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Surface plasmons in liquid mercury: Propagation in a nonuniform transition layer
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We have examined the propagation of nonradiative surface plasmons in the presence of an

inhomogeneous transition zone in the surface region of a conductor. The model we treat in the present

paper is the Epstein stratified conductivity profile that has been proposed by Bloch and Rice for liquid

mercury, Assuming that photon-plasmon coupling occurs through frustrated total reflection, we evaluate

the optical response of mercury to surface-plasmon excitation and find it to be sensitive to the existence

of such a zone. Measurements of the dispersion relation should, therefore, provide valuable information

regarding the range and degree of such electronic inhomogeneity; preliminary measurements are in good

agreement with the theory (Sec. UI). In addition to inhomogeneity in the conductivity of nearly-free

electrons in the liquid metal, we have also investigated the effect of the localized resonances near the

surface, and we speculate under what conditions the surface-plasmon dispersion relation may exhibit

"anomalous dispersion" due to plasmon-localized-state interaction. Finally, the existence of an upper

plasmon branch induced by the inhomogeneity is treated. In general, the results of the present

investigation suggest that optical surface-plasmon spectroscopy should be a useful technique for the

study of nonuniform conducting surfaces.

L INTRODUCTION

Since the work of Bohm and Pines' the investi-
gation of the properties of plasmons has been used
to provide information regarding the electronic
properties of metals and semiconductors. One of
the most fruitful avenues of research in this re-
gard has been the study of departures from ideal-
ized models of electronic behavior, such as the
nearly-free-electron description of electronic con-
duction in metals, or the simplified two-band pic-
ture which is used as a basis for understanding the
optical properties of semiconductors. Thus, the
dispersion and damping of bulk plasmons, as de-
termined by electron energy loss or optical meth-
ods, have been useful in probing a host of inter-
actions between collective electronic oscillations
and single particles or other collective modes in
conducting media.

Following a prediction by Ritchie, there has in
recent years been much interest in a second class
of oscillations, surface-plasma waves, ~ which are
observed at the surface of a bounded conducting
medium (in addition to the bulk mode which exists
in the interior). The most basic and one of the
most frequently employed model, s for the surface
mode involves the charge osciQations which occur
at a plane boundary of zero thickness between a
homogeneous free-electron metal and a homo-
geneous nonabsorbing dielectric. Surface plasmons
in this geometry are associated with electric and
magnetic fields of the form

P( f) F 40!gx~t) ekK(c

where x, = [k, —(~/c) e,~]' and e, e, are the

dielectric constants of the metal and dielectric,
respectively. The waves propagate parallel to the
interface (along the x direction) and are exponen-
tially attenuated in the normal direction in both
metal and dielectric.

Departures of the surface mode from the idealized
behavior of (1.1) arise from a number of sources.
Such deviations may, for example, represent
electronic interactions of a sort similar to those
in the bulk conductor. Thus, the effects of intra-
band damping' and phonon coupling" on plasmons
may be understood qualitatively, though not quan-
titatively, in similar terms for the bulk and sur-
face waves. Alternatively, departures of surfaee-
plasma waves from model behavior may indicate
the presence of surface structures on a micro-
seopicaQy large scale, as in the ease of metal in-
terfaces which have been intentionally roughened
to permit photon-plasmon coupling. ' Effects of
this nature have also been used to investigate the
presence of thin dielectric layers, such as metal
oxides, on conducting surfaces. ' '

A third class of departures, which has thus far
been only briefly considered as an influence on sur-
face-plasma waves, may be ascribed to the funda-
mental distinction between a geometric boundary of
zero thickness and the flat surface of a real metal,
for which there must be electronic relaxation over
several angstroms. In the surface region of a
real metal interactions among the conduction elec-
trons, and between electrons and metal ions, re-
sult in electronic transport properties and time-
averaged charge distributions which pre qualita-
tively different from those encountered in the bulk
because of spatial variation in the dielectric
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screening. ' Thus, the surface region of a metal

undergoes a well-known charge redistribution,
and in certain cases supports localized surface
states also. '7

It has recently been suggested by Bloch and Rice'
that in the case of liquid mercury, a metal whose
electronic properties are naturally quite structure-
sensitive, the tendency towards electronic relaxa-
tion at the surface may be particularly pronounced.
They propose a phenomenological model for the
mercury surface which is based upon the notion
that, in the liquid metal, the ion cores as well as
the conduction electrons must exhibit a gradual de-
crease in density —not necessarily monotonic—
from the bulk concentration to zero. Although far
from rigorous, this view of the liquid-mercury
surface incorporates a number of physical features
which are expected on the basis of detailed micro-
scopic treatments of metallic and Liquid0 sur-
faces. On an experimental level, the postulated
surface transition zone is consistent with available
optical data, '8' '~3 which have been obtained by
ellipsometric and near -normal reflection techniques.

We address ourselves in the present paper to the
effects that a surface transition zone would have on
the propagation of surface plasmons in mercury.
Our interest in surface plasmons in liquid mercury
has been motivated by several factors. First, the
existence of collective electronic excitations such
as surface plasmons in liquid metals has not been
much investigated. To what extent such collective
modes will persist in mercury, in spite of its rath-
er low conductivity, seems a compelling question
in its own right. Second, there has been a great
deal of interest recently in the nature of surface
plasmons at imperfect surfaces. In spite of the
proposal of rather detailed models of photon-plas-
mon interactions in the presence of surface rough-
ness, ' though, there has been relatively little
attention directed towards treatment of what is
mathematically the simplest imperfect surface: a
surface transition zone, within which the electronic
properties are a continuous function of one spatial
coordinate. Finally, the existence of a mode which

is localized at an interface, as is the surface plas-
mon, immediately suggests the possibility of using
that mode in surface diagnostic studies. The de-
gree of sensitivity which the surface plasmon ex-
hibits to the nonuniform surface zone of liquid
mercury is thus a question of some significance,
as it reflects both on the character of surface-
plasma waves at inhomogeneous interfaces and on
future studies of the surface properties of liquid
metals. A preliminary report of the present work
has appeared elsewhere.

With the multiple objectives expressed above,
we find it advantageous to review and develop the
two topics separately in order to make the exposi-

II. SURFACE TRANSITION ZONE OF LIQUID MERCURY

A. Bloch-Rice model: Traditional
optical investigations of mercury

After a period of controversy in the 1960's, the
disputed optical constants of liquid mercury were
reconciled by Bloch and Rice. ' They proposed
that the traditional methods of deducing the real
and imaginary parts of the dielectric constant, e&

and z2, from experimental data had to be modi-
fied to take account of the inhomogeneous transi-
tion zone that exists at the surface of liquid mer-
cury even under conditions of absolute purity.
Within this zone, it was argued, the electronic
properties could be significantly different from
those of the bulk liquid metal because of inhomogene-
ities in both the electron and ion equilibrium den-
sities, resulting in a nonuniform profile for the
electric conductivity 0; which departed from the
step-function behavior

o(z) = re(z) (2. l)

assumed since the time of Drude. ~6

Employing a transition layer characterized by
an Epstein profile ~ for the conductivity,

(2. 2)

tion of the work clear. Section II, therefore,
summarizes the experimental evidence, which sug-
gests the existence of anomalous surface structure
in liquid mercury and mercury alloys. In partic-
ular, we describe the surface profiles which have

been fit to experimentally observed optical con-
stants. Section IQ outlines the local-dielectric-
function theory of surface-plasma waves, w'ith em-
phasis on those aspects which figure prominently
in the subsequent discussion of surface plasmons
at the anomalous mercury surface. A description
of the numerical procedures and calculated results
for the propagation of surface-plasma waves at an
Epstein stratified mercury surface is provided in

Sec. IV and the Appendix. Some care is taken in
definition of the surface mode, for the strong
damping of electronic motion in mercury makes
the traditional approach, based on free-electron
theory, not directly applicable. Radiative damp-
ing in optical excitation of the plasmon is dis-
cussed in detail. The conclusions of the present
study, and some speculations about future studies
of the spectrum of surface-plasma oscillations at
nonuniform interfaces, are presented in Sec. V.
Finally, at the request of the referee, we have
included in Section VI a description of the results
of preliminary measurements of the surface-plas-
mon dispersion relation for liquid Hg; agreement
with theory is good.
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concentration is n. For the surface contribution
o, to the total conductivity, Bloch and Rice assumed
a Drude form

(2. 5),( )=1 ".
S

on the "bulk" side of the conductivity maximum,
and a Lorentzian form

( )
&&oe&y

(&u', —~') —i&ay
(2.6)

FIG. l. Schematic of the Epstein profile, after Eckart
(Ref. 27). The coordinate V, in Eckart's notation, cor-
responds to the conductivity 0; x and l represent the nor-
mal coordinate z and profile "half-width" 6 of the present
work. The curves are parameterized by different values

,/, .
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(2. 3)

throughout the transition zone, with dc conductivity
given by

2
005 tÃ Tg tPle (2.4)

In (2.4) 7'~ is the bulk relaxation time; e and m„
the electronic charge and mass. It is assumed
that each metal atom contributes both valence elec-
trons to the pool of nearly-free electrons, whose

Bloch and Rice explained discrepancies between
the apparent optical constants of mercury as de-
termined by ellipsometric ' 2 and normal-inci-
dence reflection techniques. ' Because these ex-
periments mere performed at different angles of
incidence, the apparent optical constants (the val-
ues of a, and c2 that would characterize bulk mer-
cury if the surface zone were of zero thickness)
had been affected to different degrees by the pres-
ence of a surface layer of nonzero thickness. In
equation (2. 2} z is the coordinate normal to the
liquid-metal surface; o~ and 0, represent frequency-
dependent bulk and surface contributions to the con-
ductivity. For positive values of the ratio o,/o,
the profile starts from @=0 at z- —~, increases
and goes through a maximum near g =0, and then
monotonically approaches the bulk value o, as
z-+~(see Fig. 1}.

