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Quantitative theoretical and experimental investigations are made of the behavior of strain-broadened
NMR line shapes under dynamic nuclear polarization (DNP) produced by microwave saturation at the
centers of strain-broadened ESR lines where the ESR and NMR s;rain broadenings are mutually
correlated. Based on a phenomenological model, analytical expressions are obtained for the shapes of
the NMR lines under DNP. These expressions are found to be in good agreement with experimental
data obtained from several ruby (AI2O, :Cr'+) crystals.

I. INTRODUCTION

The inhomogeneous broadening of electron-spin-
resonance (ESR) and nuclear-magnetic-resonance
(NMR) lines due to strains associated with crystal-
line imperfections is a widely observed phenome-
non in solid states. This type of line broaden-
ing, commonly referred to as strain broadening,
is caused by distortions of the crystalline electric
field from site to site in the crystal, leading to
variations or deviations in the electron- and nu-
clear-spin coupling constants about the perfect-
crystal values. The coupling constants most sen-
sitive to strains are generally those representing
the ESR fine-structure and NMR quadrupole-struc-
ture interactions.

In quantitative treatments of strain broadening it
is widely assumed that the variations of coupling
constants are randomly distributed and can be de-
scribed by a statistical distribution function (e.g.,
a Gaussian error function) having a suitable line-
width or standard deviation. ' ' In this approxi-
mation, the total linewidth of an ESR or NMR line
is treated as the superposition of two widths; one
is that due to the strain broadening, and the other
is the intrinsic linewidth such as that arising from
the spin-spin (electron-electron, electron-nuclear,
or nuclear-nuclear) interactions. Thus when the
intrinsic linewidth can be calculated for a given
crystal structure, the linewidth representing the
strain broadening can be extracted from the total
linewidth experimentally measured.

In addition to the above method, attempts have
been made to associate the detailed shapes of
strain-broadened ESR and NMR lines with the spe-
cific types of crystalline imperfections producing
the strain broadening. ' ' For instance, it has
been predicted theoretically"" that point defects
and dislocations give rise to Lorentzian and Gauss-
ian broadenings, respectively, and a number of in-
vestigators have been successful in explaining their

experimental data based on this type of predic-
on 15 19

Although there are many examples of ESR and
NMR work dealing with strain broadening, few
studies have been made on solids containing both
a dilute electron-spin system and a concentrated
nuclear-spin system in which the strain-broaden-
ing effects on both spin species are investigated.
In certain cases it has been found by means of
electron-nuclear double resonance (ENDOR) that
the quadrupole coupling constants of the nuclear
spins immediately surrounding paramagnetic im-
purity ions differ from the whole-sample average
quadrupole coupling constant. ' ' These devia-
tions have been attributed to a systematic distor-
tion at the nearby nuclear-spin sites due to the
presence of the impurity ions. ' The ENDOR
techniques have also been employed to investigate
the correlated strain broadenings between para-
magnetic impurity ions and the nuclear spins be-
longing to these ions.

It is well known that various kinds of crystalline
defects, in particular those intrinsic to the host
lattice (e.g. , dislocations), produce long-range
strain fields which extend over many lattice
sites. "' These long-range strain fields would
affect not only the impurity ions but also the bulk
of the nuclear spins which are distant from the im-
purity ions. As a result, it is reasonable to ex-
pect that there will be one or more types of corre-
lations between the strain broadenings of the
ESR and NMR lines observed from the whole sam-
ple. To our knowledge, however, there have been
no instances in which such a correlated ESR and
NMR strain-broadening effect from the whole sam-
ple has been detected and investigated.

Recently, we have reported that the method of
dynamic nuclear polarization (DNP) by the Solid
Effect can be employed to investigate the corre-
lated ESR and NMR strain broadenings in single
crystals. Based on a qualitative model, it has
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been shown that the DNP produced by saturating
the center portion of a strain-broadened ESR fine-
structure line gives rise to unusual line shapes for
the strain-broadened NMB quadrupole-structure
lines, which depend on the correlation of"ESR and
NMR strain effects within the locality of each para-
magnetic ion. Experimental data on the Al NMR
quadrupole structures in a single crystal of ruby
(AlzO, :Cr'} have been found to be consistent with
our qualitative model.

In this paper we present some detailed descrip-
tions of the correlated ESR and NMR strain-broad-
ening effect in DNP. These include a quantitative
theoretical treatment of the effect which yields an
analytic functional form for the shape of the NMR
structures under DNP, and a comparison of the
theoretical results with the experimental data ob-
tained from a variety of ruby crystals containing
different Cr '-ion concentrations. It will be seen
that the DNP method is capable of not only reveal-
ing but also characterizing correlations between
the strain broadenings of the paramagnetic im-
purity ions and of the nuclear spins surrounding
these ions in single crystals.

II. THEORY

The system pertinent to the present investiga-
tion is a diamagnetic single crystal containing a
small amount of paramagnetic impurity iona which
exhibit a crystal-field, fine-structure splitting,
and a concentrated number of nuclear spins which
exhibit a quadrupole splitting. It is also essential
that the crystal display strain-broadened ESR and
NMR lines in the conventional ESR and NMR ex-
periments, as well as produce a sizable DNP by
the Solid Effect.

A. ESR and NMR strain broadening

For simplicity, we consider that the paramag-
netic iona in the crystal are characterised by the
following axially symmetric spin Hamiltonian ':

X, = gj,P,HgSg +g~P, (H„S„+H~S~)

+ 5)[S,—3 S(S+ 1)),
where g„and g, are the components of the spectro-
scopic splitting g tensor parallel and perpendicu-
lar to the symmetry axis (which is taken to be the
z axis), and D is the fine-structure splitting con-
stant. For the external magnetic field H applied
parallel to the symmetry axis, the above spin
Hamiltonian is diagonal, and the magnetic field
values for the M —M-1 ESR transitions are given
by85

H(M —M-1) =hv, /gj~p, 7
~

S
~

(2M 1}/gIp,

where M is the magnetic quantum number of the
electron spin S, and v, is the microwave frequen-

v(m —m —1) =v'„y~ t
~

(2m —1}, (4)

where m is the magnetic quantum number of the
nuclear spin I, and v„=g„P„H/h is the Larmor or
unperturbed NMB frequency. In this equation, we
again use the minus sign for a positive, and the
plus sign for a negative quadrupole coupling con-
stant g.

It should be noted that the values of S and 4 in
Eqs. (1) and (3), which are normally determined
by ESR and NMR experiments, respectively, rep-
resent the whole-sample average values, and
hence can be regarded as the coupling constants at
the perfect-crystal sites. At crystal sites influ-
enced by strains, the associated crystalline fields
vary slightly from those at the perfect-crystal
sites. These variations are usually taken into ac-
count by incorporating into the spin Hamiltonians
of Eqs. (1) and (3), respectively, terms which are
quadratic in spin operators, '@

3

K,' =Q EgyS(S; „
f,j

3

X„'= F)~I)I~ .
&sf

(5a}

(5b)

The coefficients F
&& and F

&& are the components of
symmetric and traceless tensors and depend lin-
early on the components of lattice strain via the
electron and nuclear magnetoelastic strain ten-
sors, respectively. The sums over i and j are
taken with respect to the Cartesian components
x=1, y=2, and z=3.

%hen the external magnetic field H is imposed
parallel to the ESR fine-structure and NMR quad-
rupole symmetry axes (in the z direction), the only
terms of Eqs. (5}which contribute in first order
to the shifts in the energy levels are the diagonal

cy. In this equation, we use w I S I to distinguish
explicitly the two possible signs of S, the minus

sign applying for a positive, and the plus sign for
a negative fine-structure splitting constant 5).

Similarly, we consider that the nuclear-spin
system undergoes an axially symmetric quadrupole
splitting represented by the following nuclear spin
Hamxltom. an

X„=—g„p„H,I, + g [I,—3 I(I+ 1)],
where the z axis (the symmetry axis) is assumed
to coincide with the ESR symmetry axis of Eq. (1).
In this expression 4 denotes the quantity 3e qg/
4I(2I- 1), where ezqZ/k is ordinarily referred to
as the quadrupole coupling constant. For conve-
nience, however, we will call & in Eq. (3} the
quadrupole coupling constant throughout this paper.
For H parallel to the quadrupole symmetry axis,
the m —m -1 NMR transition frequencies are giv-
en by"
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terms. Hence, at this orientation, the traceless
property of the tensors I',

~ and I"",
~ can be em-

ployed to represent the net shifts in the energy
levels as

&e=aI":s(S'—s S(S+1)1,
&'= a I"sifIi —s I(I+I)] .

