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We have calculated the "Fe Mossbauer scattering line shape. These calculations include, in addition to
the nuclear resonant scattering, consideration of electronic Rayleigh scattering, incoherent thickness

effects, as well as angular distribution factors. These calculations are an extension and generalization of
the results of Debrunner and Morrison, in order to describe a multilined Mossbauer pattern. Integration
over all possible incident and outgoing y- ray directions was carried out to obtain the line shape for

powder scatterers. The theoretical predictions arising from these computations were checked under a

variety of experimental conditions using natural and enriched iron metal and a-Fe,O, . In all cases it

was found that consideration of incoherent thickness effects was necessary for understanding the results.
Calculation and experiment showed that the line-intensity saturation effect in scattering is quite different
from the ordinary transmission result. Our analysis also shows that the scattering spectrum is quite
sensitive to the value of the recoilless fraction.

I. INTRODUCTION

Scattering experiments have been performed in
the past to study a variety of physical phenomena.
Considerable interest has been devoted to the study
of interference effects between Rayleigh and nuclear
resonant scattering' and experiments on the
Debye- Wailer factor. ' Diffraction ' and polariza-
tion' "effects" and the time dependence of the
resonantly scattered radiation" have also been in-
vestigated. Scattering has been shown to be a more
effective technique than transmission in the investi-
gation of high-energy MOssbauer transitions. ' The
application of scattering geometry to the study of
bulk samples' and surface effects' ' has also
created some interest.

Theoretical investigations have dealt with inter-
e. ence effects, ' '" lattice dynamics, ' ~he appli

tion of scattering to the study of the magnetic
structure of materials' and inhomogeneous electric
fields, and the effect of resonators acting col-
lectively.

Our primary concern recently has been the study
of time-dependent hyperfine interactions using the
selective- excitation double- MOssbauer technique.
However, it became clear that in order to use this
technique we needed to understand MOssbauer scat-
tering results. Because of the need to maximize
the resonant counting rate, enriched scatterers are
preferred. In order not to lose counts, the scat-
terers should also be physically thick. Thus, the
necessary calculations must include these effects.
In addition, it is important to be able to make such
calculations when the Fe nuclei in the scatterer
interact with nonzero effective internal fields. The
calculations presented here treat the case of an
effective internal magnetic fiel.d. We make a de-
tailed comparison between our theoretical scat-
tering results and experimental spectra for these
cases of so-called "split" thick scatterers.

Il. THEORY

In this section we develop a method for calculat-
ing Fe Mossbauer spectra using the scattering
geometry shown in Fig. 1. When the 14. 4-keV
photons from the source impinge upon the scat-
terer, several types of scattering interactions are
possible. The photon can be absorbed by a nucleus
without recoil and then emitted with or without re-
coil. In addition, there are two other possible
elastic scattering processes, namely, Rayleigh
and Thomson scattering. These three processes
can therefore lead to interference effects. Also,
there are the usual electronic absorption processes
which can attenuate the beam as it passes through
the scatterer. We can characterize the scatterer
by its total linear absorption coefficient,
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FIG, 1. Scattering geometry used in our experiments.
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l r(z)=u~(z)+us+ p. ,

where p.„(E}is the nuclear resonant absorption
coefficient, p~ is the coherent nonresonant ab-
sorption coefficient including Rayleigh and Thom-
son processes, and JIL, is the electronic absorption
coefficient which includes all the incoherent scat-
tering processes.

Consider the situation as shown in Fig. 2. The
intensity distribution of the source radiation, as-
sumed to be Lorentzian, is f(E, S),

fo(kra)'= [(E-z,-s) +(-,'r, )I
'

j(E,s)

I(E,s)

where S is the Doppler energy determined by the
source velocity and I"~ is the effective linewidth of
the incident beam. The intensity of the radiation
reaching a distance x into the scatter is

1„(E,S}= I(E, S) e "r' '"&* .

Resonant nuclear absorption can take place at
energies corresponding to the allowed nuclear
transitions E;&,

nf oo(kr)'
Vs(z)= m (E E )2, (~r)z II'«(ei &i)

(4)

Here the C's are the usual Clebsch-Qordan coef-
ficients and the XL"'s are vector spherical harmon-
ics.