To use (2. 2) in the interpretation of optical data
the dispersion relations for o~ and p, must be
known. Clearly, diff erent dispersion relations
mill lead to different predictions. In the absence
of complete information only simple models of 0~
and p, are worth pursuing. Thus, a subsidiary,
but important, assumption of the Bloch-Rice model
is that g~ is described by a Drude frequency de-
pendence

characteristic of localized-state conduction when
the coefficient of the surface term, —gy'(I —w),
falls below 70% of its maximum value. The shift
in functional form for 0, can be thought of as a
Mott transition 8 which occurs as the mercury
density drops from its bulk value to zero.

With expressions (2. 3), (2. 5), and (2. 6) de-
scribing the various contributions to the conduc-
tivity, the Epstein profile (2. 2) was fitted to the
experimental results of Hodgson, Faber and
Smith, 2 Schultz, ~ and Bloch and Rice' in the
energy range 0.6-3.0 eV. The parameter values
producing the best fit were & = 6 28 A 0'p = 48oo„
Tg =0.97' y= r, ', and Seo=0. 6 eV. The some-
what unphysical nature of these values was judged
as an indication of incompleteness, rather than
fundamental inaccuracy, of the model.

A second and comparable fit to the experimental
data was found by permitting the decay length of
the Epstein profile to become different in the sur-
face regions of quasifree and localized electronic
states. Physically, one recognizes that relaxation
of the charge distribution at the liquid-metal sur-
face is a function of the effectiveness of electronic
screening, which certainly must differ for the two
types of states. The final parameter values for
the skewed profile were 4, = 6.28 A, 6, = 31.42 g,
go, = 1700&, 7', = 0.97~, y = 7,', and Scoo= 0.8 eV, with
localized states occurring in the region of smaller
decay length.

Experimental work on the optical properties of
liquid metals has proceeded in several directions
since the investigations of Bloch and Rice. In a
series of thorough ellipsometric and reflectance
measurements, Crozier and Murphy have veri-
fied the influence of the postulated transition zone
on the optical properties of mercury. They per-
form both experiments on the same samples,
finding differences between the apparent optical
constants which are comparable to those noted by
Bloch and Rice. The possibility that these dis-
crepancies couM have been due to surface contam-
ination in a number of previous determinations—
already remote because of relative internal con-
sistency of the two sets of experimental values
for cj and c2—is thereby eliminated. Crozier and
Murphy fit their observations to an Epstein profile
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with the same parameters as Bloch and Rice, but
with one additional ingredient: a cutoff on the lom-
density vapor tail, resulting in elimination of part
of the localized-state region, when mercury is
bounded by a dielectric window instead of a vac-
uum. This feature increases the plausibility of
the proposed surface zone without changing its
basic character. The vectorial nature of the op-
tical properties is also emphasized by these auth-
ors: The effective values of E, and c2 for p- and
s-polarized light differ in the presence of a sur-
face transition layer because the electronic re-
sponse of the medium deviates from that of a homo-
geneous, isotropic metal. Thus, in reflectance
studies performed far from normal incidence, the
properties of the surface layer are weighted to an
extent that depends on the incident polarization.

Among the other investigations of liquid mercury
which have in recent years provided support for
the reality of a surface transition layer, the work
of Comins' and Choyke, Vosko, and O'Keeffe '
should also be mentioned. The ellipsometric mea-
surements of Comins, performed in the infrared,
corroborate the character of the Hodgson "bend"
in the dependence of z, on wavelength, separating
spectral regions of monotonically increasing and
decreasing c,. To date this behavior has been
successfully explained only by the surface-zone
model. At higher energies (= 1-8 eV) Choyke,
Vosko, and O'Keeffe have measured the dielectric
functions of liquid and solid mercury with ellipso-
metic and normal-incidence methods, finding (by
traditional interpretation) two sets of optical con-
stants which show significant differences for the
liquid phase. The ellipsometric values are ap-
proximately 10-20% greater in absolute magnitude
than the values deduced from reflectance.

Investigations of a. somewhat different type have
been conducted by Siskind, Boiani, and Rice, "
whose extensive near-normal-incidence reflec-
tance measurements on liquid mercury-indium
alloys have been aimed at elucidating the bulk
electronic properties of such systems as well as
the effect of alloying on the inherent transition
layer of mercury.

In the low-energy region (g&u c 8 eV), these
workers find it necessary to incorporate the effect
of a surface transition zone in order to understand
the non-Drude behavior of the apparent optical
constants of the amalgams. In addition to the
physical transition zone which occurs in mercury,
differing concentration profiles for the two types
of ion core may now appear, this new feature re-
flecting the tendency of a component of low sur-
face energy (in this case, mercury) to preferen-
tially populate the superficial region of a mixture. "
Mathematically this effect is provided for by as-
suming that o, in (2.2) can depend on z, as well

as (d, in the folloming fashion:

o,(~, z)=e, (~, 0), z&0

o (~, z)=o (&u)+[o (&u, 0) —o'*(~)]e ' ", z-0
(2. 7)

where a'~ (a&) is the bulk alloy conductivity a,nd A a
decay length which measures the variation of
o~(e, z) from its surfa, ce value of o, (ar, 0) to the
bulk value. Typically, A = 30 A and the parameter
values of the skewed Epstein profile cited above
achieve reasonable fits to the optical constants of
the mercury-indium alloys.

B. Improving on conventional optical techniques:
Criteria for a more sensitive probe

The experimental work of Bloch and Rice on
mercury, as well as the subsequent investigations
described above, have thus far been based upon
the techniques of conventional reflection spectros-
copy: At a fixed angle of incidence, either the
reflected intensity is studied as a function of in-
cident frequency, as in near-normal reflectance,
or the phase change and absolute value of the ratio
of reflected amplitudes is measured, as in ellip-
sometry. Then, if it is assumed that the material
under study is homogeneous and that all boundaries
are of zero thickness, optical constants can be de-
duced from either set of measurements, in con-
junction with a Kramers-Kronig inversion in the
case of ref lectance3 and the classical Fresnel re-
lations3 in the case of the ellipsometric data.

When the surface properties of a material differ
significantly from those of the bulk, however,
the procedure for determining optical constants
from experiment is not at all straightforward.
There are fundamental ambiguities in the interpre-
tation of such results to yield information regard-
ing either surface or bulk structure, unless the
two give rise to distinct absorptive mechanisms.
Molecules adsorbed on metal surfaces provide an
example of the latter behavior, frequently pro-
ducing infrared absorptions that are mell corre-
lated with vibrational bands of the parent mole-
cule. 6 But when the anomalous surface structure
is an inherent feature of the material being con-
sidered, one is often limited to fitting simple or
plausible models of surface structure to observa-
tions and relying on similarly reasonable models
of the bulk. In the case of a transition zone one
is faced with a special difficulty: By means of the
Herpin matrices it may be shown that any region
of continuous, nonuniform structure is equivalent
optically to a discrete system consisting of only
two homogeneous layers. The broad implication
of this equivalence is that optical measurements
of quantities such as ref lectivities or phase changes
upon reflection are nonuniquely related to the struc-
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ture of the inhomogeneous region.
For the reasons expressed above, conventional

optical techniques are subject to important limi-
tations in their sensitivity to the presence of a
nonuniform transition zone whose width is much
smaller than the wavelength of the incident light.
This consideration, coupled with the desire to
gain a better understanding of the electronic struc-
ture of the liquid metal surface, has motivated
us to ask what new types of experimental investi-
gations should be responsive to surface structure,
particularly the type proposed for mercury. In
the present inquiry attention has been limited to
probes which utilize electromagnetic radiation, as
these are among the simplest and most direct.
More sophisticated methods, such as low-energy-
electron diffraction (LEED), are in principle more
sensitive to surface properties, since the scatter-
ing events which determine LEED profiles take
place in the first few atomic layers. But at the
present time the energy and angular resolution of
such experiments, and the existence of serious
uncertainties in their theoretical interpretation,
combine to reduce the accuracy and value of the
information which can be obtained.

Restricting the scope of possible experiments,
then, we note that one of the qualitative factors
influencing our choice is the existence of a classi-
cal penetration depth of electromagnetic radiation
into a conductor, '

5 = c/(2v(ua())'" . (2 8)

For metallic conductors the penetration depth is
essentially independent of the angle of incidence of
the radiation, for the derivation of (2. 8) is based
on the assumption that Re(4w&r/&u)» l. In ellipso-
metric and normal-incidence studies of liquid mer-
cury, therefore, attenuation of the incident beam
in the direction normal to the metal surface is
described by a common decay length, Eq. (2. 8).

The observation of a common penetration depth
prompts us to inquire why ellipsometric investi-
gations of mercury seem more sensitive to the
existence of a surface zone. It has been argued~9

that this enhanced sensitivity arises because ellip-
sometric experiments sample the response of the
metal to incident electric fields that are both nor-
mal and parallel to the interface, while at near-
normal incidence most of the incident field strength
is in the parallel direction. If we consider the
boundary conditions across a metallic interface we
find support for this viewpoint, for the require-
ment of continuity of the tangential electric field
across the interface implies that the normal field
must vary much more rapidly in the surface re-
gion —even near a sharp zero-thickness interface.
Hence any deviation away from zero thickness,
such as the existence of a transition zone, should

exert a more pronounced influence on the reflec-
tion of p-polarized radiation than it does for s po-
larization.