(6a)

(6b)

These terms are formally identical with the axial-
ly symmetric crystal-field interaction of the ions
in Etl. (1) and the axially symmetric tluadrupole
interaction of the nuclear spins in Eq. (3). Thus
the spin Hamiltonians which include the strain
terms of E&y. (6a} and (6b} for H tt K can be written
as

X,' =gIp, HgSg+ G' [Sg ——', S(S+ 1)],
X„' = -Ap„HgIg+ g' [Ig

—g 1(I+1)],
where

(7a)

(7b)

(8a)

(Sb)

v'(m —m —1) = bQ, (12)

5= +(2m —1) . - (13)

The over-all broadening in the ESR and NMR lines
due to strains in the whole sample can be calcu-
lated from Eqs. (10) and (12) by assuming specific
distributions for the deviations D and Q in the
whole sample.

It is apparent from the above Etls. (7) and (8),
that for 8 l] z the net effect of strains can be char-
acterized in first order entirely by means of
deviations in the ESR fine-structure and NMR
quadrupole coupling constants from their respec-
tive perfect-crystal values. For convenience, we
denote these deviations by

(Sa)

(9b)

Then for a given paramagnetic ion with the devia-
tion D, the resonant magnetic field for the M—M
—1 ESR transition of this ion is shifted with re-
spect to the corresponding perfect-crystal value
of Etl. (2) by

H'(M —M —1)= aD,

where

a—= w (2M —I)/gj, P, .
Similarly, for a given nuclear spin with the devia-
tion Q, the resonance frequency for the m —m —1
NMR transition of this spin is shifted with respect
to the corresponding perfect-crystal value of Eq.
(4) by

B. Model for the f orrehted ESR and NMR strain-broadening
effect in DNP and a correlation parameter p

As already mentioned, the study of the corre-
lated ESR and NMR strain-broadening effect by the
DNP method consists in investigating the behavior
of strained-broadened NMR quadrupole structures
under the DNP produced by saturating the center
portion of a strain-broadened ESR fine-structure
line. Under this DNP, the NMR quadrupole
structures will exhibit line shapes distinctly dif-
ferent from the thermal-equilibrium NMR line
shapes if the strain fields in the vicinity of each
ion produce a correlation between the deviation D
of the ion and the deviations Q of the nuclear spins
surrounding this ion. To treat this phenomenon
quantitatively we adopt the following model:

(i) We view the crystal as divided into numerous
spheres each of which contains one paramagnetic
ion at its center and whose diameter is character-
ized by the average distance between the paramag-
netic ions. Thus the nuclear spins contained with-
in a given sphere are assumed to be influenced on-
ly by the paramagnetic ion at the center of this
sphere during DNP processes. Within each
sphere, we further subdivide the nuclear spins into
two groups. One group consists of those nuclear
spins distant from the ion which contribute to the
experimentally observed NMR signal from the
whole sample at thermal equilibrium as well as
under DNP. The second group contains those nu-
clear spins nearby the ion which experience large
local fields from the ion so that their Larmor
frequencies fall outside the experimentally ob-
served NMR signal from the whole sample. Those
nuclear spins in the first group will be considered
as being contained within a shell, and this shell
will be referred to as a "shell of influence" of
the ion in this paper.

(ii) The ESR line arising from each ion is con-
sidered to be substantially inhomogeneously
broadened by unresolved hyperfine interactions
with the nearby nuclear spins. Thus the DNP by
the Solid Effect within the shell of influence of each
ion is proportional to the negative of the first de-
rivative of this ESR line, based on the standard
theory. " That is, the NMR signal arising from
the nuclear spins within each shell becomes posi-
tively enhanced for microwave pumping power ap-
plied at magnetic fields higher than the center of
the ESR line, whereas it is negatively enhanced at
lower fields; at the center of the ESR line the NMR
signal is vanishing. For convenience, we define
the NMR enhancement at the magnetic field H,

$(H), as the ratio of the NMR intensity under DNP
to the thermal-equilibrium NMR intensity at this
field K

(iii) Possible ESR and NMR line broadenings
arising from variations in the symmetry axes of
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n(Q, dQ, O)dQ= 2,1z exp ~ dQ . (15)

The distribution of deviations Q within the shell
of influence of a given paramagnetic ion in the
crystal is represented by a Gaussian function of
width 6Q, centered at the average deviation of
these nuclear spins, denoted by Q; that is,

-(Q- 9)'
&(Q, ~Q, Q) dQ=(2„)igz6Q exp 26g dQ .

(16)
For simplicity, the width 5Q is taken to be the
same within all the shells in the crystal, although
the average deviation g varies from shell to shell.
We also assume that the distribution of Q from
shell to shell is characterized by a Gaussian func-
tion,

(((, &((, 0)&Q=(2 I ~((~m(& @)&0 ((7(

having a width AQ. It is seen that the whole-sam-
ple width hQ of Eq. (15) is considered to arise
partly from the width 6Q of Eq. (16) for the devia-
tions Q within the shells, and partly from the width

Ag of Eq. (17) for the average deviations Q among
the shells. By convoluting Eqs. (16) and (17), the
whole-sample width 4Q can be expressed as the
following root-mean-square sum:

nQ =(6Q"aQ')"'. (18)

(v) The average deviation Q in the quadrupole
coupling constants of the nuclear spins contained
within the shell of influence of a given paramag-
netic ion is then correlated with the deviation D in
the fine-structure constant of this ion. Since the
distribution functions for both Q and D are as-
sumed to be Gaussian, this correlation may be
characterized by a linear relation of the form

the ESR fine-structure and NMR quadupole inter-
actions associated with mosaic structures in the
crystal are taken to be vanishingly small. This
situation is realized when the external magnetic
field H is applied parallel to the symmetry axis in
the case of axial symmetry. %e also neglect ESR
and NMR line broadenings connected with inhomo-
geneities in the external magnetic field H.

(iv) The over-all distributions of deviations D
and Q in the whole sample due to strains are rep-
resented by Gaussian functions of width 4D and

4Q centered about D=O and Q=O, respectively.
That is, the number of paramagnetic ions having
deviations between D and D+ dD is given by

1 -D
n(D, &D, O)dD=(2, yy2~D exp 2&D2~ dD, (14)

and the number of nuclear spins having deviations
between Q and Q+dQ is given by

(19)

xexp2 3 d (20)

In order for this expression to be consistent with
Eq. (17), the following relation must hold:

(21)

Then combining Eqs. (18) and (21), one obtains

6Q=(1-f')'" ~Q. (22)

This relation restricts P to values ranging from
-1 to +1.

It is seen from Eqs. (21) and (22) that we have
formulated the problem in such a manner that if
the whole-sample width hQ is known from standard
NMR measurements, a determination of the cor-
relation parameters P yields the width 4Q of the
distribution of average deviations Q from shell to
shell, and the width 6Q of the distribution of de-
viations Q within these shells. Therefore, the pa-
rameter P not only characterizes the magnitude
and direction of the correlation between the aver-
age deviation g and the deviation D of the ion, but
also gives the relative contributions to the whole-
sample NMR strain broadening arising from co-
herent, long-range NMR strain effects (character-
ized by the width AQ) and from random, short-
range NMR strain effects within the shells (cha.r-
acterized by the width 6Q).

For example, if I P I = 1, then from Eqs. (21)
and (22), b,Q=S,pand 6Q=O. In this case the NMR
strain broadening from the whole sample is ac-
counted for entirely by the distribution of average

where P is a constant. In this expression, P may
be either positive or negative. A positive value of
p represents the case that owing to coherent
strains in the vicinity of a paramagnetic ion, the
ESR fine-structure constant of the ion and the
average NMR quadrupole coupling constant of the
nuclear spins surrounding this ion are increased
simultaneously or decreased simultaneously in
magnitude with respect to the perfect-crystal val-
ues I S I and I C I. A negative value of P means
that the magnitudes of the ESR and NMR coupling
constants are correlated in the reverse direction
in that an increase in the magnitude of the ESR
fine-structure constant is necessarily coupled with
a decrease in the magnitude of the average NMR
quadrupole coupling constant, and vice-versa.