In general the energy distribution of the scat-
tered radiation contains an interference term from
the nuclear resonant and Rayleigh scattering pro-
cesses. However, at a scattering angle &= 90'

where f is the scatterer's recoilless fraction, n is
the number of resonant nuclei per unit volume, I"

is the natural linewidth, and 00 is the rnaxirnum
resonant absorption cross section. The scattering
angles are defined in Fig. 3(a). If the nuclear en-

ergy levels are pure ~n states, the angular distri-
bution functions W;,(e„@,) are

II'&&= Ic(f,~n& If.&&I.»' ')
I I&i(e» ei) I

FIG. -'. Incident beam E(E, S) interacts with the scat-
terer producing a scattered beam I(E', S).

Alp I(E ', S)= dz I (E, S )nf (5)

Following Boyle and Hall we can write the differ-
ential scattering cross section as

this interference term is zero. We restrict our
calculations and experiments to this case. We al-
so disregard possible modifications of the line
shape due to interference between individual neigh-
boring lines' ' and coherent effects between
neighboring nuclei a&, 2a Such contributions are in
general small and only appear under very special
conditions. For our case the contributing terms.
can be calculated separately and simply added.

We first consider the nuclear resonant con-
tribution. In general this term contributes a part
from recoilless absorption and recoilless ernis-
sion and another part from recoilless absorption
and nonrecoilless emission. The energy distri-
bution per unit length per unit solid angle of the
radiation scattered recoillessly at x by the resonant
process is

foo w, ,(e, y, ) w„,(e, 0,)(-,'r)'
dzdz' . . ., (I+ u')[(E-E'+ ~„,)'+ (-,'y)'1[( E' ,E, —~«, )'+ (--,'I)'1 ' (6)

where +' is the internal-conversion coefficient, y is the linewidth due to the source intensity and hence is
very small, and we have allowed for absorption between the nuclear levels E~&-E& to result in the decays

E,'-E; and E&-E~.. E;;=E& Eg and h„'=E—; —Eq. =G [see Fig. 3(b)1. In the above sum we must include
all transitions consistent with the magnetic dipole selection rules.

We assume that the source radiation has a Lorentzian line shape, and neglect any anisotropic f depen-
dence. Substituting Eq. (6) into Eq. (5) and integrating over E gives

where I', is the effective linewidth of the incident beam. Neglecting multiple scattering, the energy dis-
tribution of the nuclear resonant scattered radiation that gets to the detector is
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e T
(E) S)»» (E) S)E ur( E) csca2xdE

M
~p

where T is the thickness of the scatterer. The result is

(E S) g nf GOIQ(2F) (2F»)) W»» W» ' F)»»»

», », » (1+ (3')[(E'- &»; —S)'+ ( 2Fs)']((E' E-»» —&»» )'+ (2 )']

where

(8)

1 —eXp (—T[il T(E —6»»)eCSC O((+ p, T(E }CSC(32]j

(»T (E' —») „')csc(3(+ i»T(E') csc(32

Since in this experiment the energy of the scattered radiation is not determined, f»»(E', S) has to be inte-
grated over the energy parameter E' to obtain the measured intensity. Thus, the number of recoillessly
absorbed and recoillessly emitted events is

N»»»»(S)= I)I(E', S)dE' .

The number of recoillessly absorbed but nonrecoillessly emitted events N„„can be obtained in the fol-
lowing way. First we must replace f' by f(1 f) in Kq-. (8). Then we must realize that, due to the recoil,
the energy distribution of the emitted photon is "smeared out" over an energy region large compared to the
hyperfine splitting. This requires that the factor F„„in Eq. (8) be modified since the outgoing photon is not
subject to resonant absorption in this case. In this way,

where

(S)
~"

dE, p nf(I-f) o f0(2F) ( —'F3) W;» W»;, F»»„
;, , ~ (1+ ')[(E'- «; —S)'+ (-'F )'1[(E'-E; —&; )' (l&)'] ' (10)

1 —exp &- T[pr(E ' —s„,.) csc n(+ (i3e+ i3E) csc(321&F
i»T(E —6»» ~ ) CSC (+ (P+i3eE) 'SC ?

Equations (8) and (10}are essentially the same as found in Debrunner and Morrison ' but generalized to a
"split" scatterer. The angular distribution of the resonantly scattered radiation is represented by
W»» (8 ) Q () W»; ~ (8, , (j)2) . If the scatterer is a powder, this factor must be averaged subj ect to the con-
straint that the scattering angle (3 is constant. We can denote this result by W;»»;. ((3).

