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The dependence of the amphtude of Tomasch oscillations on energy is measured for several different

orientations of single-crystal lead films. Anisotropy in this amplitude is observed. Comparison is made

between experiment and the predictions of several theories. In general the observed decay in amplitude

with energy is more rapid than theoretical predictions. The best fit occurs with the McMillan-Anderson

model and the %'olfram model with proximity effects.

I. INTRODUCTION

It is the purpose of this paper to compare ex-
perimental measurements of the dependence of the
amplitude of Tomasch oscillations on energy in
single-crystal lead films backed with silver with

various theoretical predictions of that amplitude.
For such a system, current Tomasch-oscillation
theories' 4 present the change in the quasiparticle
density of states as a function of energy ((d} in a
form such that, to sufficient precision for our con-
sideration
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and where I, is the electron mean free path, d is
the thickness of the film showing the oscillation,
v~ is the Fermi velocity corresponding to the di-
rection of tunneling in the film, Z is the complex
renormalization constant, and & is the complex
gap. The amplitude term A((d) will be of primary
interest here as it is independent of the parameters
v„and d, which will change from sample to sam-
ple.

II. EXPERIMENTAL DATA

Experimental measurements of the dependence
of the amplitude decay on voltage were taken from
voltage-current derivative curves (dV/dl} of Pb-
I-Pb tunnel junctions (grown in this laboratory)
which displayed a single Tomasch-oscillation fre-
quency. The raw data are not unlike those re-
ported earlier by Lykken et al. , ' and the details of
the experiment are as reported there. The films
studied were oriented as follows: five with the
(100) direction normal to the film surface; two

with the normal 2' off (100) toward (110); one with

the normal 5' off (100) toward (110); one with the
normal along the (110); and one with the normal

along the (ill) direction. A smooth background
curve was hand drawn through each of the curves.
The value of the amplitude at each maximum or
minimum was then measured relative to this back-
ground, and these absolute values were plotted to
show the characteristic envelope of the Tomasch
oscillations. A smooth curve was drawn through
these points in each case (Fig. 1). These curves
were compared at specified points with the predic-
tions of the various theories. It is assumed that
the Tomasch contribution to the current adds lin-
early, as all theories find that this term enters as
an added term.

As l, does not vary significantly over such
changes in ~ as are under consideration here,
normalizing the data suffices to eliminate the term
e " '~, which is due to impurity scattering. The
other exponential term in E(l. (1), which is due to
phonon emission, cannot be so treated since its
argument is dependent on v. In this paper an ef-
fort is made to eliminate the major effect of this
term by dividing both experimental and theoretical
curves by an approximation for this term. The
term exp [- (2d/Kvz) Im(ZQ)~„~] was constructed
using values of Z((d) and h((d) obtained by Rowell
et al. as a consequence of unfolding phonon spec-
tra taken in tunneling studies of polycrystal lead.
The effect of dividing by this term is shown graph-
ically in Fig. 1 (dashed curve). The term 2d/8'v~

was obtained for each single-crystal film from the
periodicity of the raw data, noting that extrema oc-
cur at points n;((0, )w = (2d/Kvz) Re[Z(((/;)Q(((/, )]. The
method used involved indexing the extrema by n, (ur)

so that (2d/hvar), = v/[Re(ZQ}, ,~
—Re(ZQ), ]. Again

polycrystalline data for Z and & were used to cal-
culate Re(ZQ). The approximation that arises in
these procedures is the assumption that the values
of 2 and b are the same for single-crystal and
polycrystal films. Values of (2d/hv/, ); for each
junction did not vary significantly with i, indicating
that Re(ZQ) for single-crystal lead of any orienta. —

tion investigated could differ from that for poly-
crystal lead by at most a constant.

Figure 2 represents a graphic summary of the

10 876



10 TOMASCH-OSCILLATION AMP LIT UDE DECAY IN. . .

1.0

x .60
Cfj

,4LLI

I-

.3
lL

,2

period of several years. In all future references
in this paper to (1QO) data, it is understood that
these include the data taken from films oriented 2'
off (100).

