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We discuss, in the framework of the € expansion, systems with an n-component order parameter and
with the most general interaction compatible with the existence of only one length scale. At lowest
order, it is found that the only stable fixed point corresponds to an O(n)-symmetric interaction if n is
smaller that 4; in that case, two exponents only are sufficient to characterize deviations from scaling. If
there is a second nontrivial fixed point, then a third one is always present; among these three fixed

points, one and only one is stable.

I. INTRODUCTION

In the study of critical phenomena in 4 — € dimen-
sion by the renormalization-group methods of Wil-
son, ! the interaction is described by an z-compo-
nent order parameter. In order to write a precise
interaction, one must use the symmetry properties
of the problem. The model originally studied by
Wilson had O(#) symmetry.2 The effect of cubic
anisotropy was then considered by several au-
thors.®* It may drastically change the behavior of
the system, leading possibly to a first-order tran-
sition® or to a different critical behavior.*

In order to incorporate other possible anisotropy
effects, we have studied here, in the framework
of the Wilson-Fisher € expansion, % the most gen-
eral interaction compatible with only one length
scale. Most systems studied up to now fall into
this class; a nontrivial example is provided by the
p-wave superconducting transitions® of *He, in
which the order parameter is a 3X 3 complex ma-
trix. Several infrared fixed points, i.e., relevant
for the critical domain, are in general present. We
have discussed the stability of these fixed points
with respect to small changes in the interaction. A
section is also devoted to the boundedness from be-

low of the free energy. It is shown that renormaliza-

tion-group arguments lead to an expected result:
the boundedness implies that the bare interaction
energy should be positive.

Our main results are the following:

(i) At lowest nontrivial order in €, the only sta-
ble fixed point for » < 4 is the O(z)-symmetric one.
This is a striking result, since it means that, whatever
interactions one takes, the symmetry isdynamically
generated near the critical point. The magnitude of
the first correction in € to the upper bound on » makes
it difficult to predict its actual value for € = 1.

(ii) In this domain, where n < 4 + 0(¢), only two
exponents characterize the first deviations to scal-
ing when the lattice spacing increases.

(iii) Conversely, if » >4 +0(¢), the symmetric
fixed point is not stable, unless the interaction is
O(r) symmetric by itself.
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(iv) If, in addition to the symmetric fixed point,
a second nontrivial one is present, there is always
a third fixed point.

In the linear space of interactions spanned by
these three fixed points, one and only one is stable.

The critical exponent 7, i.e., the anomalous di-
mension of the field, can be calculated for each
fixed point. The largest of the three values of .
always corresponds to the stable fixed point.

At order €, one can perform a global study of
the domain of attraction of a fixed point. It is
found that this domain does not cover the entire
range of coupling constants allowed by the bounded-
ness from below of the free energy, yielding an-
other restriction to universality.

II. THE HAMILTONIAN DENSITY

The model is described by the renormalized
Hamiltonian for » massless fields ¢,;(x), i=1,...,
n, with a local interaction in d =4 — € dimension®:

o) =30, @; 3" ¢y +(u/4!)
X[uijkl Py Py PrPt (gijkl "“mu) P19, NN
+30,9,(Z5-1),;, 8% ¢, +30,(6m%) 0, . (1)

The dimensionless: interaction u;;,,; is totally sym-
metrical in the indices, and summation over re-
peated indices will always be meant.

The counter-terms &;;,;, (Z3);;, and (6m?),; are
fixed by the renormalization conditions given on the
inverse propagators I'(p)

r&(o)=o0, (2a)
3
'5;)'2' ri(?)(f’) !p2=u2 =0y (2b)

and on the four-point proper vertex function (one-
particle irreducible)

4)
Fijkl

8P, = M Uyjar (2c)

where S.P. stands for the symmetry point

pie Py = w26y — %)
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TABLE I. The normalization of the Feynman diagrams
is the same as in Ref. 14.

2
. d I 1 5
b= — =~ 1+ 2 ¢
dp? =1 ac( L )
E:c-.u_z=l
2 Le

and u is an arbitrary renormalization mass.

