
THE LANDAU LEVELS OF NEARLY DEGENERATE BANDS

In this Appendix, we derive the quantization rule for the
Landau levels of nearly degenerate energy bands. We assume
the energy bands are nearly D-fold degenerate at generic
wave vectors. The Landau quantization of such bands results
in the quantization rule of Egs. (4)—(9) for D = 2; these
equations will be generalized (below) for D > 2. Although
less common than D = 2, D > 2 is relevant in materials with
nonsymmorphic symmetries. For example in screw- and time-
reversal-invariant solids with weak spin-orbit coupling, bands
in a high-symmetry plane (e.g., k; = 7 for the screw ¢, ¢/2)
are nearly fourfold degenerate.

The quantization rule is derived from the WKB solution of
an effective Schrodinger equation. During the derivation, it is
important to control the error in our approximation scheme,
which we use big-O and little-o notations to quantify. They
are defined as follows:

@

Jf(x) ~ O(gi(x), i €1...N}) (AD)

as x — 0 if and only if 3C > 0 and 36 > 0 such that for all x
with [[x]l <8,

|f(x)| < Cmax({|g;(x)|,i € 1...N}; (A2)
(ii)

fx) ~o({gix),iel...N})

asx — 0if and only if Ve > 0, 36 > O such that for all x with
[xlleo <6,

(A3)

|f(x)] < emax{|gi(x)|,i e 1...N}. (A4)

Here, ||x|looc = max{]x;|} is the uniform norm of the vec-
tor x.

As stated in Sec. II, our starting point is a decomposition
of the Hamiltonian H into ﬂo and a perturbation SH = nﬂl,
with n a dimensionless small parameter. We assume that
nH perturbatively breaks the D-fold energy degeneracy (at
generic wave vectors) of Hy. For twofold near-degeneracy, n
can be chosen as §5/S in the main text.

For an approximate, semiclassical solution to the time-
independent Schrodinger equation, we employ the effective
Hamiltonian formalism [6,10]. The effective Hamiltonian
is expressed in a basis of field-augmented Bloch functions
{1&,,,(}3:1 [6], which are modifications of Bloch functions that
span the energy-degenerate subspace of Hy. Expanding an
energy eigenfunction ¢ in this basis (¢ = Y2, 3 fuu),
the Schrodinger equation effectively becomes

[(Hk) — E1f =0, (A5)

with $(k) (the effective Hamiltonian) a D-by-D matrix differ-
ential operator.

In general, the effective Hamiltonian has an asymptotic
expansion in powers of the parameters a/I?(B) and 7, which
are both assumed small with finite ratio 1>17/a?; a here is a
crystalline lattice period, which we henceforth set to one for

convenience. To the leading order in / ~2 and 7, the effective
Hamiltonian is the Peierls-Onsager Hamiltonian: (k) :=
€(k). This is just the Weyl-symmetric Peierls substitution
k — k for the dispersion [e (k)] of the D-fold-degenerate band
of Hy(k), and k =k + (¢/h)A(iVy) here are the kinematic
quasimomentum operators.

The subleading term $;(k) (denoted # in the main text)
of the effective Hamiltonian has two additive components:
the first is obtained by Peierls substitution of the generalized
Zeeman interaction (in the absence of §H), which includes
the Zeeman coupling to orbital and spin moments, as well as
a geometric Berry contribution. The second component is the
Peierls substitution of 8¢ (k), which is the projection of H to
the D-fold-degenerate bands of 1-70. In combination,

N1k) = nde(k) + B(M; — gspups: /I + e€apXpve).  (AO)
M., s;, X, and v in Eq. (A6) should be evaluated with
wave functions in the degenerate subspace of Hy. The above
equation presupposes that the magnetic field B lies in the —z
direction.

Employing the Landau gauge for Eq. (AS5) with &, a good
quantum number, we seek a semiclassical solution in the
WKB approximation. To leading order [i.e., with $y(k) only],
solutions of Eq. (AS) are Zil’berman functions [91] labeled by
the wave vector k'

1 eilzk?kye—ilz [k dk,

Sro, (A7)

v
Jorl

where k; is a function of k, satisfying e(k}, k,) = E. The
multiple solutions to €(k}, k,) = E are indexed by v. Quan-
tities with the superscript v [e.g., v} (k) in Eq. (A7)] should be
evaluated atk = (k) k).

