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Starting from a general stochastic-theory result in which the Hamiltonian is taken to jump at random
between a number of forms, due, for example, to spin-spin or spin-lattice relaxation, we treat a model
for the matrix which describes the relaxation process. In this, it is assumed that the probability of
jump of the Hamiltonian from one state to another does not depend on the initial state. This simplifies
calculations considerably and the result can be used to study some physical cases. A specialization of
this model yields a simple closed-form expression for the line shape which is quite useful in

experimental situations.

I. INTRODUCTION

In the stochastic theory of line shape, ! the radiat-
ing system is assumed surrounded by a large heat
bath whose effect is to produce explicitly time-de -
pendent interactions at the radiating system. From
the point of view of the radiating system, it sees a
Hamiltonian which is a random function of time.
Thus one constructs an appropriate stochastic-
model Hamiltonian which contains all the physical
features of the surroundings. The random nature
of this Hamiltonian then replaces the interaction
terms present in the total Hamiltonian, and in the
expression for the line shape the average over the
heat bath is replaced by an average over the sto-
chastic variables.

Such a theory of line shape has been given® for
systems in which the Hamiltonian jumps, as a re-
sult of fluctuations like spin-spin or spin-lattice
relaxation, between a number of possible forms
Vi, Vo, .-+, V,. The stochastic modulation is as-
sumed to be governed by a stationary Markov pro-
cess, and the central result is contained in the
Laplace transform U(p) of the time-development
superoperator which is obtained as

Ulp) = <p1-w_i;1/;Fj>-l, (1)

where, in the case of Mdssbauer line shape, for
example, for the emission of a photon of frequency
w, p=-iw+3l, with T the natural linewidth of the
nuclear excited state, W is a stochastic matrix
whose off -diagonal element (a! W |b) is equal to the
probability per unit time that the Hamiltonian makes
a jump from the stochastic state a to the state b,

V} is the Liouville operator corresponding to V;,
the jth form of the Hamiltonian for the radiating
system, and F; is a stochastic matrix defined by
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(a| F;|b)=5,5,, . (@)

In the stochastic-theory calculation, one elimi-
nates the degrees of freedom for the heat bath by
performing an average of U(p) over the stochastic
variables

v<p>=; polal U@ 0), (3)

where p, is the a priori probability of the occur-
rence of the initial stochastic state a. The mean-
ing of the matrix F;, defined by Eq. (2), becomes
clear if we consider the case of no fluctuation at
all, viz., W=0. In that case, U(p) reduces to

T°(p) =2 palpl - V)", (4)

the static result, as expected. A knowledge of
U(p) is required® in the case of perturbed angular
correlation of y rays, M0ssbauer, magnetic reso-
nance, and other line-shape problems.

In this paper, we make a special assumption on
the form of the matrix W which gives the prob-
ability of transition of the Hamiltonian from one
form to another. We assume that this probability
does not depend on the initial state from which the
Hamiltonian makes a jump. This means that the
new state to which the Hamiltonian jumps is com-
pletely uncorrelated to the old state; so we refer
to this as a random phase approximation. This,
in some cases, * is also known as the strong-col-
lision approximation. This assumption enables us
to simplify the mathematics considerably and gives
us more tractable expressions for the line shape.
While our assumption, in some circumstances,
may be quite unphysical, it does apply, for example,
to some cases of M&ssbauer spectra® and perturbed
angular correlation® of ¥ rays in randomly varying
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10 STOCHASTIC THEORY OF LINE SHAPE. I.

electric field gradients. We shall, in the following
paper, illustrate the applicability of the model by
treating in detail an electron-paramagnetic-reso-
nance (EPR) experiment6 on CO; defects in calcite
(CaCO,). Even in cases where the result is not
strictly applicable, it can still give a qualitative
understanding of the changes of line shape with the
relaxation rate and serve as an interpolation
formula from short to long relaxation times. The
regimes of short and long relaxation times are
treated by perturbation calculations and the results
are discussed physically.

In Sec. V we consider the line-shape problem in
a special case of the random-phase -approximation
(RPA) model. We assume that the nucleus (in the
case of perturbed angular correlations or Moss-
bauer line shape) finds itself in randomly fluctuat-
ing field gradients or magnetic fields where the
fields can jump, due to relaxation of surroundings,
to all possible directions in space. This assump-
tion of isotropy yields a simple closed-form ex-
pression for the line shape.