We have assumed that all the fields are mass-
less, i.e., they are critical all together; in general
there is no reason, if the bare masses are differ-
ent, that by fixing one parameter (the temperature),
the renormalized masses should vanish. There-
fore the physically interesting case is the one in
which the bare masses are the same, This situa-
tion will only occur if there is a symmetry group
of the interaction which has only one quadratic in-
variant, namely ¥7.,(¢,)%.

At lowest order, the condition on the interaction
to preserve this symmetry is the “trace condition”

Ug352=Ubyp - (3)

However, it will not be necessary to impose this
restriction in the first part of our calculations.

III. RENORMALIZATION-GROUP EQUATIONS

The method we are using to calculate the fixed
points and the corresponding critical exponents has
been detailed in Ref. 6.

The relevant diagrams (denoted a, b, ¢, d, ¢, and
d) are listed in Table I, in terms of which the wave
function and vertex renormalization constants are

(Z3)15 =615 +3 D Uipg, Uspey + [ 3 (ad) - §d]
XUipar Ugrst Ustpj +o) , (4)
Sijm =Ugymt 2@ [%;5pq Upenr + 2perm(ijkl)]
+ 5@ (1454 Upaps tyspy + 2 peTm(ijRD)]

= C [tipar Usjpr Uprqs + SPETM(GiR)] +0 ()
(5)
The bare coupling constants g‘,’m are expressed in
terms of these quantities by

&iim = Pygmr
where the p are dimensionless, and
Pijr1 = (251/2)45' (251/2)11' (Z5®) e
X(Z3 )0 Lyogoere ©6)
= Ligrr = T b [ 01 Ui opar Yipar
+3perm(ijkl)] +0(dt) |

in terms of which the Callan-Symanzik functions
Bijur (Ref. 7) are determined by

9Di k1
Bi'j’k'l'au_i— == €Pyjp - (7)
PPy

This gives the result
— 1
Bija1 == €ijp + € 2 AWy 1pq Upqry + 2 PETM)
— €C(Ujpqy Uspps Upiqs + D PETM)

— € 5Dy 5y Uype pay Uppgy + 3PETM) +0O(2) .
(8)
The anomalous dimension matrix y; is now given
as

_8zi"*
('ya)” =2B;e50p0p o Z; , (9)
iRy ij
and thus

(73)11 ==€ %buiﬁqru»cr +3 €d Ujpgy Uqpss Usps +olu®) .
(10)
Similarly, the insertions of @? fields in Green’s
functions are renormalized by the constants
(Z4)45,11 » Which makes finite the insertion of a
@, @; pair on a (k) line. One has
(

(Zijm=z

+3 (€ = @) (Uippq Ugnpa *ti1paUyipa) - (11)

1
82051+ 04; ij) —2QUp

It is convenient to define
Zi],kl = (Z4)ij,mn (Zsl/z)mk (Zgl/z)n ’ (12)
in terms of which the anomalous dimension matrix

7 of the ¢2 fields is

0Zij,mn_ (-
—Limn (7 l)mn,kl . (13)

Viiop1=Byejonere ()
33,00 = Birjorn o

At these orders one finds

_ B 1 1=
Yij,r1=— €2AU T 2 € C(ti kmn Uy 1mn T Ui 1mn ujkmn)

+ €35 083 Usmup Uimmp + 3DETM [P 027, B = 1]) .
(14)

With the help of these functions g, v;, and ¥, the
renormalization-group equations are for the one-
particle irreducible correlation functions

DO, i0); (@, dmkes); By tign),
N, T'=1,..., L

7219"': ’

with N — ¢ fields and L - ¢? insertions:
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9 ]
— 4 Byeyrpeye ——— D DG L ik
(H e Biegrner aut'j'k’l') @iy, y tasJ1 Ry,

L

. IZN . .
--')]LkL)_E 1 (Y3)1n‘rllr(N,L)(1‘l""’ lr:y'-'
n=
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yinsdrkyy ooy kL)

Z;(Y)Jlkt ka'r 'L)(ily ?iN;jlkh'--,j;k;;-"’ijL):'o- (15)
Integration of this equation gives
T EN(ADy 1 1); ey frrkens)s By Uggar) = H (D), 4,,ﬁ(Dz)J,k,.1' AR famaL
XP(N'L)((p-r’ Z;); (q‘r"j:"k:"); M, u“kl(h)) ’ (16)

where u;;,;(\) is the solution of

™)
"E“iﬁ‘x_ 5““(“( )) , (17)
with #;,4;(1) =24, and where the matrices D; and
D, are

[Dy(u, Ny, =[232(w) Z3* 2V, (18)
[Dy(u, Mygi00=[Z@) Z @O )ig5m - (19)

We are interested in the critical region where pu is
much larger than the momenta, and we therefore
look to the solution of Eq. (17) when A=0.