From the data at voltages greater than 2. 3 meV
(see Fig. 2), one concludes that considerable an-
isotropy exists between the (100) orientation and

the other orientations. One would like to use such
information to establish the anisotropy in Z(&o) and/
or n(&o). Unfortunately, the dependence of the
Tomasch oscillations on these parameters is too
complex to establish the nature of the anisotropy
in Z and 4. It is of interest that the Tomasch be-
havior in the (100) direction appears to be uniquely
different from the other principal orientations.

It is of further interest that a change of no more
than 5 from the (100) direction in film orientation
results in data that are not unlike those for the
other principal directions.

III. COMPARISON YOUTH THEORY
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PIG. 1. Representative curve (solid line) showing

smoothed curve and raw data points (crosses) used in

this analysis. The dashed curve shows the effect of cor-
recting for the exponential terms in Im (ZQ) (see text).

Since the experimental data represent the am-
plitude of the dynamic resistance of the Tomasch
contributions and since theoretical calculations of
the dynamic conductance are much simpler to han-
dle, it will be necessary to relate the two. The
tunneling current at 0 'K for a superconductor-in-

K5,

experimental data adjusted using the above pro-
cedure. These data have been normalized to unity

at e =2. 3 meV for convenience. At values nearer
the conductance peak, considerable scatter in the

data was observed. The data points represent ar-
bitrarily chosen points on the Tomasch envelope
derived by the procedure outlined earlier. The
data taken for junctions oriented 2' off (1QO) were
included with the data for junctions oriented with

the film normal along (100). The data points and

error bars on data designated (100) show the mean

and standard deviation for this sample of seven
films. All other points represent data for a single
film of a specified orientation. %'hile the data for
films oriented 2' off (100) agreed quite well with

those for the (100) films, the data for films ori-
ented 5 off (100) did not agree nearly so well, as
can be seen in Fig. 2. This may be an indication
of the selectivity of the tunneling process or of the

Tomasch mechanism in sampling only electrons
traveling normal to the film surface. The good in-

ternal consistency of the (100) data is a modest
measure of the reliability of the procedures used
in obtaining this modified data. This attitude is
reinforced by the fact that these junctions were
fabricated by three different experimenters over a.
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FIG. 2. Graphical summary of the adjusted experi-
mental data used in this paper.
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sulator-superconductor junction biased at a voltage
V is given by

I„=C„f 'p, (&o)p, (V-(o) d(o
hg

+ C„f '
p, ((o)5p, (V (—o) d(o, (2)

dg

where C„ is the normal-state density of states, p~
and p2 are the density of states in superconducting
films 1 and 2 in the absence of Tomasch contribu-
tions, 6p, is the perturbate. on in the density of
states in film 2 due to the Tomasch contributions,
and 4z and &2 are the BCS superconducting energy
gaps of films 1 and 2. The dynamic conductance
can be written (dI/dV) =8+ T, where 8/C„and
T/C„are the derivatives with respect to voltage of
the first and second integrals in Eg. (2). Since

(
dV dI 1 1
dI „dV „8+T 8(1+T/8)

T=- i —,-~ -. = ——.~ ja„a a~ a
(3)

and since T=0.058, one may approximate

dV 1 T 1(8'+ T—'—)dI „8 B' a (4)

where 8' and T' are, respectively, the experi-
mentally measured background and Tomasch con-
tributions to the dynamic resistance. A constant
has been introduced here to provide for renormal-
izing the experimental data relative to the theoret-
ical calculations. Since in the absence of Tomasch
oscillations it is assumed that 8 = - a/8, it fol-
lows that T =aT/8 . Hence one can compare the
experimentally measured envelopes (suitably nor-
malized) to the envelope derived from the various
theories provided that the theoretical envelope is
divided by 8 .

