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Dynamics of magnetic skyrmions in hybrid ferromagnetic films harbors interesting physical phenomena and
holds promise for technological applications. In this work, we discuss the behavior of magnetic skyrmions

when coupled to superconducting vortices in a ferromagnet-superconductor heterostructure. We use numerical
simulations and analytic arguments within London and Thiele formalisms to reveal broader possibilities for
manipulating the skyrmion-vortex dynamic correlations in the hybrid system, that are not possible in its
separated constituents. We explore the thresholds of particular dynamic phases, and quantify the phase diagram
as a function of the relevant material parameters, applied current, and induced magnetic torques. Finally, we
demonstrate the broad and precise tunability of the skyrmion Hall angle in the presence of vortices, with respect
to currents applied to either or both the superconductor and the ferromagnet within the heterostructure.
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I. INTRODUCTION

The ability to trap and manipulate magnetic skyrmions is
of great recent importance for cutting-edge memory devices
and information technology [1-4]. Magnetic skyrmions are
topologically protected spin textures which can be stabilized,
e.g., in ultrathin ferromagnetic films when coupled to a heavy
metal (HM) layer with strong spin-orbit coupling. The broken
interfacial inversion symmetry induced by the heavy metal
layer produces an interfacial noncollinear Dzyaloshinskii-
Moriya interaction (DMI), which energetically favors Néel-
type skyrmions and domain walls [5-8].

Heterostructures often present nontrivial phenomena en-
abled by the competition or hybridization of the physical prop-
erties of its parts. Particularly, ferromagnet-superconductor
(FM-SC) heterostructures have received much attention in
recent years [9-12], either for their possible applications in
spintronics [13] and Josephson devices [14—17], or for the
rich emergent physics in such systems [18-22]. Recently,
theoretical works on chiral FM-SC heterostructures have
demonstrated that the stray magnetic field of superconducting
vortices may be able to create [23] magnetic skyrmions in
the ferromagnetic layer, also to trap or repel the preexisting
skyrmions [24,25], depending on vortex polarity. Insights in
the dynamic properties of such hybrid systems were recently
provided in Ref. [24]. Here, we provide an in-depth analysis
and investigate the manipulation of the skyrmion-vortex pair
(SVP) correlations in a FM-SC hybrid, in the case of indepen-
dently biased films (current applied to either FM or SC part).
We study the dependence of the net motion of skyrmions and
vortices on the viscosities of the host materials, the exerted
Lorentz force, and magnetic torques by applied current(s),
and calculate the skyrmion Hall angle with respect to currents
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applied into both superconductor and ferromagnetic films. We
reveal that the skyrmion Hall angle with respect to current
applied into the ferromagnetic film is always greater than one
observed in the absence of vortices. We stress the possibility
of compensating the skyrmion Hall effect (SHE) in such
systems by applying combined currents into two constituent
materials of the heterostructure, which is of importance for the
facilitated skyrmion guidance in racetrack applications, where
the SHE can cause the skyrmion to annihilate at the sample
edges. Figure 1 illustrates the considered system, an ultrathin
ferromagnetic film of thickness d with perpendicular mag-
netic anisotropy, e.g., a Co layer, coupled to a nonmagnetic
layer on top with a strong spin-orbit coupling, e.g., the heavy
metal Pt (neither Co nor Pt are superconductors at ambient
pressure), placed on top of a superconducting film of thickness
dsc, separated by an insulating layer of thickness dj, such that
the interaction between the superconducting material and the
ferromagnetic film is solely through the magnetic stray fields.

The paper is organized as follows. In Sec. II we provide
analytic considerations before describing the micromagnetic
model of ferromagnetic films with interfacially induced DMI
and providing the Thiele formalism for the center-of-mass
motion of the magnetic skyrmion. In Sec. III we report
the static properties of the hybrid system in the presence
of superconducting vortices, i.e., the general considerations
of the ferromagnetic state in the stray field of a vortex,
the properties of the skyrmion, and the skyrmion-vortex in-
teraction. Section IV is devoted to dynamic properties of
the hybrid system, where we combine micromagnetic and
molecular dynamics simulations to investigate the behavior
of skyrmions and vortices simultaneously when currents are
applied into both the SC and FM parts of the heterostructure.
In Secs. IV B and IV C we consider a uniform current applied
only to the superconductor, where we show the dependence of
the dynamic phases on the material viscosities and calculate
the critical properties of the SVP, as well as the angle of
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FIG. 1. (a) Oblique view of the considered heterostructure. By
tuning the competition between the Lorentz force (LF), acting on
the superconducting vortex, and the magnetic torques acting on the
skyrmion, one can control the resultant skyrmion Hall effect (SHE)
and the net direction of the skyrmion-vortex pair (SVP) motion.
(b) Schematic details of the considered system, a thin ferromagnetic
(FM) film of thickness d with perpendicular magnetic anisotropy,
coupled to a heavy metal (HM) layer with a strong spin-orbit
coupling, placed on top of a superconducting (SC) film of thickness
dsc, separated by an insulating layer of thickness dj, such that the
interaction between the superconducting and the ferromagnetic film
is restricted to only the magnetic stray fields.

the SVP terminal motion with respect to the applied current. In
Sec. IV D we show that the skyrmion Hall angle with respect
to currents applied into the FM film is always greater than
that observed in the absence of vortices, and describe the full
potential of guiding the magnetic skyrmions by tuning the
skyrmion Hall effect in FM-SC hybrid systems. Our results
are summarized in Sec. V.