Similarly to what is done in Ref. [10], we seek the solution
to the Schrédinger equation using the following multicompo-

nent wave function ansatz:

fr=A%", (A8)
where
L, 2
g = C(\J;_ezkf/{\,lzeql? kadkyakj?kx’ acl...D, (A9)
vz

and ¢} is k independent. A" is a k,-dependent square ma-
trix with the assumption that A, is of order O(l, nl?) =
O({1, nl*}). Following Sec. V A2 of Ref. [10],

[90K)]pAp 8

= A cok)g, + il v (8, A, ). + o072, 1) (A10)
and

[9100)]ap A8l = (911w Apegh +o( 2 ). (All)
One term omitted in Eq. (All) in o(72,n) is

il72(8yA".)g"d % /dk,. This omission can be justified if
terms in Eq. (A6), including the change of velocity due to
8H, are not anomalously large.
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The Schrodinger equation then reads

inl =Y (3, AL.) gl + [D1lapApegl = ol 2 m).  (Al12)
For the above equation to hold for any c,
v 21, v]—! v 2
noy AL, = il*[vy]” [91]awAy, + o1, nl?). (A13)

The solution to this differential equation is a path-ordered
exponential:

Kl

A= ﬁ[ilz —dky} +o(1, ni?). (Al4)
hv

By imposing a hard-wall boundary condition at classi-
cal turning points, and requiring that the wave function in
Eq. (A8) be single valued [10], we obtain the quantization rule
stated in Egs. (4)—(9); in Eq. (4), a now runs from 1 to D. Due
to the geometric Berry term, Eq. (5) transforms covariantly
under basis transformations within the degenerate subspace of
H (see Eq. (133) of Ref. [10]), and as a consequence {)\a}aD:l
is well defined modulo 2.

Since A, is the eigenphase of A over a full cyclotron
orbit, it carries the same uncertainty o(1, 7]12). For example,
in the Rashba model with an out-of-plane field, a compari-
son with the exact solution shows that our quantization rule
misses terms of the order n%I%; precisely, the missed terms
are each proportional to /2652/S in Eq. (14). These missed
terms are small under our assumption of small n and small
=2 with finite ratio /2. We remark that [265?/S « 1, along
with the standard semiclassical condition, sets a double-sided
constraint on the magnetic field: S™' « 12 < S/(85)>.

Besides the effective-Hamiltonian approach described
here, semiclassical wave packet theory has been developed for
multiple coupled bands [92]. It is possible that the quantiza-
tion rule [of Egs. (4)—(9)] can be alternatively derived by a
“requantization” of the wave packet theory [93]; we leave this
for future investigation.

APPENDIX B: COMPARISON OF NUMERICALLY EXACT
LANDAU LEVELS WITH OUR APPROXIMATION SCHEME

In this Appendix, we compare the exact Landau levels
obtained from numerical diagonalization (with standard tech-
niques reviewed in Appendix B 1) to the approximate Landau
levels obtained from our quantization rule, as summarized in
Egs. (4)—(9). The comparison shall be made for the Rashba-
Dresselhaus 2DEG in an out-of-plane field [see Fig. 8(a)], and
for the Rashba 2DEG in a tilted field [see Fig. 8(b)]. In both
cases, a closed-form analytic expression for the Landau level
spectrum is not known. We quantify the error of our quantiza-
tion rule by error := |€qy1e — €exact] /€ for different parameter
choices in both models. The semiclassical (/%S >> 1) and
near-degeneracy conditions (6S/S < 1) are satisfied within
the parameter range in Fig. 8. Just as for the Rashba 2DEG
in an out-of-plane field [cf. Eq. (14)], the accuracy of our rule
improves with decreasing parameter /2852 /S, suggesting that
this parameter gives the dominant contribution to the error of
the quantization rule (cf. the discussion in Appendix A).
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FIG. 8. Comparison of quantization rule and exact diagonaliza-
tion. (a) For various spin-orbit parameters (o, 8) of the Rashba-
Dresselhaus model, we plot in the left panel error := |€;e —
€exact| /€. for a single Landau level that lies closest to energy E =
0.4 eV, where €. is determined by Eq. (4) and €.y, is obtained
by numerical diagonalization of the Peierls-Onsager Hamiltonian
Hgp(k) plus the Zeeman coupling to spin. We also plot in the right
panel /2652 /S, which has a strong positive correlation with the error.
(b) For various parametrizations («, Z;) of Hgz, we plot in the left
panel the error for a single Landau level that is closest to €, [as de-
fined in Eq. (16)]; €, is determined by Eq. (4), and €.y, is obtained
by numerical diagonalization of the Peierls-Onsager Hamiltonian
Hgz (k) plus the Zeeman coupling to the spin. The corresponding
12587 /S is plotted in the right panel. For numerical convergence [94],
we have presented data only in a strip [within («, Z;) space] where
0.4 < ¢y < 1.0eV. Parameters for (a): m = 0.076m,, [ = 200 A, and
gs1 = 2; parameters for (b): m = 0.076my, [ = 100 A, and 8s1 = 2.

