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Dispersion of the nonlinear oyticai susceptibility tensor in centrosymmetric media*
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The production of light at the combination frequency 2', —co, in centrosymmetric media has been

observed as a function of the frequencies co, and co, and the polarization directions of two incident
dye-laser beams. The interference of the Raman resonance with the complex electronic contribution to
X"' has been observed. In diamond and in benzene a11 of the components of the third-order nonlinear

susceptibility have been measured and calibrated with respect to known cross sections for spontaneous
Raman emission. Contributions to the cubic nonlinearity have also been measured in the fluoride series

CaF2, SrF, , CdF, , BaF,, and in calcite.

I. INTRODUCTION

In centrosymmetric materials the dominant non-
linear optical processes may be described by
terms in the electric polarization which are a cubic
function of the electric field amplitudes. The
third-order nonlinear susceptibility is, in general,
a complex quantity, and is capable of describing
the interference between various resonant and non-
resonant processes. ' The first comprehensive
study of nonlinear processes in centrosymmetric
materials was carried out by Maker and Terhune. '
Among other phenomena, they observed the gen-
eration of the combination frequency 2tdj —roe by
two light beams with frequencies ~, and {dz, re-
spectively. The ith Cartesian component of the
polarization is written in terms of the third-order
susceptibility term:

Pi {2 1 2) ~ ~i »i{ »»2 1 + 2» ~1» 1» ~2)g)
jul

xE»{id,)&»{(di)&,{ (u~) . -{1)

Maker and Terhune emphasized that this suscepti-
bility has contributions from the nonresonant elec-
tronic processes, from stimulated Raman-scatter-
ing processes when the difference frequency ~, —{d~

corresponds to a, Raman-active response, or from
two-photon absorption when 2&, corresponds to the
energy difference between electronic states with
the same parity. The processes are schematically
depicted in Fig. 1. Although Maker and Terhune
looked for an interference between the nonresonant
term and the Raman effect, the early experimental
technique at their disposal did not permit its de-
tection.

Since the real part of the Raman susceptibility is
positive for ~, —~~ —, »(0 but negative for
~~ —a2 —co,» & 0, the observed intensity I(2~y p),
proportional to t y"'I3, should show a minimum on
the high-frequency side, when {d~ —~2 is tuned
through the Raman resonance. At this minimum
the real part of the Raman susceptibility, partially

»»

hcv, hu)hu( Q hen) h~

I

)
l

)

I

I

~~TPA
l

I

I

I

I
t

I

I

fly) p
Tl ld)

htL)) 5u)) ku( +
hRAMAN

NOt}I RESONANT

PROCESSES

(c B, bj

TWO PHOTON ABSORPTION

RESONANCE

(c)

RAMAN

RESONANCE

FIG. 1. Four photon parametric processes contrib-
uting to the three-wave-mixing signal. Dashed lines de-
note virtual levels whereas the solid lines stand for real.
energy states. I'he processes diagrammed in {a) and {b)
give rise to the nonresonant susceptibility while {c) and
{d) contribute the resonant-Baman and two-photon-ab-
sorbing terms, respectively.

or completely, cancels the nonresonant nonlinear-
ity.

This effect was first observed by frequency-mix-
ing experiments with CO~-laser beams in n-type
InSb. In this case the Raman scattering occurred
from orbital Landau levels, and ~ » gpBBO
could be tuned continuously by varying the exter-
nal field. The effect has subsequently also been
observed and discussed theoretically for spin-flip
Raman lasers. '

The availability of tunable pulsed dye lasers has
made it possible to extend the original experiments
of Maker and Terhune, with much improved preci-
sion and sensitivity, over a wide range of frequen-
cies to a variety of centrosymmetric materials. A
very sharp antiresonance has been demonstrated in
diamond by this technique. ' The interference of the
nonresonant nonlinearity with Raman resonance and
two photon absorption processes has also been
demonstrated in liquids containing benzene. 6

The situation in noncentrosymmetric crystals is
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more complicated because in this case interference
terms between y~' and two-step processes propor-
tional to (ps)j2 also exist. A comprehensive theory
of all the dispersive effects has been developed by
Flytzanis. ~ Some experimental results in noncen-
trosymmetric materials exhibiting interference ef-
fects between different nonlinear processes have
been reported.

It is the purpose of this paper to show how a sys-
tematic study of the dispersion characteristics of
I(2(d, —(d2) in centrosymmetric cubic crystals and
liquids permits an accurate determination of the
complete susceptibility tensor in terms of one or
two known Raman cross sections. Two-photon ab-
sorption cross sections can also be calibrated in
terms of the reference, and a meaningful test of
IQeinman's relation and other approximate models
is possible.

In Sec. II the theoretical information, which is
based directly on the work by Maker and Terhune,
will be summarized. Section ID describes the ex-
perimental equipment and the techniques of data re-
duction. Section IV presents the experimental re-
sults and the conclusion that may be drawn from
them.

II. THEORETICAL REVIEW( OF THE DISPERSION IN

THREE-WA VE-LIGHT MIXING

Explicit and comprehensive quantum-mechanical
analyses are too cumbersome for a direct evalua-
tion of specific experimental data. In this section
attention will be focused on the three types of pro-
cesses that dominate the dispersive behavior of a
creation of intensity at the frequency (03 = 2~, —(d~,

when all three frequencies cot, ~~, and ~3 lie in a
transparent region of the medium. This dispersion
is dominated by dissipative processes at frequen-
cies 2~, and ~, —~~. The three processes are rep-
resented in Fig. 1, and each one possesses its own
characteristic symmetry properties. Their rela-
tive contributions to different elements of the ten-
sor y"' vary widely.

A. Nonresonant terms

The nonresonant electronic contribution X'3' ""
results entirely from virtual processes as shown
in Figs. 1(a) and l(b). By definition y(3' ""is real,
but not necessarily constant. Energy denominators
occurring in the perturbation series expansion of
the electronic response function result in an undra-
matic variation of g' ' ""with incident frequency
similar to the familiar dispersion of the linear di-
electric constant. For photon energies much less
than the energy of any electronic absorption, one
might expect the most strongly varying nonreso-
nant term to make a contribution proportional to

(
1 3 1

E -I+ E, —2N~ '

where E is the average energy difference of elec-
tronic states connected by a single-photon transi-
tion, and E. the average energy difference of states
connected by a two-photon absorption. "

Various models and phenomenological rules have
been employed to calculate the sign and magnitude
of X~' "". Many presuppose more detailed infor-
mation about the electronic wave functions than is
readily avaj. lable. ca-xe In our opinion such models
describe only qualitative global trends. Since
y~' ""contains many terms with different energy
denominators and electric dipole matrix elements
occur to the fourth power in the numerators, it is
clear that simple scaling laws in terms of products
of the linear indices refraction at ~„~~,and ~3
are at best a crude approximation. They may give
the correct order of magnitude, but are unable to
predict details of the frequency dispersion and an-
isotropy of the y+' tensor. In this paper y'3'""
will be considered as a parameter which must be
determined experimentally. The experimental data
may then be used to gauge the reliability of various
models.

The inadequacy of models becomes obvious,
when resonant features at 2(d, and (d, —co2 are taken
into account. The models were, of course, never
intended to cover such situations, but the diagrams
in Fig. 1 and Eq. (2) show that there is a contin-
uous transition between the resonant and nonreso-
nant contributions. The models cannot be "doc-
tored" by including the behavior of the linear index
of refraction at 2m~ and ~, —ra~, because the two-
photon and Raman resonances occur between states
with the same parity.