Based on the linear correlation of Eq. (19) the
distribution function for the deviations D given in
Eq. (14) can be written in terms of a distribution
function for the average deviations Q as

1
(Q I & I Q )~-(2 )i~2

~
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Ho Ho+8'

i

f(H, H)

l

l

FIG. 1. Strain-broadened ESR fine-structure line, of
linewidth hH~, consisting of many ESB component lines
each characterized by the intrinsic rigid-lattice linewidth
bH. The dashed line centered at H=Hp+H' represents
the NMR enhancement arising from the Solid Effect asso-
ciated with the ESR component line at H= Hp+H .

v = bp(n Q/b, D) D,
5"=

I
5

I
(I -u')'" 5Q.

(25)

(26)

The resultant thermal-equilibrium NMR line-shape
function f(v, D) for the nuclear spine in the shell
of influence of the ion with the deviation D is given

clear-nuc)ear and electron-nuclear interactions
for the m —m -1 NMR transition.

For the group of nuclear spins contained within
the shell of influence of a paramagnetic ion with
the deviation D, the composite NMR line shape
will result by convoluting the shape function
g(v —v') of Eq. (23) with the distribution of fre
quencies v' within this shell. This frequency dis-
tribution is obtained by expressing Eq. (16) in
terms of the frequencies v' of Eq. (12) giving

1 —(v' —P')
s(v 5v v ) dv =,2,gg35 exp

2 5 3 dv
2 5v'

(24)
where v = bg and 5v' =

I 5 I 5Q. Employing Eqs.
(19) and (22), v and 5v' can also be expressed as

deviations Q from shell to shell. Since 5Q = 0, all
the nuclear spins within the shell of influence of a
given ion have the same deviation Q, which is cor-
related in turn with the deviation D of this ion. On
the other hand if p=O, then kg=0 and AQ=5Q.
Thus the entire NMR strain broadening arises
from the deviations Q within the shells due to
short-range uncorrelated strain effects. The case
P = 0 also represents no correlation between Q and
D within the shells.

f(v, D) = f g(v —v') n (v', 5v', v') dv',

which yields

A
~(v )=[2.[n~+5(I-p)nQy ~

—[v 5f (nQlnD)—D]'
[n v + 5 (1 -p ) n Q ]

(27)

(26)

C. Shapes of NMR quadrupole lines under DNP and the absolute
sign of p

On the basis of the model established in Sec. II8
we now calculate the shapes of the NMR quadrupole
component lines from the whole sample under DNP
at the center of a strain-broadened ESR fiae-struc-
ture line. This calculation requires first that the
shape functions be fixed for the ESR azd NMR lines
representing intrinsic line broadenings arising
from the rigid-lattice electron-electron, electron-
nuclear, and nuclear-nuclear interactions. For
simplicity, we assume these shape function to be
all Gaussian.

For the nuclear spin with the deviation Q in its
quadrupole coupling constant, the Gaussian shape
function for the m —m -1 NMR transition may be
written as

%hen microwave pumping power is applied at the
center of the strain-broadened M I-1ESR line
from all the ions in the sample, there will be an
NMR enhancement within the shell of influence of
the ion with the deviation D whose resonant mag-
netic field is shifted by H' of Eq. (10). This ef-
fect is illustrated schematically in Fig. 1 in which
the strain-broadened ESR line from all the ions is
represented by the Gaussian function of width hH„
centered at the field Hp, and the ESR line from the
ion with deviation D is represented by the Gauss-
ian function of width 4H centered at the field H,
+ H'.

In accordance with part (ii) of our model of Sec.
II B, the NMR enhancement produced by the ion
with the deviation D would be characterized by the
negative of the first derivative of the Gaussian ESB
line at Ho+ H'; namely,

A —(v —v'
"'-"'=(aw)""~ '~ 2~a ) (23) h(K, K')= "[H-(H, +H')]

where v' is the frequency shift associated with the
deviation Q [see Eq. (12)], A is the relative NMH

intensity or transition probability 6 which is pro-
portional to [f(I+1)—m(m —1)], and nv is the in-
trinsic NMR linewidth due t0 the rigid-lattice nu-

—[K- (H + H')]
2nK'

where S ~ is the magnitude of the maximum en-
hancement at the derivative peaks at H= Ho+ H'
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+ AH (see the first-derivative line shape plotted by
the dashed line in Fig. 1). Evaluation of Eq. (29)
for H= H, and H' = aa from Eq. (10) yields

f, (v)=l, eep(2 4'
with

(38)

$(H=H„D) = — (aa) e exp (3o) —PA S~ahDbhQAH~e /

(2v)'"[(nv' + b'nq') aH'„—(panama. Q)'j"' '
It is convenient to express the NMR enhance-

ment of Eq. (30) in terms of quantities which can
be obtained directly from DNP experimental data.
I.et $ (H) be the dependence of the whole-sample
NMR enhancement associated with the strain-
broadened M—M-1 ESR line. For an ideal case,
$ (H) would be proportional to the negative of the
first derivative of the ESR line so that the width of
$ (H) is given by the ESR linewidth aH„. We de-
note the magnitude of the maximum of $ (H) by
$„. The shape function for $ (H) is characterized
by the convolution of Eq. (14) and Eq. (29) [ex-
pressed in terms of D for H' based on Eq. (10)];
that is,

$'(H) = f„$(H,a) n (a, na, O) da . (31)

This convolution yields

H H

with

$„=$ nH'/(Pna'+ ~H'),

nHv=(a Aa +EH )

(33)

(34)

Substituting the values of 8 and AH obtained
from Eqs. (33) and (34) into Eq. (30) gives the
following expression for the NMR enhancement
within the shell of influence of the ion with the de-
viation D, at H=Ho..

—S~AH~aD$(H= Ho, a) =
(nH2 y~aa)3&a

X 81/2
—a'D'

2(et'„—d'eD ))

The enhanced NMR signal f~(v, D) arising from the
nuclear spins contained within the shell of influence
of the ion with the deviation D is then given in
terms of its thermal-equilibrium NMR line shape,
f(v, D) of Eq. (28), by

f„(v, D) =f(v, D) $(H = H„D) . (36)

f,(v)= f f,( , v) a(,na, na) 0d. a (37)

The evaluation of this integral yields the following
NMR line shape:

The whole-sample NMR signal (arising from all
shells) under DNP at H= H, is obtained by multi-
plying the enhanced signal from a given shell
f~(v, D) by the distribution n(D, Ea, 0) dD of Eq. (14)
and integrating over D; namely,

(39)

av, =(Sv'+ IPnq'[I —(pana/nH„)']p" . (40)

[The calculations leading to Eqs. (38)-(40) can be
modified to include cases in which the experimen-
tally measured NMR enhancement from the whole
sample 8 does not exactly follow the negative of
the first-derivative ESR line shape due to, for
example, an imperfect inhomogeneous broadening
in the ESR line. In particular, when the experi-
mental NMR enhancement 8 follows the negative
of a Gaussian first-derivative line shape having a
width hH„' which is different from the ESB line-
width b,H„, it is sufficient to replace LH„by 4H'„
in Eqs. (39) and (40). ]

It is seen from Eq. (38) that the NMR line shape
under DNP represents the first derivative of a
Gaussian function of derivative intensity I„given
by Eq. (39), and of width nv„given by Eq. (40).
In the following paragraphs we examine various
possibilities for the over-all NMR quadrupole
structures predicted by Eqs. (38)-(40) for a sys-
tem with, for example, S=-', and I=-', .

(i) We consider first the case in which the ESR
and NMR strain effects are not at all correlated;
that is, p=o. From Eq. (39), all the NMR quad-
rupole component lines should vanish under DNP
at the centers of all ESR fine-structure lines.