In this limit a stable fixed point u,m is therefore
the solution of B, ,,(«*)=0 with eigenvalues of posi-
tive real part for the matrix B defined by

9Bisrt
Byipisiegmeys S . (20)
ijR1;14 "1 TR
The definition of v; and ¥ 1mpl1es the matrix equa-
tions

3
)\—21+

Y 275,(7\)1)1(u(x) =0 ,

(21)

x%ﬁ()\) D,(u()),N) =0

When A goes to zero, we assume as usual that
the matrices ¥, and ¥ reach finite limits y; and 7*.

Integration of Eq. (21) for X small gives
£
Dy =X"3/2a, | D=t a4, (22)

= 1
FMy, 1y ty50) =Z Nv fdx1 .
= &V

It is easy to verify that the renormalization group
equation (15) of the vertex functions give for the
functional®

(b
au' 1jkl au{jkl

Dimensional analysis yields

(26)

dxﬂwil(xl) oo <P4 (xN)

1 9
Lot tn) -——)S(M,u.,u )=0.
2 i\r3/is an i ikl

|
where A; and A, are constant matrices.

Equations (16) and (22) show, therefore, that the
existence of a fixed point #* implies scale invari-
ance with anomalous dimensions related to the ei-
genvalues of »§ and 7*.

IV. REMARKS CONCERNING THE POSITIVITY OF ENERGY

The theories that we are considering are asymp-
totically free® (for the ultraviolet limit), since the
B matrix of Eq. (20) has only one eigenvalue, which
is — € for the fixed point u}j,;=0.

The eigenvalues of the B matrix give only a local
characterization. Let us call D the global domain
of (ultraviolet) attraction of the origin, defined by

Ugypr Sty (1)ED if Pmuu“(h):O . (23)

In this domain, it is possible to show that the
stability of the vacuum (i.e., the boundedness from
below of the free energy) is related to the sign of
the interaction part of the bare Hamiltonian—name-
ly, of

g?zktﬁpiﬁaj Pr¥r (24)

where ¢, is an arbitrary real vector.

The argument is the following: Consider the gen-
erating functional of the one-particle irreducible
functions:

11...1 (1 oy X5 By Uigp) I 0 )My (25)

I

FM,, by uygpr) = pi e Fx =M, ne/ uijkl): 27

and F is solution of

<—€+ﬁ(u)— X [(rg)y, + (2 - e)bd%)
i

XF(x; ,t40) =0 . (28)
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Any solution of this equation has the property that
F(x4()&),u“k,)=7\“'el"(x¢,u”k,()\)) N (29)

where uy,,,(\) satisfies Eq. (17), and where

A Ly () ) (2= 9 6y4] (30)

In the limit X goes to infinity, the u;,,,(A) go to zero
as \™¢ (asymptotic freedom), and (¥3);;(x(\)), which
is of order uz, is negligible. Therefore in this
limit the x, are proportional to A'"¢/2,

Let us examine the consequences for &: assume
all the M, go to infinity together like A'¢/Z at fixed
pand u;,,; . The x; go to infinity like A™"*/2 It is
equivalent to keep u and the M; fixed with the u,,,,
replaced by u;,;(\). These u,;,,;(X) go to zero like
A"¢, Therefore, the large M; limit of F can be ob-
tained from perturbation theory, since

FO2 M, u, u“,,,);_'.\; AN F (M, 1y ugp (V) . (31)

For u small the dominant term of & is the Born
term of the four-point function, and thus

Fie/2 My, 1, ty501)
~o A [(10/41) uyy (V) My My M M+ 0(X729)]

x-. o
(32)
Let us relate u,;,;(\) to the bare coupling constants
through Eq. (6). From the definition of the § func-
tions

Bigm = #;ﬁumz l,o tixed » (33)
we obtain

&35m ) =1 g3, () . (34)
Therefore, taking X large, if # is in®

Sigate) 22 X uyy (V) (35)

Consequently, the boundedness from below of the
free energy is equivalent to the positivity of the
bare quartic form (24). We shall call D* the do-
main of the u,,,, in ® for which the bare form (24)
is positive.