8. Two-photon-absorption terms

T)e two-photon-absorption processes contribute
a complex term to the nonlinear susceptibility,
which may be written in the form

~m —2j. +~& m

where the matrix element n~& is given by

e n+1

(4)
where g and m refer to the ground and resonant
states and I~& is the energy of the intermediate
state b. In Fig. (3), N is the density of centers
with resonant frequencies (d and width I' . The
two-photon-absorption constant can be defined anal-
ogously to the nonlinear index of refraction~:

yr = —48m~1m(y(3) r)/nX .
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If X"' does not vary appreciably over the fre-
quency range of a, given experiment, the two-pho-
ton-absorption contribution may be added to the
nonresonant term to yield the total complex elec-
tronic nonlinearity:

(3) (3) N (3) 7 (3) ' (3) E''

C. Raman terms

The primary dispersion in the susceptibility
y"'(- ~~, &o~, u~, —(oa) observed in our experiments
results from vibrational modes of the nuclei with

resonant frequencies near &o, —~~. Figure 1(d} dia-
grams the energy levels involved in the process
whereby Raman-active vibrational modes produce
a third-order polarization at co3. Dispersion due

to Raman modes is now sufficiently well under-
stood to serve as a kind of internal reference
against which other nonlinear processes are cali-
brated.

The first-order Raman contribution to the non-
linear susceptibility may be written as

(3) R(
&»»»» & ~s» ~x» ~i» —~a)

R R R R~,(a, ,„a»,+ e.. .a(», )

12A ~ ufo —(&u, —urz}'+ 2i(a&, —&uz)I',

Here N is the number of vibrational oscillators per
unit volume and (d, is the vibrational resonant fre-
quency of the mode o. The local-field-corrected
polarizability matrix elements n,-, , are defined in
terms of the derivative of the linear polarizability
with respect to the vibrational normal coordinate:

Pl + 1 2M(d dQ.
~

1 N(Q, .Q», » + Q»» Q», )

24h ur, —(or~ —&a2) + iI',

For given polarizations of the incident fields, the
nonlinear polarization at frequency &3 is propor-
tional to a linear combination of the elements of

The polarization, however, can always be
decomposed into a nonresonant complex electronic
polarization and a Raman term with resonant be-
havior.

D. Spatial symmetry

The nonlinear susceptibility is a fourth-rank ten-
sor with elements y,",»I, (- &o„~„~„—»d, ) where the
order of the indices and the corresponding frequen-
cies is to be observed. In our case, there are
three distinguishable frequencies. The same con-
vention and notation will be used as adopted by
Maker and Terhune, except that they wrote C in-
stead of X"'.

In a medium of cubic symmetry there are three
independent tensor components yP~~~(- &u~» u~, u&~,

(3) g (3)
2) li1221 3 1 1 2) d X1122( ~$ ~1 ~1

—u2), where 1 and 2 stand for two distinguishable
Cartesian directions, e.g. , x and y, which are
chosen parallel to the cubic axes.

It is assumed that the two-photon-absorption
processes, even if produced by impurities, have
the same over-all symmetry. It is also assumed
that the k vector of the Raman-active vibration is
sufficiently small, so that the Raman susceptibility
also displays the over-all symmetry of the whole
crystal.

In isotropic materials, such as liquids, there
are only two independent constants, since the com-
plex susceptibility satisfies the isotropy condition

Combinational factors arising from the permuta-
tion symmetry of degenerate fields have been col-
lected in the numerical factor qz. Equations {7}and

(8) are a generalization of the formalism used by
Maker and Terhune, other authors have written the
Raman contribution directly in terms of do.'„/dQ„
occasionally absorbing the reduced mass M into
the definition of the normal coordinate. "

The total spontaneous Raman-scattering cross
section is proportional to the same constant

Q I n„,I', where i denotes the polarization direc-
tion of the incident light at (d„andj denotes the
polarization direction of the Stokes light at ~2.
Thus in certain cases X"' may be considered as
a known quantity.

The total third-order polarizability is the sum
of the electronic and Raman contributions. Ne-
glecting all but one Raman mode, the general ex-
pression is

(3) r ~ (3) Z' . (3) S"
)(j jyl 4 gy 11 1y 2j X &4» Z X 'g»

(3 ) (3) (3)
X 1122 X1111 X1221 (IO}

It is instructive to consider explicitly the symme-
try of the Raman vibrations in the cubic crystals
used in the present study, diamond and CaF2 and
the other homologous fluorides. In these materials
there is one triply degenerate Raman-active vi-
bration with symmetry F2,. This means that the
only nonvanishing element is a,z,(ar„—&u2, —~,
+ &u2). Contraction on the Cartesian index 2 shows
according to Eq. (7) that the Raman contribution to
the term of

(3)R 0X 1111

for diamond and the fluorides. In contrast, the
symmetry of the Raman mode in liquid benzene at
992 cm is nearly totally symmetry (A type};
(o' )~~ „~&(n)~z „,where the brackets denote an
average over molecular orientations. %hen the
polarizations of the fields E{u~) and E(vz) are or-
thogonal, the vibration is minimally excited. Thus
for a totally symmetric mode (zero depolarization)
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is contributing to the observed resonance, it is
possible to cast the observed signal intensity, nor-
malized to unity off resonance, in a form useful for
evaluation in cubic and isotropic materials,

[o}o]
[l}o]

[o(o]
[}}o]

(3) E (3) E (3) E
Xeff dlX1111 +d2X1221 +d3X1122 (i2)

'-[oo]

FIG. 2. Five polarization conditions used for cubic
and isotropic materials. The axes denote the [100] di-
rections in the cubic crystals and are irrelevant to dis-
cussions of isotropic media. The arrows show the direc-
tions of the incident electric fields at ~xi and (~2 and the
source polarization at g3.

and

X1221 },—(d3, 1, (dl, —(d2) —o(3) R)

(3)A ~ (3) R
X 1111 ~X 1122

The Raman cross sections for diamond and ben-
zene have been measured with sufficient accuracy
that they may be used a,s calibration references for
the determination of the components of X"'. The
X' ' in other materials, such as the fluorides where
the Raman cross section is not sufficiently well
known, may be determined by using a composite
sample, in which the production of light 2~1 —~2
due to nonresonant parts of the X"' in the unknown

material undergoes interferences with the reso-
nant Raman contribution of a material such as ben-
zene in which X"' " is known.

Vibrational modes with resonant frequencies far
from the values of ~, —~2 used in these experi-
ments, usual1. y make a negligible contribution to the
nonresonant susceptibility.

%hen only one Raman mode of known symmetry

The coefficients d„d2, and d3 depend on the direc-
tions of polarization of the two incident light beams
and the symmetry of the Raman mode. VVe have
used five different geometries for the incident po-
larizations, and the observed polarization at 2~1

These are schematically shown in Fig. 2.
The corresponding values of d„d2, and d3 for each
of these po1arization conditions are tabulated in
Table I for diamond, the fluorides and benzene.

The isotropy condition in Eq. (10) can be used to
eliminate one of the susceptibility components of
benzene from the expression for the generated in-
tensity in any given polarization condition. Thus
only d, and d, need to tabulated. The va. lue of d,
for the polarization geometry (2) must be treated
as an unknown parameter since it depends sensi-
tively upon the depola, rization ratio p for the Ra-
man mode. Were the vibration strictly symmet-
rical, no Raman contribution would be observed in
this geometry and d2 would be formally infinite.
in diamond, no resonance occurs in geometry (1);
d, is thus infinite in this case.

These results will be used for the evaluation of
the experimental data. They allow a complete de-
termination, with internal consistency checks, of
the electronic nonlinea~ susceptibility tensor ele-
ments. This will permit an explicit check on the
accuracy of the Kleinman symmetry conjecture for
X~'E which would require '

(3) NR / K (3) NR/
X 1221 ~ 3p lt 1t 2~ X 1122 ~ Sx Jx 1& 2~

It is clear that this condition does not hold at all
for the resonant Raman contribution„' small devia-

TABLE I. Nonlinear polarizations and combinatorial factors.

Polarlzatlon
condition /E (~i) &(~2)

(3)3xuii
(3)

2 ~3xi«i +6X«22 3xi22i
(3) (3) (3 )

(3)
3Xii 22

~ ~3&««+3xi22i~

Benzene Diamond

di d2

01,

No Ha, man resonance.
"p is depolarization ratio of benzene Haman line.
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FIG. 3. (a) Experimental equipment employed in op-
tical-mixing spectroscopy. '/he transversely moveable
mirrors at M and M' allow independent adjustments of
the crossing angle (and thus coherence length) in each
arm of the experiment. (b) Detail of the sample region.
Two laser beams are incident upon the crystal, and a
third wave is generated by the cubic nonl. inearity. fhe
laser beams transmitted through the crystal are blocked,
and the third wave is collected and imaged on the mono-
chromator slit.

tions from this condition may be expected in the
electronic nonlinearity due to the contribution from
two-photon-absorption processes.