(ii) For microwave pumping power applied at
the center of the M=+ &

———,
' ESR fine-structure

line (which is not strain broadened for A ~~ z), all
the NMB quadrupole component lines should again
vanish. In this case the coefficient a [—= v (2M- 1)/
g„P,] in Eq. (39) is zero.

(iii) For pumping power applied at the centers
of the strain-broadened M=+-,' —+ 2 ESB fine-
structure lines, the satellite NMR component lines
(m =s —,

' —+-,' a,nd m =+-2 —+-', ) exhibit nonvanishing
NMR signals. However, the central NMR com-
ponent line (m =+ 2 ———,') is always vanishing,
since b [=-v(2m -1)] is zero for this NMR transi-
tion.

(iv) The low-frequency NMR satellite lines ex-
hibit line shapes which are mirror images of the
high-frequency NMR satellite lines under DNP at
the centers of the M=+ —,

' —+ —,
' ESR lines. This

results in a mirror symmetry with respect to the
center of the NMR spectrum as shown in Figs. 2
and 3.

(v) For a given m —m —1 NMR transition, the
"phase" of the NMR line shape under DNP for a
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negative sign of (Pub) will be inverted (with re-
spect to the baseline) from that for a positive sign
of (pab) [compare Figs. 2(a) and 2(b) or Figs. 3(a)
and 3(b)]. Since the signs of a and 5 depend on the
absolute signs of the coupling constants S and g,
respectively, the sign of P solely determines the
respective phase of each NMR quadrupole com-
ponent line. Thus by comparing the phase of the
experimental NMR quadrupole structure with that

predicted theoretically, the sign of P can be es-
tablished.

(vi) The relative intensity of the inner m
=+-z' —+-z' NMR satelline lines, I,(+-,' —+-,'), and
outermost m =+ —,

' —+ —', satellite lines, I&(+ —,
' —+ -', ),

varies depending on the detailed nature of the ESR
and NMR strain broadenings. To investigate this
behavior, we calculate the ratio I I„(+—,

' —+ z)/
I,(+-z' —+-z) l from Eq. (39) as

I,(+ 3/2 —~1/2)
I,(+ 5/2-+ 3/2)

4 (&4 ., i )&& I )+&6(&Q/&~ I )'8-&«l« ~'I)"'
5 1+4(EQ/hv~~gz) [I —(PahD/KHs) )

Figure 4 shows a plot of Eq. (41) as a function of
&Q/hv ~~z for various values of (pahD/r H„),
where the ratio (b,v .„~z/d. v ~/z) is taken to be
(217/289). 'z It is seen in Fig. 4 that for large
values of hQ/hv„~&z and small values of (PabD/
b,H„), the ratio of Eq. (41) may be greater than
unity, in which case the intensities of the inner
NMR satellite lines become greater than those of
the outermost satellite lines, as illustrated in Fig.
2. For small values of 4Q/b, v ~~z the ratio is
less than unity, so that the outermost NMR satel-
lite lines are of greater intensity than the inner
NMR satellite lines, as shown in Fig. 3.

D. Reduction in NMR strain broadening under DNP

For the limiting case of an NMR enhancement
$(H = Hz, D) in Eq. (36) equal to unity (that is, in
the absence of DNP), the integral corresponding
to Eq. (37) yields the following line-shape func-
tion:

(42)

b, v„, is predicted to be smaller than the width hvo
of the corresponding thermal-equilibrium signal.
[For a schematic illustration of 4v, and 4v„com-
pare the absorption NMR line shape under DNP
shown by the dashed curve fz(v) in Fig. 5(a), and
the first-derivative NMR line shape at thermal
equilibrium shown by the solid curve dfz(v)/dv in
Fig. 5(b). ] The amount of reduction in the NMR
linewidth under DNP is determined by the factor
[1 —(PahD/AH„) ] in Eq. (40) multiplying the
strain-broadening term (b b, Q ). This reduction
factor is always less than 1 for nonzero p, and
becomes increasingly important as the ESR strain
broadening (ab,D) becomes large. In the limit as
(Par D/AH„) approaches unity, the entire NMR
strain-broadening contribution to the total NMR
linewidth would be effectively eliminated.

NIVIR UNDE R DNP

with

hvz = (hV„+ tPEQ ) ~ (43)

This line shape should be consistent with the ther-
mal-equilibrium NMR signal. In fact, Eq. (42) is
the correct form for the thermal-equilibrium sig-
nal being a Gaussian function having the width Avo
of Eq. (43), which contains the intrinsic rigid-lat-
tice nuclear-nuclear and electron-nuclear broad-
ening (b v ) as well as the strain broadening
(&'~e').

As previously noted the DNP line shape f,(v) of
Eq. (38) is proportional to the first derivative of a
Gaussian function of width Av, given by Eq. (40).
%e will refer to this width b, v~ as the NMR line-
width under DNP. By comparing Eqs. (40) and
(43), it is seen that the NMR linewidth under DNP,

(b)

THERM. EQUIL. NMR

R. ~
FEG. 2. NMR quadrupole absorption structures under

DNP arising from the correlated ESR and NMR strain-
broadening effect for the case of I Iq(+ 2~+ 2)/Iq4 ~
~+2) l » in Eq. 8&), and the corresponding thermal-
equilibrium struc ture.
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NMR UNDER DNP

{o)
(0) NMR UNDER DNP

THERM. EQUIL. NMR
[b) THERM Egu]L. NMR

FIG. 3. NMR quadrupole absorption structures under
DNP arising from the correlated ESR and NMR strain-
broadening effect for the case of I I&(+ y~+ 2)/I&(+ ~

~+~) I & 1 in Eq. (41), and the corresponding thermal-
equilibrium struc ture.

FIG. 5. Schematic illustration of the first-derivative
peak intensity and linewidth of a strain-broadened NMR
line (a) under DNP and (b) at thermal equilibrium.

E. Strain-induced enhancement $, and the magnitude of p

A e-'"
(2v)"'(av' + 5'aq') (44}

We then introduce a. new quantity, the "strain-

25—
CU

2.0—

l.5—+I
O

H

M
] 0

+I

0.5
+I

0.0
0.0

I

0.I

I

0,2
I

0.3

paho
hH o. )o

0.50

0.70

0.90

0.99

l

0.4

FIG. 4. Plot of Eq. {41)as a function of &Q/&v~
for various values of paAD/&H~.

The NMR signals under DNP and at thermal
equilibrium can also be compared by considering
the absolute intensities at the peaks of the first
derivatives of the NMR line shapes of Eqs. (38)
and (42). The most intense peak of the first-de-
rivative NMR line shape under DNP occurs at the
center of the NMR line with the intensity I Q I of
Eq. (39) [see Fig. 5(a)]. The absolute intensity
of the first-derivative peak of the thermal-equi-
librium NMR signal of Eq. (42} [see Fig. 5(b)] is
given by

induced enhancement, " h„defined as 8,—=
I I, I /

I Io I. This ratio is obtained from Eqs. (39) and
(44) as

p S~ a nD 5 nQ nH„(bv~+ 5 nQ ) (2. 71)
[(nv + 5 hQ )nH„—(panDbnQ) ]

(45)
All of the quantities in the above expression for 8„
with the exception of the correlation parameter p,
can be obtained from ESR, NMR, and DNP experi-
mental data. Thus by comparing the theoretical
value of b, of Eq. (45) with the corresponding ex-
perimental value, the magnitude of the correlation
parameter P can be evaluated.

F. Inclusion of additional NMR substructures

It has been assumed in the preceding calculations
that each NMR quadrupole component line can be
described by a single Gaussian line-shape function.
%e now consider the case in which the NMR corn-
ponent lines exhibit additional substructures aris-
ing, for example, from a nearest-neighbor nucle-
ar dipole interaction as in the case of ruby. ' To
treat this in a simple manner, the possible crys-
talline strain effects on the coupling constant giving
rise to the substructure will be neglected, since
they would be very small compared to the strain
effects on the NMR quadrupole coupling constant.