The preceding discussion suggests that the class
of experiments which should permit the study of the
transition zone of a liquid metal with reasonable
sensitivity is that which allows for a small pene-
tration depth, and which also employs an incident
field that induces a large electronic response in

the normal direction. One means of satisfying
these conditions is by selection of a probe which

obeys a different dispersion relation from those
associated with the standard optical method and

which makes maximum use of p-polarized radia-
tion. The nonradiative surface plasmon (NRSP)
is just such a probe. The NRSP couples exclu-
sively to p-polarized light and has a dispersion
curve which lies primarily to the right of the light
line of the adjacent contact medium, in contrast
to the radiative dispersion relations which define
other optical properties (see Fig. 2). Moreover,
as an electronic excitation which is intrinsically
localized to the surface region of a conductor, the
NRSP should manifest some degree of sensitivity
to the gross electronic structure of a surface zone
such as that described by (2.2). To amplify a bit,
it has already been pointed out that for ellipsom-
etry or normal-incidence reflectance, the angle
of incidence 8 is usually a fixed parameter. The
relation between frequency and wave vector of the
incident and reflected light is consequently linear,

~sp

k„

FIG. 2. Approximate form of the nonraciiative surface-
plasmon dispersion. , at a free-electron-metal-dielectric
boundary of zero thickness. The phase velocity of light in

the dielectric is c&&, &z being the index of refraction.
Waves of greater phase velocity lie in the radiative re-
gime, and are able to couple directly to light; excitations
with smaller phase velocities are nonradiative. For a

metal characterized by free-electron conduction near the

plasma frequency, the frequency of the surface plasmon

edgy is just (dy(1 +Eg)
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FIG. 3. Experimental configuration for the method of
frustrated total reflection. A prism of high refractive
index (n&), undercoated with a low-index {n~) dielectric
spacing film, is bounded by a semi-infinite metal with
dielectric function &~. For angles of incidence greater
than the critical angle for total reflection, 8„ light may
be absorbed by the NHSP which propagate along the s-m
interface.

with

(2.9)

Equation (2.9) may be considered the dispersion
relation which characterizes these standard meth-
ods of optical experimentation. Such investigations
are obviously confined to the radiative range k„
~ c~s&o/c for real angles of incidence. Now, Eq.
(2. 8) holds for real angles of incidence and good
conductors. More generally, the penetration of
radiation normal to the conducting surface is
governed by the quantity z =[4, —(&u/c) c ]'1~, the
exact skin depth 5 being given by

of 5 for ellipsometric or normal-incidence experi-
ments performed at the same energy. Hence, in
the intermediate- and high-energy regions, where
deviation of the NRSP dispersion curve from the
dielectric light line is expected to be large, the
NRSP should be more sensitive to the over-all
structure of the surface zone than other experi-
mental methods based on simple reflection spec-
troscopy.

The most convenient method by means of which
one can couple incident electromagnetic radiation
to the NRSP is frustrated total reflection (FTR),
a technique first clearly articulated and exploited
for this purpose by Otto. In recent years FTR
has been widely used in the study of surface ex-
citations of many types.

The FTR configuration, illustrated in Fig. 3,
enables one to sample thatportionof the frequency-
wave-vector plane between the light line of the
prism, &u=ck, /n&, and that of the dielectric spac-
ing layer, u&= ck„/n„by varying 8, the angle of
incidence on the prism base, and the frequency (d.
By utilizing the total reflection properties of the
prism-film coupler, one can generate evanescent
light waves of the same phase velocity as the
NRSP, and it thereby becomes possible to con-
serve both energy and momentum in exciting the
surface plasmon. The resonance condition is
clearly indicated in Fig. 4. Relatively efficient
coupling between incident light and the nonradiative
mode can be accomplished in this manner.

The dispersion relation for surface plasmons
excited through the prism-film coupler is actually
somewhat different from the simple form charac-

1 1
Re(a ) (u Re[(e, sin'e-e )'~'] (2. 10)

Since liquid mercury is a relatively poor conductor
of electricity, the unapproximated form (2. 10) is
retained here to illustrate the dependence of 6 on
both the (possibly complex) angle of incidence and
on the sizable imaginary part of z in mercury.

In contrast to the linear "dispersion" of com-
mon optical methods, note from Fig. 2 that the
NRSP dispersion curve, although approximately
linear in the low-energy range, becomes extreme-
ly nonlinear as energy increases. This nonlin-
earity, which distinguishes surface-plasmon ab-
sorption from ellipsometry and reflectance, has
important physical consequences for the response
of the conducting surface to nonradiative surface-
plasma waves. In the frequency range between
co «co~ and (d = ~~, the wave vector of the exci-
tation varies from k„= e~~ a&/c to k„» g ~ cu/c. It
is readily seen from (2.10), then, that the skin
depth for surface-plasmon absorption will in gener-
al be somewhat smaller than corresponding values

C

kx nN,

+o

kxo

FIG. 4. Coupling to nonradiative excitations by frus-
trated total reflection. At a particular angle of incidence,
8p & 8 on the prism base (see Fig. 3), light can satisfy
the resonance conditions for NHSP excitation, with res-
onant frequency and wave vector given by opp and k&, re-
spectively.
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teristic of a metal-single-dielectric interface,
since introducing the thin dielectric layer changes
the character of the boundary-value problem that
must be solved. Within the film there are evanes-
cent waves decaying in +z and -z directions, one
resulting from the response of the polarization to
surface-plasma waves at the s-m interface, the
other associated with total reflection at the p-s
interface. In a simple ray-optics picture, the
two decaying waves undergo multiple reflection at
the two interfaces, and a self-consistent field is
established in the dielectric which differs from
the field that would exist in a semi-infinite dielec-
tric. The requirement of self-consistency, con-
tained implicitly in the boundary conditions which
are employed, introduces a small quantitative
change in the character of the surface-plasmon
dispersion relation in addition to allowing optical
coupling to occur in the first place.

III. LOCAL-DIELECTRIC-FUNCTION DESCRIPTION
OF SURFACE PLASMONS

The microscopic basis of the theory of surface
plasmons has been a subject of sophisticated theo-
retical development' ~ and elaborate model-based
calculations48'4~ in recent years. In the optical
regime which interests us, however, it is suf-
ficient to consider the NRSP in a local-dielectric-
function framework of the type employed by Bloch
and Rice for the analysis of classical ref lectivity
and ellipsometry measurements.

The simplest approach to the theory of surface-
plasma waves is based on the form that Maxwell's
equations assume in a conducting medium:

V. g =0, (3. la)

V ~ =0, (3. lb)

vxi =
c at

(3. lc)

1 em 4m-
VX3'. = ——+ —4c St c (3. ld)

where S = e,8, = p,X, and c, of course, is the
velocity of light. The conduction current density
P is given by Ohm's law,

B=o8, (3.2)

which should be valid except under conditions
where the anomalous skin effect becomes impor-
tant. ~~ For the range of energies considered in the
present investigation corrections to (3.2) should
not be significant. It may be assumed, in addition,
that the magnetic permeability p, and the real
dielectric constant e, (which arises from internal
polarization of the ion cores)'z are both unity.

Equation (S.la) is a nontrivial statement about
the nature of surface-plasma waves, for it ex-
presses the fact that no longitudinal charge os-

z = 1+4wia/&o, (3. 5)

which has the effect of incorporating the conduc-
tion current implicitly into the displacement cur-
rent. With (3.5), (3.4b) reduces to

Vx H(x, y~ z) = —(i(df/c) E(x, y, z) (3.6)

Equations (3.1a), (S.lb), (3.4a), and (3.6) ex-
press Maxwell's equations in the form most con-
venient for the present analysis, as they may be
applied to either dielectric or metallic media
simply by substituting the appropriate dielectric
constant g, of medium i. These dielectric con-
stants may, in general, depend on the frequency
ru, and in the liquid metals which are discussed
here, we allow for pogsible coordinate dependence
of z, because of the existence of a surface transi-
tion zone. In the long-wavelength limit which the
present work treats, we assume that all of the &,
are independent of wave vector k. This assump-
tion is physically consistent with the local relation
(3.2) between the current density and the electric
field.

Surface plasmons are known to interact with only
p-polarized radiation. Taking the p1ane of inci-
dence to the xz plane, then, we set E„=-O and as-
sume that all fields are independent of the coordi-
nate y, H„-=0 and H, -=O follow directly. The geom-
etry is specified by supposing the half-space z ~ 0
to be occupied by liquid metal, and the region z & 0
by a semi-infinite dielectric. Finally, we may
assume, without loss of generality, that all fields
display x dependence of the form 8'+". With these

cillations are associated with the surface mode,
in contrast to the fundamental character of plasma
waves in the bulk. 3 For the relatively low fre-
quencies ~ «o„(the surface-plasmon frequency)
at which the NRSP is observed it is weB known

that a conducting medium cannot sustain local
charge fluctuations. Departures from (3.la) may
become important, however, for the higher-fre-
quency, +& v~, radiative surface modes which
have been mentioned in the literature.

The electric and magnetic fields are now as-
sumed to depend on time in a simple harmonic
fashion,

h(x, y, z, f)=E(x, y, z)e-"',
(3.3)

X(x, y, z, f) = B(x,y, z) e '"',
in which case the two curl equations (3. lc) and
(3. ld) take the form

&xf(x, y, z) = (i~/c) IT(x, y, z),
VX H(x, y, z) = —(i&@/c)(1+4vic/(o) E(x, y, z) .