We shall later see an explicit example of u,,,,
belonging to " but for which the form u,,,, x; x, x,x,
is not positive for some set of x; .

Another consequence of Eq. (34) is that the do-
main of attraction of the origin in the variables u
coincides with the domain of finiteness of the g;’s.
Indeed, assume that the u are such that the go(u) are
finite; the corresponding %(\) must be such that the
Zo(#(\)) become infinitesimal for large A. For
small value of gy, the bare and renormalized cou-
pling constants are equal, and therefore u()) goes
to zero when X goes to infinity.

In particular, on the boundary of the domain D
all the g, are infinite, and therefore this boundary

cannot be crossed. Beyond it the bare coupling
constants would be, in general, complex.

All the infrared fixed points, stable or not, are
on this boundary, since in view of Eq. (34) they
must correspond to g, strictly infinite.

Let us note from Eq. (34) that infrared fixed
points are obtained when one takes the large g
limit: indeed, starting from u such that gy(u) is
finite, go(ux())), being equal to X go(x), increases
when A -0,

If we stay at order e, it is possible to be a little
more precise. Let

w(x) Suy X X %, %; (36)

where x is an arbitrary vector normalized to x; x;
=1. From the expression of the g functions, one
has

dulx, A
d(lm)z'6“(96,7\)+%x;x,uu,qu,q,,,x,x, . (37)

Schwarz’s inequality gives

gld(%l_;—)z— eulx,\) +3uP(x,0) . (38)

If u(x,1) =ulx) > % ¢, the corresponding u(x,\) in-
creases indefinitely. Thus, to be in the domain ®
the u,;,, must fulfill the condition u(x) < % € for
any x.

Let us take now a set of u,;,, in ® and such that
vxu(x)>0. Then, frominequality (38), u(x, \) goes
to zero by positive values. Therefore the u,;,, that
satisfy vxu(x)> 0 belong to D,

A last general remark concerns the domain of
attraction of the infrared fixed points: we have al-
ready mentioned that there are u,,,; belonging to "
for which u(x) is not positive. Such points cannot
be attracted by the infrared fixed points: indeed,
when A~ 0, the same inequality (38) gives

%f;—z)s €ulx,\) - 342(x, )
This inequality shows that if for some value A, of
X and some vector x u(x,,)<0, then u(x, ) de-
creases indefinitely when X goes to zero, and the
#;4; do not converge to any infrared fixed point. '°

V. CRITICAL EXPONENTS
A. General expressions for n and v

We shall now specialize for the theories satisfy-
ing the trace condition (3).

Let us first show that the matrix y; is diagonal:

All the quantities are expanded in €, and we are only
considering the fixed points where the u* are of
order €. From the equations

Biyma@®) =0 , (39)

Bipar@*) ufpey =0 (40)
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we obtain = U Siym +uijm (49)
* *2 2b
u:pqru;;arzéij(%_%—)[ U* +_<_ +oU )] the u,jk, is tracgiess and
* ok *2 Pk Pk
(41) UisriUisn n+2U tUijpi Uijer - (50)
and then

d b\(U* U*?
== <035 - 5)

x[l 26, C<8 +2U )] oleh) . (42
"3a 3a
Let us note that y¥ not only is a multiple of the
unit matrix, but also depends only on the value of
the trace U* of the fixed-point interaction.
Considering now the dimensions of the composite
operators ¢, ¢,, let us note that derivatives with
respect to the temperature involve @? insertions.
Therefore a relation between temperature and
correlation length will only exist if the 7};,,,
matrix has the vector §,, as eigenvector. In-
deed, the same equations [(39)—-(40)] show that

— 1
(7’*)i1;k15kt:<;"2> 6i; (43)
with
1 B _ b\(U* U*2>
< —2)——€2U +s<c+3><a - (44)
Remark

The two exponents n and v are only functions of
the trace U*. Therefore if we eliminate U* be-
tween their two expressions, we obtain a relation
valid for all the fixed points, which takes the form

2
n= 1‘2<1+5—> (1-x)+o(eh) (45)

where we have set

<%—2>:-—<x . (46)

Let us stress that this relation (45) is valid for
Ising as well as for Heisenberg systems!! with or
without anisotropy. Its comparison with the re-
sults for n and v obtained from high-temperature

series in three dimensions is within the error bars.