%e consider that the m —m —1 NMR quadrupole
component line consists of several substructure
component lines each of which possesses a Gauss-
ian line shape. Hence, the ith subcomponent line
can be expressed as

—(v —v, )
g(v v&)=(2 pea& & exp 2& &a
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—(v —v, )
2

4( )=Q („( —vi)e~( ~~ „2 Eve

with

(48)

-PA S~ahDbhQAH~e ~" (2vglz[(»."+5'~qz) ~Hz„-(P AD+ q)z]z&z

(48)

hvz=(nz(' +5 nq [1 —(par D/nH„) p~ . (50)

The corresponding thermal-equilibrium NMR line
shape for the whole sample, including strain
broadening, is

A' —(v —v, )
fo(&) =M (2v~itz & &

e P 2»(z (51)

with

(»(2 y2 gq 2)1/2 (52)

By comparing Eqs. (48) and (51), the following
can be concluded: (i) All the subcomponent lines
contained within the central m =+ &

———,
' quadru-

pole transition vanish under DNP. (ii) The shape
of each subcomponent line in the satellite quadru-
pole transitions becomes proportional to either the
positive or negative of the first derivative of the
thermal-equilibrium Gaussian line shape, and the
width of this Gaussian line shape is reduced from
that of the thermal-equilibrium signal by the fac-
tor [1 —(PanD/AH„) ). (iii) Since the over-all
line shape of each satellite quadrupole line is
characterized by the sum of the individual subcom-
ponent lines, the over-all line shape will be simi-
lar to either the positive or negative of the first
derivative of its thermal-equilibrium line shape.
However, owing to the reduction of linewidth of
each subcomponent line under DNP, a better reso-
lution of the NMR substructures may be achieved
in the NMR absorption spectra under DNP as com-
pared to the first-derivative thermal-equilibrium

where A' is the relative NMR intensity, and Av'

is the intrinsic linewidth of this subcomponent line.
For the nuclear spin with the deviation Q in its
quadrupole coupling constant, the NMR frequency
of each of the subcomponent lines in the m —m —1
NMR quadrupole line is shifted by the same amount
v' given by Eq. (12). Thus the over-all NMR line
shape for the m —m —1 NMR quadrupole line is
given Qy

A' —[v —(v, + v')]'
g( ) ~ (2v)1/zn 4 e p 2 np(2 ~

(47)
To determine the shape function fz(v) for the

m —m —1 NNR quadrupole line from the whole
sample under DNP, we use Eq. (47) in place of
Eq. (23) in the calculations leading to Eq. (38).
This results in the following expression:

NMR spectra. (iv) The phases of the low-frequen-
cy satellite quadrupole component lines will be op-
posite to those of the high-frequency satellite com-
ponent lines~ thus, the entire NMR spectrum under
DNP will exhibit a mirror symmetry with respect
to the center of the spectrum, if the thermal-equi-
librium spectrum displays a mirror symmetry.

If the relative intensities and frequency spacings
of the NMR subcomponent lines are known, it is
possible in principle to derive, for the purpose of
determining the magnitude of P, an analytic ex-
pression for the strain-induced enhancement 8,
corresponding to Eq. (45). However, this proce-
dure may be unnecessarily complicated. As an
alternative, one can determine the magnitude of P
by finding the P value which gives the best-fit
theoretical NMR line shapes and intensities calcu-
lated from Eq. (48) to the experimentally observed
data. In fact, this latter procedure will be adopted
in analyzing the experimental data obtained from
ruby crystals investigated in the present work.

III. EXPERIMENTAL

A. Instrumentat&on and samples

The experiments were performed using a Varian
V-4500 X-band ESR spectrometer in conjunction
with a Robinson-type NMR detector constructed in
this laboratory. Microwave power was supplied by
a Varian V-58C fixed-frequency klystron which de-
livered a maximum of approximately 150 mW pow-
er to a rectangular cavity operated in the TE„z
mode. A magnetic field was provided by a Varian
12-in. rotatable magnet with a field-regulated
power supply.

Four ruby samples with different Cr'-ion con-
centrations were investigated in this work. Two
of the samples were obtained from the I inde Divi-
sion of Union Carbide Corp. with specified Cr '-
ion concentrations. The Cr '-ion concentrations
of the remaining samples, which were obtained
from the Adolph Mellor Co. , were determined by
ESR intensity measurements using the Linde sam-
ples as a reference. All of the samples were
grown by the Verneuil (flame-fusion) method and
were of laser quality.

The samples were cut into rectangular parallel-
epipeds of dimensions approximately 10&& 2 && 2 mm
with the c axis (c) of the crystal parallel to one of
the short edges of the sample. Each sample was en-
circled with 8 to 15 turns of fine copper wire (No.
34) forming an NMR rf coil with its axis perpen-
dicular to both the c axis of the crystal and the
longest dimension of the sample. The crystal and
rf coil were secured with epoxy cement to the end
of a quartz tube which served as a holder for the
coaxial cable linking the probe to the Robinson
NMR oscillator.
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FIG. 6. Cr ' KSR spectrum in the ruby sample with
0.04-w Cr203 concentration for H II c at a microwave
frequency of 9.1 GHz at VV K.

For the DNP measurements, all of which were
conducted at liquid-nitrogen temperatures, the
samples were lowered into a quartz Dewar cen-
tered in the microwave cavity. The crystals were
aligned with respect to the external field H by
making use of the strong angular dependence of the
Cr ' ESR fine-structure lines. After adjusting the
external field 5 to the position desired for DNP on
a given ESR fine-structure line, maximum micro-
wave power was delivered to the cavity to saturate
this portion of the line. The rf frequency of the
Robinson NMR oscillator was then scanned through
the proper frequency range by means of a motor-
driven variable capacitor connected in parallel
with the oscillator tank circuit. Recorder traces
of the first-derivative NMR line shapes were ob-
tained using a field modulation of 200 Hz.

B. Experimental results and analyses

1. ESR exPeriments. Figure 6 displays the Cr"
ESR spectrum observed in ruby for 8 II c at a, mi-
crowave frequency of 9. 1 GHz. Since the absolute
sign of the fine-structure splitting constant S of
the Cr' ions (with effective spin S= —', ) in ruby is
negative, the three ESR fine-structure lines sit-
uated at low, intermediate, and high fields corre-
spond to the M= —

g ———„M=+ g —-p, and M1 3 1 1

=+ -', +-, ESR transitions, respectively. The
shapes of the lines were observed to be approxi-
mately Gaussian in each of the four samples.

To determine experimentally the width AD rep-
resenting the Cr' strain broadening, we first
determined the linewidth AH„ for each M —M-1
ESR fine-structure line by measuring the half-
separation between the two peaks in the first-de-
rivative ESR line. The widths of the M=+ 2 —+ &

satellite lines 4H„.~~& were observed to be larger
than the width of the central M=+ &

——
& ESR line

bH&..&~2 in each sample, indicating that the M
+ & satellite lines are strain broadened.

In order to calculate the strain broadening, we
assumed that the ESR linewidths in an unstrained

2

(G~)

70—
60
50
40
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20—
IQ—
0
0.00

~ M =+ (/2 —I/p

I I I I I I I I

o.05 'o. io
et% Cr 0

FIG. V. Measured second moments of the Cr ' ESR
fine-structure lines in the ruby samples versus the sam-
ple wt% Cr203.

or perfect crystal arise from the hyperfine inter-
actions of the Cre' ions with the surrounding nu-
clear spins and from the rigid-lattice dipole-di-
pole interactions between the Cr ' ions. The rela-
tive size of the hyperfine and dipolar contributions
to the linewidths was determined as follows. Fig-
ure 7 shows the experimental second moments of
the central M=+ &

———,
' lines (darkened circles)

and satellite M=+ —,
' —+ 2 lines (open circles) plot-

ted as a function of the wt% Cr&03 in the samples.
The experimental second moments were taken to
be the squares of the widths of the lines based on
the Gaussian ESR line shapes. The increase in
the second moment of the central ESR line with
Cr '-ion concentration was fit with a straight line
using the method of least squares. With this fit
the hyperfine contribution to the second moment of
the central line was assumed to be given by the
extrapolated value of the second moment for the
vanishing Cr '-ion concentration, 2S. 1 G . The
difference between this second moment and the to-
tal second moment of the central line for a given
concentration was taken to be the dipolar contribu-
tion to the second moment of this line.