Some results on one crystal of trigonal symme-
try, calcite, mill also be reported. No complete
determination of y' ' has been attempted. The
number of independent tensor elements would be
nine in this case. With Kleinman symmetry this
number would be reduced to four.

III. EXPERIMENTAL METHOD

A. Experimental equipment and procedure

Figure 3 diagrams the equipment used in this in-
vestigation. The two Hansch-type dye lasers were
transversely pumped by the 3371-A output of a
Molectron U. V. -1000 nitrogen laser. ~ The nitro-
gen laser produced 8-nsec-length pulses of 1-MW
peak power roughly ten times a second.

In order to obtain sufficiently narrow spectral
output from the dye laser, 40-power Oriel Galilean
telescopes were inserted between the gain cells and
the gratings. Since the focusing adjustment of the
telescopes mas critical, they were modified to in-
clude spring-loaded micrometers. High quality

plane diffraction gratings selected the desired fre-
quency and directed light of that wavelength back
through the telescope to the gain cell. Best results
were obtained with Bausch and Lomb 600 line/mm
echelette gratings blazed at 2. 5 p, rn. Since roughly
6000 lines mere illuminated, the resolution ob-
tained in fifth order was 30000. The gratings were
held in gimballed mounts equipped with 20: 1 re-
duction differential screw micrometers. To scan
frequency , —(d~, both gratings were rotated
around a vertical axis by a synchronized mechani-
cal drive.

The light reflected from the grating and refo-
cused into the dye cell by the telescope was ampli-
fied in the gain medium and passed through a rotat-
able air spaced Gian-Thompson prism for polariza-
tion selection. The output mirror of the laser con-
sisted of a highly wedged piece of plate glass. The
4'p(. Fresnel reflection from the first surface pro-
vided feedback to the laser cavity„ the reflection
from the back surface was directed elsewhere to
prevent spurious frequency structure in the output.

While the transverse mode structure of the 4-
nsec-long 40-kW dye-laser pulses was nearly dif-
fraction limited and quite acceptable, the frequen-
cy spectrum showed three undesirable features.
For the bulk of the experiment the lasers were
equipped with 1200 lines/mm first-order gratings
and the output linewidth was 0. 8 cm ~. This con-
tributed an instrumental broadening to the traces
of the narrowest Raman lines. Second, the output
showed broad wings which fell off as 1/(Id —~~).
In fact the spectral output of the dye lasers
equipped with the 1200-line/mm gratings was best
fit by a Voigt profile composed by convoluting to-
gether a Gaussian of width 0.6 cm ' [half width at
half maximum (HWHM)] and a Lorentzian of width
0. 3 cm ' CmVIIM}.

This rather complex line-shape function had to
be deconvoluted from many of the experimental
traces before detailed analysis was possible. Fi-
nally, incoherent fluorescence from the dye often
contributed a background signal at the output fre-
quency co~. Fortunately, colored glass filters
were found to block this fluorescence without no-
ticeably attenuating the laser beam itself.

Standard dyes mere employed in ethanol solution
for this entire work. Most of this data was ob-
tained using 2-g/liter solutions of rhodamine 6G,
rhodamine B, and sodium fluorescein, although
coumarin- and oxazole-based dyes were needed for
the high-frequency studies of diamond. "

The output of each laser was split into two
beams, and one beam from each laser was fo-
cused into each of two material samples. Two op-
tical delay lines insured optimal. temporal overlap
between the 4-nsec-long dye-laser pulses. Spa-
tial overlap of the 50-100-tj,m diameter focal spots
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was obtained by careful alignment of the mirrors
at I and M'.

The incident fields interact constructively over
the entire length of the sample whenever the wave-
vector mismatch ~= )2K~ —K3 —K~I of the inter-
acting beams is smaller than the inverse of the
sample length. This phase-matched condition can
readily be obtained by choosing the correct angle
between the incident beams. The phase-matching
angle depends only weakly upon the frequency dif-
ference of the incident fields, and the wave-vector
mismatch was readily limited to a values less than
the inverse of the sample length as the frequencies
were scanned.

One sample, the reference crystal, consisted of
a 2-mm- or 5-mm-thick slice of NaCl, a material
which lacks both Raman-active optical phonons and
low lying electronic excitations. The [001]axis
was normal to the surface. The nonlinear suscep-
tibility of NaCl is not expected to vary with , —~,
and any change in the intensity generated in the
signal for NaC1, in a three wave mixing results
solely from variation in the intensities of the inci-
dent beams. Thus each set of pulses was individ-
ually calibrated.

The dispersion in the nonlinear susceptibility
tensor of the second material was measured as a
function of frequency. Generally this unknown

sample was expected to have a Raman mode of
known frequency and symmetry. By choosing the
correct combination of polarization directions for
the incident beams and by correctly orienting the
sample, one can uniquely measure the intensity
generated by various linear combinations of non-
linear susceptibility components.

The liquid samples of reagent-grade benzene
were held in 1-cm-length spectrosil cells. Care
was taken that the incident beams did not overlap
at the cell windows. The 5 mm effective sample
length was defined by the size of the region in which

the incident beams overlapped. 6

Two type-Ha diamonds were employed in the
measurements on that material; one a natural stone
previously used in a measurement of electric-field-
induced infrared absorption, ' and the other a syn-
thetic crystal fabricated by General Electric. Both
samples were roughly rectangular parallelepipeds
of thickness 0. 8 mm with large faces perpendicular
to the [001] direction. The directions of the cubic
axes were determined within 1' by x-ray diffrac-
tion. The field at frequency &, propagated along
the [001]axis while the field at &o2 propagated at the
phase-matching angle, which was less than 1'
away.

The fluoride samples used to measure the dis-
persion of the nonlinear susceptibilities were
4-mm-thick crystals oriented with a [001] axis nor-
mal to the surface. The directions of the other

crystal axes were also determined by x-ray dif-
fraction. The alkaline-earth fluoride samples were
cut from synthetic boule s supplied by Optovac
Corp. The high-resistivity Cdp~ sample were
grown in this laboratory and contained 0. 003% gad-
olinium. Again the ~, beam propagated along the
[001] axis.

The calcite sample upon which measurements of
the dispersion of the nonlinear susceptibility were
made was a 2-mm-thick plate cut from a natural
cleavage. The optic axis was in the plane of the
crystal face which was oriented normal to a mir-
ror plane by x-ray diffraction. Another 2-mm-
thick crystal with face normal to the optic axis was
employed to show the constancy of y,'z~, . To mini-
mize the effects of birefringence, the propagation
directions and field polarizations were carefully
defined to be either parallel or perpendicular to the
optic axis as required.

Much thinner samples are required to determine
the nonlinear susceptibility by the composite sam-
ple technique. These thin flakes (-0.25 mm
thickness) were carefully oriented before grinding
to final thickness. In the case of the fluorides, the
crystal face was normal to the [111]axis while the
calcite flake was oriented with the optic axis par-
allel to the plane of the plate.

After each sample, both laser beams are blocked
by a knife edge. The output beam at us is collected
by a lens and focused into the entrance slit of a
0. 25-m tandem monochromator which rejected light
elastically scattered by the samples. A 1P28 pho-
tomultiplier then converted the light pulse into an
electrical pulse for further electronic processing.

Various calibrated neutral density filters placed
ahead of the monochromators attenuate the signals
in order to prevent saturation of the photomultipli-
ers. When required, a rotatable polarizing filter
placed before the entrance slits defined the plane
of polarization of the collected signal.

The pulses generated in each channel are aver-
aged by a dual differential boxcar-integrator sys-
tem. Operational amplifiers then produce a volt-
age proportional to the logarithm of the ratio of the
average pulse heights. In this way fluctuations in
the laser output intensities are normalized out of
the final data.