II. THEORETICAL FORMALISM

In this work, we rely on molecular dynamics simulations
and the London limit to describe the vortex behavior in the
superconducting layer. Then the stray magnetic field of the
(moving) vortices is used in the micromagnetic framework
to understand the static and dynamic response of the ferro-
magnetic layer and skyrmions therein. For description of the
dynamic phases of the heterostructure as a whole, we couple
the molecular dynamics of vortices with the Thiele equation
of motion of skyrmions. In what follows, we give a short
description of the key ingredients in our theoretical analysis.

A. Stray field of a single vortex

The stray field of the superconducting vortex can be cal-
culated analytically in the London limit, A > &, where A
and £ are the penetration depth and the coherence length,
respectively. The general solution for the stray field produced

outside the superconducting film of thickness dsc by a straight
vortex reads [26]
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and T = +k? + 172, Here, z = 0 represents the supercon-
ductor surface and r = /x> +y? is the distance from the
center of the vortex core. As discussed in Ref. [26], for
the case of dsc > A, the stray field of a single vortex can
be approximated, near the superconductor surface, by the
field of a magnetic monopole of “charge” 2¢,, where ¢ is
the magnetic-flux quantum, located at a distance d,, = 1.27A
below the superconductor surface. In this case, the stray field
takes the simple form

do 1
B, (r, 0)=——, 2
(r,z>0) o RO (2a)
4)0 Z+dm
Bz(r,Z>0)=E B (2b)

where R = /r?+ (z+d,)* is the distance from the
monopole. We use this approximation in our calculations for
the case of thick superconducting films, dsc >> A, while for
small or moderate thicknesses we use the full expression given
by Eq. (1). For more details, refer to Appendix A.

In our system, the ferromagnetic film is placed on top of the
superconductor, separated by an insulating layer of thickness
d;, thus experiencing the stray field of the superconducting
vortex calculated in the plane z = d;. We consider an ultrathin
FM film, such that the DMI, induced in the FM-HM interface,
and the magnetic field induced by the vortex, are considered
to be uniform across the film thickness. Notice that in this
work we do not consider the creation of vortex-antivortex
pairs in the superconductor due to the stray field of the
skyrmion [25,27], since such a stray field emanating from
an ultrathin FM film is insufficient to strongly perturb the
superconducting film separated by a thick insulating layer.

B. Micromagnetic model

For the micromagnetic simulations of the chiral ferromag-
netic layer, we employ the simulation package MUMAX?® (see
Refs. [28] and [29] for a recent review). The local free-
energy density £ is related to the magnetization M(x, y) =
Mgm(x,y), where M, is the saturation magnetization and
[m| = 1. We consider the free energy resulting from the
following magnetic interactions: exchange interaction, per-
pendicular anisotropy, DMI, Zeeman interaction, and de-
magnetization. We approximate the demagnetization energy
by using an effective anisotropy K = K — %MOMSZ, with
K the perpendicular magnetic anisotropy and o the vac-
uum permeability, which is justified for the case of ultrathin
ferromagnetic films [30]. The expressions for the resultant
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energy-density terms are
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Our sample is an ultrathin ferromagnetic film with per-
pendicular magnetic anisotropy, with DMI induced by an
adjacent heavy metal layer with strong spin-orbit cou-
pling. We consider the following parameters: saturation
magnetization M, = 580 kAm™!, exchange stiffness Aox =
15 pJm~!, and perpendicular anisotropy K = 0.8 MIm~>
(Kt = 0.6 MIm™3), stemming from the experimental results
on Co/Pt systems [31,32]. The used values of the DMI
constant D will be specified in the sections below, for what is
useful to define the critical DMI strength D, = 4/AexKetr/ 7T
above which spin cycloids become the ground state in the
ferromagnetic sample [33]. B represents the external magnetic
field, which in our case will be the vortex stray field. For all
simulations, we consider a system discretized into cells of
size 1 x 1 x 0.4 nm?, with d = 0.4 nm the thickness of the
FM film. In MUMAX? the dynamics of the magnetization is
governed by the Landau-Lifshitz-Gilbert (LLG) equation

dm _ _¥ H H 3

p7ie m{m X Her + a[m x (m x Hegr)l},  (3)
where y = 1.7595 x 10" AmN~!s™! is the gyromagnetic
ratio and « is the Gilbert damping factor. In this work we
consider o = 0.02 and 0.3, representing, respectively, the low
and high damping regimes of the FM material. Heg is the
effective magnetic field given by the functional derivative of
the free energy E = [(Eex + Eanis + Eomi + Ezeeman)dV with

respect to the magnetization: He = —WSE /om.

C. Equation of motion for the center of mass of the skyrmion

The Thiele equation describes the dynamics of the center of
mass of the skyrmion by assuming a rigid body motion of the
spin texture [34-37]. For the case of in-plane applied current
the Thiele equation reads [38]

G x (v—rg)+D(Bv—arg)— VV =0, (@)

where G = GZ = 4w Q(dM;/y)Z is the gyromagnetic cou-
pling vector, with Q the skyrmion number (in all simulations
we consider Q = —1); I = XX + ysi ¥ is the skyrmion drift
velocity; V is the potential induced by the vortex field; v =
v & + v, is associated to the velocity of the conduction elec-
trons in the spin-polarized current, and D represents the dis-
sipative tensor, with components D;; = (dM/y) f d*rom -
0;m = D§;; (see Appendix B). Equation (4) can be separated
into its two components, which yields

1 ,
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III. STATIC PROPERTIES OF THE HYBRID SYSTEM

A. Effects of the vortex field on the uniform ferromagnetic state

Let us first consider the effects of the magnetic field of
the vortex in the superconductor to the uniform ferromagnetic
state in the adjacent magnetic film. Figure 2 shows the magne-
tization profile obtained from micromagnetic simulations of a
ferromagnetic film in the presence of the stray field of a single
vortex in a thick superconducting film (dsc >> 1), for different
values of the penetration depth A of the superconductor,
thickness of the insulating layer d;, and DMI strength D. The
polarity of the magnetic field of the vortex is taken to be
negative (pointing along the —Z direction).