II. MATHEMATICAL SOLUTION FOR THE RPA MODEL

We consider a process in which the jump of the
Hamiltonian from one stochastic state a to another
b completely changes the environment. If this be
the case, we may assume that the probability of
jump from a to b is independent of a and is pro-
portional to p,, the occupational probability for the
state b. So, for the off-diagonal element of the
matrix Win Eq. (1), we set

Wu=\,, a#b (5)

where X is a measure of the probability per unit
time of a transition from a given stochastic state;
A is the inverse of the average time between two
successive jumps.

Now, 2

Wau="z Waby

b#a

so that from Eq. (5)
Waa= -A+AD,,

since

};pfl. (6)

Combining Egs. (5) and (6), we can write W as

W=7 -1), (7
where
‘Tab =Pb . (8)

Evidently, for such a form of W, the principle of
detailed balance holds for the transitions

paWabzpb Wbar (9)
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as is required for a stationary Markov process.
This form of the transition matrix was considered
previously by Anderson” and Kubo® in their theories,
for which the different forms of the Hamiltonian

Vi, Vy,...V,were taken to commute with each
other.
Using the operator identity

1 1 1 1

Z2°5tgB-4 71 (10)
we have, from Eqgs. (1) and (7),

U(p)=U(p +X) +AU(p + NTU(p) (11)
where

-1
J

U°(p+x)=<(p+x)1_iZV;F>

From Egs. (3) and (11) and using the form of the
T matrix given in Eq. (8), we obtain the result

U(p)=T%p +N)/[1 -2T%(p +M)], (13)

where

(12)

T°(p +x>=2bp,,<a| U%p +N)| b)

=2 pl(p e iV, (14)

from Eq. (4). U%p) is the form of U(p) in the
absence of fluctuations. The result (13) clearly
holds also in the high-temperature case when the
jump to all stochastic states is equally probable, *°
i.e., in Eq. (8), T4=1/n. Then Eq. (14) becomes

ﬁ“(p+7\)=%‘;[(p+)\)1—ivf]", (15)
I1I. DISCUSSIONS

In Eq. (13), U(p) is expressed entirely in terms
of U%p + 1) given by Eq. (14). This simplifies the
problem considerably, since we get rid of the sto-
chastic indices in the expression for the line shape.
Normally, the solution to the line-shape problem
involves the inversion or diagonalization of a ma-
trix given by Eq. (1), which is labeled by both
quantum mechanical and stochastic indices. For
example, in a MOssbauer experiment, the matrix
to be inverted is of dimension (2I; + 1)(2I,+ 1)n,
where I; is the spin of the nucleus in the excited
state, I, the spin in the ground state, and n is the
number of different forms of the Hamiltonian.? By
the above procedure, however, the dimension of
the matrix is reduced to (2I; +1)(2I,+1), however
large n may be.

In the above theory, we replaced the influence of
the surroundings on the nucleus by an effective
field, so that the nuclear system alone was treated
quantum mechanically. However, the expression
(13) is also valid in situations where the entire
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nucleus-electron system has to be treated quantum-
mechanically. ® In that case, the average over the
stochastic variables in Eq. (3) has to be replaced
by an average over the quantum mechanical states
of the electronic system.

IV. PERTURBATION-THEORY CALCULATIONS
We can write
X _Irx X
Vi=V*+aAY, (16)

where we define V* by

=ijv;‘ . am

Thus V* is the Liouville operator corresponding to
the average Hamiltonian V. It also follows from
Egs. (16) and (17) that

2.P,A%=0.
i

In the following sections, we evaluate Eq. (13) by
perturbation theory in different regimes of rela-
tive strengths of A, V* and A’;.

