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We study the spin correlation <00y >, Which is expressable as a block Toeplitz determinant, of a
nth-order layered Ising model, in the direction parallel to the layering. The generating function of this

block Toeplitz determinant can be written as a scalar function times a 2X2 matrix whose elements are
nth-order trigonometric polynomials. We show that it is possible to calculate asymptotically for large

N the block Toeplitz determinant generated by such a matrix function. As an example we compute,
for large N, <oy0,y > for the second-order layered Ising model whose horizontal bonds are all equal
and whose vertical bonds between the jth row and (j +1)th row is E,, if j even and E, if j odd.

I. INTRODUCTION

In this paper, we study {040y, the spin-cor-
relation function of two spins on the same row, for
the nth-ordered layered Ising model.' As defined
in Paper I, ! an nth-ordered layered Ising lattice is
a rectangular Ising lattice whose horizontal bonds
are all equal to E,, and whose vertical bonds be-
tween the jth row and (j+ 1)th row are E,(j), such
that E,(j+n)=E,(j) (see Fig. 1). Since the vertical
bonds can take n different values and are different
from row to row, we are calculating the spin cor-
relation function in the direction parallel to the
layering.

The purpose of our work is to study how the sys-
tem tends to behave when there are some inhomo-
geneities present. Moreover, by studying this
problem, one can gain insight of how to handle the
spin correlation function of a random lattice (whose
verticle bonds are random variables).

It is known? that the spin correlation (0gy0oy) is
a Toeplitz determinant for the Ising model with
n=1, A Toeplitz determinant is a determinant of
the following form:

Co Cu Cona1
Cy Cp Cuy o o .
N .
Dyle]= ’
. . €y €y
Cyer + + + €y Cq
1<i, j<N, (1.1)

where c; are 2N -1 constants. If the ¢,’s in Eq.
(1.1) are replaced by 2N —1 constant matrices a,,
the determinant of the resultant matrix is called a
block Toeplitz determinant, and is denoted by
Dyla]. The spin-correlation function of two spins
on the same row (parallel to the layering) for a
layered Ising model is found® to be a block Toeplitz
determinant whose entries a,’s are 2X2 matrices.
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The generating function

o

c(8)= D et E]=1

==

(1. 2a)

of a Toeplitz determinant is said to admit a Wiener-
Hopf factorization, * if ¢(£) can be written as a
product

c(&)=c(&)e(®), |&]=1, (1.3)
where ¢,(§) [c.(§)] is an invertible analytic function
inside [outside] the unit circle. When c(£) satisfy
the above condition, the Toeplitz determinant (1. 1)
can be evaluated by Szegt’s theorem for N—~«_°
This gives the famous result of Onsager and Yang®
that the spontaneous magnetization of the Ising
model behaves as M~(1 - T/T )8 for T<T,.
Furthermore, the asymptotic expansion of the Toep-
litz determinant for large N is also known.’
Therefore, the asymptotic behavior of the spin-
correlation function can be evaluated.’

Analogously,

al®)= 3 att, |e]-1

l==o

(1. 2b)

is called the generating function of the block
Toeplitz determinant. However, no theorem, anal-
ogous to Szegd’s theorem, exists (except for a
very special case discussed in Sec. II), and it is
not possible to calculate the block Toeplitz deter-
minant in general.

However, we shall show in Sec. III, that the
generating function of the correlation function
(0geTon )%, for the nth-order layered Ising model, is
a scalar function l/x(e“’) times a 2X2 matrix
b(e“’), whose elements are nth-order trigonomet-
ric polynomials, i.e.,

a(e'?y=b(e*)/x(e*?),

where

(1. 4a)
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FIG. 1. nth-ordered layered Ising model, whose hori-

zontal bonds are all equal to E;j, and whose vertical
bonds, E,(j), between the jth and (j +1)th rows are peri-
odical function of n, i.e., Eq(j+n) =Ey(j).

n
be'®)= D bet’?.

I==n

(1. 4b)

A block Toeplitz determinant that has this par-
ticular form (1.4) has been studied previously by
McCoy and Wu, ® when they studied the correlation
of the Ising model in the presence of an imaginary
magnetic field H=3 itkT. We shall generalize
their method to calculate the spontaneous magneti-
zation and the correlation function {00,y ) for
large N.