1. Method of numerical diagonalization

Numerical diagonalization relies on [K, K,] = il -2 being
algebraically similar to the commutation relation of position
and momentum (in quantum mechanics with quantum param-
eter 7). Analogously, K, and K, can expressed with creation
and annihilation operators

K. =1"a+d")/V2,
K, = —il""(a —da")/v2.

Performing the above substitution for Hg (k) (with the Zeeman
coupling to spin),

Pl
HR(k)=$ aa+§

(BI)

(B2)

+«/§hal—l<p —iaT) _ g1 h*o?
ia

0 41”10[2 '

Equation (B2) has solutions in the form of (ci|n + 1), cz|n)),
where c¢; and ¢, are some constants and |n) is an eigenstate
of a'a with eigenvalue n. Any Hamiltonian H (k) can be
numerically diagonalized with a cutoff for the index n, which
we assume to be large.
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APPENDIX C: EXISTENCE OF LANDAU LEVEL
QUASIDEGENERACY

For our quantization rules to be consistent, the following
inequalities are necessary:

as ‘axa

=
oE

JEXY Aal,
[17S] > Al 3E

. (€D

S| > 0
’ 312

Due to the latter two inequalities, we shall refer to X, as slowly
varying (with respect to E and B), in comparison with the
rapidly varying [>S.

To appreciate the difference in scales, consider that for
Aq to change by 27 due to a variation /2 (at fixed energy),
we estimate from Eq. (10) that /> must change on the scale
of 27 /8S; this scale is much greater than the period of
quantum oscillations (72 := 27 /S), by our assumption of
near degeneracy. The above estimate was carried out in the
weak-hybridization regime, where the Zeeman interaction is
much weaker than the spin-orbit splitting of energy bands. In
the strong-hybridization regime, A is independent of [? to the
accuracy of our theory.

Analogously, for A, to vary by 27 due to a vari-
ation of £ — E + 8E (at fixed field), we estimate in
the weak-hybridization regime [cf. Eq. (10)] that §E ~
27 /1?(38S/0E), which is generically much larger than
the cyclotron energy €. = 2m/I1%(dS/9E). In the strong-
hybridization regime, A, depends on E solely through the slow
variation of M. In the absence of symmetry, we estimate

2 2
0<g5 Im ﬂ) < 2_7'[’

c

g
dE

, (C2)
mo dE’ 3S/IE

where my is the free-electron mass, and m = ii*(3S/0E)/2n
the effective mass. The first argument of O originates from
the energy dependence of the effective g factor; the second
argument accounts for possible nonanalyticities in the area of
00, which may originate from saddle or II Dirac points in the
zeroth-order Hamiltonian Hy.

Armed with the above inequalities, we now demonstrate
that if a degeneracy of A (e*+ = e™-) occurs at (E, B), there
exist two Landau levels in close proximity to (£, B) which
satisfy the near-degeneracy conditions defined in Egs. (28)
and (29).

To begin, it is useful to define

Qu(E.B) i= s=(PS +hs — ) (€3)
2
such that the quantization rule Eq. (4) is satisfied if
Q. (E, B) € 7. Generically, either of my := Q. (£, B) € Ris
not integer valued, but
Qi — Qlgs= """

€. (C4)
2 E.B

Let ny be the closest integer to my (this implies [ny — my| <
1). From Eq. (C4), we deduce that n, — m. is equal to n_ —
m_; this quantity is henceforth denoted as r := ny — my, and
Qi(E, B) +reZ.