The dipolar contribution to the second moments
of the satellite M=+-,' —+-,' lines has been shown
theoretically"'~ to be smaller by a factor of 69/81
than its contribution to the second moment of the
central M=+ & ——

& line for S=-,'. The hyperfine
interactions, however, theoretically contribute the
same second moment to both the satellite and cen-
tral ESR lines. Hence, the second moments of
the satellite lines in a perfect crystal were calcu-
lated by multiplying the dipolar second moment of
the central ESR line in a given sample by 69/81
and adding this result to the second moment due to
the hyperf ine interactions. The strain-broadening
contribution, described by the width 4D, was eval-
uated by comparing the second moment determined
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FIG. 8. Cr + ESR strain-broadening widths ~D mea-
sured for the ruby samples versus the sample wt%%up Cr203
(see also Table I).

for the perfect crystal with the experimental total
second moment of the satellite lines. The values
of b,a obtained in this manner for the four crystals
are shown in Fig. 8 and Table I.

2. NMR exPeriiments. The experimental first-
derivative Al NMR spectrum in ruby at thermal
equilibrium (A II c) is shown in Fig. 9(a), and the
corresponding absorption spectrum obtained by nu-
merical integration is shown in Fig. 9(b). The
partially resolved substructure on each quadrupole
component line arises from the nearest-neighbor

Al nuclear dipolar interaction which gives rise
to the theoretical line spectrum of Fig. 9(c)." Be-
cause of this substructure, the second moments of
the quadrupole components were obtained directly
from the mean-square frequency deviations of the
observed lines.

A total of four first-derivative traces were re-
corded for each of the five quadrupole component
lines of a given sample. These first-derivative
traces were calibrated by means of a frequency
marker at intervals of 0.5 kHz. Approximately
eighty calibration points were recorded on each
resonance line, care being taken to extend the cali-
bration points into the wings of the line to establish
the first-derivative NMR baseline. Each first-de-

rivative NMR line was then integrated numerically
to determine the second moment.

The experimentally measured second moments
of the various NMR quadrupole component lines
hvo are shown in Fig. 10. It is seen that for a giv-
en sample, the second moments decrease progres-
sively from the central to outermost satellite lines.
This decrease, however, does not exclude strain-
broadening contributions to the satellite lines,
since as previously noted, the rigid-lattice nu-
clear-nuclear dipolar interactions give rise to sec-
ond moments in the ratio 217:289: 321:289: 217
for the five NMR quadrupole component lines for
I= —,'. The nuclear -electron dipolar interactions
between the Cr" ions and 'Al nuclear spins con-
tribute the same second moment to all NMR lines.

The relative amount of nuclear-nuclear and nu-
clear-electron dipolar broadening was determined
in a manner similar to that described for the Cr'
ESR lines. The least-squares fit of a straight line
to the measured second moments of the central
NMR line resulted in a value of 9.3 kHz at the
vanishing Cr'-ion concentration, which was taken
to be the nuclear-nuclear dipolar contribution to
the total second moment of this line. For the sat-
ellite NMR lines the nuclear-nuclear dipolar con-
tribution was obtained by multiplying 9. 3 kHz by

zp and ~g, respectively, for the m =+ ~
—+ —,

' and
m =+-,' —+ & component lines.

The intrinsic, rigid-lattice second moments of
the m —rn —1 satellite lines in an unstrained crys-
tal, nu, were determined by combining the nu-
clear-nuclear and nuclear-electron dipolar second
moments, where the latter was obtained from the
central NMR line at a given concentration. These
second moments, hv, are shown for the various
samples in Table I. The width hQ representing
the strain broadening was then evaluated from the
difference between 4v and the observed total sec-
ond moments of the satellite lines. The average
of the four values of 4Q obtained for the four crys-
tals are displayed in Fig. 11 and Table I.

3. DNP exPeriments. The dynamic -nuclear-
polarization experiments consisted in investigating

TABLE I. Experimentally measured values for the Cr3'ESR strain broadening ~, the intrinsic
rigid-lattice second moments for the various ~Al NMR quadrupole component lines Av, the Al NMR
strain broadening 4Q, the width of the NMR enhancement curve associated with the M=+ ~~ ++ +g Cr3'
ESR line ~&, the maximum NMR enhancement 8&, and the correlation parameter p in the four ruby
samples.

Ruby samples
(wt% cr2O3)

0.008
0.040
0.070
0.099

3.6
3.9
4.0
4. 4

+"m 4/2
2

9.5
10.1
10.6
11.2

V
2

0 HE )

8.6
9.2

9.7
10.3

2
Vfft=~g / 2

6.5
7.0
7.6
8.1

AQ
0 Hz)

0.17
0.18
0.20
0.24

6.5
8.8

10.2
13.5

40
28
24
17

0.5
0.5
0.6
0.7



10 DYNAMIC -NUCLEAR-POLARIZATION METHOD OF. . . 855

+5~ +4
2 2 2 2

+I. 3
2 2

(a)

J~ 2
2 2

THERM. EQU IL. NMR

NMR
GA IN

DQ
(k Hz)

0.2—

0, 1—

00 J J i i I i i i J I

0.00 0.05 0, lp
wt% Cr 02 3

NMR UNDER DNP

(d)

FIG. 11. NMR strain-broadening widths 4Q measured
for the ruby samples versus the sample wtw Cr&03 (see
also Table I).

(e)

749l 7847 8205 8563 8920 kHz

-l0 0 +l0
kHz

the behavior of the Al NMR spectra by applying
saturating microwave pumping power at various
parts of the Cr ' ESR spectrum with H II c. How-

FIG. 9. Thermal-equilibrium VAl NMR quadrupole
structures and the corresponding NMR quadrupole struc-
tures under DNP for the ruby sample with 0.04-wt% Cr~03
concentration at 77 'K. All the spectra in this figure, ex-
cept that shown in part (d}, are plotted based on the fre-
quency scale shown in the bottom of the figure.

ever, the resonance field of the M=-& ———,
' Cr'

ESR line was so low (approximateiy 800 G as seen
in Fig. 6) that the Al NMR frequency at this mag-
netic field fell outside the frequency range of our
Robinson NMR detector. Consequently, the M
= ——,

' ———,
' ESR line was not suitable for our DNP

experiments.
It was found that except for the center portion of

each Cr ' fine-structure line, the NMR spectra ob-
served under DNP were either positively or negative-
ly polarized, with the shape of the Al quadrupole
structure remaining the same as that of the ther-
mal-equilibrium signals. Figure 12 shows the
NMR enhancements 8 (8) obtained from saturating
various parts on the M=+ —,

' —+ & ESR line in the
sample with 0.04-wtfo Cr&O, concentration. Each
data point represents the average NlVIR enhance-
ment for the five quadrupole component lines. The
solid curve in Fig. 12 shows the experimental
first-derivative of the M=+ —,

' —+ —,
' ESR line, and

the dashed curve represents an approximation to

&~ ~o

(kHz~}

I4-
l2

IO

e m =+I/2~-I/2
30—

20—

o NMR ENHANCEMENT—ESR LINE

2-
0
0.00

o m=+ 3/2~+ I/2

o m=+5/2 +3/2

I i i i i I

0.05 0.IO
wt/, Cr 0

2

—20—

FIG. 10. Measured second moments of the Al NMR

quadrupole component lines in the ruby samples versus
the sample wt% Cr~03.

FIG. 12. NMR enhancements 8 at various points on
the I=+ & ++ + —,

' Cr ' ESR line in the ruby sample with
0.04-wtVg Cr~03 concentration for H II c at 77 'K.
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FIG. 13. First-derivative VAl NMR quadrupole struc-
turee under DNP at the center of the M =+ g ~ + -', Cr '
fine-structure line in the various ruby samples for 8 llc
at 77'K.

the measured NMR enhancements by the first de-
rivative of a Gaussian function.

It is seen that the width 4II„' of the enhancement
curve 8 (H) is noticeably larger than the corre-
sponding ESR linewidth AH„, although it is approx-
imately Gaussian in shape. This behavior was ob-
served in all samples under DNP on the M
=+-,' —+ & ESR line as well as on the central I
=+ &

——
& ESR line. It is believed that the de-

parture of 8 (H) from the ESR line shape arises
from the possibility that the ESR lines are partial-
ly homogeneously broadened owing to the electron
spin-spin interactions. The experimental width
d, H'„and the maximum value of 8 (H), h» for the
various samples are listed in Table I.