(3.4b)
We now define the complex dielectric constant of
the metal as
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simplifications, the field equations reduce to the

form characteristic of transverse-magnetic (TM)
w'aves:

8E„. i cu* =ikQ, + —H„,
8z ' c

(3.7a)

8H~ i(oe
8z c

(s.7b)

ck,
(Of

(3.7c)

After some straightforward algebra, Eqs. (3.7)
yield a second-order differential equation for the
tangential magnetic field,

8 1 8H
(3 8)

Imk, = (»„'~'(u/c) cos8(&o) a8(~), (3.8)

where 8(&u) is the resonant angle of incidence de-
termined by the "real" dispersion relation between
co and Rek, .

IV. CALCULATIONS AND RESULTS FOR THE LIQUID-
METAL TRANSITION ZONE

with « = k„—(&u/c)». For the case that the (semi-
infinite) metal is homogeneous up to a geometri-
cally plane surface which is the boundary between
it and a semi-infinite dielectric, Eq. (3.8) is
readily solved. One then obtains, easily, the dis-
persion relation of the surface plasmons. For the
case considered herein, namely, an inhomogene-
ous boundary between bulk metal and dielectric,
Eq. (3.8) is difficult to solve; this will be dis-
cussed in the Sec. IV.

The damping of surface plasmons can be de-
scribed in the local theory by taking the dielectric
function to be complex. In general, when the di-
electric function» (&u) has a nonzero imaginary
part the resonant NRSP wave vector k, must be-
come complex also. Two interpretations can be
attached to the complex character of k, : On the
one hand, since the propagation of surface-plasma
waves along the conductor-dielectric interface is
described by the exponential factor e'~~", the quan-
tity Imk„may be regarded as the inverse of a
mean free path for the NRSP. This point of view
has been adopted recently by Bell et al. in a
study of coupled plasmon-phonon modes in the
semiconductor InSb. On the other hand, one may
equivalently consider the imaginary part of k„as
a measure of the angular half-width of the surface-
plasmon absorption at some fixed, real value of
the frequency. This alternative interpretation has
been expressed by Otto in the relation

H„= H„(z), 0~z~h

B e~, h&z

(4. 1)

in the three regions of space.
In order to integrate H (z) numerically across

the transition zone, it is necessary first to have
a set of initial conditions. Such conditions are
conveniently obtained by imposing a "normaliza-
tion" requirement on one of the coefficients in

(4. 1). We choose to define B such that 8 e ~"=1
and we then apply continuity conditions at z = h. to
find that

(4. 2a)

(4. 2b)

The normalization of 8 has no effect on the actual
dispersion relation, as all the fields in (4. 1) are
arbitrary to within a common multiplicative con-
stant.

Using the initial conditions (4. 2), one can inte-
grate across the transition zone from z = h to
z=0, where the surface layer is bounded by di-
electric d. Boundary conditions at this second
interface imply that

(4. Sa)

and

elusion of the effect of a nonuniform transition
zone, is hindered from the outset by the fact that
the analytic structure of the Epstein profile does
not permit exact solution of (3.8) in terms of
known functions. This limitation has made it im-
possible in the present work to obtain a dispersion
relation in closed form for the mode which is
strictly bound to a diffuse mercury-dielectric in-
terface. For the sake of completeness, neverthe-
less, we sketch here the course which a method

based on numerical integration might take in
evaluating the dispersion and damping of such a
bound surface-plasma mode.

Ne assume a semi-infinite dielectric d filling the
half-space z &0; the liquid metal, with its transi-
tion zone, occupies the region z~ 0. Although the
surface layer is characterized by continuous spa-
tial variation of its properties, one can identify,
with some degree of arbitrariness, a fictitious
surface at some z=h which "separates" bulk mer-
cury from the transition region. At this position
the dielectric constant » (z) has nearly decayed to
its asymptotic bulk value, a, . The tangential mag-
netic field, from which we can determine the dis-
persion and damping of the surface mode, is now

given by

A,e~', z &0

The study of nonradiative surface plasmons in
liquid mercury by solution of Eq. (3.8), with in- H„'(o) = «,A, /», , (4. 3b)
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and, upon combining (4. 3a) and (4. 3b), we obtain
the dispersion relation for surface plasmons in the
presence of a surface transition layer:

(4. 4)

Though not shown explicitly, the logarithmic deriv-
ative of H„depends on the frequency and wave vec-
tor through conditions (4. 2).

While the derivation of (4.4) is useful in illustrat-
ing the general features of a local theory of sur-
face-plasma waves in liquid mercury, we observe,
first of all, that the bound resonances implied by
this dispersion relation are not really observed in
optical experiments on metal surfaces since there
is an incoming traveling wave in such experiments.
For the specific case of liquid mercury, it should
further be noted that the shift in character of the
surface conductivity at a definite value of g makes
direct numerical integration somewhat diff icult,
and would certainly complicate the sort of iterative
scheme (in ru and k„) which would be necessary to
solve (4.4) with some degree of precision. For
these reasons it is simpler to study surface plas-
mons in liquid mercury by considering directly
the optical response of a diffuse mercury inter-
face to excitation of surface-plasma waves by light.

In numerically evaluating the character of sur-
face-plasma waves at the nonuniform mercury
surface, we have utilized frustrated total reflec-
tion as the means of coupling light waves to the
surface excitation. In principle, the prism-film
coupler should disturb the fundamental nature of
the surface transition zone least among the avail-
able techniques of optical coupling. Other methods
of coupling to the liquid-metal surface plasmon
should be possible, nevertheless: creation of a
hydrodynamic grating by excitation of short-wave-
length capillary waves is one such alternative.
Rough surfaces have historically played a promi-
nent role in the study of surface plasmons, ' for
the two-dimensional translational symmetry which
is broken by the existence of roughness provides
a source of quasimomentum parallel to the inter-
face, allowing one to circumvent the problems of
energy and momentum conservation in optical
coupling to the NRSP.

The surface-plasmon dispersion which is re-
ported in this section has been determined by nu-
merically solving the field equation (3.8) for the
waves which propagate (or decay) in the skewed
Epstein stratified transition layer defined by Bloch
and Rice. A method based on the Herpin matrices 7

has been employed in evaluating the optical response
of mercury to NRSP excitation. As in standard
treatments of the electrodynamics of stratified
media, this algorithm approximates the full in-
homogeneous profile by a pile of thin slices, each
assumed to be homogeneous. Mathematical details

E =177 eV, d = 5000 A
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FIG. 5. Transverse-magnetic ref lectivity ATM, for
E=1.77 ev and three models of the liquid-mercury sur-
face: diffuse, with skewed Epstein profile; sharp sur-
face, with ellipsometric optical constants; sharp surface,
with Drude optical constants. All computations performed
for FTH geometry with spacer thickness d and parameter
values described in the text. Arrows locate the abscissae
of minimum ref lectivity, or maximum coupling to the
NRSP.

of the procedure are described in the Appendix.
The present application included a layer s, corre-
sponding to the spacer film of the coupler, in ad-
dition to the thin slices of the inhomogeneous pro-
file. Appropriate boundary conditions at the prism-
film and metal-film interfaces were also employed.
The refractive index of the prism was taken as
m~=2. 53 and that of the spacer as n, =1.39, typical
values for available high- and low-index materials
(such as KRS-5 and LiF) in the visible spectrum.
They were assumed to be independent of frequency
throughout the infrared, visible, and ultraviolet
in order to simplify the computations. The spacer
thickness d, a critical parameter in determining
the extent of photon-surface-plasmon coupling and
the degree of radiative damping of the excitation,
depended on the frequency in a manner which will
be described in detail below.

Typical results for the ref lectivity of TM waves
from mercury, calculated at fixed frequency and
as a function of angle of incidence (on the prism
base), are illustrated in Figs. 5-8. The figures
demonstrate that surface-plasmon absorption at a
diffuse interface should be measurably different
from that at a perfectly sharp (zero-thickness)
boundary with the effective optical constants mea-
sured by ellipsometry or ref lectivity. The ellip-
sometric curves shown are based upon the mea-
surements of Faber and Smith, ' which extended
to a maximum energy of about 3 eV. The plasmon
is obviously photonlike at lower energies, its dis-
persion approaching the light line v = ck,/n, as &u-0.
Even at these low energies (= 1-2 eV), though,
there is a significant difference between the "per-
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FIG. 6. Transverse-magnetic ref lectivity RTM for E
=2.27 eV and three models of the liquid-mercury sur-
face. Computations as in Fig. 5.

FIG. 8. Transverse-magnetic ref lectivity RTM for E
=3.06 eV and three models of the liquid-mercury sur-
face. Computations as in Fig. 5.

E=2.50 eV, d=2800 A
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FIG. 7. Transverse-magnetic ref lectivity RTM for E
=2. 50 eV and three models of the liquid-mercu~ sur-
face. Computations as in. Fig. 5.

feet-surface" Drude and the nonzero-thickness-
transition-zone ref lectivity minima. The ellipso-
metric sharp surface, although displaying behav-
ior that is closer to calculations for a diffuse-sur-
face model, should still be distinguishable from
the latter by careful experimentation. This closer
agreement is to be expected, of course, since the
ellipsometric optical constants reflect a nonzero
contribution from p-polarized light.

It is apparent from the figures that as the ener-
gy increases, the three surface models give rise
to NBSP absorption which becomes increasingly
different. Thus, at 1.7V eV, the angular separa-
tion of the ref lectivity drops for diffuse and ellip-
sometric surfaces is only 0.1'; by 3.06 eV, it
has increased to approximately 0.2'. The diffuse-
surface and Drude minima, by way of comparison,
are separated by 0. 6' at 1.77 eV and 1.1' at 3.06
eV.