Note that for small values of A, where the magnetic flux
induced by the vortex is more localized, the corresponding
canting of the magnetization in the FM film is more pro-
nounced. Also notice that, for the parameters considered in
this work, the presence of the superconducting vortex does
affect the ferromagnetic ground state, but it is not sufficient to
nucleate a skyrmion as, e.g., considered in Ref. [23]. In fact,
assuming weak variations of the local spin tilt angle 6, the
magnetization profile induced by the stray field of the vortex
can be calculated by considering the micromagnetic energy
density in polar coordinates [33],

b /00 do\’ sin” 6
EZ[0(r)] = 2n Ax| 7= ) +Ax—F—
0 dr r2

(d@ cos@sin@)
-D|—+—
dr r

+ Kegg sin® @ — MB, sin — MB. cos 9} rdr,

:/ 5(9,d—0,r>dr, (6)
0 di"

where we assumed m = sin 67 + cos 0z, and B, = B,7 + B,Z
is the stray field of a vortex located at r = 0. In the limit
of weak variations of the angle 6 (;’—f < 1 and 6 « 1), the
energy density can be rewritten as

8(9? 9/9 r)

;oo f Aex M;B;
=2nr|—DO" +6 r_2+Keff+ )

+9<_2 - MsBr> - MSBZ + 0(03) + 0(9/2)}’ (7)

r

where 8’ = d6/dr. The Euler-Lagrange equation

€ d [ 0dE
30 z(%) =0 ®)

minimizes the energy functional and yields the following
expression for the magnetization profile:

0(r) B, (r)M;
r)= .
Hex + 2K + B (r)M;

2

®
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FIG. 2. Canting induced in the uniform ferromagnetic state of the FM film due to the stray field of the nearby superconducting vortex, as
a function of the distance from the vortex core. (a) For different values of penetration depth A of the superconductor, with d; = 10 nm and
D = 0.8D, fixed. (b) For different values of d;, with A = 50 nm and D = 0.8D, fixed. (c) For different values of D, with A = 50 nm and
d; = 10 nm fixed. Dashed lines indicate the corresponding magnetization profiles obtained analytically using Eq. (9). (d) Contour plot of the z
component of the magnetization in the vicinity of the vortex core [centered at (x, y) = (0, 0)], for A = 50 nm, d; = 10 nm, and D = 0.8D.,.

Figures 2(a) and 2(b) show that the above expression (dashed
lines) nicely agrees with the magnetization profile obtained
in the micromagnetic simulations. Figure 2(c) shows that,
as suggested by Eq. (9), 6(r) does not depend on the DMI
parameter. Notice that this expression is valid for any radial
field such as that created by superconducting vortices, mag-
netic dots, or nearby magnetic tips, provided that the uniform
magnetic order is only weakly perturbed. It will be useful
now to define the radius of maximal canting, )", as given
by 6(ry™) = max[6(r)]. For the case of d; = 10 nm and A =
50 nm, we find 75" ~ A. From here on, d; = 10 nm will be
used in all remaining calculations, unless stated otherwise.

B. Effects of the vortex field on the skyrmion size

The stray field of the vortex can affect the skyrmion size
by favoring the rotation of the spin texture in the direction
of the flux lines, where the competition with other magnetic
interactions is relevant. For simplicity, we will only consider
variation of the DMI strength and fix all the remaining pa-
rameters of the ferromagnetic material. By increasing the
DMI strength one favors the rotation of the magnetization
at short length scales and reduces the energy barrier for the
vortex field to flip the spins along its direction, resulting
in an increase of the skyrmion size. Figure 3 shows how
the skyrmion size, calculated by micromagnetic simulations,
is affected by the stray field of a single vortex in a thick
superconducting film (dsc > A), for different values of D
and A, where skyrmion and vortex are on top of each other
and concentric. For each A, if D < Dj, the skyrmion radius
&g is confined in a region &y < rg"™, and increases its size
abruptly to &y > ry"™ when D exceeds D;. The threshold
state, where &g ~ rj"*, is unstable. From the simulations we
calculate D} ~ 0.882D., 0.9275D,, and 0.945D. for A = 50,
80, and 100 nm respectively. Notice that there is a range of
DMI (D < 0.85D, for all considered A’s) where the skyrmion
size is weakly affected by the presence of the superconducting
vortex and &y approximately corresponds to the skyrmion
size in the absence of any magnetic field (dashed line in
Fig. 3). In this case, the interaction energy is dominated by
the difference in Zeeman energy due to the presence of the
vortex stray field. Nevertheless, the other terms are highly

sensitive to the change in the skyrmion shape and thereby
give a non-negligible contribution to the total vortex-skyrmion
interaction energy (see Appendix A).