We include in Sec. II some known theorems on
block Toeplitz determinants. In Sec. IV, we shall
show how to make use of these theorems to evaluate
the spontaneous magnetization for the layered Ising
model, and also {0,,0,y) for large separations at
T< T, Although it is possible, in principle, to
calculate these quantities for any =, the algebra
becomes increasingly tedious as »n increases. We
shall therefore restrict ourselves to the simplest
nontrivial case of the layered Ising model, when
the verticle bonds can take only two different
values: E,(2K)=E,, E,(2K+1)=E,. InSec. V, we
shall calculate the spontaneous magnetization for
this case. We find that the spontaneous magnetiza-
tion M, as T— T, approaches zero in the form
M~A(E,, E,, E;)1-T/T)® where A(E,, E,, E;)
is given by Eq. (5.52). Here the critical tempera-
ture is determined by

(1= 21 /(1+ 2,0 = 20 25, (1.5)
with
zy.=tanhB.E,, (1.6)
Zy.=tanhB.E,,
24.=tanhp.E},
and
B,=1/kT,. (1.7)

From Eq. (1.5), one sees that we can fix T, by
fixing 2, 25.. We find that A(E,, E,, E,), for fixed
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T,, is minimum when E,=E,=E; (see Fig. 2). In
Sec. VI, we calculate the spin-correlation function
(09e0oxn” for large N at T< T,, we find the correla-
tion length £(T) is given by

1/4(T) = [y, |,
where
v1={(1+28)(1 - 2523) = [(1 +25)%(1 - 252)°
-425(1 - 25)(1 - 292 }/[22,(1 - 2,)(1 - 23)],

(1.8)

and (1.9)
<omo°N>~M2<1+(ZJ;27#'I:7):ﬂﬁ) (1.10)

for large N and T< T,.

When T >T,, the generating function does not
possess a factorization of the form analogous to
Eq. (1.3). However, we are still able to find in
Sec. VII [Eq. (7.51)] that

(00000 ) ~f (25, 23, 2} /(TIN)2. (1.11)

II. KNOWN THEOREMS ON BLOCK TOEPLITZ
DETERMINANT

Before stating these theorems, we shall repeat
some of the definitions. We define a block Toeplitz

determinant as a determinant of the form
Dylal=|ay,|, 1=i, j=N, 2.1

where a; are vXv matrices. The matrix function

a(k)= ) a8, |g]=1

== 00

(2.2)

)

'
2

A(E,,E,,E

Ol 02 03 04 05 06 07 08 09 IO
E,/Ep

FIG. 2. Plot of the coefficient of the spontaneous mag-
netization [A(E,, E,, E§)/A(Ey, Ey, E;)] (Ref. 8) as a
function of E,/E{ for fixed T,, and for exp(—4B.E;)
=zy.24,= 2- 1),
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is called the generating function of the block Toep-
litz determinant.

It was shown® by Gohberg and Krein that a » X7
matrix a(e“’), whose elements have convergent
Fourier expansions [a(£)€ R,,), and whose deter-
minant does not vanish for any real 6, admit a
vight standavd factorization of the form

£1 0 -0 0
0 £2 ... 0

a(§)=a.(§) . a(&), (2.3)
0 0 £

where a,(£) [a.(§)] is a ¥ X7 invertible analytic
matrix function for 1£1<1[1£1>1], and v;(i=1,
««., 7) are uniquely determined integers (except
for ordering) called the “right exponents.”

In the scalar case (»=1), this reduces to the
known theorems of Wiener and Wiener-Levy. *
When all the right exponents are identically zero,
the matrix a(£) is said to admit a »ight canonical
factorization, or simply a vight factorization,

a(§)=a.(£)a,(£). (2.4)

On the other hand, if any of these integers are not
zero, i.e., v; #0 for some 7, the matrix a(£) does
not admit a right factorization.

Similarly, a(£) is shown® to possess a left stan-
davd factorization

21 0 «.. 0
0 &2 ... 90

a(§)=a (§) a.(§), (2.5)

0 0 ...£%
where vj(i=1, -+, ¥) are called the left exponents.

When all the left exponents vanish, the matrix a(£)
is said to admit a left factorization

a(§)=a,(ba.(t). (2. 6)

Although every nonsingular matrix that belongs
to R,,, admits standavd factorizations, there is no
method known to determine the left or right expo-
nents, nor the left and right factors a,(£), except
for some special cases.