For calculational purposes it is convenient to use a notation where the transitions are labeled by the lines
themselves as shown in Fig. 3(b). Then Eq. (8) can be written out explicitly,

»(?) 1 E T(csea)ecsca2)uT(E )

";~ (E' —E;)'+ (-,'I')' [(E' —S)'+ (-'I' )'](csc(3 + csc(3 ) p (E')

»io))IE-T(uT(E' G) ceca)+sr(E'-)csca2))), &+p~ )i
[(E'-E; —G)'+ (-'F)'][I'- S —G)'+ (-'F )'][(» (E' —G) csc(3)+ i3,N') csc(3,]

W ( (3)(I E
- T [u T (E'+ G )ceca )+ u T (E' )ceca? ))3+23 l

= l(s'-2 ~ ~ c)' ~ (-'&)')hs'-s c)' ~ (-'& )'Ile (s' ~ c)t:ee, u, ,(s')eee, )) '

where G equals the ground state splitting,

nf(? ( 'F) W, —
V TN )= E (E) E )2 (»F)2+ P E+ Pe ~

and the bar indicates an average over all angles.
Equation (10) can be similarly rewritten in this
notation in a direct way.

In the above equations the W&'s are the dipole-
radiation angular- distribution functions. The TV& &'s

are products of these functions and give the angular
distribution for absorption at angle (8), (t))) and
emission at (82, (t)2). For the purpose of describ-
ing a powder scatterer the 8';,&'s have to be inte-

grated over all angles consistent with the con-
straint that n, the scattering angle, remains con-
stant. This integration has been presented else-
where. The results are

W, ,= Ws 3= (3/8»») 4(26+ 2 cos (3)/15,

W2, 2= W, 3= (3/8)») (4T (6+ 2 cos (3)/15,
1~3,3= +'4, 4= 9 ~1,»

W2 ~ 4 W4y(2 W3 3 Ws ~ 3 (3/SE )») ( 14 —2 cos (3)/I 5

The coherent nonresonant contribution to the
scattered intensity is moatly Rayleigh, because at
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these energies the Rayleigh contribution is - 10
times the Thomson contribution. The energy de-
pendence of the Rayleigh cross section is rela-
tively weak and so

Io{~I'~) n'f„oz Wz{n)
(E ' —S)'+ (-,'I', )'

where n' is the number of atoms/volume, fR is the
recoilless fraction for Rayleigh scattering (fz=f
for n= 90'), os is the Rayleigh cross section
evaluated at 14 keV (for our purposes), and

1+cos GW„(o)=, , =2v 2 .
sin

] ~-&T(E')(cseof&+cscaP)T

pr(E') (csc&,+ cscn, )
(12)

Collecting energy-independent factors and inte-
grating over E',

&&lf & (1 & s r( s)(csea 1+cscup) r)dEI
Nz(S)= '

~ a i 2[(Z'-S) + (-,r, ) ] pr(E')(csee. ,+ cs«, )
'

The nonrecoilless Rayleigh contribution is

~ dz Indi~ s zs i~ e[u (rE')csea(+(ss+v~) esca~lr)

.o I. (E'-S)'+(-'F )'If (E') +(~ +u.) d
(14}

The total intensity distribution of the scattered
radiation is the sum of four terms given by Eqs.
(9), (10), (13}, and (14),

l I

I

2
I

2
e

2

lj& E.

FIG. 3. (a) Various angles for the scattering process are
defined as shown. (b) Nuclear energy levels and allowed
transitions for Ml radiation in the case of 7Fe.

N(S)=N~s(S)+N~q(S)+Ns(S)+N„s(S) .

The integrations over the energy parameter E' re-
quired to obtain the scattering spectrum given by
Eq. (15) were accomplished by using standard
numerical techniques.

In order to get some feeling for the various con-
tributions in Eq. (15) we considered the case of an

enriched iron-powder scatterer, and took the inci-
dent-beam linewidth to be negligible. From pre-
vious results, the ratio of the nuclear resonant
to Rayleigh contribution was known for our experi-
ments. Figure 4 shows these calculated results
taking the recoilless fraction and the linear absorp-
tion coefficient to be O. 7 and 205 cm ', respective-
ly. In addition, P was set equal to 153 (P = nap f,
see below). The top curve in Fig. 4 gives the nu-
clear recoilless-recoilless contribution. Notice
that the second and fifth lines are taller than the
first and sixth. This is a characteristic feature
for thick scatterers. On the other hand, the sec-
ond curve (from the top in Fig. 4) which gives the
nuclear recoilless-nonrecoilless contribution shows
all peaks to be the same height. This is familiar
from Mossbauer txans~nission experiments using
thick samples. The third curve, labeled R (in Fig.
4) shows the Rayleigh contribution, which for our
case is rather small. Notice that there are dips at
the Mossbauer resonance energies. This occurs
because the Rayleigh cross section is essentially
constant over this energy range, but the photons
are absorbed preferentially at the resonance ener-
gies on passing into the thick scatterer. The bot-
tom curve in Fig. 4 gives the final, combined re-
sult.