C. Skyrmion-vortex interaction

As shown in the previous section, the skyrmion-vortex
interaction is stronger when the domain wall of the skyrmion
faces the maximal background canting, i.e., when the
skyrmion core is at a distance r. ~ |rf®™ — &y| from the
vortex core. To numerically calculate the spatial profile of
the interaction energy between the skyrmion and the super-
conducting vortex, we relax the magnetization in the micro-
magnetic simulation for different positions of the vortex stray

250
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€
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%
“ 100 -~
50
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I I 1 I
0.8 0.825 0.85 0.875 0.9 0.925 0.95
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FIG. 3. Skyrmion radius when on top of a superconducting vor-
tex, extracted from the micromagnetic simulations, as a function
of the DMI strength D. Dashed line shows the skyrmion size in
the absence of an external magnetic field. The insets show the
z component of the magnetization for A = 50 nm, where dashed
circles represent r = rj'™, i.e., area where vortex core has strongest
influence on the ferromagnetic state.
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FIG. 4. Skyrmion-vortex interaction energy calculated in the micromagnetic simulations as a function of the distance between the skyrmion
and vortex cores for (a) different values of A and fixed D = 0.8D,, and (b) different values of D and fixed A = 50 nm. The curves fitted by
Eq. (10) are shown as dashed lines. Insets show the corresponding interaction force calculated as the derivative of the fitted curves, where
Fy = dAex /Ao = 0.12 pN, with Ay = 50 nm. (c) Trajectory of a skyrmion dynamics in the presence of the vortex field, for « = 0.02 and 0.3,
A =50 nm, and D = 0.8D,. Black dot indicates the initial position of the skyrmion and the arrows the center-of-mass trajectories. Background
colors show the z component of the magnetization induced by the vortex in absence of a skyrmion, as shown in Fig. 2(d).

field, while keeping the magnetic moment at the center of the
skyrmion fixed, at a fixed location. This approach is similar to
the method used in Refs. [39-41] to calculate the interaction
of the skyrmion with holes, sample edges, or material defects.
We consider the case of D < 0.85D,., where the skyrmion
profile is weakly perturbed by the presence of the vortex field
(see Fig. 3). In such a situation we are sure that the fixed
core will indeed represent the center of mass of the skyrmion
after relaxing the magnetization. Figures 4(a) and 4(b) show
the interaction energy calculated in these simulations, as a
function of the distance between the skyrmion and vortex
cores, rgy, for different values of A and DMI strength D, with
dsc > ). Notice that the obtained energy profile can be fitted
numerically by the expression

a
E=— " (10)

(2, +632)"

with a and b the fitting parameters. The fitted curves are
shown as dashed lines in Figs. 4(a) and 4(b). Insets show the
corresponding interaction forces derived from Eq. (10).

For further analysis, we fix A = 50 nm and D = 0.8D, in
the simulations, unless specified otherwise.

The vortex in the superconducting film is assumed to be
stabilized by an external, perpendicular magnetic field, which
also should be considered in the free energy of the magnetic
spin texture. In this work, we consider a sparse vortex lattice,
hence small fields, of the order 0.1 mT or smaller. In this
limit, the induced vortices are separated by distances larger
than 5 um (see, e.g., Ref. [42]), which is much larger than
the length scale A of the skyrmion-vortex interaction. This
situation therefore closely approaches the idealized case of an
isolated skyrmion-vortex pair considered in our calculations.
In addition, we have verified that external magnetic fields
up to 5 mT produce a negligible change in the skyrmion
morphology for the considered magnetic parameters of the
sample, justifying our analysis in absence of the external
magnetic field.

IV. SKYRMION DYNAMICS IN THE PRESENCE
OF A SUPERCONDUCTING VORTEX

A. Vortex at rest

We start by describing the motion of the skyrmion in-
duced by the interaction with a pinned vortex in a thick
superconducting film (dsc > A), without any other applied
drive. Figure 4(c) shows the center-of-mass trajectories of
the skyrmion in the presence of the vortex field, calculated
in the micromagnetic simulations with damping parameter
a = 0.02 and 0.3, where the vortex position is fixed at the
center of the simulation box and the skyrmion is initialized
at a distance rg, = 2.4\ from the vortex core. As shown in
energetic considerations of the previous section, the skyrmion
is indeed attracted to the vortex core. A deflection in the
azimuthal ¢ direction is induced by the Magnus force (¢ is the
angular cylindrical coordinate with origin at the vortex core
position), and the skyrmion follows a spiral trajectory towards
the center of the vortex. The damping factor o controls the
magnitude of the Magnus force and consequently the shape of
the spiral trajectory. Similar trajectories are observed, e.g., for
the skyrmion approaching a pinning center [40,43].

B. Vortex at constant speed

Let us next consider that a uniform current density, jsc,
is applied into a conventional superconducting material. The
current induces a Lorentz force Fr = dscgojsc x Z, which
acts on the vortex core, thus forcing the vortex to move and,
consequently, inducing the skyrmion motion as well. As a first
approximation, in this section we neglect the effects of the
skyrmion to the vortex motion and consider the vortex to move
straight along the Lorentz force at a constant speed given
by v = Fy/n, where 7 is the vortex viscous drag coefficient.
As we shall discuss in more detail in Sec. IVC, this is a
good approximation only when both the driving force and the
viscous drag acting upon the vortex are much stronger than
the vortex-skyrmion force.
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FIG. 5. Trajectories of the center of mass of the skyrmion calculated in the micromagnetic simulations for different values of the driven
vortex velocity v, with damping factor @ = 0.02 (a), or &« = 0.3 (b). (c) Maximal amplitude of the skyrmion trajectory as a function of v, for
different values of «, with fixed D = 0.8D.. (d) Maximal amplitude of the skyrmion trajectory as a function of v for different values of the
DMI strength and o = 0.02 fixed. Transition from solid to dashed line indicates the escape velocity. Dash-dotted lines in (a) and (b) correspond

to solutions of the Thiele equations for the case v = 2.5 m/s (see text).