Assuming the matrix a(£) admits factorizations,
we have the following theorems on the block Toep-
litz determinant generated by a(§).

Theorem I. If a(£) admits a right factorization,
then

lim D y,y[al/Dlal=p
N+

2m {D
exp njae ﬂ(e )]
(2' ])

SPIN. .. 3887

(Hirschman?),

Theovem II, Assume that a({) admits a right
factorization and also a left factorization, then the
limit

E[a]=lim Dyla]/p" (2.8)
Neo
exists and is nonzero (Widom®'),

In the case of a scalar (»=1), E[a] is given by

the formula

Ela]= exp(z n(k,,)(k_,,)) , (2.9)

n=1

where
1 ar -in6 i0
k= o £ de e "’ 1na(e’).

This is known as Szegd’s theorem. When the
generating function is a matrix, no analogous theo-
rem exists except for the following very special
case.

Theovem III, 1If a(£) is a ¥ X# matrix that can be
written

a(§)=f(8)a,(§)
or (2.10)
a(§)=f(§)a_(§),

where a (&) [a_(§)] is a invertible analytic matrix
function of £ for 1£1<1 [1£1>1], and f(£) is a scalar
function which satisfies

(i) f(&)#0for |&]=1,

-2

(ii) indf:EI;J Targflei®)d8=0:
0

then

Ela)= exp(;l; IZ; l(k,)(k_,)),
where

P J‘z' e’ 1n[deta(e’®)] do
Prar Jy
(Widom?!?).

Theorvem IV, Assume the matrix a(£) admits a
right factorization of (2.4) and a left factorization
of (2.5), then the asymptotic behavior for D,la] for
large N is

(2.11)

Dyla]~ uEla)(1 -TrQ), (2.12a)
where @ is a ¥ X7 matrix given by
1
= d N -1
-G f;“ﬂ £ EVM(E™)
X f n (& =)L (n) (2.12b)
Ini=1

with
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M(EN =[a (&) a (&) =L71(§) (2.12¢)

(McCoy and Wu®). Formula (2.12) is derived in
Ref. 8 for a 2X2 matrix a(¢). However, an exam-
ination of that proof shows that the same formula
holds for a ¥ X% matrix.

Since there is no such formula (2. 9) available to
calculate E[a] for an arbitrary matrix a(£), we find
the following identities and theorem most useful in
calculating the limit of Dy[a] as N—= = for a 2X2
matrix a(£) of the type (1.4).

If we multiply all the matrices a;;=a;.; (j=0, N)
on the same block row (or block column) by a con-
stant X7 matrix whose determinant is 1, the block
Toeplitz determinant remain unchanged. Hence,
we have the identity

Dy[Ka]=D[aK]= |K|"Dyla]=Dyla]. 2.13)

Since the determinant of a matrix is equal to the
determinant of its transpose, we find

Dyla]=Dyla'],

where a’(£)=aT(£).

When two adjacent block rows (or columns) of
matrices in the block Toeplitz determinant are in-
terchanged, the determinant of the resultant matrix
is equal to the original matrix multiplied by a
factor (-1)". Using this fact, one can show

Dyla]=D,[a],

(2.14)

(2.15)

where @(¢)=a(£™!). Combining Egs. (2.14) and
(2.15), we find,

(@1 (@) (@)1
(@g)2r (@2 (@.1)21
\ (@) (@) (@)1
(OooTon P =| (@1)2r  (@y)s2 (ag)ay
(@y-Din @)z (@n2)y
(@rr)ey (@ner)oz (@pez)sy
where the 2X2 matrix generating function
a(e'®)= D a;e'’ (3.2)
is
i6 i6 ib(X - x)
= = '—2——;—“——_ .
all(e ) a22(e ) b +(x _a)(x _a) (3 33.)
and
oy €% +2z,e7%)
am(e“’): -ajy(e’) = 1+21le'

ib(x+x—-2a)=2(x—a)(x—2a)
x[1+ P iGi-a)x—a) ] (3. 3b)

Here we use the notation
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Dylal=DyaT). (2.16)

Let us now restrict ourself to the 2X2 matrices.
It is implicit, in Ref. 8, the following theorem
holds.