(18)

A. Very slow relaxation: A<< Vj"

We have, from Eqgs. (13) and (15)

U(p)=2_p,[(p+M1 —iv I

-1
* (12Tl 01 - vil)
R

To understand the structure of the spectral lines
predicted by Eq. (19), we assume that [V,, V},]=0.
Then we candiagonalize any one of V,, V,,...,V,,
and the others can be made diagonal simultaneously.
In that case, the eigenvalue of the Liouville opera-
tor V}‘ just yields the corresponding frequency? w;,
so that we have

(19)

()= Zp,((p X) = dw; -
i

= ij<(p+)\) —iw, = p,
(P +N) —iw;\*?
—XZ Pr (p+2) —iw, ) ’
where the prime means that the term k=j has been
omitted from the summation.
Since there is a resonance near p=iw;+\p; =},

we obtain, by the method of successive approxima-
tions, from Eq. (20)

(20)

U(p)= Zp,(pm_iwj-xpj
j
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2
e 2 _wk) (21)
since M\p; is very small. In a resonance experiment
(p =iw), for example, Eq. (21) predicts n sharp
lines centered around w, - 3} (w; - w,)'p,p, and
broadened by an amount equal to A —=Ap;. The re-
sult (21) is identical with the one derived by
Anderson,’

The physical consequences of Eq. (21) are il-
lustrated by a simple example. We consider an
NMR experiment in which the nucleus finds itself
in a fluctuating environment, so that the effective
field jumps between a number of different values
hy,hy, ..., h,. At any given instant, the nucleus
will find itself in a field &,, say, and its magnetic
moment will start to precess around this field with
the Larmor frequency corresponding to ;. But
now, since the jump rate is very slow, a resonance
emission or absorption will occur before the field
has any chance to jump to a different value. How-
ever, there will always be n — 1 other groups of
nuclei which will find their respective fields to be
hy, hy, ..., h,, so thatinthis case we expect to
observe a series of spectral lines centered around
w;, W,,...,w,as predicted by Eq. (21).

B. Intermediate case of relaxation: A>> AX A~ v*

From Eqgs. (13), (15), and (16),
U(p)={[T°p+M =2f",

where

_ _ -1
(@ = (Db, o+ 201 =7 * - i3]

z[(l—Zp,(pm-iV*)"A’;

(22)

— _ -1
X(p+A -iv*)-1A§>(p+x —iV")'{‘ ,
using Eq. (18) and the fact that 3 ,p,=1;
[Top+N)] mp 4 n =iV ¥+ ijA’;(p A Y
i
Therefore, from Eq. (22),

U(p) = [p —iVX L D p AP X iV YA
i

(23)
Since [V, A;]#0, in general, the third term in-
side the parentheses in Eq. (23) will exhibit im-
portant nonsecular effects.

C. Very fast relaxation: X > ¥

We have

[T°(p +)] <ZP [(p+M1-iV] ]‘)



10 STOCHASTIC THEORY OF LINE SHAPE. I.

.I—/x (171)2
~(p+)\)[1+p+h (P+)\)g
AT
-So(F5)]
from Egs. (16)-(18),

[‘t7°(p+x)]“=(p+x)[1 -

ivX A} 2
_.):+Zj:p,(p+x)] .

(24)
From Eq. (22),
T ~ X x)Z
U(p)~( DY pM) . (25)
If [V, A;]=0, the above leads to
A 2
T(p) ("“’*Zp’pfk)) . (26)

In this case, the physical picture is the follow-
ing: The nucleus, at any instant, finds itself, say,
in a magnetic field %, . Its magnetic moment starts
to precess around this field, but, since the jump
rate is very fast, it can scarcely precess at all
before the field jumps to a new value. Thus the
magnetic moment of the nucleus cannot follow such
a rapid relaxation of the field, and therefore, in
effect, it sees an average field , so that we get a
single line centered around the average Larmor
frequency w, as observed from Eq. (26). The term

(Awy)
;p" p+r

causes broadening which is inversely proportional
to . Therefore, as the relaxation rate X gets
faster and faster, the line gets narrower and
narrower. This is the so-called motional-narrow-
ing effect. °

In the case worked out by Anderson, ” he had
T=0, Aw;=(2j-1-n)w,, p,=1/n, j=1,2,.
and A=nw, /(n - 1), in his notation. Then in Eq.
(26),

o=(pe T E90), 27

since there is a resonance near p=0. Therefore
the width is given by

1 (Aws)? _
== ; 4 =

(n-1)w? i P
pr [47% - 4j(n +1)
e j=1

+(n+1)%],
from above,
_(m=1Pn+1)
B= 3n w, (28)

the result obtained by Anderson.