We performed micromagnetic simulations initializing the
magnetic skyrmion concentric to the vortex core and then
moving the vortex field, in a rigid body motion, along the
+X direction, with constant velocity v. Figure 5(a) shows
the corresponding trajectories of the skyrmion for different
values of v and for damping constant « = 0.02. The skyrmion
moves in cycloidal arcs created by the competition between
the movement along the % direction imposed by the driven
vortex and the deflection along the ¢ direction with respect to
the vortex. The maximal amplitude of the cycloidal trajectory
is approximately X, which coincides with the maximal canting
region defined by r;"*. For v higher than an escape velocity
V¢, the skyrmion crosses the r = ;" region and escapes from
the confinement by the vortex field. The maximal amplitude
Ay of the skyrmion trajectory as a function of the vortex
velocity is shown in Fig. 5(c) for « = 0.02 and 0.3, with D =
0.8D, fixed, and in Fig. 5(d) for different values of D and o =
0.02 fixed. In the latter case, for D > D} one has &g > ry'™
and the skyrmion trajectory no longer presents periodic arcs
during the motion. Notice that the escape velocity does not
change considerably by changing from low to high damping
regime, however it strongly depends on the DMI parameter,
as expected from the interaction force in Sec. III C.

A similar cycloidal motion has been observed in Ref. [44]
for a moving magnetic field, where the authors stated that the
skyrmion follows a periodic motion. However, notice from
Fig. 5(a) that the amplitude of the cycloidal arcs decreases
as the skyrmion moves further. In fact, by increasing the
damping factor the dynamics changes from underdamped to
overdamped motion, as shown in Fig. 5(b) for « = 0.3. There-
fore, the cycloidal motion is a transient motion, after which
the trajectories converge to a situation where the skyrmion
moves along with the vortex, keeping a constant nonzero
distance from the vortex core position [thick dashed lines in
Figs. 5(a) and 5(b)]. This indicates that the vortex core is no
longer the minimal energy position for the skyrmion in the

dynamical system as it is for the system with a stationary
vortex (v = 0).

The above behavior is better understood in the frame of ref-
erence of the moving superconducting vortex. Figure 6 shows
the trajectories (indicated by arrows) of the center of mass of
the skyrmion calculated in the micromagnetic simulations for
different values of the vortex velocity v for « = 0.02 or 0.3, in
the frame of reference of the moving vortex. Each trajectory
corresponds to a different initial position of the skyrmion with
respect to the vortex core position. Notice that each point of
the coordinate space belongs to a unique and well defined
trajectory which converges to a fixed point or to infinity.
Such dynamical behavior can be described in the Thiele
formalism by the equation of motion for the center of mass
of the skyrmion (see Sec. II C). In this frame of reference, the
magnetic system is moving with velocity —vX with respect
to the vortex and the skyrmion dynamics can be equivalently
described by the situation where a spin-polarized current is
applied into the ferromagnetic film along the X direction in the
particular case where « = B, and the vortex is at rest. In this
case, in regions far from the vortex core, where aV/dr = 0,
the skyrmion velocity is given by iy = v = —vX. As the
skyrmion approaches the vortex, its trajectory can be attracted
by one of the fixed points, {r*}, which can be calculated by
setting I}y = 0 in Eq. (5). In cylindrical coordinates,

@* = arctan <i> +nmr  (forv#0), (lla)
aD

v

a5 (11b)

+04qv,

r*

where n =0, 1, 2, ... represent the solutions for both vortex
(—%—‘: < 0) and antivortex (—%—‘; > 0) if n is odd or even
respectively. Comparing Eq. (11b) with the skyrmion-vortex
interaction force in Fig. 4 (insets), there can be 0, 1, or
2 fixed points for v > v., v = v, and v < v, respectively,
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FIG. 6. Arrows show the skyrmion trajectories calculated in the micromagnetic simulations for different values of the vortex velocity, v,
with = 0.02 (a)—(d) and 0.3 (e)-(h), plotted in the frame of reference of the moving vortex. Thin lines are the corresponding trajectories
calculated from the Thiele equation. Dots show the fixed points, where open dots indicate saddle points and closed dots represent stable spiral
points. Background colors show the z component of the magnetization induced in the absence of a skyrmion, as shown in Fig. 2(d).

where v, = FJ™ /o0y, is the critical velocity. The stability of
the fixed points can be calculated either analytically, by the
linearization of the equation of motion near the fixed points,
or numerically, by iterating Egs. (5) in discrete steps of time.
Here we apply the second approach, where we take o = B,
vy = —v, v, = 0, and force Fy, as calculated in Sec. III C. The
value of D was calculated as explained in Appendix B. The
corresponding trajectories and fixed points calculated from
the Thiele equation are shown in Fig. 6 as lines and dots,
respectively, with the open dots representing saddle points
and the closed dots representing stable spirals. Notice that
the trajectories obtained from the micromagnetic simulations
(blue lines) follow the shape of the neighboring trajectories
calculated from the Thiele approach (black lines) without
crossing them (albeit with weak deviations), which indicates a
good agreement between both solutions. A direct comparison
between both solutions is also shown by the dash-dotted lines
in Figs. 5(a) and 5(b). Also notice that with increasing the
vortex velocity the fixed points approach until they annihilate
around the region of maximal background canting due to the
vortex field.