Theovem V. If the two 2 X2 matrices g(£) and
h(£) are related to each other as

_ 0 )
o=no(P 7 e (2.17)
and h(£) admits a right factorization
h(&)=h(&) h(£), (2.18)

then in the limit N~  the ratio of the block Toep-
litz determinant generated by g(£) and k(&) is

o 2oL ]_| 1 Bl
New DN[h] h+(ot)21 h"‘(B)ll eth+(0!)deth+(ﬁ) .

(2.19)
11I. SPIN-SPIN CORRELATIONS

In this section we demonstrate that the (square
of) correlation function (0,40, ) of the nth-order
layered Ising model may be written as a block
Toeplitz determinant whose generating function is
of the form (1.4). This correlation function will in
general depend on M, but it is surely no loss of
generality to take M =0 since by cyclically permut-
ing the n energies E,(l) all other » distinct correla-
tion functions {0y o0y’ can be obtained.

It was previously shown® that (0,0,y)* can be
written as a block Toeplitz determinant

(@2 (A-ys)11 (@-y, 12
(@y)2z * (@ pi)a (@ ya1)2z
(@o)12 (@ o211 (@.y.2)12
(@g)2z (@ ys2)21 (@ pi2)oz | > (3.1)
(@y-2)1z ***(ao)y (@o)12
(@p-2)22 (@g)2: (@p)zs
[
a=-2z,sin0|1+2.e"|?, (3.4)
b=(1-2%)|1+2e?, (3.5)
with
z,=tanhBE,, (3. 6a)
z,(7) =tanhBE,(5), (3. 6b)
and 8=(kT)!. Furthermore, x, which is a function
of 6 and n, satisfies
X=(T %+ T15)/(Toyx + Tsp) (3.7a)
and ¥ satisfies
T=(Tyx+Tp)/(Toyx+ Typ), (3. o)

where
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T=Tn)=A(n-1)A(n-2)+++A(1)A(0), (3. 8a)
T=Tn)=A(0)A(1)++ - A(n-1), (3. 8b)
and
a+b? azi(l)
A= (3.9)

a 20

More explicitly we may solve Eq. (3.7) and find

Tyy = Top+ [(TrT) - 4detT [/
2T,

x= (3.10a)

and

Ty, — Tpp +[(TrTY — 4 detT |72

x= 5T,

(3. 10b)

We now demonstrate that a(e’®) can be written in
the form

a(e*®) = b(e'®) /x(e'?), (3.11)
where b(£) is a 2X2 matrix of the form
b=y b, |E]=1, (3.12)
J==n
and x(&) is a scalar function such that
2n
X2(E)= 2o x,E,  |E]=1. (3.13)
Jj==2n
Furthermore,
X(&)=x(£) (3.14)
and
detb(£) =x*(£). (3.15)
We first note from Eq. (3. 8) that
detT =detT . (3.16)

Moreover, let us write
1

((a2 +b?) Ty, +aTy, —a(a® +b?)T,, — 2T,
T=b2

2
aTyy + T, —a"Ty —aTy,

Then it is easily seen that

Tpy+aT, = Ty +aTy, (3.28)
and therefore

Y=T,, - T,, —2aT,,, (3.29)
so that

¥ -a=(Y+X1?)/(2T,,). (3. 25b)

Furthermore, using the 21 element of Egs. (3.27)
and (3.23) and (3. 26) we see that

4T, T, p*+Y2=X, (3.30)

SPIN... 3889
A(l)=AB(l), (3.17)
where
a?+b? a
A :( a 1) (3.18)
and
1 0
E(1) =<0 z§(l>' (3.19)
Then from Eq. (3.8),
T=AB(n-1)AB(n - 2)---AB(0) (3.20)
and
T=ATTA™*. (3.21)
Consequently,
TrT=TrT. (3.22)
Therefore, if we denote
X=(TrT) —4detT, (3.23)
Eq. (3.10) becomes
x=(Tyy = Tpp + X 2)(2T5,) (3.24a)
and
%= (T, - Top + X 12)/(2T,) . (3. 24b)
Consider next
Xx—a= Tll‘Tzzz—Ti?sz+Xl/2 _ Yz;jil/a . (3.250)
where
Y =Ty - Ty, 22Ty, (3.26)

and the corresponding formula for ¥ —a. Write
out Eq. (3.21) to obtain

a(a? +b?) Ty, —a2Ty, + (a2 +b?Y Ty, +a(a® + b?) Ty,
. (3.27)