In order to evaluate "ellipsometrxc" Fresnel
surface ref lectivities at still higher energies

(& 3.06 eV), where the differences between models
are expected to be even more pronounced, it was
necessary first to compute a set of apparent op-
tical constants characterizing the mercury sur-
face. These calculations were performed by eval-
uating r& and r„ the amplitude reflection coeffi-
cients for a vacuum-nonuniform-mercury interface,
at 78' incidence, and then inverting the sharp-
surface Fresnel relations to give apparent values
for the real and imaginary parts of the dielectric
constant 6 . It is worth reemphasizing the sig-
nificance of these constants for the subsequent
analysis: They are the values of Re& and Ima
that would be measured in an ellipsometric experi-
ment if tke skewed profile were completely accu
rate.

By employing this expedient, the apparent opti-
cal constants were evaluated for energies between
3 and 5 eV. The response of mercury to NRSP ex-
citation is illustrated in Figs. 9-11 at these higher
energies for the full profile, a Drude Fresnel
surface, and an equivalent "ellipsometric" Fresnel
surface. Once again the absorption should be mea-
surably different for the three cases. The displace-
ment between the lower two curves in this set of
figures illustrates convincingly that the shifts ob-
served in Figs. 5-8 are due to the inherent struc-
ture of the transition region, and are not simply
an artifact of the slight deviation in the Bloch-Rice
fit to ellipsometric measurements.

The NRSP dispersion relation may be deter-
mined over a range of energies by measuring the
angle of minimum ref lectivity, corresponding to
maximum coupling to the excitation, from several
sets of calculations. The effect of the surface
zone, most noticeable at high energies, has been
evaluated from 3.5 to 5. 5 eV, where inter'. nd ef-
fects start to become important, ' and is shown in
Fig. 12. Ne note, in particular, the shift of the
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FIG. 9. High-energy ref lectivity calculations, for E
=3.50 eV and three models of the liquid-mercury sur-
face: diffuse, with skewed Epstein profile; sharp sur-
face, with "equivalent" optical constants; sharp surface,
with Drude optical constants. FTB parameters as in
Fig. 5.

dispersion relation towards the radiative regime.
This finding is consistent with the higher effective
electron density in the transition region, and also
agrees with a simpler metal-film-metal-substrate
model in which the film plasma frequency is some-
what greater than that of the substrate.

The curves shown in Fig. 12 correspond to the
real part of the dispersion relation relating ~ to
Rek, . In addition to the positions of the minima
in Rr„, the widths of the refiectivity drops in Figs.
5-8 and 9-11 are of interest, for these are a mea-
sure of the internal electronic damping in the liq-
uid metal. Since mercury is a relatively poor
conductor, with a short electronic relaxation time,
the approximation )Re& I » fImc„l is not valid;
consequently, the peak width d, lI(&d) is no longer
related to Imc linearly as it is in (3.9). At low
frequencies (Irc= 1 eV), in fact, the imaginary part
of e can be as large or larger than the real part,

E=4.00eV, d=l050 k

FIG. 11. High-energy ref lectivity calculations, for
E =4. 50 eV and three models of the liquid-mercury sur-
face. Computations as in Fig. 9.

implying that the surface plasmon will be quite
heavily damped in mercury relative to other metals.
This is manifested in the large angular half-widths
exhibited by the optical-response calculations.
From Figs. 5-11 we note that the diffuse-surface
and ellipsometric-Fresnel-surface models show
absorptive half -widths which are approximately
equal, the half-widths for the nonuniform surface
being slightly larger. The Drude Fresnel-surface
calculations, by contrast, show poorer over-all
coupling to the surface plasmon and distinctly larg-
er half-widths. As the energy increases we note
a general trend toward increasing half-widths for
all three surface models. This increase appears
to be a limiting factor in our ability to define a
surface-plasma mode at energies much above 5 eV.

8.0
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0.6- 5.0 30 40 5.0
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I
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e~
FIG. 10. High-energy ref lectivity calculations, for E

=4.00 eV and three models of the liquid-mercury sur-
face. Computations as in Fig. 9.

FIG. 12. Dispersion relation for surface plasmons at
a liquid-mercury-dielectric interface, for FTH geometry.
Dashed curve is dispersion relation for full inhomoge-
neous profile; dot-dashed line, for an ellipsometrically
equivalent sharp surface. Absorption at a Drude sharp
surface is heavily damped at these energies, so the re-
sulting dispersion is not shown. Solid curve represents
the light line ra =eh/a, in the dieiectric apacer layer.
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In the determination of NRSP dispersion pre-
sented above for the mercury surface with a non-
uniform conductivity profile, there are a number
of points which deserve further elaboration. To
simplify matters, we first discuss these questions
for the surface plasmons at a hypothetical metal
boundary of zero thickness. At a homogeneous
metal surface, the NRSP has been identified as
that mode of electronic oscillation which is com-
pletely bound to the metal-dielectric boundary.
This defining condition must be generalized some-
what in the FTR geometry of Fig. 3; with two
boundaries in close proximity, no mode exists
which is strictly bound to the metal-thin-film
interface. The surface plasmon is in this case
specified by assuming there are only incoming
light waves in the prism. As a result, the normal
modes of charge oscillation correspond to complete
frustration of the total reflection that is ordinarily
anticipated for 8 & 8,.

Experimentally, however, the surface plasmon
is rarely observed with complete absorption of
incident radiation. One usually observes a distinct
reflectance drop as a function of angle of incidence
for fixed frequency (or vice versa), with the mini-
mum of R~„ located in the neighborhood of the
resonance angle (frequency). The magnitude of
such a dip may range from as little as 10% to more
than 9, with a half -width from fractions of a
degree to several degrees. The exact nature of a
particular drop depends on the parameters of the
coupler, the metal, and the frequency employed.

The distinction between a surface plasmon de-
fined by total absorption and the experimentally
observed structure which displays a smaQ but
nonzero reflectance may not be merely academic
in the context of small but observable surface ef-
fects which we expect liquid mercury to manifest.
The residual reflectance is associated with radiative
damping of the surface-plasma excitation, a phe-
nomenon which arises because light can couple out
of a prism-thin-film system as weQ as coupling to
the nonradiative mode in the first place. The
existence of such a damping mechanism should
cause a shift in the location of the surface reso-
nance, this shift being engendered by the reactive
effects of the outgoing radiation. The general
principles governing such a shift apply to all ra-
diatively damped resonances.

We wish now to consider the influence of radia-
tive damping on surface-plasmon dispersion, a
task which is readily accomplished by evaluating
the displacement of the angle of minimum reflec-
tance as the spacer thickness d is varied. From
the work of Otto on the NRSP in silver it may be
seen that, at a constant frequency co=3.45&10'
sec ', when the spacer thickness decreases from
3000 to 1000 A, the reflectance (in this case,

actually the reflectance ratio R&„/R») increases
from approximately zero to roughly 80%. The
change in position of the resonance as a result of
this drastic shift in radiative damping is from
= 54' incidence on the prism base to = 58' inci-
dence —certainly a significant change when com-
pared with the peak separations which have been
noted for the three "plausible" surface models of
mercury.

The calculations presented in Fig. 12 represent
the dispersion relation over several eV, a rela-
tively large energy range. Since it proved im-
possible in these calculations to achieve coupling
to the NRSP over the entire energy range with a
single spacer thickness, d was allowed to vary with
with frequency in such a way that observable sur-
face-plasmon absorption occurred. Concomitantly,
it has been necessary to take account of the in-
fluence of radiative damping on the NRSP dispersion
relation. In doing so, we have tried to establish
a criterion which will minimize radiative damping
as a significant variable in the problem in order
that differences among the dispersion relations
shown in Fig. 12 may be ascribed primarily to
differences in surface structure.

How can this aim be achieved'? We observe at
this point that the usual "incident-wave" surface
plasmon is defined by a condition of constant ra-
diative damping: To be explicit about this, the
usual prescription corresponds to no radiative
damping at any frequency, since there is no out-
going wave in the prism. By analogy with this
point of view, the NRSP's which have been deter-
mined in the present investigation have also been
defined on the basis of (approximately) constant
radiative damping. The condition was imposed
largely in an ad hoe way: Appropriate values of
d were determined by requiring the residual re-
flectivity Rz„ to remain roughly constant, at
R&„=0. 2, as the frequency was varied. In doing
this we took advantage of the fact that the calcula-
tions described here were not limited in the same
way as most experiments by the availability of
prisms with only a few coating (spacer) thicknesses.

Having described the methods of computation and
the numerical results of our study of NRSP ex-
citation in liquid mercury, it is instructive to
backtrack for a moment and analyze the surface-
plasmon calculations in the light of Herpin's theo-
rem, ~ in order to gain a better understanding of
why the type of surface-plasmon experiment pro-
posed here should be capable of yielding informa-
tion which is basically distinct from that generated
by the classical optical methods. A well-known
principle in optics, Herpin's theorem states that
any stratified medium-and therefore, any con-
tinuous, nonuniform medium approximated by a
large number of thin homogeneous films —can be
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reduced to an equivalent system composed of only
two layers (equivalent meaning, e. g. , that the
calculated ref lectances are the same). The proof
of this assertion rests on the fact that each of the
Herpin matrices S& may be expressed as a linear
combination of Pauli spin matrices, and therefore
any continued matrix product of the S& can also be
so expressed. By appropriate choices of optical
constants and thicknesses of the equivalent double
layer, the continued product may thus be repre-
sented as

Q=II S~=S~ Ss . (4. 5)

In considering the implications of Herpin's
theorem for a diffuse transition layer at a liquid-
metal surface, one is struck immediately by the
fact that a particular double layer may be asso-
ciated with several very different transition zones.
Indeed, the investigations of Bloch and Rice re-
vealed a number of models for the 6~&fuse mercury
surface, all based upon the Epstein profile (2.2),
but with different values for the parameters of the
quasi-free -electron and localized-state surface
regions. Each profile gave rise to apparent opti-
cal constants in agreement with ellipsometric ex-
periments, performed at about 80 incidence, and,
in addition, yielded ref lectances which coincided
with the Drude-like measurements of Schultz, 3

at 45', and of Bloch and Rice, near normal in-
cidence.