B. Bounds on U*, 1, and v

Let us first show that U* is bounded. Equation
(41) summed on 7 =j implies, using Table I,

| 2¢ 5U
u:iklu:(]kl:n<7_7>(l +?+T‘2‘>+O(€4) .4

Let us define

Si,k,En+2(6“ Bpp+0;p0y7+0;70,0) . (48)

Now, if we write

Equations (47) and (50) yield the inequality

Ut U 2¢ 5U%\ 3 4
<—a—-—T><1+3 + 12 >—n+2U =0 . (51)

The left-hand side is at lowest order a parabola,
consequently

0=U*=U¥=2¢ (52)
S b

where UF is the O(z)-symmetric solution, given at
this order by

* Z(n +2)
"2 +8) +8)

Next, 7, obtained from Eq. (42) as

1 (U* U*2>< 17 5U*> .
n= 24( 3 \lrperg)rol€@) (69

(53)

appears by inequality (51) to be positive. Its ex-
pression has a maximum for
Uk =e-He+o(é) | (55)

which corresponds to a value n,,, of » for the sym-
metric solution

U3 Otmes) = Unax. (56)
with
Npmae =4 —4€+0(%) . (57)
Therefore one has an upper bound on 7:
0= Mg = :; <1 +-56_€>+0(€4) . (58)
For n =ng,, , since Ut is always smaller than U

and 7 is an increasing function of U* for 0= U*
= Umax , we obtain the following bounds:

Ez [1+€<6((3n++81);1) i)] ,

e 1+3¢€
n= 48( 6 ) (59)

A similar result holds for (1/v - 2), which is
essentially proportional to (- U*), so that

() izBoos ) (h-o) =

(n + 8)?
(60)
VI. STABILITY CONDITIONS

n=4-4e,

- _ (h+2)
n= nsym(n) - 2(71 + 8)2

n>4-4e,

An infrared stable fixed point corresponds to a
matrix B, defined by Eq. (20):
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3Bisrt

B citsepeye =
ijkRl; R'1
R1:ty BUyogrpers fuym®

with eigenvalues of positive real part.
The trivial fixed point at the origin u{j,, =0 is al-
ways unstable.

A. Stability of the symmetric solution

Let us now explore the stability of the O(z)-sym-
metric fixed point

“Tuz: = U:(’l) Sijur s (61)

where, taking into account one more order in € than
in Eq. (53),
202 +2)

=S

[1+ (%—%)]H)(es) . (62)

In order to linearize the functions B;;,; around the
fixed point, let us write

uukz=[U:(")+u’lsum+ui'm ’ (63)

where u{,,,, is traceless. Then one gets

Bisk1 W' Syjp + Wangg Ui (64)
where
_ 3(371"’14) 2
w—E—W€ , (65a)
_ 4-n  ,5n%+14n +152
wui—€n+8— (n+8)3 (65b)

The linearized B matrix has thus two eigenvalues
which are w® ' and w,,,,."® Therefore, the sym-
metric solution is stable (with respect to any kind
of quartic interaction) if and only if

w>0 and w,,;,>0 . (66)
This gives the condition
n=<=4-2¢+0(e?) . (67)

Conversely, we shall show atfirstorder in € thatfor
n smaller than 4 no other fixed point is stable:

Let u}“,k, be an arbitrary fixed point and B the
corresponding matrix (20) of the derivatives of 8.
The subspace spanned by the two vectors u}",k, and
Sijri is invariant under the matrix B which in this
subspace reduces to

€ 0
B:[S - ] , (68)
-€

where U* 6,;=u};,; . The stability of the fixed point
implies U* >¢. Since we know that U* < UJ (), this
nonsymmetric fixed point cannot be stable if z is
such that UX(z) < €. This means that no other sta-
ble fixed point appears if n < 4 +0(¢€).