To scan over the resonance in the unknown sam-
ple, the gratings of the two lasers are rotated by a
mechanical linkage in such a way that the frequency
difference ~, —~2 varies linearly with time while
the output frequency ~3 =2&y p remains fixed to
avoid potential "roll-off" problems in the mono-
chromator s.

The voltage produced by the operational ampli-
fiers is then plotted as a function of time by a chart
recorder. The neutral density filters must be oc-
casionally changed to avoid saturation in the photo-
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multiplier because of the largedynamic range of the
signal from the unknown sample. The resulting
trace resembles a log periodic plot of the emitted
intensity. The discontinuities resulting from
changing the filters can be readily removed by re-
plotting the traces on a simple logarithmic scale.

The noise level on these traces is largely an ar-
tifact. It results partly from random variations in
the transverse-mode structure of the lasers and
partly from periodic fluctuations due to a lack of
synchronization between the laser trigger rate and
the charging rate of the unregulated nitrogen-laser
power supply. Shot noise becomes important only
at the lowest signal levels. Long integration times
and slow scanning rates reduce the noise level ap-
preciably, but at the price of a significantly slower
data-collection rate.

The frequency scales of the three-wave-mixing
traces were calibrated against a Jarrel Ash 1-m
Ebert monochromator. Each set of data was in-
dependently calibrated; the tuning rates varied
with wavelength as well as grating order. In all
cases, however, the scans were linear within 2%.
Backlash in the mechanical linkages and nonlineari-
ties in the grating drive limit the accuracy of the
calibration of the difference frequency scale of 470.
The possible systematic errors resulting from the
uncertainty in the over-all frequency scale pro-
duce the largest contributions to the expected in-
accuracies of this experiment. How'ever, since the
absolute Raman cross-section measurements pub-
lished in the literature have estimated uncertain-
ties of 15% and more, the inaccuracies in our fre-
quency measurements are tolerab|e.

The relative intensity scales were calibrated by
obtaining signals in both channels and, with the la-
ser intensities and frequencies fixed, interposing
calibrated neutral density filters just before the
collection monochromators. The response of the
detectors and operational amplifiers was found to
be linear within +5/~ over a full decade of signal
level in each arm of the experiment. This corre-
sponded to two decades in normalized intensity of
which only the centra, l decade and a half was ever
employed.

Aligning the equipment was a laborious process.
First the frequencies of the lasers were set so that
co& —& corresponded to a strong Raman line in the
frequency range of interest. Most useful were the
diamond and benzene vibrational modes studied
here and the CCl~ vibration at 460 cm . The
beams were then overlapped within the resonant
sample with crossing angle given by 4K=0. The
collection lens was adjusted so that the elastically
scattered light from the focal region was imaged
onto the monochromator slit. The monochromator
frequency was then adjusted to maximize the three-
wave-mixing signal.

To verify that the pulses observed resulted from
three wave mixing, the signal level was observed
to drop precipitously to zero at aQ frequencies
when one and then the other of the lasers was
blocked. Critical adjustment of the beam crossing
angle, collection lens, and sample positions, etc.
then results in maximum signal. . Correct position-
ing of the knife edge eliminates the beams at ~,
and &z. The alignment sample can then be replaced
by any desired substance, and a minimal adjust-
ment of the beam crossing angle results again in a
near maximum signal. Alignment parameters
change only slightly with the frequency difference.
Only long samples (l & 5 mm) occasionally pre-
sented difficulty in obtaining perfect phase match-
ing over a large frequency range.

B. Data analysis

The experimental traces as recorded by the
chart recorder did not directly yield useful infor-
mation. The first stage of data analysis was nec-
essarily the elimination of discontinuities resulting
from changing the neutral density filters in the col-
lection arms. This was readily accomplished since
the changing of such a filter results only in a trans-
lation of the signal. level along a logarithmic scale.
Further, since the filter factors are always known,
a simple retracing of the data on an extended inten-
sity scale results in data like that in Fig. 4.

102

10—

z'
4J 1-
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LLI

LLI~10—

980 1000 1020 1040 1080
(cm ') ~

FIG. 4. Typical traces of the intensity emitted at co3

by benzene when fd~ -~2-992 cm . The polarizations of
the incident beams were at 45 to one another; the num-
bers denote the corresponding polarization condition in
Fig. 2. The traces are normalized to their values far
away from reson. ance. 'A& =545 nm.
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The horizontal frequency scale was then deter-
mined from the frequency calibration runs, and
preliminary estimates made of the frequency dif-
ference between the maximum and minimum and
of the dynamic range spanned by the data.

The experimental data must be compared with the
theoretical expression given by Eq. (11). In the
case of strong Raman resonances, given very pro-

I

nounced minima, it was most convenient to assign
a prominent role to the frequency separation be-
tween maximum and minimum signal. Introducing
the shorthand notation

)y{~R)2
and t' = I' X,~~/X, ii

~' Xeff

Eq. (11) can be cast in the form

The maximum and minimum in 1((as) occur at the
following values for the frequency difference

{~,—(u, ) „~= u&, + {&+ g }~ -,'- [(&+(}'+4I"']"' .
(14)

The frequency difference between maximum and

minimum is a measure for the relative strength of
the electronic and Raman contributions:

z(u = [(a+g)'+ 4r']"' .

In the case of diamond, benzene, and calcite the
following conditions are satisfied: ~» 2I' and

f =0. The maximum occurs at the Raman resonant
frequency, and the minimum is upshifted by an
amount

It also follows from Eq. (13) that under these con-
ditions the width of the maximum at half-height
and the width of minimum at half-depth are both
equal to 2I'.

The width of the minimum is, however, quite
sensitive to X„',. The residual intensity at the
minimum results entirely from the imaginary part
of y' ', as the real part of X' '~ is cancelled by the
negative real part of the Raman susceptibility. If
there is no imaginary electronic contribution, the
minimum intensity is entirely due to the imaginary
part of the Raman term, which is being driven far
off resonance. If y„,/y„,&I /6 the intensity at
minimum —and hence the width at half-depth of the
minimum —will be detectably larger than other-
wise.

Finally, it should be noted that there are only
two free parameters in Eq. (13). The ratio of the
real electronic susceptibility to the square of the
Raman matrix element and the ratio of the real and

imaginary parts of the electronic susceptibility can
be adjusted to fit the data. The other parameters,

} n },and I', are extracted from the sponta-
neous scattering literature. Kith these data
curves of the form Eq. (13) were generated by a
Hewlett-Packard 9820 calculator for various values
of 4 and f. The best possible fit between the max-
imum and minimum was obtained by varying ~ and
the depth of the minimum was fitted by adjusting

Generally, the best fit to any experimental
trace (in no case less than three traces for a given
polarization and frequency condition were run)
agreed within 1 cm .for the frequency difference
between maximum and minimum. The results
were averaged. The error in the resonance pa-
rameter ~, for materials with a strong Raman res-
onance, was estimated from the standard deviation
in the data and the fitting accuracy.

For materials with a weak Raman resonance,
& ~ I', the frequency difference between maximum
and minimum is insensitive to the parameter &.
In this case, 4 is best determined by fitting the
strength of the observed maximum and minimum
rather than their frequencies. This latter proce-
dure is more involved since it requires an accurate
calibration of the intensity scale and a detailed
knowledge of the laser line-shape function. In ad-
dition, any drifting of the baseline (which might re-
sult from variation of the coherence length or col-
lection efficiency with frequency} leads to uncer-
tainties in the result.

The first step in the analysis of the three-wave-
mixing traces of CaF2 and its analogs was an esti-
mate of the enhancement of the signal at maximum,
and its depression at minimum. The frequency dif-
ference between maximum and minimum was also
measured and any difference between the observed
value and 2I' noted.

The observed intensity as a function of the dif-
ference of the incident frequencies was then fit to
a function of the form
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where g and ~ are the two free parameters. All
else is determined from spontaneous Raman scat-
tering or spectroscopic resolution of the incident
laser line shapes.