~alT,, —aTy, +a(a® + 1) Tyy + (a2 + 0°) Ty

r

Then substitute (3. 25) into (3. 3) and use (3. 30) to
obtain

a,,(e%) = ayy(e™®) =ib(Ty, — Ty )X /2 (3.31a)
and
aZI(eiB) - arz(eie)
(1 +2,e70) ib(Ty, + Tpy) - Y
= 1+zlelm ZlXUgl (3. 31b)
Thus, defining
x2(e'®) = |1+ 2,0 |4"X, (3.32)
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bu(ew) = bzz(eio) = Il + Zlew ’znib(Tm - Tz1)’
(3. 33a)
and

byy(e™) = - bhy(e*) = |1+ 2,e% |2V

Xe®(1 + 2,e”OR[ib(Ty, + Tyy) - Y1,
(3.33b)
we see from (3. 31) that a(e®) is of the form (3.11).
The relation (3. 15) immediately follows from

deta(£)=1, (3.34)

which is computed directly from Eq. (3.3). More-
over, itis clear from Eqgs. (3.4), (3.8), (3.9), (3.23),
and (3. 32) that x(£) is of the form (3.13). Further-
more, since detT(£) and TrT(£) are invariant under
£~£1 Eq. (3.14) bolds.

It remains to verify Eq. (3.12).
Eq. (3.33a) and use (3.5) to write

b1y(e®) =i(1 = 22) |1 + 2™ [ V(Ty, - Ty).
(3.35)
Now neither the term with T,; nor the term with
T,, is of the form (3. 12) since T(n),, and T(n),,
each have a denominator of |1+ z,e* 12", However,
we may expand Eqgs. (3.20) and (3. 21) to obtain

Ty =a[A(n-1)- -+ A(0)],

Consider first

+25(n = D[A@n -2) -+ A(0));, (3. 36a)
and
T, =alA(1)++ A(n - 1)),
+25(0)A(1) -+« A(n —1)],,. (3. 36b)

Then use the fact that B(l) is diagonal and B(l),,; =1
)
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to show that
[B(O)A+++ B(n-2)A],,=[AB(1)+-+ AB(n -1)],,

and thus (3.37)
[B(0)A -+ B(n -2)A|f=[A(1)+++A(n - 1)],
= [A(" —2). A(O)]u .
Therefore (3.38)
Ty1 = Toy = 25(n - 1) A(n - 2) - - A(0) ],
-z3(0AQ) - A =1)]; . (3.39)

Each of the two terms here involves only a product
of n -1 factors A(l). Therefore b,,(¢®) and by,(e*®)
are of the form (3.12). Indeed, the somewhat
strong statement also holds

m~1
byy(e*®) = byp(e?®) = Zl(b,)ne“". (3.12a)

==+

Finally, consider b,,(e'®) as given by Eq. (3.33b).
Expand (3. 8) to obtain

Tpp=25(n — 1)[A(n = 2) ** * A(0)],,

+a[A(n -2) -+ A(0)];2 (3.40a)
and
Ty =@ +09)[A(1) -+ A(e - 1)),
+2§(O)a‘[A(1) cecAn - 1)]21» (3. 40b)
we use
[A(n=2)+++ A(0)]; = 235(0)[A(L) - ++ A(n = 1) ],
(3.41)

together with Eq. (3. 36) to show that

ib[ Tyy+ Tpy) = Y = (2 +ib)[ Tyy + Toy) = Tyy + Top = (a+ib) {22(n - 1)[A(n = 1) - -+ A(0)],
+25(0)[A(1) -« « A(n = Day}+ (a+ibP[A(1) <+ + A(n = )]y + 25(n = 1)[A(n = 2) * =+ A(0)]e

Therefore, noting that
a+ib=(1 - ze )(1 +z,e7)1,

we find the desired result

(3.42)

(3.43)

byy(e®) = |1+ 2, ]“”‘“((e“’ - 22" {28(n - 1)[A(n = 2) - +» A(0)]p; + ZE(O)A(L) -+ A(n = 1)],, }

+e"(1 -2, *P[A() - - Aln - D))y +€*(1 + 207 P25(n - D[A(n - 2) - - - A(O)]az) .

which is term by term of the form (3. 12).