A. Dependence on energy

The envelope data taken on films oriented with
(100) normal to the film surface and those taken
with 2' off (100) normal to the film surface will be
combined and compared with four theoretical re-
sults in this section. The perturbation in the cur-
rent due to Tomasch effects is of the general form

5I= C„f p&(ru)5pz(V —&u) d&u (5)
hg

at 0 'K. Since these data were taken typically at
temperatures below l. 4 'K, it wi11 be satisfactory
to use this approximation. Both p, (&u) and 5pa(V —~)
are complex in nature in all of these theories owing

to the complex nature of Z and b. However, since
the maximum error introduced by disregarding
Im(Z) and Im(h) is about 5%, these terms will be

ignored, inasmuch as our experimental error is
at least 5%. The first term under the integral be-
comes p, (&o) = &o/(&o —[Red(&u)]~)'1~. Appropriate

lmZ(&u) = —0. 0003(o + 0. 000167(u',

Re&(ur) = l. 36(1+0.03(o +0. 00125&@4) ~

Im&(~) = —0.0003'IVuP+ 0. 000104&v' .

(6)
(&)

(8)

(8)

The different theoretical results are a consequence
of two degrees of sophistication in each of two ba-
sic approaches. The first of these approaches is
to consider a 5-function perturbation in the gap, y,
at the back edge of the film. McMillan and Ander-
son' (M-A) calculated the change in the Green's
function to first order in the perturbation of the gap
choosing y to be a constant equal to 5&. wolfram
and Einhorn (W-E) performed the calculation to
all orders in the perturbation and introduced a y
which scaled the off-diagonal self-energy Q(~) so
that k„x=pt, where t is a constant. In the limit
where Q/P» (Q/Ez)t, the W-E exact result re-
duces to the M-A result. The difference between
the two theories in this limit is the choice of y.
The second approach imposes a boundary condition
on the Green's function for a superconductor in
contact with a second metal at the interface be-
tween the two metals. The Wolfram' model (W) al-
lows the second metal to be a superconductor while
the McMillan (M) model does not.

The M-A theory predicts

~45b, . 2d~,(-)- „. s; , zo),Sv~
(10)

where 6~ is the perturbation in the gap at the far
surface of the film, 0 = (co2 —4 )'~~, and

Si(x) = dy .

Maki and Griffin have presented an approximation

expressions for 5p2(e) were used for each theoret-
ical varia, tion.

In all cases, integration was carried out numer-
ically using limits &, + 6 and V —&, —~, where
6 =0.001 meV, in order to avoid singularities at
~& and V —hz. The first derivative was then ob-
tained numerically for each theory and plotted vs
V by the computer. Amplitudes at the extrema in
the Tomasch oscillations were then used to con-
struct a theoretical Tomasch-oscillation envelope
just as was done for the experimental data. Final-
ly, this theoretical envelope was divided by the
square of the theoretical background curve (the
term 8 above) and normalized to unity at 2. 3 meV
for comparison with the experimental data.

It was expedient in the calculations to use ana-
lytic expressions for Z and 4. An empirical fit
was made to experimental curves~ obtained for
polycrystal lead in the energy interval from 1.4 to
3.5 meV. These are

ReZ(Io) = 2. 406(1+0. 0185~ + 0. 00036~')'
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Tomasch effect. If the Tomasch contribution is
10%%ua of the unperturbed contribution [5p((d)/p(&o)
= 0. 1], then K=0. 21. This value of K was tried in
these calculations but made no significant change
in 5p((d) in the energy region of interest in this
study. Only the results for K = 0 will be presented
here. The resulting Tomasch envelope divided by
B is shown in Fig. 3.