C. Feedback effect of the skyrmion dynamics
on the driven vortex

As anext step in the analysis, we introduce the feedback ef-
fect of the skyrmion dynamics on the driven vortex dynamics
by taking into account the vortex-skyrmion interaction in the
vortex equation of motion. For simplicity, here we consider
the limit dsc < A, where the currents in the superconducting
film can be averaged over the film thickness and the vortex-
core dynamics can be approximated as one of a point particle.

The Bardeen-Stephen equation [45] describes the over-
damped motion of the vortex core, with terminal velocity ry
given by the force balance: nr, = F, where 5 is a viscosity
coefficient and F comprises all other forces acting on the
vortex core. In this work we neglect the effects of vortex
pinning in the superconductor, as well as the intrinsic vortex
Hall effect (negligible outside the superclean limit [46,47]),
and write the force acting on the vortex core as F = F —
Fy,, with FL = dscgojsc x 2 the Lorentz force due to the
current density jsc applied into the superconductor and Fy,
the skyrmion-vortex interaction force. Therefore, for the case
of F = F.X, the equation of motion for the vortex core can
be separated as

. 1
b= (- F).
n
ho=—=F}. (12)
n

The threshold current applied into the superconductor

that breaks the skyrmion-vortex pair (SVP) is reached when

the vortex attains the critical velocity, i.e., nv. = |F| =
\/ (FL, — F£)? + (Fg)?. The critical value of F{, then reads

2
R = ma[ 5]+ Jour - (R a3
Here v, = FJ* /04, and we obtain
C r] max
F = <1 + —>Fsv . (14)

Above this value, the fixed points of our dynamical system
annihilate, and the skyrmion is left behind when the vortex
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FIG. 7. (a) The critical force calculated from Eq. (14), for « = 0.02 and « = 0.3. The labeled points represent the parameters (FL, )
considered in the simulations. (b) Resultant direction (angle €2) of the SVP motion with respect to the X direction. The open dots indicate the
angle calculated from the simulations and the solid lines are given by Eq. (15). (c)—(r) Molecular dynamics simulations for labeled choices of
parameters in (a), with the vortex trajectories represented by dashed lines and the skyrmion trajectories by solid lines.

moves. On the other hand, for Fi, < E¢, the SVP remains
bound, and after a transient oscillatory motion, the pair
reaches a steady state (the dynamical system finds the stable
fixed point), where the skyrmion and vortex move with the
same velocity, i.e., X = Xy = vy and yg = yy = vy, with v,
and v, constant. By substituting that into Egs. (5) and (12),
one can calculate the resulting net angle (direction) of the SVP
motion with respect to the £ direction as 2 = arctan(v,/v,).
For the case where there are no currents applied into the
ferromagnetic film, i.e., vy = v, = 0, one obtains

g
2 = arctan (—m) (15)

In the previous section we have shown that the dynamics
of the center of mass of the skyrmion, described by the Thiele
formalism, is in good agreement with the micromagnetic
simulations for the considered range of parameters where the
skyrmion size is weakly affected by the vortex field. There-
fore, from here on, in all remaining calculations, we assume
the situation where the Thiele formalism correctly describes
the skyrmion motion and the skyrmion dynamics can be rep-
resented by its center of mass. We perform a series of molec-
ular dynamics simulations of the combined skyrmion-vortex
system by numerically integrating the coupled Thiele (5) and
Bardeen-Stephen (12) equations. However, since we are now
considering a thin superconducting film, i.e., dsc < A, the
monopole approximation is no longer accurate [26,42] and we
numerically integrate Eqs. (1a) and (1b) to obtain the vortex
stray field. The interaction force is calculated as in Sec. IIIC
(see Appendix A). For the simulations we consider A = 50 nm

and dsc = 10 nm, however, the results presented in this sec-
tion can be easily generalized to other values of the parameters
of the superconducting film. We initialize the system with the
skyrmion and vortex concentric and apply a constant Lorentz
force Fi, = F1 % to the vortex, i.e., n uniform current density
Jsc = —Jjsc¥ is applied into the superconductor. Figures 7(c)—
7(r) show the trajectories obtained in the simulations, where
Eq. (14) is used as reference for the considered parameters,
as indicated in Fig. 7(a). Figure 7(b) shows that the observed
angle of the resultant motion of the SVP agrees with Eq. (15).
Notice that now the skyrmion can experience many different
transient motions and follow different directions, depending
on the material parameters and Lorentz force. For high values
of n, the dynamical system converges to the one considered in
the last section, where €2 goes to zero and the vortex moves
straight along the Lorentz force direction. For the limit of
low viscosity of the superconductor and ferromagnet, the SVP
motion approaches the direction of the current applied into the
superconductor, i.e., perpendicular to the Lorentz force!
Typical experimental values of the viscous drag coeffi-
cient for thin films of conventional superconducting materials
are n/ds. ~ 1078-107% Ns/m? [46,48,49]. Comparing these
values with the skyrmion dissipative tensor D &~ 2 x 10716
Ns/m calculated in Appendix B for the considered FM film,
one finds /D ~ 0.5-500 for a superconducting film of thick-
ness dg. ~ 10-100 nm. Notice that, once the material has been
chosen, the relation n/D can still be tuned by changing the
thickness of both FM and SC films, as well as by changing
the heavy metal capping layer, which in turn affects the
DMI and the skyrmion size. This allows for a high degree
of controllability over the angle 7 /2 — 2 between the SVP
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motion and the current applied into the superconductor, and
thereby, over the different dynamical regimes shown in Fig. 7.