The line-shape function g(~) above is formally
the spectral density function of the nonlinear force
term n. .,.E, (&o,)E,(- ~2). ~~ If the output of the two
incident lasers are totally uncorrelated, g(&u) is
given by

«e '"«,(f)
~

E", (0)) (E,(f)
~
E,'(0))

dc@' &(co —co'
z (d'),

where E,(t) and Ez(t) are the electric fields emanat-
ing from laser 1 and 2, respectively, and f&(&u) and

f,(~) are the spectral density (line-shape) functions
of the individual lasers.

These line-shape functions were determined by
resolving the laser output using the same 1-m
Ebert monochromator employed to calibrate the
frequency scales. The line-shape function of the
monochromator itself was determined by scanning
the profiles of the 5460- and 5770-A lines of a low-
pressure mercury lamp. The nearly negligible
distortions of the laser line shape produced by the
finite resolution of the instrument were easily de-
convoluted.

The laser line-shape function thus determined
was found to approximate a Voigt profile quite ac-
curately:

(In2)~ ~ 2

f(co) =- ~~2 dE0
E

The treatment so far is strictly applicable to ho-
mogeneously broadened Raman resonances. Inho-
mogeneous broadening, e.g. , due to crystal
strains, could be taken into account by an integra-
tion of each result over a distribution of resonant
frequencies ~o. This was considered unnecessary
as phenomenological values for the width I" were
used, which may include an inhomogeneous contri-
bution.

In the case of diamond and benzene the value of
~ was determined for all five geometries in Fig.
2, corresponding to five different values for the ef-
fective electronic susceptibility y,«. Table I shows
that only three independent quantities d~, dz, and

d~ are involved in diamond, corresponding to the
three independent tensor elements for y' '~. For
benzene, also, three independent quantities are
involved, if in addition to the two independent ele-
ments of y' '~, the depolarization ratio p is con-
sidered an unknown quantity. The problem is over-
determined and a multiple linear regression pro-
gram was used to obtain the best possible fit. The
experimental curves for diamond with the five po-
larization geometries are shown in Fig. 5 with the
fitted curves. The experimental and fitted values

104

)03

f' 2(d —47
& exp —ln2

+y
(17)

CL
10

CL

CO
CL

with parameters y = 0.4+ 0. 15 cm, & = 0.6+ 0. 1

cm, when 1200-lines/mm gratings were employed,
and y = 0. 35 + 0. 25 cm, ~ = 0. 35 + 0. 1 cm with
600 lines/mm gratings. This implies that the non-
linea. r line-shape function g(&o) is also well approxi-
mated by a Voigt profile, but with parameters
y=0. 8+0.4 cm, & =0. 9+0.1 cm for the 1200
lines/mm gratings. With the better gratings, the
laser linewidth could be ignored.

The function in Eq. (17) could then be numerical-
ly evaluated using the same programmable plotting
calculator employed to generate previous theoreti-
cal curves. The two free parameters, 4 and 5,
were optimized for each of the experimental traces.
The best values (found by visually comparing the-
oretical and experimental curves) were averaged.
Errors were estimated by determining the "worst
acceptable fit" and adding the deviation of the pa-
rameters describing that curve from those describ-
ing the "best fit" to the standard deviation of the
best-fit data.

LLj

z 10-)-

C)
LIJ
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a 10f—
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l0 3-
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u', —uJ2 (Cm )

FIG. 5. Three-wave-mixing traces for diamond for
~A) f cL)2 near the 1332-cm ~ Haman line, The numbers in

parentheses refer to the polarization conditions in Fig.
2. The intensities are normalized to unity far from the
Baman resonance. X& = 545 nm.
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TABLE II. Experimental and fitted resonance strengths
& for benzene and diamond at A~ =545 nm.

Polarization
condition

Benzene
+fit

{cm-'){Cm 1)

Diamond
a

+exp
{cm-') {cm-')

25. 6+0.5
1.3 +0.5

25. 6+0.5
37.3+0.5
20. 3 +0.5

26. 0
1.5 ~0. 4

26. 0
36. 8
20. 1

N. R. b

109 +1
39.5+1
49. 0 .1
29. 0+1

N. R.
109
37.4
50.7
29.6

'Systematic errors not included.
"N. H,. means no resonance.

of ~ are shown in Table II for both benzene and dia-
mond.

The value of the Raman parameter N(u ) was
taken from spontaneous cross-section experiments
reported in the literature. In the case of total
symmetric vibration of benzene, the classic work
of Skinner and Nilson provided an accurate abso-
lute calibration.

The data for diamond was most plentiful, but al-
so somewhat contradictory. Furthermore, the ex-
periments quoted in the literature were performed
at incident frequencies considerably below those
used in much of this work. ' ' '3~ One might well
expect that the Raman matrix element itself should
vary with frequency over the range studied here in
diamond. %e therefore fit all the available ma-
trix-element data for diamond to a functional form

(18)

with E the energy of the direct energy gap in dia-
mond at 9 eV. Equation (2) then predicts a value
for the Raman matrix element of ) o."I 2/4hc = (5.5
+0.5)X10 ' esucm ' for X~=545 nm. This is rath-
er above the value quoted previously, but in better
agreement with the bulk of the experimental data. '
If, however, one chooses the center of gravity of
the absorption bands as determined by Sellmeyers's
formula as the energy E in Eq. (18) (-12 eV), all
values for ) a")~ must be reduced by one error
bracket.

Data for the Raman cross section in calcite have
been measured both absolutely and relatively to the
benzene, with reasonable consistency. ' 3 No
cross-section measurements were available for the
weak Raman modes of the CaF2-structure materi-
als. In this case the electronic nonlinearity was
measured relative to the calcite Raman mode by
the composite-sample technique, and the Raman
contribution normalized to the electronic term. '
The three-wave-mixing traces were then employed
to calculate the relative values of the different
components of the electronic nonlinearity. Be-
cause of the reduced accuracy necessitated by the

weak Raman modes in these ionic crystals, Klein-
man's condition was assumed to be satisfied within
the experimental accuracy.

%'ith the fitted values of ~ and the known Raman
cross section, the tensor components of the elec-
tronic nonlinear susceptibility are determined. The
The greatest uncertainty results from the Raman
cross section. Therefore, relative values of y' '

components are more accurate. In our tables of
results the estimated error values in parentheses
include the uncertainty in the Raman cross sections
while those quoted without parentheses do not. In
Sec. IV the results will be presented and discussed.

IV. EXPERIMENTAL RESULTS AND DISCUSSION

A. Benzene

The dispersion of Zi~~i and y,'2~, in benzene was
reported previously, but for a complete parame-
trization of all components of the electronic non-
linearity one must employ the orientation conditions
with the incident fields at 45' rather than 0 or
90'. The experimental curves are shown in Fig.
4 for the geometries 4 and 5 of Fig. 2.

Table II lists the values of 4 determined for each
of the orientations in benzene. Fitting these num-
bers with Eq. (12) and the appropriate d constants
resulted in values for the electronic nonlinearity
components tabulated in Table III.

Kleinman symmetry would predict that X &~2~

Experimentally we find that Xai22 / XPui
=1.2 +0. l. gill, —

piggy
—2yllag is, of course, rig-(8) Q) (3) ~

orously zero in the isotropic liquid. The violation
of Kleinman's condition results partly from the
contributions to y+) from other vibration, al modes
and partly from the fact that with the frequencies
employed, 2col is not far below the electronic tran-
sition frequencies. Nevertheless, it appears that
Kleinman symmetry is accurate to about 20/g in
this frequency range.

It is clear from Figs. 2 and 4 that the polariza-
tion direction of the wave emitted at ~3 varies with
frequency when the incident fields are at 45' to one
another. In general, the emitted wave wil1. be el-
liptically polarized, but at most frequencies it is
nearly plane polarized and the plane of the major
axis can always be defined. %e measure the angle
made by this plane with the polarization direction
of the incident fields as a function of frequencies.
A Gian prism ahead of the sample monochromator
was rotated until the emitted wave was extin-
guished. Figure 6 shows the results. Far from
the resonance, the angle extrapolates towards
tan121 as predicted by Klelnman symmet~. As
&z —&3 moves through the resonance the polariza-
tion direction changes dramatically, covering a full
180' in the range of 100 cm ~. This is because the
Raman susceptibility has a different ratio between
the tensor components than y~) E. At resonance
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TABLE GI. Nonl. inear parameters of cubic crystals and benzene.