Remark

Actually one can study the stability of the sym-
metric fixed point in a more general situation with

no restriction on the trace of u;;,;: let us study
the vicinity of u},, with
Othyjps = Uygn — “?fm
1
= WS40 + Ui a1 —3 (V4 655 +5 terms) ,  (69)
where
Stayygy=nw , =0, (70)

V=0, Ottsi50 = WOy + Vyp

The linearization of B,;,, around this point leads to
a third eigenvalue w’ in addition to w and w,,,, with

1€
n+8

w <8-?n—f-8—)2(’7n2+68n+336))+0(€3) .

(71)
The physics associated with w’ is a crossover
phenomenon from the totally symmetric situation
to a region where some components of the order
parameter become decoupled.

B. Consequences of the existence of more than one fixed point

The O(r)-symmetric fixed point is always pres-
ent. Let us assume the existence of a second one.
We are going to show that this implies the existence
of a third infrared fixed point and to study globally,
at order €, the resulting situation.

Let u:}k, be a second fixed point of order € with
a trace

um=U*5,, (72)

and let us study the renormalization-group equa-
tions for coupling constants being arbitrary linear
combination of the symmetric solution and of the
second one, i.e.,

Uijr1 =X U: Sism+y ui‘m . (73)

The central remark is that, at order €, Aduy,,, /dX
is also a linear combination of the same two quan-

tities. The equations are at lowest order in €
1, dx
< X-ﬁ=—x+f+azxy ,
(74)
1,d._ 2
ATy Y vy
where
o 1ox 12
0£1—Z—€Us ———n+8+0(€) ,
(75)

a2=U*/e+e(€)

We see that, in addition to the initial fixed points
(x=1,y=0) and (x=0,y=1), a third one is always
present:
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b
1-0 0

x y = . (76)

The corresponding u,'f,z, has a trace given by

ull;kkkz €a390;; , (1)
with
o 2-ay-a (78)
l-o,a, °’

or, equivalently,
2 (o +0y+0ag)+Q; @y G =0 . (79)

Note that the relation between the fixed points u*
and u'* is reciprocal.
From inequalities (52) we obtain
¢,;=0, i=1,2,3, (80)
and
U0, =2, 0 +ayS2 (81)

In addition, from the explicit expression (78), we
find
Q,+az=2 , (82)

Thus in the following considerations which depend
only on the values of the @;’s, the three fixed points
play a completely symmetric role.

Stability condition

To study the stability condition in the space of
coupling constants spanned by these three points,

b

FIG. 1. Plane of the renormalized coupling constants.
The domain D of ultraviolet attraction of the origin is
below its boundary D. The fixed points (1), (2), and (3)
are on D; (3) is the stable one. The domain D*, domain
of positivity of the bare interaction, is depicted by the
horizontal hatching. The vertical hatching shows D*,
domain of attraction of the infrared fixed point (3).

C. LE GUILLOU, AND J.
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one reads the eigenvalues of the matrix B corre-
sponding to the fixed point i=1, 2, or 3 in Eq. (68):
The stability of the ith point is equivalent to the
condition

a;>1 ., (83)

The inequalities @; + a; =2 show that there is at
most one stable fixed point. Furthermore, there
certainly exists a stable one: for instance, if @,
and @, are smaller than 1, it is easy to verify that
o given by Eq. (78) is larger than 1,

Thus, there is one and only one stable fixed point
among the three.

Anomalous dimensions

At this order, the critical exponent 7 is directly
related to the values of the @; by the equation

i :T;lé €2 a,’(z - a,') +O(€3) . (84)

If, for instance, the third fixed point is the stable
one,

a; <1, a<l, (2-0a4<1

In the interval [0,1], n(a) is monotonically increas-
ing and the largest n; corresponds to the largest of
the three numbers a,, a,, (2 - ¢;). Inequalities
(81) and (82) show that (2 — a;) is the largest one.
Therefore the stable fixed point has the largest 7.