Let us first tackle Eq. (28). We define E. such that
Qi(E+,B)= Qi(E,B)+r € Z. Since A is a slowly vary-
ing function of E relative to I2S, |Ex — E|/s. ~ |r| < 1, with

the cyclotron energy . = 27 /12|3S/dE| evaluated at (E, B).
Let us denote O’ := d0/JE evaluated at (E, B). We estimate

E+ —E_ ~ r 1 1
& ee\Q, Q.
~ r I /
~ ESC(A_ — )\._,_)
Combining Eq. (C5) with the above estimates for A/, we
derive Eq. (28).

Let us next tackle Eq. (29). It is most convenient at this
point to change variables from B — [ (the square of the
magnetic length). Let us define li such that Q4 (E, li) =
Qi (E, ) +r e Z. We denote O :=090/d(I*) evaluated at
(E, B), and estimate

2 2
=1
T

(€5

~ S TpGh — i), (C6)
2

Combining Eq. (C6) with the above estimates for i., we

derive Eq. (29).

APPENDIX D: CODIMENSION OF LANDAU LEVEL
QUASIDEGENERACY

In this Appendix, we perform a symmetry analysis of the
two-by-two matrix propagator A [defined in Egs. (5)-(9)]
and derive the symmetry-constrained codimensions of the
eigenvalue degeneracies of A.

It is instructive to adopt a geometric perspective on eigen-
value degeneracies. While a generic SU(2) matrix A is uni-
formly distributed over S [cf. Eq. (30)], we have found
in Sec. IV B that band-conservation symmetry restricts the
distribution to S'. Generally in the presence of symmetry, we
are motivated to adopt symmetric coordinates [{ry, ..., rq} =
r] that independently parametrize the symmetry-constrained
SU(2) matrix [95]; such symmetry constraints have been ex-
emplified in Eq. (37) for the case of rotational symmetry, and
will be elaborated (for all other symmetries) in Appendix D.
A(r) = =£I then defines a set of submanifolds in r space which
we refer to as degeneracy manifolds. The codimension of the
degeneracy manifold is defined as d minus the dimension
of said manifold; alternatively stated, the codimension is the
number of independently tunable parameters (in r) needed to
attain a degeneracy.

For a symmetry g which acts on spacetime as r — gr
and t — (—1)*®¢, we define £ as the corresponding operator
on wave functions: gy (r, s) = Y_ ., ¥ (&~'r, s")[Dglys, with D,
the spinor representation of g. The sewing matrix ¢ is defined
as

g(k)nm = (un,gok |g(k)|um,k>KS(g) s

3(k) = e " gkt (DD

Here,n = 1,2 and m = 1, 2 runs over the degenerate sub-
space of Hy; K' := K which implements complex conjuga-
tion, while K is the identity operation. By a basis transfor-
mation in the degenerate subspace,

2
i) = lthie) Vi (), (D2)

m=1
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TABLEIV. Codimensions of degeneracy manifold of .4 under constraints of different type of symmetries. Most of the symmetry constraints
on A are reproduced from Ref. [10] except for classes II-1 and II-3, where a special gauge is chosen. co in the codimension column denotes
that eigenvalues of .4 cannot be degenerate; x denotes an entry where we cannot self-consistently impose the symmetry constraint and the
conditions on det.A and g for a two-by-two unitary .A. In the second to last column, g is chosen to be either diagonal or off-diagonal.

Class label u s Symmetry constraint det A 4 Codimension
I-1 0 0 A= 3Ag! gocl 3
gl 1
I-2 0 1 A= gAg! 1 (BK? =1 1
1 (3K)? = —1I 3
-1 @K =1 o0
-1 (BK)? = -1 X
II-1 0 0 A= g(g" oko) AL, 1
I1-2 1 1 A=3gATg! @K =1 2
(&K #1 0
II-3 0 1 A= g(gl’il o ko)(Ki.Al/LKi)L L=N 1
1 L#N 1
-1 L#N, (3K? =1 o0
-1 L#N, 3K)? = -1 x
114 1 0 A=3gATg"! 1 gx o, 2
1 g Ko, 0
-1 gocl 2
-1 gkl 0
1I-1 0 0 A = gA1g71 3
I1-2 1 1 Ay = ATg! 3
I11-3 0 1 Ay = gAig! 3
I1-4 1 0 Ay =gAlg! 3

g transforms as
3k) — V(g o k)3(k)K*®V (k)K*® . (D3)

This shall be referred to as a gauge transformation. Any
unitary g can be diagonalized by a gauge transformation, such
that g(k) maps |u,) to itself, up to a phase factor which we
identify as the symmetry eigenvalue. We define order N of g as
the smallest positive integer such that g is either the identity
or any multiplicative combination of a 27 rotation (which acts
nontrivially on half-integer-spin representations) and a lattice
translation.