It is clear from the above discussion that the re-
sults obtained in our theory in the two extreme
cases of very slow and very fast relaxation are not
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qualitatively different from those obtained in the
secular theories. However, the intermediate case
of relaxation has important nonsecular features
which will be examined in detail in the following
paper.

V. SPECIALIZATION OF THE RPA MODEL-THE ISOTROPIC
CASE

In our central RPA results in Eqs. (13) and (15),
n is the number of different forms of the stochastic
effective field at the position of the radiating sys-
tem. We now consider a case where the effective
field is constant in magnitude, but can point in any
direction in space. Hence, in this limit, we can
replace Eq. (15) by

i | (o) 9

the integration being carried over the solid angle
dQY; defined by the direction f. This model repre-
sents some cases of isotropic-magnetic-hyperfine
and quadrupole interactions in free atoms under-
going collisions, ! domain wall motion in ferro-
magnetic materials due to an applied radio-fre-
quency field, *? and relaxation effects due to thermal
excitations in superparamagnets, !* among others.
We treat this isotropic model to obtain a simple
expression for the Mdssbauer line shape, valid for
all relaxation rates.

The Mdssbauer line shape is given by?

TO(p +1) =

F(p)=Re(2l, +1y" D (I m,| At I, my)
m0m1
mbm'1
X (Iymp| A| I mi Iy mo Iy my | T(p) | Igmly I, mY)
(30)
where U(p) is given by Egs. (1) and (3), with
p=—-iw +%I‘, A is the interaction between the nu-
cleus and the electromagnetic fie}d for the emis-
sion of a photon in the direction k, I, is the spin of
the excited state of the nucleus, and I, that of the
ground state. In Eq. (30), it is assumed that the
temperature is high enough for the nuclear levels
to be equally populated.
We have!t

(Iom(’)}Alllm{)

1/2
=2n(%) L'ZM:' i (2L' +1)2 DEX(460)
X (M, +iPE ) C(I, L' Iy; m{ M' m{) , (31)

where V is the volume in which the electromagnetic
field is normalized, P=+1, where P=1 corre-
sponds to left circular polarization while P=-1
corresponds to right circular polarization, the
angles 6 and ¢ in the rotation D%(460) are, re-
spectively, the polar and azimuthal angles of the
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direction k of the propagation of the y ray, M, and
E, represent the strengths of the magnetic and
electric 2% poles, respectively, and the C’s are the
Clebsch-Gordan coefficients. (If time reversal is
conserved either M, or E; will vanish for a given
L.)

Expressing the Clebsch-Gordan coefficients in
terms of the 3j symbols®® and substituting Eq. (31)
into Eq. (30), we obtain

4 rc

F(p)=Re ——
Vk LML'M’'P

X Dy (660) D2 (¢ 00)(M , +iPE )
21+
I

(_ 1)(L-L’)/2

X 1 '
X (}WL, + ZPEL,)* ﬁ G%g:(ﬁ) s (32)

where, in analogy with the case of perturbed

angular correlations of y rays, !® we define a per-
turbation factor

G (p)= D (=10 [(2L +1)(2L" +1)]V/2

mymy
(b L\L L U
my —-my MJ/\mj —-my M’
X (IymoIy my | U(p)| Igml 1, m}) . (33)

The polarization P is not usually observed and is
consequently summed over in Eq. (32).

A. Mathematical results

We show, in Appendix A, that the isotropy ex-
pressed by Eq. (29) enables one to write down for
the superoperator U°,

DD =T, (34)
and, therefore, from Eq. (13),
DUD=T, (35)

where D is any super rotation operator defined in
Appendix A.

By making use of Eq. (35), we prove, in Ap-
pendix B, that the perturbation factor in Eq. (33)
can be written as

GHp)=1/CL+1) G (P) 0. Oy (36)
where
GYHM(p)=(2L+1) D (=1)%o*m0m
momy
™™
X(I1 I, L)(I1 I, L)
my —-my M m; —m{, M
X(Iom011m1| v(p)|lomf,1, mj) . (37)

Writing U(p) in Eq. (13) in a power series,

T(p)=T%p +N)+ T p + V)P +- -, (38)
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and substituting in Eq. (37), the first term in the
expansion just yields the perturbation factor in
absence of fluctuation,

GRL"(p +N) =GLr(p+))
_ I, I, LY
_%Knl -Ng 1\])/
[(p+7\)+i(V,,l—V,,0)]] . (39)

This is shown in Appendix C. In Eq. (39), n, re-
fers to the ground state of the nucleus, n, to the
excited state.