%'olf ram's Green's-function boundary-condition
approach yields a harmonic series for the Tomasch
term. In this paper only the first term of the se-
ries is calculated. This approach provides for an
overlay on the film which may also be supercon-
ducting. The general expression is

(15)
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FIG. 3. Comparison of experimental Tomasch en-
velopes with three theoretical formolations. For %, &2
is the gap in silver, 4~ that in lead.

for the Si function so that when imaginary terms
are dropped,

Si ZQ = cos ZQ ZSQ~+—

The mean free path in these films was not obtained
directly but was obtained by comparing resistivity
ratios here to those of Anderson and Hines. This
comparison was used to scale the mean free path
here to that obtained by Anderson and Hines. Typ-
ically d is 4 p.m and l, is 16 p.m in our study.
Since (2d/Ave) Re(ZfE) is greater than 15 in all
cases, (9) reduces to

cob 5b, 2d
((z( ( , cas „ z(() .

hv~

In this case, 64 was chosen as constant and ab-
sorbed in the normalizing process. The resulting
Tomasch envelope divided by B is shown in Fig.
3.

%-E scaled the perturbation at the far surface
(E() with the off-diagonal self-energy parameter so
that k~y = Qt. They also added a term for higher-
order contributions which made their expression

2d cod . 2d
(s)p(~) (x: —

~ cos — ZQ +K- 4- sin
Q Svp Q Svp

(ag
where K is a constant determined by the size of the

((z( ( cos z(() .(d —0 2d
(15)

This yields normalized results that are indistin-
guishable from those for the Wolfram model with

&z/&, = 0 and is shown in Fig. 4.
As Fig. 3 shows, all of these methods predict a

decay in the Tomasch envelope with increasing ~
that is less rapid than that which is experimentally
observed. Among them, however, the M-A model
and the % model with silver gap of from 0. 95 to
0. S9 of the gap in lead seem to fit the best.

B. Amplitude

A bit more information can be obtained by corn-

paring the magnitude of the Tomasch oscillations
with the predictions of the various theories. As

Eq. (1) indicates, the amplitude in all of these the-
ories is of the form T =G((d) e 'z, where G(&u) is
an energy-dependent term which differs from the-
ory to theory. In this experiment, e ~ '~ is about

0.6. One can get a normalized dI/dV experimental
curve as a function of ur by dividing (dV/DI)„by

where 0, = (aP —n';)' and R; = ~+ 0;. The sub-
script 1 refers to the superconducting film exhib-
iting Tomasch oscillations and the subscript 2
refers to the superconducting overlayer. In this
experiment the overlayer was a silver film about
0. 15-p,m thick, and would be subject to proximity
effects. In order to allow for this possibility, the
gap in silver (b2) was assigned the following frac-
tions of that in lead (&E): b,z/&, =0. 0, 0. 5, 0. 8,
0. 95, 0. 99, and 0. S99. The resulting Tomasch
envelopes divided by IP are shown in Fig. 4, and
those for 42/&, =0.95 and 0. 99 are repeated in Fig.
3.

The McMillan Green's-function boundary-con-
dition approach is only applicable to the case in
which the overlayer is normal. Ignoring imagi-
nary terms, one finds that
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back surface of the film and the distance over
which the perturbation occurs.

Rowell and McMillan' have shown that the enve-
lope predicted by the M theory has the same energy
dependence as one observed in an iron-backed lead
film. This means that the % theory with the gap
in iron set equal to zero would also fit those ex-
perimental data. The M theory does not predict the
correct amplitude for the oscillations, and neither
would the % theory with the gap set equal to zero.

C. Anisotropy
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FIG. 4. Comparison of experimental Tomasch enve-
lopes with theory for differing proximity contributions.
For W, 42 is the gap in silver, && that in lead.

(dV/dI), where (dV/dI) and (dV/dI)„are the dy-
namic resistances of the junction measured with
both films, first normal and then superconducting.
The experimental value of the Tomasch amplitude
of the normalized dynamic conductance for ~ = 2
meV is 5(dI/dV), =0.10+0.05. If one calculates
G(2. 0) e ~~1'I for various values of hz/h~ (the ratio
of the gap in silver to that in lead) in the W theory,
one obtains the results of Table I. One sees that
setting 4z/4, = 0. 99 gives rise to very good agree-
ment with theory on this point.