From a naive point of view, the equivalence of
several profiles to a single double-layer system
might be taken as evidence that optical methods,
surface-plasmon absorption included, are funda-
mentally limited in the scope of information they
can reveal about an inhomogeneous surface layer.
It might be further supposed, according to this
line of reasoning, that all optical experiments will
exhibit the same sensitivity to the structure of an
inhomogeneous region, since they all appear to
sample the same equivalent double layer, and
should therefore produce results which are basi-
cally equivalent rather than complementary. While
we accept the former argument that the relation
between transition zones and a set of optical re-
sults is homeomorphic rather than isomorphic,
we reject the latter assertions. To support this
conclusion, and to show why optical excitation of
plasma waves at a liquid-metal surface should
provide a new and reasonably sensitive probe of
surface structure, it is useful to reexamine Her-
pin's theorem somewhat more carefully.

It is to be noted, first of all, that each of the
elements of the Herpin matrix S& is a function of
several variables: the parameters characterizing
the jth layer, e& and 5&, and, in addition, the fre-

quency +, angle of incidence 8 in the homogeneous
contact medium, and the dielectric constant of
that medium, &„. As a result, each element of the
product matrix Q incorporates a rather compli-
cated dependence on these parameters, which in
turn is exhibited in the discrepancies that occur
among apparent optical constants calculated fj.om
normal-incidence and ellipsometric measurements.

Let us now assume the existence of several dif-
fuse profiles, each fitting the apparent optical
constants at a metal-dielectric interface over a
wide range of angles and frequencies. Ne are
interested in the behavior of the Herpin matrices
and the equivalent double layer for a surface-plas-
mon experiment under conditions of frustrated
total reflection. Light that is incident on the
prism-film surface in such an experiment gives
rise to a characteristic exponential decay of the
field amplitudes in the coupling film. As is well
known, this sort of field modulation corresponds
to a complex angle of transmission within the
spacer layer, so that the radiation is incident on
the thin-film-mercury interface at a complex an-
gle, too. It is this complex angle of incidence
which distinguishes surface-plasma excitation by
frustrated total reflection from other optical tech-
niques, and which leads to its greater sensitivity
to surface structure. In physical terms, the com-
plex ang1e of incidence at the mercury surface
results in a larger parallel momentum transfer
than is possible by classical optical methods. Con-
sequently, the decay length for the fields, given
by (Rea )

' in a homogeneous metal, is smaller,
and the surface plasmon excitation should reflect
surface anomalies more strongly.

V. CONCLUSIONS AND SPECULATIVE REMARKS

The primary objective of the present section is
to evaluate the results which have been obtained
in Sec. IV regarding the use of NRSP spectroscopy
in the study of liquid-metal surfaces, and, more
generally, in the investigation of any conducting
surface with nonuniform electronic structure. In
performing this evaluation we analyze both the
strengths and the limitations which the present
work has revealed, and we suggest ways in which
the sensitivity of NRSP absorption might be in-
creased beyond that of the simple FTR technique.
In the course of the discussion we also describe
some simple models which have proved useful in
studying the propagation of surface plasmons at
imperfect surfaces; the dispersion predicted by
these models for the NRSP is compared with the
corresponding behavior that would be observed at
a mercury surface with an Epstein transition layer.
A number of important conclusions emerge from
these comparisons which should contribute to our
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interpretation of surface-plasmon absorption at the
liquid-metal surface. In particular, we establish
several criteria concerning the appearance of dis-
tinctive structure in the NRSP dispersion rela-
tion —structure which is associated with "anoma-
lous" electronic properties at the surface.

As a beginning, let us place the present investi-
gation in a proper perspective with respect to
other studies of surface plasmons at imperfect
surfaces. While most attention has been focused
on their excitation at rough metal surfaces, some
investigators have attempted to include electronic
relaxation at a surface in a theory of surface-plas-
ma waves. Bennett has proposed a hydrodynam-
ic model and Feibelman has pursued an approach
based on the random-phase approximation; in both
treatments the surface plasmon shows some sen-
sitivity to the structure of the surface transition
region. We note, however, that these investiga-
tions have concentrated on the high-energy
(E=Ru&„), high-momentum (kk, » h&u~/c) regime,
for in this range the hydrodynamic and RPA (ran-
dom-phase approximation) treatments of surface
plasmons yield to solution after retardation of the
electromagnetic f'elds is neglected or a high-fre-
quency expansion is made for the response func-
tions of the electron gas. These models are con-
sequently more appropriate for the description of
electron-energy-loss experiments than the inter-
pretation of "optical" surface plasmons excited by
FTR. As yet, there has been no satisfactory
treatment of the nature of surface-plasma waves
in the low-energy region at a metal surface with
an electronic transition zone. It has traditionally
been assumed that the surface plasmon at these
energies should be insensitive to the details of
surface structure, because the mode is primarily
photonlike, its dispersion curve asymptotic to the
light line of the contact medium as v -0. But for
the case of liquid mercury we have found that there
is an intermediate energy range, between E«h~„
and E= @co„, within which the NRSP dispersion is
sensitive to nonuniformities in the charge distri-
bution. To our knowledge, the calculations of
Sec. IV represent the first time that retardation
effects have been systematically included in the
study of surface-plasma waves in a nonuniform
transition zone.

One of the limitations on NRSP spectroscopy in
liquid mercury is the fact that the differences
which have been calculated in optical response
between an Epstein stratified mercury surface and
a zero-thickness Drude or ellipsometric Fresnel
surface range from only a few tenths of a degree to
about 1'—not as large as might have been expected,
in view of the 10% discrepancy between the appa-
rent optical constants measured by ellipsometry
and reflectance. Nonetheless, one should be able

to detect these differences experimentally, partic-
ularly at higher energies where the reflectance
drops are separated by several tenths of a degree
or more. Distinction between these models using
other criteria may be required (see Sec. VI). We
note with special interest the fact that reflectance
calculations for the two Bloch-Rice profiles men-
tioned in Sec. II, one symmetric and the other
skewed, indicate that the two profiles should be
distinguishable in a surface-plasmon experiment
at high energies, although they correspond very
nearly to the same equivalent double-layer system
at lower energies and for the conventional optical
techniques.

A second limitation is posed by the high degree
of internal damping that exists in mercury, a
phenomenon which is mathematically represented
by the large imaginary part of the dielectric con-
stant. With increasing energy thj.s internal damp-
ing results in broadening of the resonance to a
point where definition of the mode becomes proble-
matical. As a result, it would appear difficult to
observe surface plasmons in mercury by the FTR
technique above 5 or 6 eV.

By imposing an external electric field at the
mercury surface one might be able to overcome
the limitations mentioned above and distinguish
more readily the surface-plasmon absorption due
to different surface models. One would expect the
surface dipole layer in mercury to be enhanced by
such a technique; indeed, a recent microscopic
treatment of metal surfaces by Lang and Kohns

shows that a static external field should have pre-
cisely this effect of drawing the centers of positive
and negative charge apart. An additional means
of increasing the sensitivity of a surface-plasmon
experiment might be to impose a modulating elec-
tric field which is slowly varying in time in con-
junction with a static external field. The resulting
experimental configuration would be much like the
electroreflectance technique which has been widely
applied to semiconductors in recent years. s'

In addition to the measurably large shift of the
NRSP dispersion in mercury towards the radiative
regime, caused by the fact that the effective elec-
tron density at the Epstein stratified surface is
greater than in the bulk metal, there are a number
of additional features which, on theoretical grounds,
might be expected to play a role in the spectrum of
surface-plasma oscillations at a diffuse mercury
surface. Among these features we note the possi-
bility of interaction between the localized elec-
tronic states subsumed in- (2. 6) and the collective
surface-plasma mode. Just as the NRSP is known

to interact with phonon modes which are localized
at a surface, ' one might anticipate a mixing of
plasmon and localized electronic states. Such an
interaction, if not occurring naturally between the
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NRSP and the localized states arising from the
metal-to-nonmetal transition in the low-density
region of the surface zone, might always be intro-
duced by alloying or by adsorption of suitable
species at the mercury surface.

In an attempt to understand the NRSP-localized-
state interaction, Guidotti, Rice, and Lemberg
have studied a simple model involving localized
states which permits straightforward evaluation
of the NRSP dispersion relation. The model is
based on the premise that the nonuniform structure
of a metal surface cari be neglected, in a first ap-
proximation, when one considers interactions be-
tween the two types of electronic states. Thus,
throughout the metal the dielectric function is as-
sumed to contain a Lorentzian contribution arising
from a small fraction of localized resonances in
addition to the predominant contribution due to
nearly-f ree electrons.

The dispersion relation which results from this
localized-state model departs most significantly
from the simple form illustrated in Fig. 2 near
the localized-state resonant frequency coo. The
curve of ~ versus 0 is nearLy asymptotic to the
frequency ~o for large values of k„and as the
energy increases it exhibits a sharp resonance-
induced spike. There is a small range of energies
within which the excitation appears to possess a
negative group velocity. Such behavior is typical
of systems in which the surface plasmon couples
with other modes.