Material
wavelength

Xi (nm)

~In' I'
4hc

(10 3 cm esu) (10 4 esu)

x")~
122i

(10 i4 esu)

x~"ii22
(10 esu)

&3) E'
Xiiii

(10 '4 esu)

X(3N'
f22i

(10 4 esu)

Benzene

Diamond

CaF2

SrF2

CdF2

BaF2

575

14.4{+1)

56.2(+ 6)

0. 53{+0. 11)

0. 84(+ 0.27)

1.07(+ 0.25)

1.87(+ 0.36)

l. 84+0. 08
{+0.15)

4. 60~0. 2

(~ 0.6)

0.43+ 0. 13
(~ 0. 16)

0.44+ 0. 10
(+ 0. 13)

1.45+ 0. 22
(+ O. 32)

0. 83 (+ 0. 09)
(+ 0. 16)

0. 54 + 0. 03
(+ 0. 05)

1.72+0. 06
(+ 0. 18)

0. 19+ 0. 05 (+ 0. 06)

0. 30 + 0. 04(+ 0. 06)

0.47 + 0. 07 (+ 0. 10)

0. 34+ 0. 03 (+ 0. 06)

0.65 + 0. 04 & 0. 02
(+ 0. 07)

1.84 + 0. 08 & 0. 04
(+ 0. 2)

&0. 02

0. 07+ 0. 02

&0.2

0.3+0, 1

& 0.002

& 0, 005

& 0, 01

0. 04+ 0. 01

&0. 02

0. 06 + 0. 02

P{~a) is parallel to E{&u,) as would be expected for
the dominant contribution from a totally symmet-
ric Raman mode. The large error brackets are in
the region of minimum eccentricity of the polariza, —

tion ellipse, and reflect the experimental difficul-
ties of defining the plane of the major axis under
these conditions. The effect shown in Fig. 6 may
be designated as a dispersion of the plane of po-
larization. It illustrates how sensitive the ratio of
the various tensor elements of y' ' are in the vi-
cinity of a resonance at a combination frequency.
Off resonance the polarization is strictly linear and
the angle Q is given by

y a) Xtiaatan@ = = (3) (3)Py{~a) X1121+X1aa1

Using the isotropy condition and the Kleinman sym-
metry this angle becomes

Q = arctan —'.

variation with frequency. To this end, the varia-
tion of the emitted intensity was measured in all
five polarization conditions of Fig. 2. The agree-
ment between the theory and all experimental
curves is less close than the case of benzene be-
cause of the difficulty of orienting a crystalline sub-
stance with respect to the electric field directions
within the necessary +0. O'. Values of the elec-
tronic nonlinear susceptibility components deduced
in this manner along with the value of the Raman
matrix element employed appear in Table III.

Kleinman symmetry is obeyed rather better in
diamond than in benzene. Our result is

Xi~aai !Xilaa = l. 07+ 0. 06 .

The anisotropy parameter for the cubic pola, rizabil-
ity is

in agreement with the experimental data.
At the Raman resonance the nonresonant term

may be ignored. The Raman susceptibilities are
a,ll pure imaginary. Since X,'», =0, and the isot-
ropy condition must still be satisfied, so that

y~~~~ = 2giau one obtains(3) R (3) R

Q = arctan 1 = 45' .

At the Raman resonance the polarization of the
output at ~3 is parallel to the field at E((d, ), in

agreement with the observation.

B. Diamond

180—
160—

t 140—
LU
QJ 120—
K
C9
w 100—
O

w eo—
60—

a

&aA (I/2)

I i I

960 980

lao '(I/2)"

E(&u3) II E(cup)

E(cup) J. E (~)

E(~s) II E((u, )

1020 1040 1060 1080 1100
(cm ')

The previous study of the dispersion of the non-
linear susceptibility of diamond has been extended
to determine the values of all the independent com-
ponents of the electronic nonlinearity and plot their

FIG. 6. Rotation of the plane of polarization of the
beam at co3 generated by benzene as M, —co2 passes
through the frequency of the 992-cm i Raman mode (ar-
row). The inset shows the definition of polarization angle
and the polarization of the incident beams. Xi =545 nm.



M ~ D. LEVENSON AND N. 8 LOEMB ERGEN 10

210—

l80

150-

l I I I I [ I I I f

E(u I)

~ ~
gO

I I

fan {0.58) . . .
i

~ ~

E4u~) II E(~~)

uJ120-
R
lD

90
Ef~s)l. Ehug)

~ ~
0 E(~g II E(cuf)

tan (0.58)
I i I

1300 1320
I I I I I I I I I I I

134o 1360 1380 1400 1420
adf - uJ& (Ctn )

FIG. 7. Hotation of the plane of polarization of the
radiation emitted by diamond at ~3 as ~& —cu2 passes
through the Baman resonance at &332 cm (arrow). The
inset shows the definition of the polarization angle and
the polarization direction of the incident beams. X& =545
nm,

2 5)E (3)E (3) E
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(2o)

rather less than in other tetrahedrally bonded crys-
tals. ' This does not imply that the material is iso-
tropic, but rather that the electrons responsibile
for y~' inhabit nearly spherical orbitals. ~ %hen
the incident fields are polarized at 45' to one an-
other, the polarization direction at (d3 is again a
sensitive function of the frequency difference. Figure
7 shows the dispersion of the polarization direc-
tion. At the Raman resonance the polarization
P(~~) is again parallel to E(&u, ), because in this
case

age difference in energy between electronic bands
of the same parity. The solid lines in Fig. 8 are
least square fits of that form to the data. They in-
dicate values of E, =12.5+1 eV.

Figure 9 shows a three-wave-mixing trace of
diamond for 2hco, =6.08 eV, well above the indirect
band gap. The distinct filling in of the minimum re-
sults from two-photon absorption. The linear ab-
sorption parameter at this energy is -6000 cm ',
but the value for g which best fits this data is 0. 05
+0.02 cm . This implies y, a21 ={0.18+0.05)
&&10 esu & y1zz, . Similarly we also find

Values for 4 observed for various input energies
along with assumed values of the Raman matrix
elements and deduced electronic nonlinearity pa-
rameters for diamond appear in Table IV. The
values quoted in this table are in the convention of
Maker and Terhune. Previous work quoted in
Refs. 5 and 10 used a different definition of y")
which resulted in numbers four times larger. The
large changes in X

' occurring in a transparent
region of a material implies a large contribution
from near resonant virtual transitions like those in

Fig. 1(b). One must employ care when applying
nonlinear susceptibility data measured at one fre-
quency in the analysis of an experiment at another.
In particular, the estimates of the nonlinear sus-

I I I I I I I

(3) R
X1111 =0 and X12g1

= 2/1133
(3) R (3) R

120— AR I ATIOKI OF Dl &MOND

VS 2tf~f

Far off resonance the above quoted anisotropy leads
to

Q = arctan 0. 58 = 30

in reasonable agreement with the observed value.
In order to show the dispersive behavior of y~) E

three-wave-mixing traces of diamond were taken
in polarization conditions 2 and 3 for five pairs of
incident wavelengths. The incident frequencies
were chosen so that (d, —(d~ corresponds to the re-
gion of the phonon frequency while co, varied from
A1& &E~ to h1& &E~, where E~ is the energy of the
indirect band gap of diamond at 5. 4 eV.