The rather unusual saturation effect (i.e. , the
ratio of peak heights as the thickness of the scat-
terer increases) in scattering experiments is ex-
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horizontal plane. The scatterer was mounted in
this way to reduce as much of the extraneous non-
resonant scattered radiation as possible.

In analyzing scattering experiments it is impor-
tant to know the energy distribution of the source
radiation. This distribution, which includes thick-
ness effects in the source, finite source area,
collimation, and mechanical distortions, was mea-
sured by conducting constant-velocity transmission
experiments using a thin absorber. The measured
effective linewidth of our ' Co in Cu source was
F~ = 2. 3F, where F = 0. 09'7 mm/sec.

All our experiments were done using ' Fe, and

the calculations were performed assuming that the
nuclear levels are pure rn states. As noted above,
a=90' and o. ,= @&=45 . The E s and G used in

Eq. (11) in Sec. 11 can be determined by ordinary
transmission experiments. The linear- absorption
coefficient, p, = p, ~+ p, „was determined experi-
mentally for both iron and a- Fe,03 samples by
measuring the attenuation of an off-resonance y-ray
beam on passing through various sample thick-
nesses. The values obtained were: p, = 205 cm '
for iron and p= 54 cm ' for &-Fe20, . The relative
strength of Rayleigh to Mossbauer processes,
i. e. , (as/a„) tsee Eqs. (11) and (13)] can be cal-
culated. This result was checked by performing
selective-excitation-double-Mbssbauer (SEDM)
experiments which are described elsewhere.
These SEDM experiments gave as/a„= 4&& 10 ' for
a- Pe~03, and 3. 8x 10 ' for iron.

Three scatterers were used in this work, an
enriched &-Fe~O, scatterer, an enriched iron-
powder scatterer, and an iron bar —,

' in. thick. The
single-line-thickness parameters, P (P=noo f,
where n= number of "Fe atoms/cm, oo is reso-
nance cross section, and f is the recoilless frac-
tion), for the enriched samples were calculated
from the known amount of Fe in the samples. For
the enriched n-Fe~03 scatterer P= 322 and for the
enriched iron-powder scatterer P = 175. Figure 8
shows a scattering spectrum obtained with an en-
riched powder sample of o-Fe&03. The solid curve
in the figure represents the spectrum calculated by

using Eq. (15) and the appropriate input parameters.
The only free parameter is the percentage effect
of one of the lines. Note the characteristic thick-
scatterer saturation effect which we have discussed
above and which is quite different from the well-
known transmission-geometry saturation effeet.

In Fig. 9 we show experimental and calculated
results for an iron bar and a 90/o enriched iron
powder.

In Fig. 10 we again show results for the iron bar
—,
' in. thick having a natural content of Fe. In this
case, however, the bar was placed between the
poles of a permanent 5-kG magnet. In this case
the incident and scattered beams form an angle of
90' and lie in a plane perpendicular to the mag-
netic field, as shown in the diagram to the right of
the spectrum. Again the solid curve gives the
one-parameter calculated line shape obtained for
the real scatterer, according to Eq. (15).

IV. CONCLUSIONS

%e have developed calculational procedures for
interpreting Fe Mossbauer scattering experi-
ments. Our calculations and experimental results
show that incoherent thickness effects must be in-
cluded in order to obtain satisfactory agreement.
Of particular interest was the experimental and
theoretical result that showed a saturation-line
intensity effect that was quite different from the
transmission result. This result is essentially due
to incoherent thickness effects. Our calculations
can be extended so that it would be possible to ob-
tain hyperfine interaction parameters from scat-
tering data, as has been done for transmission
results for some time.

Debrunner and Morrison have discussed the de-
termination of the recoilless fraction from Mbss-
bauer scattering experiments using a single-line
scatterer. Our calculations show that the scat-
tering line shape can be a rather strong function of
the recoilless fraction when using a "split" scat-
terer. In fact, we believe it would be easier to
unambiguously determine the recoilless fraction
for a multilined scatterer.
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