D. Guiding magnetic skyrmions by vortex-screened Hall effect

In this section we analyze the full potential for guiding
magnetic skyrmions by tuning the skyrmion-vortex Hall effect
in FM-SC heterostructures. For that purpose, we now consider
that independent currents are applied into both FM and SC
films. As in the previous section, if one assumes that after
a transient oscillatory motion the SVP reaches the steady
dynamic state, where skyrmion and vortex move with the
same constant velocity, the angle of the SVP motion with
respect to the & direction, now with vy, v, # 0, becomes

g Ei(v+ %Vy)
Ez\)x

tan Q = — -1, (16)
oD+ + 83y + (@D + )L

where

]

1= U(fa + 2aDn + 172,
= = Uo%ﬂ + ﬂDn9
3=GD(B —a—n/D).

The above equation describes the terminal motion of the SVP
in a general situation where currents are applied into both
FM and SC films. Notice that the direction of the terminal
motion does not depend on the strength of the skyrmion-
vortex interaction, it depends only on the material parameters
and the applied currents. The skyrmion-vortex interaction will
nevertheless define the critical forces under which the pair
remains connected. A similar expression has been obtained
in Ref. [24] by a different approach, where Lorentz force due
to currents applied into the superconductor was not consid-
ered. At this point, we call for attention to three different
scenarios in Eq. (16). (i) The current is applied only into
the SC film. In this case we recover Eq. (15) by substituting
v, = v, =0 into Eq. (16), and 0 < < 7 /2, as verified in
Fig. 7(b). (ii) The current is applied only into the FM film.
This case is obtained by choosing Fi = 0 in Eq. (16), where
the case of v, > 0 and vy = 0 results in —7/2 < Q < Qo,
with Q¢ = tan~'[GD(« — ,B)/a(fﬂ] the skyrmion Hall angle in
the absence of the vortex. In other words, the SVP Hall angle
with respect to currents applied into the ferromagnetic film,
O™ = Q, is always greater than that observed in the absence
of superconducting vortices. (iii) The current is applied into
both FM and SC films. In this case we explore two different
situations of the spin-polarized current, v || Fp, and v L Fp.
The Lorentz force Ff* that compensates for the SHE, i.e.,
that makes the skyrmion move straight along the current
direction, is obtained by setting (2 =0, v, = v, v, = 0) and
Q=m/2,v,=0,v,=v)inEq. (16) forv || Fp and v L Fp
respectively:

1]

&3]

= =
=1 T =2

E'=——=v, for(v| FpL), 17

L oeD—i—nv or (v || Fr) (17a)
83

E'=— - , for (v L FL). 17b

L ozD~|—r;v or ( L) (17b)

Figures 8(a) and 8(b) show the trajectories calculated in
the molecular dynamics simulations for v || Fy, and v L F,

2 A, P
v JFM
1+ A
Jsc
<
N
_1 -
_2 - !
0 10
(b)
-2 FL[ i
i ,-"‘“"’. ----- . —TJsc
-1 E '/// Seaull
L -
< Ao e
< O ,_1/
Al
1 ] §~\ ~~.\.
2- s
0 2 4 6 8 10
yIA

FIG. 8. Trajectories calculated in the molecular dynamics sim-
ulations for (a) v || F., and (b) v L F;, where dashed and solid
lines represent the vortex and skyrmion trajectories respectively, for
F, = F* [(green) solid shaded region], F;, = F{* + §F;, [(blue) verti-
cally striped region], and Fi, = F{* — F, [(red) horizontally striped
region]. The dash-dotted line represents the skyrmion Hall angle in
the absence of the vortex. Taken parameters are « = 0.3, 8 = /4,
n =2D, and |v| = 200vy ~ 1 ms™', with vy = F™/(a«D + n). We
use 6F1. = 160F™ in (a) and §F, = 3.2F ™ in (b).

respectively, where we assume the typical values for Co/Pt
samples « = 0.3, 8 = «/4, and n = 2D for the supercon-
ducting film, with |v] = 200y, ~ 1 ms~!, with characteristic
velocity vy = F3'™/(aD + n). Notice that for Fi, = F* [solid
shaded (green) regions in Fig. 8] the SHE is indeed canceled
and the SVP moves straight along the current direction. Also
notice that by tuning the Lorentz force one can control the di-
rection of motion. By assuming the special cases of Egs. (17a)
and (17b) in the expression for the SVP terminal velocity, one
finds

Vpair = Vs for (v || Fp), (18a)
. B
Upair = m‘% for (v L Fr), (18b)

where v;air is the SVP velocity along the direction of ap-
plied current. The maximal velocity for which the SVP re-
mains bound together is obtained by substituting Eqs. (17a)
and (17b) into Eq. (13), with v given by the critical limit of
Egs. (18a) and (18b), yielding

max

g | f Fp), 19
V= sy Tl (19a)
«_ PR for (v L F) (19b)
V= ——, or (v .

¢~ E;-BDy -
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FIG. 9. Skyrmion terminal velocity as a function of the applied
polarized current, for v || FL (black) and v L Fy (red), with Fi given
by Egs. (17a) and (17b) so as to compensate the skyrmion Hall
effect. Solid lines indicate the expected SVP velocity from Eqgs. (18a)
and (18b). Dots show the results obtained from the simulation, where
open dots indicate that the SVP has been broken and the skyrmion
motion is no longer aligned with current direction. Dashed lines
denote the critical velocities calculated from Eqgs. (19a) and (19b).