Trajectories in the plane of the three fixed points

It is easy to obtain the trajectories from Eq. (74).
Defining o by y =ox, we find

1  do
5 52(1_02)0(0—03)76(0) ) (85)
with
g=i=
1-0,

and

%(0)= (1 = @)™ o]/ e[ g — gy |1/ 40) (g, 7)

Clo, 7)== [*do’|o" |}/ @-epmt
! (86)
x [0 = 0|1 P2t gen(o’(0” - 03)) .

With the help of these formulas, one can determine
the boundary D of ®, domain of ultraviolet attrac-
tion of the origin. The result is depicted in Fig. 1.
The infrared domain of attraction of the nontrivial
fixed point 3 (chosen as the stable one) is limited by
Dand x >0, y >0, and is contained in the domain D"
of positivity of the bare interaction.

At this order, one can calculate the bare coupling
constant in terms of the renormalized ones: if

- * *
K eg?jlzl:xﬁ Us Sijer *Yolijer » (87)

integration of the renormalization group equations
gives



N

v

/ Xo

FIG. 2. Plane of the bare coupling constants. D* and
D* are depicted with the conventions used in Fig. 1.

o|l/ Q=ap o-0 1/(1-a3)
_ - —-——3
xo(0, T) =x(0, T) - P ,

yolo, T) = Txo(0, T) (88)
This shows that the domain of attraction of the in-
frared fixed points in the plane (x;,y,) is smaller
than the domain ©*, as depicted in Fig. 2.

This is, in some sense, a restriction to univer-
sality: the fixed points depend not only on the
number of components of the symmetry group of
the interaction, but also on the initial values of the
coupling constants. When they are not chosen in
the domain of attraction of the infrared fixed point,
one cannot obtain the behavior of the correlation
functions from perturbation theory.

C. Example

Finally, in order to illustrate the general fea-
tures discussed above, we shall study a case which
generalizes a model studied in Refs. 3 and 4.

The order parameters consist of p vectors, each
one having ¢ components:

Gt @D, i=l,..p . (89)

The interaction is

€ p - -
3,4 (%) :% (“lz @3 +uy Y % ZE?) + counter terms.
i=1

i1#f

It satisfies the trace condition

-1
Uyje=Ubyy U:quuﬁﬂ%—lua . (90)

More generally it has only one quadratic invariant,
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namely ¥, 92.
At lowest nontrivial order the two g functions are

Blz—iul-!-qgs ufg%:—llug’
(91)
+2 1
52:_5u2+—q—3——u1u2+g[4+q(p—2)]ug,

This leads to three different nontrivial fixed points
of order €:

(i) the O(r)-symmetric one:

uf=ué"=ni€8 m=pq) ; (92)

(ii) the decoupled one:
6e
ur=;+—8 , uy=0 ; (93)

(iii) a “mixed” one
8g(p—1)e
palg+8)-16(g-1) ’
6(4—-q)e
pqlg+8)-16(g-1)
where the denominator is always positive when
p,q=1.

The B matrix for an arbitrary fixed point is

ui

(94)

uy =

_€+q;8u’1“ ‘q"(ﬁf;—l)u;
B-=
1
L2y -l dlavap -]

(95)

We are now in position to study the stability of the
three fixed points:

(i) The symmetric one is stable, at this order
in €, if and only if

n=pg<4 ,

in agreement with the general proof given above.
(ii) The decoupled one is stable when

q>4

(iii) The third one is stable in the complemen-
tary domain

4<n<4p

Notice that for any value of p and ¢, there is ef-
fectively one and only one stable fixed point (except
perhaps for the limiting cases n =4 or ¢ =4).

At this order, the critical exponent 7 is related
directly to the trace U*, since from Eq. (54),

n=#[eU* - L (U*?]+0() . (96)

The values for 7 are for the three fixed points, re-
spectively:
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_ n+2 5
n,ym-z(n+8)26 H

+2
TNdecoupled = 2(‘; +8) ¢ 5 ©7)

_2(=1)[pqlq +2) —10g +16
Tmixed = Z[M(q +8) - 16(‘1 - 1)]2_1 EZ

These values of 1 can be continued for arbitrary p
and g, which are not necessarily in the domain of
stability of the corresponding fixed points. As
shown above, for any value of p and ¢ the stable
fixed point has the largest value for 7.

This leads to the intriguing conjecture that the
stable fixed point could in general correspond to
the largest value of 7.
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