In order to evaluate the effect that localized
states might have on the NRSP in mercury, sever-
al FTR calculations of the sort described in Sec.
IV were performed at low energies, close to the
localized-state resonance of the Epstein profile.
The NRSP at these energies was found to be shifted
entirely to the radiative regime, continuing the
general trend for decreasing energy which is de-
picted in Fig. 12. While this appears to be the
first time that such a drastic change has been noted
for the surface-plasma excitation-from nonradia-
tive to radiative character-there is no noticeable
structure which can be ascribed to the localized
states. In fact, the optical response undergoes
little change even when the region of localized
states is partially or completely removed from the
surface transition zone, in accord with the sug-
gested cutoff of Crozier and Murphy.

Faced with an apparent discrepancy between
surface-plasmon calculations in mercury and the
heuristic model defined by Guidotti, Rice, and
Lemberg, we take note of important differences
between the two treatments. First of aQ, we point
out that localized states in the Bloch-Rice transi-
tion zone occur over a region of only a few ang-
stroms, a distance which is quite small when com-
pared with the decay length for surface plasmons

in mercury at optical frequencies (= 200 A). By
contrast, the localized resonances postulated in
the simple model are assumed to occur throughout
the entire metal sample. Second, in the Bloch-
Rice surface layer, there is a sharp cutoff between
the region of localized-state conduction and nearly-
free-electron conduction. Since surface-plasma
waves originate basically in oscillations of the
nearly-free electrons, spatial separation of the two
types of electronic states undoubtedly decreases
the tendency for localized and plasmon states to
interact.

In spite of the negative results which our Epstein-
profile calculations indicate for surface-p1. asma-
localized-resonance interactions, however, the lo-
calized-state model described above should be of
significant value in interpreting surface diagnostic
studies of liquid metals. As already mentioned,
localized states may be introduced by alloying. In
this connection we note that the alloy transition
zones which have been fitted to experiment by Sis-
kind, Boiani, and Rice~ give reason to suspect that
the interaction of the collective surface mode and
individual electronic states may be stronger in the
alloy than in a pure liquid metal. The decay length
A associated with the differential concentration
gradient in an amalgam of mercury and indium is
found to be about 30 A, a distance much larger
than the region occupied by localized states in
pure mercury.

There is another way in which the simple model
may aid in understanding surface-plasmon absorp-
tion in mercury. The Epstein profile advanced
by Bloch and Rice is based on a fit to experimental
results, and as such lacks a fundamental theoret-
ical justification. It is reasonable to suppose,
therefore, that the modeled nonuniform conduc-
tivity (2. 2) does not fully incorporate all features
which a realistic transition zone might possess.
If the Mott transition were broadened at the liquid-
metal surface so that the zones of free and local-
ized conduction processes overlap, for instance-
a phenomenon which might be brought about by the
mobility of the liquid-metaL ions-the NRSP-local-
ized-state mixing might well be manifested more
prominently in the surface-plasmon dispersion re-
lation.

A second model of the diffuse metal surface sug-
gested by Guidotti, Rice, and Lemberg takes ac-
count of inhomogeneity in the charge distribution,
but not of localized resonances. ~ The nonuniform-
ity is expressed in terms of an exponential profile
for the electronic density,

and the assumption is made that all electrons can
be treated as quasifzee particles. In calculations
with this exponential model, an additional nonra-
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&o', = (4wne'/m, )'" (5. 2)

to a value defined by the condition that the real
part of the dielectric constant vanish:

Re[a„((u~)]=0 . (5. 3)

In a similar way, it should be apparent from
(3.12) that the change in dielectric screening re-
sulting from interband absorption renormalizes
the surface-plasma frequency so that it satisfies

Re[e (&u„)]+&~=0 (5.4)

when the conductor is bounded by a medium of di-

diative branch has been found in the surface-plas-
mon dispersion relation. This branch is located
in a narrow frequency band between the surface-
plasma frequency and the plasma frequency. The
new branch appears to result from the fact that an
inhomogeneous structure with a large gradient in
its electronic properties mimics, to some extent,
a system composed of a homogeneous metal sub-
strate overlaid by a thin metal film, which is in
turn bounded by a semi-infinite dielectric. In an
idealized system such as this, with two metal
boundaries, two surface-plasmon branches should
occur, corresponding to charge oscillations which
are localized at either the substrate-film or film-
dielectric interfaces.

If the monotonic approximation (5.1) for the
electron density at a metal surface leads to an
additional branch in the spectrum of surface-plas-
ma oscillations, it may be expected, a fm'tiori,
that the Epstein profile postulated by Bloch and
Rice should give rise to a second branch also. We
anticipate this because the sharply peaked Epstein
profile resembles a discrete film-substrate sys-
tem much more closely than the exponential form
(5.1). In the exponential calculations a second
branch has been observed for relative surface ex-
cesses In, -n&[/n, as low as IO%; by comparison,
the symmetric Epstein profile with 0&, = 4&00~ cor-
responds to an excess surface concentration many
times larger. Moreover, the gradient of the elec-
tronic properties (e. g. , conductivity) is much
greater for the Epstein profile than it is for the
exponential model.

Despite these favorable prospects for the ap-
pearance of a second surface-plasmon branch in
mercury, a number of additional factors must be
considered when we attempt to project the behav-
ior of a real physical system such as mercury
from a simple model like the one defined by (5. 1).
Since the work of Ehrenreich and Philipp on the
optical properties of silver, it has been known
that the effect of interband transitions on the plas-
ma oscillations of a conducting medium is to re-
normalize the plasma frequency from a quasi-
free-electron value given by

electric constant E~.
If we apply condition (5. 3) and (5.4) to liquid

mercury bounded by vacuum, we find from the
near-normal reflection measurements of Wilson
and Rice' that the plasma energy E~= 5~~ is re-
normalized from a quasifree value of 15 eV to
about 7 eV for the electron gas with interactions
screened by interband effects. Analogously, the
surface-plasma energy E„=S~~ is shifted from
10.5 eV to a screened value of 6 eV. The two
energies are shifted to within about 1 eV of one
another, similar to the change that is observed
in silver.

The importance of taking interband transitions
into account becomes apparent when we consider
the second NRSP branch in the light of Feibelman's
microscopic analysis of interfacial plasmons at
bimetallic junctions. 6 The surface-plasma fre-
quency characterizing the bimetallic interface is
given by

~ay= a(&g+ ~pg) ~

2 I 2 2 (5.5)

where co» and & are the plasma frequencies of
the two semi-infinite metals. Feibelman points
out that for cu»»&, the surface-plasma oscilla-
tions localized at the boundary in metal 1 will be
degenerate in energy with bulk plasmons in metal
2. Therefore, surface plasmons occurring in the
frequency range between co» and su& should be able
to decay by continuous transfer of energy to the
bulk modes which propagate on the low-electron-
density side of the junction. Furthermore, Fei-
belman demonstrates that when the electron den-
sities are in the relation pg, Sg2, Landau damping
of the bulk mode in metal 2 becomes a significant
factor, the bulk plasma oscillations then decaying
into single-particle excitations of the low-density
electron gas. This additional damping mechanism
should be reflected in the "real" dispersion and
the width of surface-plasmon absorption at the bi-
metallic interface.

If we turn once again to the nature of surface-
plasmon propagation in mercury in the presence
of a surface transition layer, we can now apply
Feibelman's analysis of the surface mode at a
diffuse bimetallic junction to the second branch
which has been found at an inhomogeneous conduct-
ing surface that is bounded by a dielectric. As
pointed out earlier in the present section, such a
surface mimics the behavior of a metal-film—
metal-substrate system. For the particular case
of mercury, a film-substrate combination may be
numerically determined6 which possesses apparent
optical constants in good agreement with ellipsom-
etric and ref lectometric measurements. The ef-
fective dc conductivity co& of the film in this equiv-
alent system is many times larger than the dc
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conductivity of bulk mercury oo, . Equation (2. 4)
implies, then, that the effective density of free
electrons in the film is much larger than in the
bulk. Because of the latter relation, Feibelman's
treatment suggests that the upper surface-plasmon
branch in mercury, which corresponds to charge
oscillations at the bimetallic film-substrate bound-

ary, should be strongly damped by decay into
bulk plasmons in the substrate which subsequently
are strongly Landau damped.

The renormalization of plasma energies which
occurs because of interband transitions, however,
may alter this conclusion significantly. If inter-
band effects in the surface layer-which undoubted-

ly are different from those in the bulk —lower the
film plasma frequency sufficiently, the degree of
Landau damping will be altered, and its influence
perhaps largely eliminated. The appearance of a
distinct second branch in the surface-plasmon
spectrum of mercury may thus serve as a measure
of the electronic interactions occurring in the sur-
face transition zone.

The analyses presented above are, of course,
highly speculative. They have not been aimed at
achieving a conclusive and fully rigorous theory
of surface-plasma waves in liquid mercury, as
the exact nature of the surface transition zone is
still largely unknown. Rather, it has been our
purpose in this section to suggest several lines
of profitable inquiry and to develop a conceptual
structure within which a rigorous theory may
eventually be defined. We believe that the present
investigation marks surface-plasmon absorption
by frustrated total reflection as a useful technique
for the study of conducting surfaces. In conjunc-
tion with appropriate modulation, alloying, or ad-
sorption techniques to emphasize various features
of the surface, the study of surface-plasma waves
should provide much information in the future on
the microscopic structure of liquid-metal surfaces,
as well as other interfaces characterized by non-
uniformities in electronic structure.

VI. PRELIMINARY EXPERIMENTAL STUDIES

When this paper was reviewed the referee re-
quested that it be expanded to include a compari-
son of theory and experiment. Since an experi-
mental study of surface plasmons in liquid metals
is underway in our laboratory we are able to in-
clude the following preliminary report of a test of
the theory presented in Sec. IV. Full details of
the experimental studies will be published later.