The values of & are plotted in Fig. 8 as a func-
tion of twice incident photon energy A~1. Since 4
is proportional to the ratio of the square of the
Raman matrix element to the electronic nonlinear-
ity, the systematic decrease of 4 indicates that the
electronic nonlinearity increases more rapidly with

frequency than the Raman matrix element. If the
matrix element and electronic nonlinearity scale
with frequency as predicted in Eqs. (2) and (18),
4 then scales as E, —2h(d1, where E. is the aver-

100—

I eo-

E

&)
60—

40—

20—

I I I I I I I I

3 4 5 6 7 8 9 10

, (eV)

).
12 13 14

FIG. 8. Variation of the frequency difference between
minimum and maximum intensity observed in three wave
mixing in diamond as a function of 2K'&. The subscripts
on, 6 refer to the polarization condition in Fig, 2. The
extrapolations of the lines that best fit these data points
cross zero at approximately 12-13 eV. That energy may
represent an average band gap for electronic states of
the same parity.
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I I I I I I I I I I I I I optical phonons. " In an attempt to observe the
dispersion of yo) related to this feature, lasers
beams of frequency

21 053 cm ~ ~ ~ 21 119 cm
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FIG. 9. Typical three-wave-mixing trace for diamond
in polarization. condition 2 and X&=407 nm. The notice-
able filling-in and broadening of the minimum compared
to Fig. 5 indicates an imaginary contribution to X&22& due
to two-photon-absorbing processes.

ceptibility of diamond for 25&~ = 3. 2 eV quoted in
Ref. 10 are significantly smaller than the values in
Table IV. The discrepancy results from the fre-
quency dispersion shown in Fig. 8 as well as from
a reduced value of the Raman matrix element.

The second order spontaneous Raman spectrum
of diamond contains a strong sharp feature at
2666 cm ', slightly above the frequency of two k = 0

were mixed in polarization condition 3. In spite of
the large crossing angle required for phase match-
ing, adequate signal was obtained at co, =23800
cm '.

No dispersion of y~) attributable to the second-
order Raman effect was observed. Variations in
the coherence length and optimal crossing angle
with difference frequency ~, —~~ contributed a con-
siderable drift of the baseline with frequency, but
the value of yo) was observed to be constant to
+25/0 over the frequency range expected to include
the second-order Raman structure.

Spontaneous cross-section measurements indi-
cate that the second-order feature in diamond has
roughly 300 times less integrated intensity than the
first-order Raman line. Estimates of the expected
variation in the intensity observed at ~3 based upon
Eq. (13) and the data in Table VI indicate that a
30/p variation should have been expected at most.
The actual dispersion caused by a second-order
Raman feature depends upon the symmetry char-
acter of the phonon modes involved; these negative
findings are consistent with the spontaneous cross
section and symmetry in.formation.

C. Calcium fluoride and analogs

In an attempt to measure the variation of the non-
linear susceptibility with atomic numb'er in a se-
ries of homologous crystals, three-wave-mixing
experiments were performed upon CaF~, Sr F3,
CdF&, and BaF~. The electronic nonlinearity was
first measured relative to the Raman susceptibility
of the calcite 1088-cm ' mode via the composite-

TABLE IV. Nonlinear parameters of diamond for various frequencies, co&=1332 cm ', 1 =1.04
cm

%'avelength
X) (nm)

565

545

500

X t~" I'
4hc

(10 '3 esucm ')

54. 9{~6)

56. 2(+ 6)

59.9(+ 6)

b,2

(cm ')

116+4

109+4

(cm ')

43. 3~1.4

39.5+1.5

36.1+1.5

(3) E'
X122i

10 ~4 esu

1.58+0. 06
(+ o. 18)

1.72 + O. 04
(+ 0.18)

1 { {3) E' + 2X O ) E' + X
Q ) E'

(1O-'4 esu)

4.23+0.2

{~o. 45)

4. 71+0.16
(~ o. 51)

5. 5+0.2
(+ o. 65)

450 65.2(+ 7) 99.3+4 35.4+1 2. 19+0.04
(+ o. 25)

6. 1+0.2
(+ o. 65)

407 71.9(+ 8) 92~4 30.3~1 2. 61+0.06
Q 0.30)

7.91+0.2
(+ o. 84)
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TABLE V. Nonlinear parameters of CaF2 structure crystals at A.
&

= 575 nm.

T
Material ('K) (cm )

r
(cm-')

2 (XP1/1 «Pn2 +&P2)t}
(10 ~4 esu)

R |2
4he

10 ~4 cm esu (cm-') {cm-')

CaF2 295 322 3. 5 0.49+ 0, 05
{~0. 09)

4. 0+1.0
(+1.5)

9.3 + 0, 9 2. 7 + 0. 5 —0. 1+ 0. 4

SrF&

BaF2

295

77 288

322

324

240

77 242

3» 5

0. 75

7. 0+1.5

2. 0+ 0. 5

3. 5

0. 75

0. 66+0. 05
(~ 0. 12)

l.43+ 0. 15
(+ 0. 27)

0.92+0. 07
{~0. 16)

5. 3+0. 7
(~ 1.'7)

7. 0~0. 9
(+2. 1)

10.0+0. 9
(~ 2. 1)

10.8+1.9
(+2. 5)

18.7+2
(+ 3.6)

9. 5+ 0. 3 3.6 ~ 0. 3

10.2+ l. 0 3. 5+ 0.4

11.2 + 0. 3 5. 0 + D. 3

6. 5+ 1.0 2. 2 + 0. 5

7. 7+ 0. 6 2. 5 ~ 0. 2

17.7+ 0. 7 6. 8+ 0. 7

18.5 + 0. 5 6. 8 + 0. 5

0. 3+0.4

0. 1+0. 3

1.0+0. 5

0. 0+ 0, 3

0. 0+0. 3

0.4+0. 3

0. 23+ 0. 15

See Eq. (20).

crystal technique. "
The composites consisted of a 0. 25-mm-thick

calcite plate and a 0. 25-mm-thick fluoride sample.
The [110]axis of the fluoride was perpendicular to
the optic axis of the calcite. The incident and gen-
erated fields were also perpendicular to the optic
axis of the calcite. By measuring the shift of the
frequency of minimum intensity between the com-
posite sample and calcite, the nonlinear suscepti-
bility ~(1p«~+2y~~22+1g2~} of the fluorides could be
determined. Since this Raman mode of calcite lies
well above the phonon frequencies of the fluorides,
the nonlinearity thus determined is the electronic
contribution.

The results appearing in Table V show that there
is, as expected a systematic increase in the elec-
tronic nonlinearity with a.tomic number. The value
obtained for CdF2 is less consistent with this trend,
but the difference observed is attributable to the
contributions of d electrons absent in the alkaline-
earth elements.

All of these fluorides show Raman modes of rel-
atively low frequency (240 cm & (dz & 326 cm ) and

large linewidth (I' = 3. 5 cm ' at room tempera-
ture). 6 The dispersion of the nonlinear suscepti-
bility due to these phonons were measured in all of
the materials in polarization conditions 2 and 3.
Typical data, appear in Fig. 10. From the values
of the resonance parameter ~ found in the two ori-
entations, we were able to calculate the electronic
anisotropy 0. Further, using the data on the elec-
tronic nonlinearities determined by the composite-
crystal techniques and Eqs. (12}and (13}we esti-
mated the values of the diagonal and off-diagonal

electronic nonlinear susceptibilities y,'», and y,'~z,

as well as the Raman matrix element, o.», &. The
results are tabulated in Table V.

Spontaneous scattering measurements indicated
that the linewidths of the fluoride Raman modes
could be substantially reduced by lowering the
crystal tempe rature s to V 7 'K. A three-wave-
mixing trace taken at cryogenic temperatures is
shown in Fig. 11. It displays more pronounced
resonant features as was expected. Since ~ ~ 2I'

10—

ffI
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4J
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280 XG 320 540 360
QJ —Ql ( CITI )

FIG. 10. Three-wave-mixing traces for CaF2 at 300
'K. The numbers in parentheses again refer to polariza-
tion conditions. The relatively weak dispersion due to
the Raman modes of these highly ionic crystals necessi-
tates more refined data- eduction procedures. ~&=575
nm.
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at VV 'K, an improved value of the resonance
strength ~ could be obtained from the frequency
difference between maximum and mininum. Only
minor changes in the ratio of the Raman matrix
elements to the electronic nonlinearities were
found. The differences between values of ~, for
the same material at different temperatures and

tabulated in Table V reflect mostly experimental
uncertainties.