To investigate the correlated ESH and NMR
strain effect, the detailed line shapes of the five
'Al NMR component lines were investigated for

each sample by saturating the center portions of
the M=+ &

——2 and I=+-,' —+ 2 ESH lines. The
results obtained from the sample with 0.04-wt/q
Cr&03 are displayed in Fig. 9 along with the ther-
mal-equilibrium NMR data for direct comparison
purposes. As expected, under DNP at the center
of the strain-free M =+ &

——
& ESR line, no reso-

nance lines were observed which could be clearly
distinguished from the noise level [see Fig. 9(d)].
However, the NMR spectrum under DNP at the
center of the strain-broadened M=+-,' —+ & ESR
line exhibited the structure of Fig. 9(e). The cor-
responding absorption line shapes obtained by nu-
merical integration of the first-derivative line
shapes of Fig. 9(e) are shown in Fig. 9(f). It is

noted that the same NMR spectrometer gain was
used for the three first-derivative spectra of Figs.
9(a), 9(d), and 9(e).

The shapes of the NMR signals under DNP for
the other three samples were qualitatively similar
to those observed for the 0. 04-wt% CraO, sample.
That is, under DNP at the center of the strain-
free M=+ 2 ———,

' ESR line no NMR signals were
detected, while at the center of the M=+-,' —+ &

ESR line, NMR quadrupole structures similar to
that shown in Fig. 9(e) were observed. These
structures are displayed in Fig. 13, in which we
include the data, from the sample with 0.04-wt%
Cr&03 concentration for comparison purposes.
The important difference between the crystals was
the NMR intensities or enhancements of the Al
quadrupole structures under DNP. This intensity
variation from sample to sample can be seen in
terms of the relative NMR spectrometer gain em-
ployed in taking each spectrum in Fig. 13.

It should be noted from Figs. 9 and 13 that (i)
the central m =+ &

——
& NMR transition is nearly

vanishing in the noise level, (ii) the shape of each
NMR satellite component line approximates either
the positive or negative first derivative of the cor-
responding thermal-equilibrium line shape [com-
pare Figs. 9(e} and 9(a)], (iii} the over-all NMR
absorption quadrupole structure obtained by the
numerical integration of the first-derivative lines
[Fig. 9(f)] has a mirror symmetry with respect to
the center of the NMR spectrum, and (iv) the NMR
intensities of the outermost m =+ —,

' —+ —,
' NMR sat-

ellite lines are greater than those of the inner m
=+ —,

' —+ 2 satellite lines. These observations are
consistent with the NMH quadrupole structure pre-
dicted on the basis of the correlated ESH and NMR
strain-broadening effect discussed in Sec. II.

To determine the absolute sign of P, we com-
pared the observed phases of the low- and high-
frequency 'Al NMR satellite lines under DNP with
those predicted on the basis of Eqs. (49) and (49)
in which the phase of a given NMR component line
is determined by the net sign of (jab) Since the.
absolute sign of the Al nuclear quadrupole cou-
pling constant Q in ruby is known to be positive,
the sign of 6, defined by Eq. (13), is negative for
the low-frequency NMR satellite lines and positive
for the high-frequency NMR satellite lines. The
sign of a, defined by Eq. (11), is positive for the
M=+ —,

' +-,' ESR fine-structure line, since the ab-
solute sign of the Cr ' ESR fine-structure constant
g) in ruby is negative. ' Hence, to obtain agree-
ment with the observed phases of the experimental
spectra under DNP shown in Fig. 13, the sign of
P should be positive for all crystals.

The magnitude of P in each crystal was estab-
lished from the best-fit theoretical NMR intensi-
ties under DNP to the experimental data. That is,



10 DYNAMIC -NUC LE AR -POLARIZATION ME THOD OF. . . 857

+-~+—5
2 2

n

3 I I I I 3 3 5+ —~+—
2 2 2 2 2 2 2 2

(a) THERM. EQUIL. NMR

I,O

0.8—

0,6—

04—

U'

(b) NMR UNDE R DNP

I

0.2—

0.0
0.00

~ SQ/LQ o gQ/gQ

I I I I I I

0.05 0.IO
wt '/o Cr&0&

I I I I I I I I I I I

-IO 0 +IO
kHg

FIG. 14. Theoretical first-derivative VA1 NMR quad-
rupole structures for the ruby sample with 0.04-wt~/&

Cr203 concentration for Hil c (a) at thermal equilibrium
and (b) under DNP.

using the experimentally measured parameters M),
4Q, Av, 4H„', and S„ listed in Table I, the theo-
retical NMR structures were fit to the experimen-
tal signals solely by varying the magnitude of P.
We illustrate this fitting procedure for the sample
with 0.04-wt% Cr20, in Fig. 14.

Figure 14(a) shows, for reference, the first-
derivative thermal-equilibrium NMR spectrum
df, (v)/dv calculated from Eq. (51) including the
NMR strain broadening b Q for this sample. The
height or intensity of this thermal-equilibrium
spectrum was first adjusted by means of a verti-
cal scaling factor (gain factor) to fit the actual in-
tensity of the experimentally observed thermal-
equilibrium signal of Fig. 9(a). The theoretical
first-derivative NMR spectrum under DNP df, (v)/
dv was then calculated from Eq. (48), using the
same vertical gain factor, since the sa,me NMR
spectrometer gain was used to obtain both the
thermal-equilibrium spectrum of Fig. 9(a) and the
spectrum under DNP of Fig. 9(e). The intensity

0.8—

I I I I I I I I I I

0.00 0.05 O. IO

wt/o Cr 0

FIG. 15. Correl. ation parameter p obtained for the
various ruby samples versus the sample wt% Cr203 (see
also Table I).

FIG. 16. Values of 6Q/4Q and 4Q/&Q determined
from p using Eqs. (21) and (22) versus the sample wt%
C r203.

of the theoretical NMR spectrum under DNP was
adjusted using different p values to achieve the
best fit to the experimentally observed NMR in-
tensity under DNP of Fig. 9(e). The best-fit theo-
retical spectrum was obtained with P = 0. 5 for the
sample with 0.04-wt/p Cr&03 concentration and is
shown in Fig. 14(b). Employing this fitting pro-
cedure for the other samples, we obtained the val-
ues of P listed in Table I and plotted in Fig. 1b.
The magnitude of P appears to increase as the
Cr30, concentration increases.

The contributions to the strain broadening in the
'Al NMR lines due to short-range strain effects,

represented by 5Q/hQ, and due to long-range
strain effects, represented by hQ/hQ, were cal-
culated from p in each crystal using Eqs. (21) and

(22). These results for the four samples are plot-
ted in Fig. 16.

IU. DISCUSSIONS

It is seen that the experimental data of the 'Al
NMR quadrupole structures under DNP at the cen-
ters of the Cr' ESR fine-structure lines for 8 I~ c
are in general agreement with the theoretical re-
sults predicted on the basis of the correlated ESR
and NMR stra, in-broadening effect. However, we
note one apparent discrepancy between the theory
and experiment which is concerned with the cen-
tral m =+ &

——2 NMR quadrupole component line.
In the experimental spectra of Fig. 13, the central
NMH quadrupole component line appears to show a
nonvanishing signal in the various samples, while
theoretically it should be vanishing. This discrep-
ancy may be due to the following two DNP effects
which have been previously investigated.

The first is associated with the broadening of
ESH and NMR lines arising from inhomogeneities
in the external magnetic field employed in the DNP
experiments. ' Owing to this line-broadening
mechanism, DNP at the center of an ESR line
causes all the NMR quadrupole component lines,
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including the central m =+ &
——

& NMR line, to
show absorption signals roughly proportional to
the first-derivative line shapes of the thermal-
equilibrium signals. The over-all NMR absorp-
tion spectrum will therefore lack mirror symme-
try with respect to the center of the spectrum. In
addition, the relative intensities of the various
quadrupole NMR component lines under DNP would
be the same as those observed for the thermal-
equilibrium signals that is, 5:8:9:8:5 for I= —,.
In view of the definite mirror symmetry [see Fig.
9(f)] and larger NMR intensities observed for the
outermost NMR satellite lines in the experimental
absorption spectra, the effect of magnetic field in-
homogeneities on the satellite NMR lines in cer-
tainly unimportant. It is probable, however, that
there is a small field-inhomogeneity effect present
which is just strong enough to be responsible for
the observed weak signals from the central NMR
quadrupole component lines in Fig. 13.