We show next, in Appendix D, that the contribu-
tions from the rest of the terms in the expansion
(38) can all be grouped together in a geometric
series, which permits us finally to write down the
perturbation factor in a simple closed form,

GILPY=G L (p)=GL(p+N)/[1=2G . (p+N)], (40)

where G%,(p+ 1)) is given by Eq. (39) above.
Substituting Eqs. (36) and (40) in Eq. (32) yields,
for the Mdssbauer line shape,

8rlic 2Iy+1
Ve 2I,+1

M, 12+ |E 12( G, (p+N)
x L L ir
ZL: 2L +1 1_xc‘;L(p+>\)>’ (41)

since P =1 for circular polarizations.

The line shape as given by Eq. (41) is valid for
all values of the relaxation rate X and is independent
of the angles 6 and ¢, as is expected in the iso-
tropic case. A result identical to Eq. (40) was
derived earlier, ! from a different formalism, for
the perturbed angular correlations in the presence
of isotropic magnetic hyperfine and quadrupole in-
teractions. There the relaxation was caused by
atomic collisions, the effect of which was to
make the direction of the effective field at the nu-
cleus random after each collision.

In the following, we evaluate the perturbation
factor from Eqs. (39) and (40) in the two cases of
fluctuating electric field gradients and magnetic
hyperfine fields.

F(p)=Re

1. Fluctuating electric field gradients

As a physical example, we consider the Moss-
bauer study by Ruby!” on the ferrous ion in a liquid
mixture of phosphoric acid and water (H;PO, +H,0).
Below the glass transition temperature 7,, a
quadrupole doublet is found, but as the temperature
is raised above T, the quadrupole splitting decreases
and the spectrum ultimately collapses to a singlet.
This is interpreted as being due to the fact that
the ferrous ion finds itself in randomly varying elec-
tric field gradients.

In Ruby’s experiment, the direction of the field
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gradient can relax to any direction in space with
equal probability. Therefore our results (39) and
(40) are applicable with

V,=Q[37* - I(I+1)], (42)

where @ is the strength of quadrupole interaction.
Since, in Eq. (39), I,=3, I,=3, we obtain, after
using® the values of the 3j symbols,

GYLL(p+N)=(p+N/[(p +1)?+9Q%], (43)

which exhibits two peaks centered around p = +3Q - .
From Eq. (40), the Mossbauer line shape for
any value of X is obtained from

Go(P)=(p+N/[p(p+2)+9Q%], (44)
which, as A==  degenerates into a single line,
Grr(p)~1/p . (45)

Incidentally, Eq. (44) is identical to the result
obtained by Tjon and Blume* for the Mdssbauer line
shape of a nucleus which finds itself in an elec-
tric field gradient that jumps at random between
the x, ¥, and z axes with equal probability (since
A=3W and 9Q%=3a?® in that paper). This is un-
derstandable because that result is obtained for
a powdered emitter, for which all directions of

\ = 0.2556 mm/s

SN

Ll

Intensity (arbitrary scale) ——>

U

w(mm/s) —>

FIG. 1. Mdssbauer line shape for an Fe®’ nucleus in a
fluctuating magnetic hyperfine field for different values
of the relaxation rate A in the regime of slow relaxation.
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X =1022 mm/s

A=4.66mm/s

Intensity (orbitrary scale) —>

A= 1.023 mm/s

w(mm/s) ——>
FIG. 2. Mdssbauer line shape in the regime of rapid
relaxation. In Figs. 1 and 2, we have used (Ref. 20)

I'=0.00714 mm/sec, gouyh=—6.11 mm/sec and guyh
=3.45 mm/sec.

emission of the y ray are averaged over. This,
together with the additional symmetry of zero
quadrupole splitting in the ground state of the Fe5’
nucleus, leads to an expression identical to our
result given by Eq. (44) in the isotropic case.
Equation (44) was also used by Ruby to interpret
his results for the broadening and collapsing of the
two lines for ferrous ions in phosphoric acid. !’
The results are in good qualitative agreement with
Eq. (44). From the shape of the spectra in the
regime of slow relaxation (A=0) [cf., Eq. (43)],
Ruby could deduce the strength of the electric field
gradient. From a comparison of the observed
spectra with Eq. (44), he could also determine the
temperature variation of the relaxation rate A for
the direction of the field gradient.