An unexpected result of this investigation was
the excessive intensity which appeared at the fre-
quency of the minimum in the SrF& and BaF2 traces.
In a transparent material with a single Raman
mode, the imaginary nonlinear susceptibility
needed to account for this intensity can only result
from two-photon absorption. While these crystals
are not entirely transparent at 2'„the linear ab-
sorption is much less than it is in diamond at en-
ergies at which diamond shows similar two-photon-
absorption cross sections.

The imaginary part of y' 'E which appears in Ta-
ble III was obtained by fitting the resonance curves
with the function in Eq. (18). No measurable vari-
ation in the imaginary part was found as a function
of temperature.

In an attempt to find whether the nonzero y'3'~

observed in SrF~ and BaF2 was an intrinsic or im-
purity effect, three-wave-mixing traces were tak-

IO I I i l i

220 250 240 250 260 270
{CPA )

FIG. 11. A typical trace for BaF2 in polarization con-
dition 3 at 77'K. Low temperatures reduce the linewidth
of the Raman mode and enhance the dispersion. The
broadening of the minimum indicates an imaginary con-
tribution to X~ @ from two-photon-absorbing processes.
The dashed line shows the expected line shape were this
contribution absent. X& = 572 nm.

en of CaF2 doped with 1.2-at. po Qd'. This crys-
tal showed sharp linear absorption lines at 2V3. 6,
2V3. 9, 2V5. 8, and 2V8. 8 nm with linear absorption
constants of -1 cm '. Three-wave-mixing traces
taken in polarization conditions 3 at VV 'K with
&, = 551.8 nm (corresponding to two-phonon absorp-
tion by the 2 f5. 8 nm line) showed no filling-in of
the minimum in the Raman line shape due to

Dispersive behavior was not observed due
to these potential two-photon-absorption transi-
tions.

The absence of a detectable contribution to y' '

due to these gadolinium impurity lines indicates
that the values of g' ' observed in Sr' and
BaF2 are intrinsic to these crystals. Impurity con-
centrations much above 1% seem unlikely in these
supposedly pure samples. Selection rules should
permit observation of some linear absorption from
any impurity contributing strongly to nonlinear ab-
sorption. No substantial impurity lines appear in
the linear absorption spectrum. The relatively
large values of y' '~ observed at low frequencies
in SrF3 and BaF2 imply the existence of low lying
excited electronic states with the same parity as
the valence band in these crystals. This situation
is in sharp contrast to that in diamond where all of
the low lying excited states have opposite parity to
the valence band.

D. Calcite

The dispersion of Xgggy in calcite has been re-
ported previously, ' Fig. 12 shows the dispersion
of y3333 and X~», along with theoretical curve of the
form in Eq. (18). As expected, no resonance ap-
peared in X~»~ which was probed by propagating &I
down the optic axis with E(~,) and E(&oz) in princi-
pal planes. The birefringence of calcite caused
some difficulty in phase matching the three-wave-
mixing process in the y~ f33 orientation condition.
The emitted intensity was quite weak. Neverthe-
less, from the asymmetry of the observed spec-
trum, we have determined that the electronic sus-
ceptibility component ggg33 has the same sign as the
product of Raman matrix elements n&&, „@33,„.If
the bonding orbitals in the CO2 ion filled the same
volume while the oxygen nuclei oscillated, the signs
would have been opposite.

Table VI gives the values of ~ observed in three
wave mixing in calcite. The electronic nonlinear
susceptibilities may be estimated from this data
and the matrix element n, ~ „byobserving that
{u~~ „)=0. 2 (a„„).Again the error estimates
in parentheses reflect the full uncertainties of the
calculation while the errors quoted without paren-
theses are those of this experiment.

E. Trends of X

The diverse and accurate data obtained in this
investigation should stimulate attempts to relate the
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FIG. 13. A correlation plot of the observed values of
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I

FIG. 12. Variation of the three-wave-mixing intensity
in calcite. Dispersion of I X~&33 I is shown as trace (a),
that of I X&22& I as trace (b) for ~& —cu2 near the 10SS-
cm ' Raman mode. As expected, no variation in I x&22& I

results from the totally symmetric vibration of the CO3
ion {black dots), whereas the dispersion of I y3333 I (open
squares) closely parallels the predicted line shape. The
emitted intensity is normalized to its value far from res-
onance. X& = 530 nm.

values of the nonlinear susceptibilities to other ma-
terial parameters. As expected, materials with
larger linear susceptibilities have larger nonlinear
susceptibilities. Materials in which the electrons
inhabit extended orbitals have a larger hyperpolar-
izability (nonlinear susceptibility per formula unit
uncorrected for local-field effects) than those con-
sisting of more tightly bound ionic cores. The
electronic nonlinearity increases as 2h~, ap-
proaches the band gap for two-photon-absorption
processes. This last effect can be quite pro-
nounced, and is not taken into account in many sim-
ple models. The anharmonic oscillator model of
Glass et al. '~ attempts to correlate y'3' with the
linear index of refraction and an effective resonant
frequency ~0 according to the Sellmeyer equation.
In Fig. 13 we have plotted —

(yPgfi + 2giiap + gfg2$ )

for the cubic and isotropic materials investigated

The phenomenological rule proposed in Ref. 14 would
predict a proportionality between these quantities for all
materials. The squares correspond to the CaF2-struc-
ture crystals, the diamonds to diamond at a variety of
wavelengths, and the circle and triangles to benzene and
calcite, respectively.

in this paper against the quantity suggested by that
model. %'e have also added the data points for y3333
and yi, i, in calcite. If the model were strictly ap-
plicable, the points should fall on the straight line.
The data for diamond represent different frequen-
cies (d, . It is obvious that the model even with an
adjustable anharmonicity has only qualitative sig-
nificance, and can certainly not be relied upon to
predict the dispersive features of y' 'E.

y. CONCLUSION

%'ith tunable pulsed dye lasers of high peak
power it is possible to investigate details of the
dispersive behavior of y' ', so that one may speak
of nonlinear spectroscopy of crystals and liquids.
A systematic extension of the pioneering work of
Maker and Terhune appears worthwhile.

The interference effects which occur when

~, —~ is close to the frequency of a strong and
sharp Raman vibrations may be used to measure

TABLE VI. Nonlinear parameters of calcite, &R =1088 cm ', I'=0. 75 cm '.

Orientation

(3)

X3333
Q)

Wavelength
), {nm)

a

530
556

530

I~R I2

4he
(10 cm esu)

13.5(+ 2)

2. 7{+0.7)

{cm i)

25+ 1.5
27. 0+1.0
8.6+0.7

XP)E
(10 i4 esu)

1 ~ 80 + 0. 08 (+ 0. 4)
1.67+ 0. 07 (+ 0. 3)

1.0(+ 0. 2)
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the various components of the electronic nonlinear
susceptibility tensor in terms of known Raman
cross sections.

By varying the frequency co» keeping j —2
fixed, the dispersion when 2h~, approaches two-
photon resonances may be probed. This provides
a sensitive and accurate calibration of such two-
photon-absorption processes.

The directional properties of the complex tensor
susceptibility y' ' are particularly sensitive to the
presence of near-resonant contributions at corn-
bination. frequencies such as ~, —&2 and 2~, . The
phenomenon of dispersion of the plane of polariza-
tion at the combination frequency 2~, —~~ has been
demonstrated.

The three-wave-mixing technique permits one to
probe dispersive features in strongly absorbing
spectral regions of the material, while the frequen-
cies of the laser beams and the observed signal all
lie in a transparent region of the spectrum. The

present study has shown the influence of vibrational
resonances in the infrared and uv two-photon reso-
nances, while the input and output beams used in
the experiment all lie in the transparent region of
the visible spectrum.

Simplified models for predicting features of the
electronic nonlinearity y' ' are useful to establish
certain large scale qualitative trends. They are
not able to f orecast details of the spatial anisot-
ropy, determined by the ratio of tensor elements,
nor the detailed nonlinear frequency dispersion.
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