IV. FACTORIZATION PROCEDURE

It is clear from Sec. II, that most of the theorems

are valid if the generating function admits a fac-
torization, and that we need to have the explicit
{actors in the factorization to evaluate the asymp-
totic behavior of the block Toeplitz determinant.
We shall first show how to carry out the “factoriza-

(3. 44)

r

tion” for a 2X2 matrix of the form (1.4). In par-
ticular, we shall determine the condition that such
a matrix admits a factorization.

From (3.13) and (3. 14), we find

2n
x2<£)=x2(§'l)=;; X

Therefore x%(£) has 4n roots; and if x%(y;)=0,
x%(yi)=0. Let a;(i=1,...,2n) be the 2n roots of
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x2(£) inside or on the unit circle. We can write

2n 1/2
w®)=a([Ta -aba -aie )" (4.1)
Clearly, when x(e*)# 0 (none of the 4 roots lies

on the unit circle), x(£) always admits a factoriza-
tion

X(8) =x (E)x-(8), (4.2a)

where
2n

x*(£)=A‘I'II(1 —a )R (4.2b)

and
2n

X.(£)= Hm —a R (4.2¢)
Under the condition

X(£)#0 for [£|=1,
the matrix

a(&)=b(&)/x(§) (4.3)

is factorizable if and only if 5(£) admits a factori-
zation. We shall prove in the Appendix the follow-
ing lemma,

Lemma. Let f(e*) be a function whose Fourier
coefficients f., vanish for j>n, and f.,#0. If f(£)
admits a factorization, f(£) has exactly n roots in-
side the unit circle.

Let us consider the following example. Accord-
ing to this lemma, the function

f&)=(1 -af)(1 - BEY

admits a factorization, only if f(£) has one root
outside and one root inside the unit circle. Indeed
this agrees with the fact that such a function is
factorizable if and only if either lal, IB8I<1, or
lal, 18I>1,

Using this lemma, we can prove the following
theorem.

Theovem 4.1. Let F(e'®) be a 2%2 matrix whose
Fourier coefficient F_; vanishes for j >n, and whose
determinant A(£) has a nonvanishing (- 2»)th Fou-
rier coefficient (A_,,#0). If F(£) admits a left (or
a right) factorization, then A(&) has exactly 2n
roots inside the unit circle.

Proof. If F(£) admit a left factorization

F(&)=F (§)F.(8),

then the function A(£)=|F(£)| must admit a Wiener-
Hopf factorization

A(E)= [F(&)|= |F B ||F.(8)].

Since the Fourier coefficient F_; =0 for j>n, we
have

SPIN... 3891

A(ew)= Z Azje“o)j,
j==2n

with A_;,#0. One can conclude from the above
lemma that A(£) has exactly 2n roots inside the
unit circle. The same proof holds for a right
factorization.

This theorem provides us a necessary condition
that a 2X2 matrix of the form (1. 4b) admit a fac-
torization. From Egs. (3.25) and (3.26), we have

A(E) =x*(£)=A(E™).
Therefore, this necessary condition is always
satisfied for the generating function of the layered
Ising model.

Next we shall describe the factorization proce-
dure. (a) Let us consider a 2X2 matrix F(&) of
the form

F(§)= ) F; &/, |£]=1. (4.4)
j==1
Let detF(£) have 27 roots (a;, i=1,..., —2I) inside
the unit circle. We shall show this matrix F(&)
can be related to a matrix H(£) that has the form

H(E) = ZlH,E’, le]=1, (4.5)

J==1+
where detH(£) has 21 -2 roots inside the unit circle,
provided certain condition is satisfied.
Assume among the 2! roots of detF(£), there
exist a pair @, and a,, such that

Fylay) |, Fyy(ay)

le(al) le(az) : (4. 6)
Let®
_Fuley) _ Fip(ay) @

- Fyay) Fylay)

[the second equality holds, because o, is a root of
detF ()] and

_ Fa;(ag)= Fpp(ap)
Har= Fyla,) Fplay)”

We can always identify the roots in such a way
so that K;, and K, are finite.
Consider now the matrix

(4.8)