Figure 9 shows that the above expressions are indeed in
agreement with the results obtained in the numerical simula-
tions.

Notice that the stability of the SVP is directly related to
the maximal value of the interaction force, F,;™*. Therefore,
we expect the threshold values to be enhanced for (i) smaller
penetration depth A of the superconducting film, which con-
centrates the magnetic flux in smaller regions, thus increasing
the SVP interaction, (ii) reduced thickness of the insulating
layer, which increases the magnetic field of the vortex acting
on the FM plane, and (iii) stronger DMI in the FM film,
which enlarges the core of the skyrmion, and thus aligns the
magnetization of the core with the stray field of the vortex,
thereby increasing the SVP interaction.

V. CONCLUSION

Precisely controlled dynamics of magnetic skyrmions in
chiral ferromagnets has become of great relevance for cutting-
edge memory devices and information technology appli-
cations. In this work, we described the resultant behavior
of magnetic skyrmions when coupled to superconducting
vortices in ferromagnet-superconductor hybrid systems. We
have demonstrated that such a hybrid system enables mul-
tiple possibilities for manipulating the skyrmion-vortex pair
that are not possible for either constituent. We analyzed the
dependence of the skyrmion-vortex coupled motion on the
effective material viscosities, the exerted Lorentz-like force
on vortices, and magnetic torques acting on a skyrmion,
and determined the threshold values of external drives for
which the skyrmion-vortex pair remains bound. Furthermore,
we have calculated the Hall angle of the skyrmion-vortex
pair with respect to currents applied into either or both

—
2

(b)

dsc=1000 nm

60 N dsc =50 nm
\\ dsc =20 nm
E = \ = dsc=10 nm
é é 40 1 \\ —— dsc=5nm
= S == monopole
T N
[2a) 20
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FIG. 10. (a),(b) Stray magnetic field of the vortex for different
thicknesses of the superconducting film, calculated in the plane of the
FM film within the considered SC-FM hybrid. (c¢) Skyrmion-vortex
interaction energy calculated in the micromagnetic simulations as a
function of the distance between the skyrmion and the vortex cores,
for dsc =5, 10, and 20 nm. Here the energy curves were fitted by
E = a/(r, + bA*)", with a, b, c the fitting parameters (yielding black
dashed lines). (d) Corresponding interaction force calculated by the
derivative of the fitted curves in (c), the dashed lines denote the pure-
Zeeman component of the interaction force. In all calculations we
take A = 50 nm, d; = 10 nm, and D = 0.8D...

superconducting and ferromagnetic films, and have thereby
demonstrated the unprecedented tunability of the direction of
motion for skyrmions in this hybrid system. Bearing in mind
the plethora of known manners for manipulating fluxonics
in superconductors by nanostructuring [50], and possibilities
for similar manipulations of skyrmions [37,51-55], our work
opens a research direction of hybridized dynamics in SC-FM
systems that holds promise to reveal rich fundamental phases
and applicable effects.
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APPENDIX A: SKYRMION-VORTEX INTERACTION
FOR SUPERCONDUCTING FILMS OF
ARBITRARY THICKNESSES

In order to calculate the stray field of the vortex in a
superconducting film of an arbitrary thickness d,., we inte-
grate Egs. (1a) and (1b) numerically. Figures 10(a) and 10(b)
show the obtained stray fields for different values of d., with
A = 50 nm and d; = 10 nm fixed, where we consider a finite
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vortex core by inserting the cutoff factor exp(—£2k?), with
& =10 nm in Egs. (1a) and (1b). Figures 10(c) and 10(d)
show the skyrmion-vortex interaction energy and interaction
force, respectively, calculated as in Sec. IIIC of the main
text, for D = 0.8D.. The dashed lines in Fig. 10(d) show
the pure-Zeeman component of the interaction force. Notice
that even though for the considered parameters the skyrmion
size is weakly affected by the presence of the vortex field,
small changes in the skyrmion shape can still result in a
non-negligible contribution of the non-Zeeman energy terms
to the total skyrmion-vortex interaction.

APPENDIX B: CALCULATION OF THE
DISSIPATIVE TENSOR

The dissipative tensor can be calculated by considering a
single magnetic skyrmion with its center located at the origin
r = 0. The components of the dissipative tensor are defined as

M,

D;; = ys/d2r8im~8jm. (B1)

The azimuthal symmetry of the spin configuration leads to
D,x = Dy, = D and Dy, = D), = 0, and reduces the problem
to a one-dimensional integral,

00 2 2
D dMSn/ rdr|:<d0(r)> . sin 9(r):|, (B2)
y 0 dr r2

where we used m(r) = sin[0(r)]7 + cos[0(r)]Z in Eq. (B1)
for the case of a Néel skyrmion. Here r = /x% + y? is the
distance from the skyrmion core. Equation (B2) can be dis-
cretized in the simulation as follows:

dM, L [/0G+1)—0G— 1D\ sin6()
D= JTZI|:( 7 ) + 2 ,

Y i=1

(B3)

where r = ia, with a the lattice separation. N is such that
& < Na, with & the skyrmion radius.

For the results presented in Sec. IV we have calculated D ~
2 x 107! N/ms™!, for the skyrmion at rest in the absence
of applied fields, with D = 0.8D, and the remaining FM
parameters as given in Sec. II B.
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