2. Fluctuating magnetic hyperfine fields

We consider the case of an Fe®” nucleus (I, =3,
Io=%, and L =1, for magnetic dipolar transitions)
in a magnetic field of constant magnitude % which
relaxes among all possible directions in space.
The energy difference in Eq. (39) is given by

V,.l‘Vno=(gono~g1"1) pyh o, (46)

where uy is the nuclear magneton and g, and g, are
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the respective g factors for the excited and ground
states of the nucleus.

The results of our calculations for different
values of the relaxation rate X are shown in Figs.
1 and 2. For very slow fluctuations (X =0), the
full six-line Zeeman pattern is obtained, as ex-
pected. On the other hand, when the fluctuation
rate is very rapid (X ~1000 mm/sec), the spec-
trum degenerates into a single line in the middle.
This is because the nuclear moment cannot follow
such a rapidly relaxing field, and it therefore ex-
periences a zero hyperfine field. For intermediate
values of the relaxation rate A, the results are
qualitatively similar to those found experimentally
for MOssbauer lines where relaxation was casued
by a rf field”? or thermal agitation in superparamag-
nets, 13

VI. SUMMARY

We have, in this paper, considered the stochastic
theory of the line shape of radiation emitted by a
system whose Hamiltonian jumps at random between
a finite number of possibilities. The nonsecular
effects arise from the fact that the different forms
of the Hamiltonian do not commute with one another.
The transition of the Hamiltonian from one stochas-
tic state to the other has been assumed to be in-
dependent of the initial state, and this is what we
have called a random phase or a strong collision
approximation. This assumption enabled us to give
a considerably simplified result for the line shape.
The secular and nonsecular effects were illustrated
by perturbation-theory calculation. The theory de-
scribed here is of utility in analyzing perturbed
angular correlation, MOssbauer, and magnetic
resonance spectra. In the following paper we will
discuss the application of our formalism to an EPR
experiment on CO," defects in calcite.

In Sec. V we discussed a special case of our RPA
model where a complete isotropy was assumed in
the nature of interaction of the radiating system
with its surroundings. As an example, we ob-
tained the Mdssbauer line shape in this case. The
result was seen to be useful in analyzing some ex-
perimental results.

APPENDIX A
We have, for the matrix elements of U%(p),

(Iymol, mll Uo(p)| Iy mgIi my)

mmi D ngemiy Dy “Mo™™0

er‘
0 0

1 Idn Pty p* (Ip) , Vv pUo

jmm’

singdadp Y (2j+1)D (aBO)(
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Z | 2

™

R
e
-

x
s
e e o o | ————

\

FIG. 3. Orientation of the direction | in terms of the
Euler angles o and 8. The z axis is taken as the axis of
quantization.

41” f dnf dt e (Iymgl, my| Vi | Iy mh I, m)

b I aQ, j dte? (I ymy| e'V1t| I,m})
o

XA, myl e Vit Lmy ) (A1)

using the properties? of the Liouville operator.

Now, V, is of the form V = - w, I, for magnetic
hyperfine interaction, and V;=Q(3 - I¥) for elec-
tric quadrupole interaction, where w; is a Larmor
frequency, Q is the strength of quadrupole interac-
tion, and I; is the component of the nuclear spin
along the direction 1 (see Fig. 3).

Therefore we may write
V,=D"(aB0) V(DY Y(aB0), (A2)

where V, depends only on I,, the z component of
the nuclear spin and D is a rotation operator.
Using Eq. (A2), we have, from Eq. (Al),

(Iymol, ml| U%(p) | IymgI, my)

- Jdﬂf dte? Y

exp [i(V,y = V) 1]

"0"1
I *(1) % (Ig) )
( 1) ™0™ +2"0Dnlml D-no-omb r(::an)l D-ng-mo ’ (As)
where we have used*®
D =(-1y™"Dp¥) . (A9)

We write!®

L 7\(h I j)
-my m'J\ny, -ny m
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Gork I, i'\yvn, I, 7
X
Z @'+ I)D ( ﬁo)( —Mq m{)(”l ~ny ™My
jmml