The codimension calculation can be simplified by choosing
a convenient gauge; the codimension is of course gauge invari-
ant. Generally, we have the following rules for a two-by-two
sewing matrix:

(i) If gok #k, g(k) can be transformed into an identity
matrix by a gauge transformation.

(i) If gok =k and g is unitary, g(k) can be transformed
into a diagonal matrix by a gauge transformation.

(iii) If gok =k and ¢ is antiunitary, g(k) can be trans-
formed into an off-diagonal matrix (diagonal terms are 0) by
a gauge transformation. For the special case of ¢ that is order
2, g can be transformed into either oy or io,.

The first two claims are simple to show, and the last claim
is verified in Appendix D 1 below.

The symmetry constraints on A expressed using the sewing
matrix are presented in Ref. [10] and reproduced in Table IV
for convenience. Generally, these constraints are derived using
the following relation:

.A[gokf <—goki]

= 3K Alky < kK5 (ki) (D4)

where A[k; < k;] is a segment of the propagator from k; to
ks along the cyclotron orbit. ¢ is a phase factor that appears
for g that is a nonsymmorphic element; however this phase
always drops out [10] for closed orbits and will be neglected
in the subsequent analysis.

For four of the ten classes (III-1 through III-4), the sym-
metry relates the propagators of distinct and disconnected
orbits, but each propagator (corresponding to one orbit) is
itself unconstrained. Therefore, the codimensions are still 3.
For the other six classes, self-constraints of .4 are imposed. In
particular, in classes 1-2, 1I-3, 11-4, det(A) is quantized at +1
[9,10].

The self-constraints of the six classes can be divided into
two types: (i) restricting A to only a submanifold of SU(2)
(classes I-1, 1-2, II-2, 1I-4); (ii) expressing the propagator
A as a product of propagators over a fraction of the period
[e.g., Eq. (37)] (classes II-1, II-3). For the former case,
we define symmetric coordinates by restricting canonical
parametrization of A to that submanifold; in the latter case,
we employ the canonical parametrization of the fractional
propagators to define symmetric coordinates for the full prop-
agator A. For symmetry constraints of type (i), A fulfills an
equation expressed with the sewing matrix at the base point
of A (denoted as ko). Therefore, we parametrize the pro-
pagator as

_ o @ B 2 2 _
A=e <_ﬂ* a*>, lal” +1B1" =1, (D5)
and look for how many free parameters are left after the
symmetry constraint is imposed, which is codimension of
degeneracy manifold. For symmetry constraints of type
(i) we parametrize the first fractional of the propagator
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A]/L as

Ay = e’ <_O;3* f*>’ o> + B = L.

(D6)
Then we calculate the full propagator A and figure out how
many parameters are needed to tune A such that A is propor-
tional to identity, which is the codimension of the degeneracy
manifold.

Class I-1. According to the general rules of the sewing
matrix, the sewing matrix g can be made diagonal by a gauge

transformation:
. el 0
§= 0 et )

In this gauge, the symmetry constraints are expressed as

i(p1—2)
(_‘;‘3* f*>=(_ei<¢‘f‘¢z>ﬁ* . ’3) (D$)

Therefore, unless g is proportional to identity, 8 = 0 and the
only free variable is the phase of .

Class I-2. By a gauge transformation, the sewing matrix g
can be made off-diagonal:

(D7)

o 0 1
g= < 11 0>, (DY)
In this gauge, the symmetry constraints are expressed as
« BY_[( o« FB
det(.A)(_,B* a*) = (:I:ﬂ* o ) (D10)

This immediately yields corresponding rows in Table IV.