The M-A theory, which also fits the decay of the
amplitude of the Tomasch oscillations with increas-
ing energy fairly well, contains an undetermined
parameter and cannot be compared directly to the
experimental data reported here.

If one chooses to calculate the amplitude in the
W-E theory4 for the case X=0 [see Eg. (13)j, one
finds that the theory contains a constant of propor-
tionality t which is undetermined. This constant.
-represents an inverse scaling factor on the gap
perturbation y. Using the experimental data con-
tained in this paper and the Maki and Griffin ex-
pansion for the Si function, one can calculate y,
which is typically of the order of 2.4 x10 meV A..
One might interpret this number as a measure of
the product of the perturbation of the gap at the

TABLE I. Tomasch amplitude for co =2 meV for vari-
ous gaps in silver.

G(2. 0),-+'~e

0.95
0. 99
0, 999

0.45
0. 096
0. 0096

Since anisotropy in the gap has been measured, "
the effect of changing the gap from that observed
in polycrystal lead is of interest. The value of
5p(&o) has been calculated for values n(sr) differing
from those for polycrystal lead using a simple
scaling factor. That is, 4(ur) as computed was
multiplied by a constant b, where b is the ratio of
40 for a single-crystal film to that for a polycrys-
tal film. In all cases, this involved decreasing
&(to) from its polycrystal values and had the gen-
eral effect in all theories of further decreasing the
decay rates and making the fit less satisfactory.

The real part of the renormalization Z entered
into the envelope calculations in the M-A theory
as a factor 1/Z. Any anisotropy in real Z which
varies Z by a constant factor would not enter into
the normalized curves.

Two other possible sources of anisotropy are the
real and imaginary terms in ZQ which appear in
Eg. (1). However, the term Re(ZQ) appears in the
argument of the cos term and determines the peri-
odicity of the Tomasch oscillations. Since all of
the maxima and minima can be indexed using one
analytic form of Re(ZQ), this term probably differs
by at most a constant from orientation to orienta-
tion. Without assuming vz to be known (which is
not done here) it is not possible to determine such
constants.

Assuming that the observed anisotropy in the
amplitude dependence of the Tomasch oscillations
(see Fig. 2) is due to anisotropy in the term
Im(ZQ), one can calculate lm(ZQ) for orientations
other than (100) compared to that for the (100) ori-
entation.

This has been done for the McMillan-Anderson
formulation assuming that the dependence of
lm(ZQ) on &o for films oriented with (100) normal
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to the film surface is the same as that of polycrys-
tal lead (as was done earlier). The value of
Im(ZA) for the "off (100)" films is much larger
(about four times greater) than that for the (100)
films at all energies. This would seem to indicate
that the quasiparticle lifetime is much shorter in
the former case if this calculation has any mean-
ing.

IV. SUMMARY

In summary one may state the following.
(i) Some anisotropy is observed in the amplitude

dependence of Tomasch oscillations with energy.
In particular, the dependence for (100)-oriented
films agrees with that for polycrystalline films but
is different from that for the other orientations re-
ported here. All the other orientations show the
same amplitude dependence.

(ii) All theoretical calculations of the amplitude
dependence considered here predict a decay with
energy which is less than that observed.

(iii) The McMillan-Anderson formulation and the
Wolfram formulation with a gap in the silver of
0. 95 to 0. 99 of that in lead fit the experimental

amplitude dependence best.
(iv) Scaling the perturbation (5&), as is done in

the Wolfram-Einhorn approach, makes the fit with
experiment less satisfactory. Some other scaling
might be made to work.

(v) The amplitude of the Tomasch oscillations
(as opposed to the energy dependence of that am-
plitude) predicted by the Wolfram formulation with
a gap in the silver of 0. 99 of that in lead agrees
remarkably well with experiment.

(vi) From (iii) and (v) above one should note that
in the case of the W'olfram theory, a gap in the sil-
ver of about 0. 99 of that in lead gives rise to both
the proper amplitude and the dependence of ampli-
tude on energy of the Tomasch oscillations re-
ported here.
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