) I, 1 i\ /L, I i\(fl, I, Jj¥V
-5 @ S o)y S o) Do )
fom 1 —Mg 1 —My 1 —Ng M
using the orthogonality of D matrices,
;! 27 AT
g +1 j sinBda dﬁD‘“ (aBO)D,‘,,’,,’,,(aBO)=6m Ot
am Ny Uy 1"
Substituting Eq. (A5) into Eq. (A3), we obtain

(Iymo1, mll ﬁo(?)ilo my Iy my)

(1) mo-mwz"o I, i\(L I, i\/L I, i\
Z 2(2]+1) L =my M'J\m; —my M)\n, -n, m Qs -

Next, we introduce a ‘“super rotatlon operator D” and write
(IymoI, my| DT p)D| Iy mp 1, m})
= Z (10m011m1|9'10n011"1)(10n011n1|(70(17)”0"6[1 n)(Iyng I, nili)'lllo mgl, my) ,

g™
o™
where we have used the closure relation? for the states of Liouville operators,
%;I ‘nonl)(non1| =1.
Now,
(L mo Ty my| D [ Igng Iy ny) = (Iymo Iy my | e u | Iyng Iy my)
for a rotation by an angle ¢ about the direction 4,
(Iymo Iy my | D | Iymg Iy my)
= Tymol e Iym) (Lymy| e¥Tu| [ymy )
using the properties® of Liouville operators,
(Tymg Iy my |D | Iymo Iy my)
= (g mo| D] Iyne) (Iny| D [ymy )

where D is the ordinary rotation operator.!® Equation (A8) may be taken as the definition of D.
Hence

(Iymo I, my | DT p)D| I, my 1, m})

jmm* 1

_ 1)-ng=nf+2ny’ . I I . I I
- Up) pUp* pto) HUp (=1)""""0*""0 . L I, j 1 o J 1 0
- Z Dm(?noDmlnl Dmoanm'n‘ Z b - i(an' — V"‘1 ) Z (2] + 1) n; _n(l) m’ n, -ng m'\n’ —"6'

ngny n[’)’ni'

"

where we have used Eq. (A7)

1) m'-rnoozn" I I I j *U)
2 1) ———— 1 0 1 0 e (j)'
2';1' 2 (2« ) —i(V ",,-V",,)< -n0 m)z( —ml M ')(ml —my M) Dyere DS,

jmm*

using the contraction relation, !°

> (11 I, j,) pin. pUo _(111 10’ j ) D’fu(’)
7 L) -mlan?t = g .
it ny —ng m myny "0 \my —-mgy M’

Finally, using!®
x () ()
Z Dy DMjm' =0y ,
-

we obtain
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(A5)

(A8)

(A7)

(A8)

(A9)

(A10)
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Ugmolym, | DTOD |1y my I m})
-mg=mp+2ng ; ; i\2
B el ) S e

Comparing Egs. (A7) and (All), we conclude that

U°=20%', for any®
Therefore Eq. (13) yields

U=2UD" . (A12)
The Liouville operator U, as given by Eqs. (13) and (29), is clearly an isotropic superoperator in the
angular-momentum space. Just as an ordinary isotropic angular-momentum operator is invariant under
any rotation, ® so is U under the transformation ©, as shown in Eq. (A12). The matrix elements of D are

given by Eq. (A8) in terms of the matrix elements of an ordinary rotation operator. In that sense, D serves
as a super-rotation operator in the Liouville space of angular-momentum operators.

APPENDIX B
Using Eq. (A10), we write the perturbation factor in Eq. (33) as

I I L\/ I, I L'y 1

MM' _ — 1)\ +my +m! 1/2 1 0 1 0 :

GEL(p)= m‘:;a( 1o "o "5 [(2L +1)(2L" +1)] <m1 s M)(m{ o M,} 5 |[[ dosinpaga
mymy

X Z (Iomollmllil)"llonollnl)(lonollnllﬁ(p)|Ionélln;)(lon{,Ilnﬂ:DlIomalxm{) ,

o™
for an arbitrary super rotation operator D,

= Z (_1)2'0*"-0""6[(2“1)(2L'+1)]“2(7Ir:l h L)( Lol 1{71) 8—;; H do sinpdpdy

’ !
mamg —-My M, my =M,
mymy

Ughx . (Iy) ap* =
0 1 7 ’
X Z D pomq Dnlman‘m' Domy (o nolyny | U(p)| Iyng 1y my)
"™
nony

using Eq. (A6),
- }021 (= 12T [(2L +1)(2L’ +1)]1/2 8—;5 H da singdBdy < ’2 _’36 f)(flll _130 1’:,) D52 D,
it
X (Ionolyny| U(p)| Iomy Iy my)
using Eq. (A9).
Finally, we obtain