Class II-1. In this class (and also class II-3), the full
propagator can be constructed from 1/L of it, where L is the
smallest positive integer fulfilling g o ko = ko. Here, kg is the
base point of A. In this class, L = N. A good example in this
class is ¢y,, N-fold rotation in the z direction. Generally, by
gauge transformation at g" o ko, g(g" o ko) can be transformed
to identity for 0 < n < N — 1 and the full propagator is

A= 3" oko)AYy. (D11)
where
N—-1
2@ oko) =[] &g ko) (D12)
n=0

is a constant phase factor determined by the group multipli-
cation rule. For example if g is an N-fold rotation, the phase
factor is +1 (resp., —1) for an integer-spin (resp., half-integer-
spin) representation. For the purpose of determining degen-
eracies, we may focus on AIIV/N. Using the parametrization in
Eq. (D6), we diagonalize Ay as

o, (€? 0
Ay =e"U (O e—i<p>U

with ¢ = Re(a) + iy/Im(«)? + |8|2. The sufficient and nec-
essary condition for A’IV/N o« I is Re(a) = cos(nm /N), with
n € Z. Tuning Re(«) = cos(nwr /N) requires only one param-
eter, except for n = 0 and n = N, where three parameters are
required.

(D13)

In Sec. IV, we construct ¢y models by perturbing from the
¢ Rashba model and by coupling two otherwise indepen-
dent orbits by magnetic breakdown. In both constructions, ¢
evolves monotonically with respect to B before perturbation is
turned on. ¢ sweeps through nw /N where degeneracies of .4
are expected. ¢/ hits £1 once in every N degeneracies and
therefore the other N — 1 degenerates are stable, i.e., have
codimension 1.

Class II-3. In class II-1, L = N is guaranteed. However, in
class II-3, this is generally not true. For symmetry operations
still respecting L = N, the codimension calculation is similar
to what is done in class II-1. The only example of L # N is
Tcoznes m€{0,1,2,3,4,5}), where L =3 and N = 6. We
write g = T ¢, ne/6 and h = 2. By gauge transformation, it
is possible to make g(kg) = g(go ko) = I and hko) = (g o
ko) = h. In this gauge, fz(g oky) = h*. Therefore,

A= fl.Al/LAT/L»Al/L, (D14)
and A;; is constrained due to / as
Ay =R Ayh™. (D15)

Since # is of order two, i can be chosen as either Oy Or i0y.
Then we immediately get det A, = 1. We first study the
case h = o,. If det Ay = 1, we parametrize det A, as in
Eq. (D6) with 6 = 0. From Eq. (D15), we get 8 = 0 and thus

0 o
=0 %)

and eigenphases of A are fixed to 0 and 7. If det A;,; = —1,
0 = /2 in Eq. (D6) and we obtain

B /3*3 0
A— ( 0 ,33>’

and the codimension is 1. If 4 = ioy, from the fourth entry of
class I-2, we deduce det A, ,;, = 1. Choosing the parametriza-
tion in Eq. (D6) with 6 = 0, we compute the codimension to
be 1.

Classes II-2 and II-4. Calculation of codimensions for the
two classes follows the same pattern as classes I-1 and I-2 and
is therefore omitted here.

Assuming that the spin-orbit coupling can be turned off
continuously without changing the degree (D = 2) of degen-
eracy, det(A) = 1 for classes I-2, II-3, II-4, and thus Table IV
simplified to Tables I and II.

(D16)

D17)

1. Two-by-two sewing matrix of antiunitary symmetry
operator can be made off-diagonal

Here we derive the third rule for gauge transformations
[point (iii) above in this Appendix]. We will show a gauge
exists where g (the sewing matrix of an antiunitary symmetry,
at a g-invariant wave vector) is off-diagonal. We will arrive
at this gauge by a sequence of gauge transformations: g —
Vigy=.

(1) The square of an antiunitary operator is unitary; hence
88" — V135"V can be diagonalized. In this diagonalized
gauge, it is simple to see that either g is off-diagonal or it is a
(complex) symmetric unitary matrix. In the former case, our
job is done. Let us henceforth deal with the latter.
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(i) Any symmetric unitary matrix can be diagonalized by
conjugation with a real orthogonal matrix [96], which we
identify with V in the next gauge transformation. Henceforth
we assume g is diagonal.

(iii) By an appropriately chosen V that is diagonal, we can
always simplify g to the identity matrix.

(iv) Finally, with V = ¢~/ we obtain g = io,, with
o, an off-diagonal Pauli matrix. This completes the proof.

In the special case that g is order 2, the associativity
condition for g imposes that gg* = £/. In the case of +1, g
is symmetric, and we may apply (ii)—(iv) above to simplify

& = ioy; this can be made real by a final gauge transformation

with V = /45, In the case where 3g* = —1I, § must be skew
symmetric (under transpose). Any skew-symmetric unitary

matrix is proportional to icy, up to a phase factor that can be

gauged away.
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