G(&) =K 'F(§) (4. 92)
( 1 ‘K12>
= -1
=(1 - Ky, Kyy) r2 Ky 1
(Fu(i) Fu(§)>
' Fp1(8) Fpo(8)/ ° (4. 9b)

From Eqgs. (4.7) and (4.9), we find
G(ay)yy = (1 = KoKy )3 (Fyy(0ry) = KypFay(@)] =0
(4.10)
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and
G(ay)=0.
Likewise, from Egs. (4. 8) and (4.9), we find
G(a3)21=G(ap)5=0. (4.11)
This means that we can write
G(&)y;= (1 =, EHH(E),,.
G(&)yp=(1 —a,E™HH(E)y,
and (4.12)
G(&)p1= (1 — a8 HH(E),,,
G(&)pa=(1 —ap™HH(£),,
where H(£) (v, s=1, 2) have the following forms:

H(g)rs= Z (Hi)rsstj’ ’5,:17 ')/, S=1, 2-
==l41 (4' 13)
We can now rewrite Eqs. (4. 9) as

1-a,t! 0 )
0 l_azg-l H(i),

where H(%) is defined by Egs. (4.12) and (4. 13).

When Eq. (4.6) is satisfied, so that (1 —-K,K,,)
#0, the constant matrix K defined by Eq. (4.9) is
a well defined matrix whose determinant is unity.
According to Eq. (4.14), we also have

detG(£) = (1 — &N - £ ) detH(E).  (4.15)

Since 1G(£)] has 2! roots inside the unit circle,
the determinant of H(£) has 21 -2 roots (a;, i=3,
««+, 2n) inside the unit circle.

(b) Similarly, we can show that if

G(£)=K( (4.14)

Fy(ey), Fylay)

. 4.16
Fipla,) Fpla,) ( )
there exists a matrix H*(£) of the form
HY®)= 2, Ht', |&|=1, (4.17)
J==1+1

whose determinant has 2! — 2 roots (a@;, {=3,...,2l)
inside the unit circle, such that

1-a 8t 0
F(€)=H*(£)< o 1_%5_1),{*‘ (4.18)
where
6]
K=l — Py “1 . (4.192)
Flz(al)
with
Ty _(Fulen))(Fala)\]
c—[l (Fm(al))(Fu(az)ﬂ : (4.19b)

(c) Consider now the 2X2 matrix b(¢) of Eq.

(3.12), whose determinant has 2n roots (af'; i=1,
,2n; la;l <1). When

b”(a;) ¢_b]1(a2)
boy(ary)  byylap)’

according to (a), there is a matrix b‘V(&) of the
form

()= DD e,

(4.20)

(4.21)

F==n+l
whose determinant detb'?(£) has 4n - 2 roots (a3';
azl; afly i=3, ..., 21 o;<1), such that
1-a,t! 0 )
W )
b(E)=K ( 0 1oqu) PO @22

Again, if

by (arg) |, b7 ()

s 4.23
BCAMPIEN “.29)
there exists a matrix b‘®’(£) of the fcrm

b5 = 2 bPET, [t]=1, (4.24)

j=n=2
such that
1 —035-1 0
b“)(E)zK(Z)( ) b(Z)(E)
0 l-a,t! :
st (4. 25)

We can repeat the same argument z times. We
find, that when n such conditions (4.20), (4.23),
etc., are satisfied, there exists a matrix b‘”(£) of
the form
n
pP(E)= D omE, g]=1 (4. 26)
i=0
whose determinant has 2% roots (a3}, i=1, ..., 2n)
that lie outside the unit circle, such that

b(E)=eM(£)e® (&)« e (£)D (),
(4.27)
where

1 —az,-_lif'l 0
> (4.28)

0 1 —012,~£'1

Clearly, b‘™(&) given by Eq. (4.21) is analytic in-
side the unit circle. Since detb‘™(£)#0 for [£[<1
(all its roots lie outside the unit circle), b (¢) is

invertible for | £1<1. On the other hand, the ma-
trices e (&) are analytic invertible functions out-
side the unit circle. Therefore, we have carried

out the right factorization for the matrix 8(£), with

e(i)(£)=K(i)<

b_(g) - e(l)(g)e(Z)(g) . ‘e(n)(g)[K(l)K(Z) cee K(n)J-l
(4.29)

and
1)*(£)=K(1)K(2) '“K(")b(")(i). (4.30)

We find it convenient to choose b_(£) such that
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b(®)=1I, (4.31)

(d) We shall consider the case of n=2, to show
what happens, if the n conditions (here n=2), as
given by Eqgs. (4.20) and (4. 23), are not satisfied.