The second possible cause of the central NMR
lines under DNP is the 4 /6 effect, where 6 and
5 are the electron and nuclear Boltzmann factors,
respectively. This effect is associated with the
second-order differences in the nuclear-spin pop-
ulations produced under DNP at the center of an
ESR line which is inhomogeneously broadened by
unresolved hyperfine interactions. For this ef-
fect, a given NMR satellite component line under
DNP will be wholly positively or wholly negatively
enhanced with the same shape as the thermal-
equilibrium signal. The central NMR component
line should vanish, unless there is substructure
associated with it as in the case of ruby. Calcu-
lations have shown that the shape of the central

Al NMR component line in ruby associated with
the h'/5 effect would be similar to the first-deriv-
ative line shape of its thermal-equilibrium sig-
nal. ' Although the 6 /5 effect is expected to be
very weak in the ruby systems, 4 it cannot be com-
pletely ruled out as a possible source of the weak
signals observed for the central Al NMR lines
under DNP.

It should be mentioned that unusual NMR quadru-
pole structures can also be produced under DNP
at the center of an ESR line owing to ESH and NMR
symmetry-axis variations (the c-axis variation
effect). '9'4~ Although this effect will produce a
mirror symmetry in the absorption line shapes of
the NMR quadrupole structure under DNP, it
should vanish when the external magnetic field 0
is applied parallel to the symmetry axis in the
case of axial symmetry. In fact, the reason that
both the theoretical and experimental investiga-
tions of the correlated strain effect in the present
work are confined to the case 8 ~~c, is to avoid the
c-axis variation effect, since at other crystal ori-
entations it could mask the correlated strain ef-

feet.
The absolute sign of the correlation parameter

P is found to be positive in all the ruby crystals
investigated. This means that the ESR fine-struc-
ture constant of a given Cr ' ion and the average
NMR quadrupole cpupling cpnstant pf the VAl nu-
clear spins in the shell of influence of this ion are
deviated simultaneously to values which are great-
er or less in magnitude than the perfect-crystal
values. In the ruby lattice, the Cr' ion is sub-
stitutional for the Al ' ion, and the equivalence of
the Cr ' ion and Al nuclear-spin sites may have
a bearing on the observed positive sign of the cor-
relation parameter. Obviously, to understand the
exact origin and significance of the sign of the cor-
relation parameter P, it is essential to obtain de-
tailed knowledge concerning the strain mechanisms
responsible for the observed correlated ESR and
NMB strain-broadening effect in DNP.

As seen from Fig. 15, the observed magnitudes
of the correlation parameter P range from 0. 5 to
0. 7 and appear to increase with increasing Cr'-
ion concentration. Two possibilities can be con-
sidered for this increasing trend. Vfhen the Cr'-
ion concentration is increased, the average diam-
eter of the shells of influence of the ions is re-
duced. Hence, if one assumes that the correlated
ESR and NMR strain effect has a definite range,
the correlation within a given shell of influence
would in effect increase as the diameter of the
shell is reduced approaching the range of the cor-
relation. The second consideration is that the
Cr' impurity ions themselves may introduce
strains in the crystal which become part of the
total strain mechanisms responsible for the cor-
relation. If this is the case, the correlation would
also increase with the Cr '-ion concentration.

One might attempt to consider the behavior of P
in the limiting cases of very high or very low Cr'-
ion concentrations, outside the range of concen-
trations investigated in this work. It should be
remembered, however, that if the paramagnetic
ion concentration is very high or very low, other
effects may become important which would invali-
date the assumptions employed in the theoretical
model and/or make unfavorable the detection of
the correlated strain effect. For example, at very
high concentrations the electron spin-spin inter-
actions would cause the ESR fine-structure lines to
become primarily homogeneously broadened, "and
at very low concentrations the Solid Effect would
be too weak to produce sizable NMR enhancements
throughout the whole crystal.

According to the theoretical predictions of Sec.
IIF, the dipolar substructure on each 'Al quadru-
pole component line should exhibit a better resolu-
tion owing to the linewidth reduction under DNP.
In comparing the first-derivative thermal-equi-
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librium NMR spectrum of Fig. 9(a) and the absorp-
tion spectrum under DNP of Fig. 9(f), such an
improvement in resolution is not noticeable. This
result is not surprising in view of the fact that for
the ruby samples investigated, the value of (Par D/
r H„} in the linewidth reduction factor is negligi-
bly small; for example, for the sample with 0.04-
wt% Cr30„(PanD/nH„') is approximately 0. 03.

The theoretical treatment of the correlated
strain effect discussed in this paper has been re-
stricted to the case of strain-broadened ESR fine-
structure and NMH quadrupole-structure lines.
Employing the same method, one can also treat
the case of ESH lines broadened by variations in
the g value or hyperfine coupling constant, and
NMR lines broadened by variations in the nuclear
dipolar-structure (e. g. , Pake doublet) coupling
constant. It is expected that the results similar
to Egs. (38)-(40) should be obtained for the line
shape of each NMR component line associated with
the correlated ESR and NMR strain-broadening ef-
fect in DNP. One should also note that in the the-
oretical model, the NMR enhancement under DNP
is assumed to arise from the simple Solid Effect
associated with inhomogeneously broadened ESR
line. If there are other DNP processes important
for the system under investigation, they can readi-
ly be taken into account in the theoretical model.

V. SUMMARY AND CONCLUSIONS

Quantitative theoretical and experimental inves-
tigations have been made of the behavior of strain-
broadened NMH quadrupole-structure lines under
DNP at the centers of strain-broadened ESR fine-
structure lines, where the ESR and NMR strain
broadenings are mutually correlated. Important
features of our theoretical model consist of em-
ploying the standard Solid Effect associated with
an inhomogeneously broadened ESB line, adopting
a shell of influence for the electron and nuclear
coupling during DNP processes, and introducing
an ESR and NMH strain correlation parameter.
The corxelation parameter characterizes the mag-

nitude and direction (sign) of the correlation be-
tween the ESR and NMR strain broadenings and

gives the relative contributions to the whole-sam-
ple NMB strain broadenings due to coherent, long-
range NMH strain effects and from random, short-
range NMR strain effects.

On the basis of the model, we have obtained ana-
lytical expressions for the shapes and intensities
of the NMR quadrupole component lines under
DNP. These expressions show that (i) the absorp-
tion line shape of a given NMR quadrupole com-
ponent line under DNP is essentially proportional
to either the positive or negative of the first-de-
rivative of its thermal-equilibrium signal, de-
pending on the sign of the correlation parameter,
(ii) the strain broadening in the NMR lines under
DNP can be reduced from that of the thermal-equi-
librium signals, and (iii} the intensities of the
NMR signals under DNP depend on the magnitude
of the correlation parameter.

It has been found that the theoretical results are
in good agreement with experimental data on the

Al NMR quadrupole structures in several ruby
(A120, :Cr') crystals. The sign of the correlation
parameter in all crystals is found to be positive;
this means that the ESR fine-structure constant
of a Cr ' ion and the average NMB quadrupole cou-
pling constant of the Al nuclear spins contained
within the shell of influence of the Cr' ion are
simultaneously deviated to values which are great-
er or less in magnitude than the perfect-crystal
coupling constants. The magnitudes of the corre-
lation parameter are found to be in the vicinity of
0.6, indicating that contributions to the whole-
sample strain broadening in the 7Al NMR lines
due to the random, short-range strain effects and
due to the coherent, long-range strain effects are
roughly the same.

As a result of this and our earlier related work,
it can be concluded that the DNP method is firmly
established both quantitatively and qualitatively for
the study of the correlated strain effect between
dilute paramagnetic ions and concentrated nuclear
spins in single crystalline solids.
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