We have constructed a surface-plasmon spec-
trometer employing the FTR principle. Incident
light is passed through a 0.3-m McPherson 218
monochromator (in the results reported below we
used a 10-X bandpass), polarized, reflected from
the FTR assembly, analyzed, and detected. The

1.00—

0 I

55

l40, 45
8' 50 55

FIG. 13. Surface-plasmon line shape for liquid mer-
cury. Points, experimental results; dashed line, ellip-
sometric Fresnel model using the optical constants of
Faber and Smith and of Hodgson; solid line, the Bloch-
Rice model; dot-dash line, Drude-Fresnel model with
00=9.35&10' sec ' and v=4. 54321x10 " sec.

FTR assembly is mounted on a precision goniom-
eter which is accurate to 1 second of arc. The
FTR assembly consists of a stainless-steel cell
which is filled by distillation (following evacuation
and pumpdown to 10 7 Torr), closed by an IRG-2
glass prism with NaF undercoating. Various thick-
nesses of NaF undercoating were used, depending
on the wavelength range investigated.

We display, in Figs. 13 and 14, the results of
experiments on liquid Hg at room temperature.
Our data indicate, unambiguously, the shortcom-
ings of the zero-thickness Drude surface model.
In Fig. 13 we compare the experimental results
with the predictions of the Drude-Fresnel, the
ellipsometric-Fresnel, and the Bloch-Rice surface
models. As can be seen from the figure, the lat-
ter two models predict resonance minima in quite
good agreement with experiment, although the ob-
served line shape is rather narrower than that pre-
dicted. The Drude-Fresnel model, on the other
hand, not only leads to a broader resonance, but,
more significantly, it predicts a resonance mini-
mum which is removed from the measured value
by about 0.8'. The other two models yield mini-
ma within 0.2' of the experimental value.

At higher energies the trend is for the experi-
mental minimum to fall between that predicted by
the Bloch-Rice model and that by the ellipsometric-
Fresnel model. The observed linewidths remain
smaller than those predicted by these models, but
the qualitative characteristics of the shape remain
similar. In contrast, the Drude-Fresnel model
line-shape loses even its qualitative resemblance
to the experimental results, becoming very shal-
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minima of the reflectance directly with the normal
modes of the surface-plasma waves can be very
misleading. One must remember that both the in-
trinsic damping in the system, as well as the
radiative damping, contribute to a shift in the po-
sition of the minimum from that of the normal
mode to that observed through the response func-
tion. Thus it is not surprising to see the disper-
sion curve continuously cross over the light line
in Fig. 14. Both the Bloch-Rice model and the
ellipsometric-Fresnel model predict this cross-
over, whereas the normal-mode dispersion curve
based on the ellipsometric optical constants does
not ever cross over the light line (this would be
unphysical).
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FIG. 14. {a) and {b) are the surface-plasmon dispersion
curves for liquid mercury between 1 and 3 eV. The verti-
cal lines on top of the experimental points indicate the
predictions of the Bloch-Rice model.

low and broad. The resonance minimum here pre-
dicted is also in disagreement with experiment.

Although the resonance locations and resonance
shapes are very similar for the Bloch-Rice and
ellipsometric-Fresnel models, there is a means
of distinguishing between them. As pointed out by
Bloch and Rice, the ellipsometric-Fresnel model
derived from a fit to ellipsometric data does not
fit the reflectance data. This is apparent in Fig.
13, where there is seen to be a predicted difference
in reflectance for 8 & 8,. The data available sup-
port the Bloch-Rice model.

Figure 14 shows the dispersion of surface plas-
mons on liquid mercury between 1 and 3 eV. Note
the agreement with the predictions of the Bloch-
Rice model. It should be emphasized at this point
that this dispersion curve, as well as all such
curves obtained in FTR measurements, do not
represent a true normal-mode response of the
system. Instead, they correspond to the charac-
teristic behavior of a response function, in this
case the reflectance. Attempting to associate the

APPENDIX: METHODOLOGY OF
NUMERICAL INTEGRATION

The numerical methods which have been em-
ployed in evaluating ref lectivities from a nonuni-
form mercury surface are based on the treatment
of the electrodynamics of stratified media set
forth by Herpin. '~ In the procedure described in
this appendix, it has been assumed that liquid mer-
cury occupies the region z ~ 0 and is bounded by a
dielectric in the half-space z &0. The inhomoge-
neous surface layer is sliced into N thin films at
positions z=z~, zq, . . . , z„, z„,&, with successive
values of z related to z~„=z~+5~. When the in-
crements 5& are small enough, we may appeal to
the limiting process of the fundamental theorem
of the calculus, and treat each film as though it
were perfectly homogeneous. For transverse-
magnetic (p-polarized) waves, therefore, the
electromagnetic fields will be determined by

Hy j —IPJHyy (Al)

and

C
E»„= . H~~j(d g~

(A2)

in filmj, where P&=}P, —(&u c&/c ) and a&= e(z&)
The most general solutions of (Al) and (A2) are

readily seen to be
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eMfS+ d +KfE
o 0 (A14), it follows that

and

& 1
=gi(coz 1 doe —1 ) ~ (A4)

Zf g= Tf„gAf g= Tf (Af'= Tf gTf Zf = Tf qTf PfZf .
(Al 5)

Consequently, from (A12), it may be seen that

with g&= —cz&/furl& H. owever, instead of working
with the fields directly, the Herpin method is ex-
pressed in terms of auxiliary quantities Xf and Ff
which are given by

Af q
——Tf PfTfA-=SfAf,

where the matrix

(A16)

X,= -giH„, + &„=- 24;id, e"i',

Matrices A and Z are now defined by

(As)

Sf = Tf'Pf Tf (A17)

performs the necessary translations and rotations
in relating the matrix A in the (j —1)st film to its
value in the jth film. But (A16) implies that

A2 = S,A, = S182A2 = S1S2 ~ ~ S„A„=Q„A„, (A18)

(AV)

and are specified at a discrete set of points by ap-
propriate labeling. Ne set

where

9=II Si (A19)

and

Ai = A(zi, ,),
Ai = A(z,')

(A8)

providing us with a relation between the incident
and reflected fields in the bounding dielectric and
the transmitted field in bulk mercury. %e note
that

Z, = Z(z...),
Z'= Z(z,'),

(AS)

and

(B„) (A„,.e„,
)at gg

(A20)

Zf PfZf y (A10)

where

and note that by labeling in this manner, all
matrices with subscript j are defined at points in
film j.

From the definitions (A8) 2.nd (AQ), it may now

be shown that the primed and unprimed are related
by

A„=A„',q
=

X+1

(A21)

H =d eKo'
y& 0

K os

KyS
yg 0

@22)

In the present geometry the incident, reflected,
and transmitted magnetic fields are given by

0
(Al 1)

so, by (A2), the corresponding tangential electric
fields are just

and also by

Zf TfAf

Zf = TfAf,

with

(A12)

(A13)

E»& = -go&~&

E», = -ao&„y

E»t =AH

From (A18)-(A23) we then have

Hyi+Hy. = (Q11+g2Q12) HyC i

(A23)

Af=Af ~ (A14)

In addition, the tangential electric and magnetic
fields must be continuous at all the film bounda-
ries, so that

go(H„, H,„)= (Q2, —+g, Q22) H~, — (A24)

from which the amplitude reflection coefficient for
p-polarized radiation may be found:

must hold for all values of j. By combining (A10)- Hyi 80(Q11+g2Q12) (Q21+g2Q22)
(A2s)
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For transverse-electric (s-polarized) waves,
the field equations in film j are

E~)= BEE

H„, = —(c/i&a) E,', ,

which have the general solutions

E, =e e ~'+d e"~',

(A26)

(A27)

(A28)

a„=—~,g, (coe &* —doe"~') . (A29)

Comparing the form of (A28) and (A29) with ex-
pressions (AS) and (A4), we recognize that the
Herpin analysis for s-polarized radiation must be
equivalent to the formal development for p-polar-
ized light, w'hen the following substitutions are
made:

H~ E

A ~~A (ASO)

Thus, from (A25), the reflection coefficient for
8-polarized waves is just

IV$
+yy '@go(q11 '~bg5018) (QR1 eabQu) (AS1)E,g ~ago(@ii —esAQi2)+ (Qai —e~znQu)

'

assuming the substitutions (ASO) have been made
in defining the matrix also. Finally, the reflec-
tivities R~ and 8, are determined by the square of

the absolute value of the reflection coefficients:

(AS2)

Equations (A25) and (AS1) yield the reflection
coefficients r& and r, for a diffuse mercury surface
in contact with a single dielectric medium. The
calculations presented in Sec. IV, however, refer
to the FTR geometry indicated in Fig. 3, where a
thin dielectric spacing film s has been inserted be-
tween the prism p and the liquid metal in order to
make coupling to the NRSP possible. The reflec-
tivity ATM quoted is the internal ref lectivity within
the prism.

Since the spacing layer is a homogeneous film,
it may be formally treated, within the scope of
Herpin's method, as an additional film character-
ized by dielectric constant &, and thickness 5, .
Thus, the spacer has its own Herpin matrix S, de-
termined by (A17), and an effective matrix Q

Ta

can be defined which incorporates the presence of
the spacing film as well as the nonuniform transi-
tion zone of mercury:

qFTR S q (ASS)

where Q is given by (A19). Using Qr " in place of

Q in Eqs. (A25) and (AS1), reflection coefficients
within the prism are specified, the prism p now
playing the role of medium 0.
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