GH¥(p)= Y (1P [(2L + 1)(2L' + 1)V 2(Iyng Iy my | T(p)| Iyng I, )

nom
T
I I, L'\/I, I L 1
X 1 0 1 0 —_— w00 ne ,
<n{ - N')(n1 -1 N) L1 oL Oww Oun (A13)
where we have used the orthogonality relation!® for the D functions
2’ +1 I da I singdp I dy DL (@) D2 (R) = s By 05 - (Al4)
o 2 1m2 172
Therefore we can write
. 1
GLLp) = 577 GLL(P)Ors-Oune (A15)

where G¥¥(p) is given by Eq. (37).
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APPENDIX C
From Eqs. (37) and (38)
OMM(p +>\)
(1 I L\ /1 I L
=(2L+1) MOZMI (= 1) lo*movmd (mlx o M) (mli o M)
mymy
X (Iymo Iy my | T p + )| Iym Iy my) . (A15)
Substituting Eq. (A7) into Eq. (A15) and using the relation!®
(25 +1) ;1;2 (]1 T J )(r]r:l rizzz ji) 8,43 Omyms (A16)
we obtain Eq. (39) very easily.
APPENDIX D

To prove Eq. (40), we first substitute the series (38) into Eq. (37). Then for any term in the series, we
prove the following theorem:
Theovem. 1If

[GYH(p + N
, I I, I\/I, I, L
- _1 Zluomod-m L 1 (1 0 )( 1 0 )
D ) (Y
momy
X (IymgIymy | [T p + N | Iymy I, m?) (A17)
then it is also true that
[ DMM(p+)\)]r‘l
- I, I, I\N/I, I .
=m§o;1 (- 1) o'"o(zL+1)(”;l ":”o M)(n;; —’316 M) o moIymy| [TUp + NI Iomy I, ml) . (A18)
momy

Pvoof. The right-hand side of Eq. (A18) is

- > vpmeeran(r o o SO B D) Gomoml (0% e Nty 1)
1

gy —Mmy my —my
.
mbm1

mg’ my’

X (Iomy' Lmy! | Tp +N)| IymhI,m}) . (A19)
Now, from Eq. (A3), we have

I, I, L =
X (b, ) ol T[T 0] o g )
momy 1 ~ "0

10 (_1)‘"'61-1»0#2"0 % (I1) * (Ig) (11)“ 1y
) »%;-; = l)mo(ml -myg M) 4m I 6 ,,.Z,,l (P+N) +i(V, = V,) Drnymsy D-ngemiy Drymy” D-ngemiy

ve I I, L
- (-ayien o f oy Di Dl (1 15 N) P

nz: (P+7\)+1(V ) mmi’ T\ —my N

which is equal to [using the relation (A9)]

" 1 I, I, L 1
-1 -myt+2ng = E an D(L) ( 1 0 > .
(-1) 4r ’,,02"1 -1y N} (p+X)+i(V, - V,)
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(e I NI, I, Jj
X 0 1 Lo
:gn;' (27 +1) Dpe ( iy —my m)("x -ny m’)’

which equals (expressing the product of two D matrices in terms of 3j symbols'®)

(_ 1 )-mb'van (yflll —17(116, 1@) OMM(p+X)
where we have used Eqs. (A6) and (39).
Substituting the above result into Eq. (A19) and using Eq. (A17), we get the right-hand side of Eq. (A18),
[G34M(p + )] GL¥¥(p +X), which proves the theorem.
Since Eq. (A17) is true for v=1 [cf. Eq. (A15)], Eq
we can express Eq. (37) as

( ) GOMM(p+A)+x[GOMM p+x)}2+AZ[GOMM(p+A)3 ]

. (A18) implies that it is true for any ». Therefore

which yields Eq. (40).
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