Consider a 2X2 matrix b(£) of the form

2
b(EY= D87, E]|=1,

(4. 32a)
Jj==2
whose determinant has the property
detb(e*®) = detb(e™ ) # 0. (4.32Db)

Let a;(i=1, ..., 4) be the four roots of detb(&), that
lie inside the unit circle.
Case 1. Assume

byylory) _buglarp) _ byy(ag) _ byy(ay)
bar(ay)  bay(ag)  bay(ag) boylary)”

(4.33)

This means condition (4. 20) is not satisfied.
Consider the matrix

1 =byy(a,)/byy( 1))
0 1

<bn(§) 1’12(£)>
) b2 (8) bp(8) /7

A(£)=R'lb(5)=<

(4. 34)

We find
|

SPIN. .. 3893
A byy(ay)
1(8)=04(8) - by (8), 1=1, 2 (4. 35)
by(ay)
and also
Ap(8)=0,(8), 1=1, 2. (4. 36)
By the assumption of Eq. (4.33), we have
Ay(a;)=0 fori=1, 4. (4.37)

Since

byy(@)bga(a;) = byp(a )by (@) =0 fori=1,..., 4

we also have, from Eq. (4.33), that
Ap(a)=0 fori=1,..., 4. (4.38)

It is evident from Egs. (4.35), (4.36), and (4. 32),
that we can write

A(£)=E'22A,€j. (4.39)
Using Eqs. (4.37) and (4. 38), we find
A(E) = (1 —a (1 - apt™)(1 - ayE™)
X(1 -0, Byt (4. 40)
where By; (I =1, 2) are two constants. Let
By, (§)=By;, 1=1,2
(4.41)

BZI(£)= ng(g)m , l= 1, 2.

It is clear from Eqgs. (4.39) and (4.41), that B(£) is a matrix analytic for 1£1< 1. Using (4.40) and (4.41),

we can rewrite Eq. (4. 34) as
(1=, 51— a8 (1 = ™) (1 - ayt™)

b(£)=R(
0

Since detb(£) has exactly four roots (o, i=1, 4)
inside the unit circle, we find, from Eq. (4.42),
detB(£)#0 for |£1< 1. Clearly, Eq. (4.42) is the
right standard factorization of the matrix b(£).
This means when Eq. (4. 33) holds, the matrix b(£)
of Eq. (4.31) has nonvanishing right exponents

v1=2 and vy,=-2.
Case 2. Consider now the case

bulay)

_ -1_ byy(ay)
7 by (ry)

2 bp1(az)”
According to (a), the matrix

_ =1\-1
B(£)=<(1 o7 0 )
0 (1 —0125-1)-1

K

(4.43)

1 -Ky e
X b(E)(l "KIZKZJ.) (444)
- Ky 1

is of the form

£ 0
)( _>B(&).
0 £°

(4.42)
f
2 .
B&)=2 B, (4.45)
j==1
In order to violate Eq. (4.23), we assume
Byy(a,) _ Bylay) (4. 46)

Byy(ary) - Byy(ay)

We multiply B(%), defined by Eq. (4.44), from the
left by a constant matrix

. (1 -1311(013)/521(“3)>
ST = 0 1 s

(4.47)
and let
C(&)=S"1B(%). (4.48)
When Eq. (4.46) holds, we have
Cylay)=0 forl=1, 2, (4. 49)

and also
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C"(OI4)=0 for l=1, 2. (4.49b)

According to Eqgs. (4.45), (4.48), and (4.49), we
can write

C“(E) = ‘E(l - 0135-1)(1 - 0145-l)D11(§), l= 1, 2,
(4.50)
where D,,(£)(I=1, 2) are linear polynomials in &;
and also

sz(5)=bzx(5)=§-lDat(€), (4-51)

where D,,;(£) is a cubic polynomial in £. Conse-
quently,

(1 -8 (1 -ak™t) o0\/¢ O
B(£)=S( )D(E),

0 1/\o &1
(4.52)
Let
1 -Kyp
K-l’-‘(_ K, 1 )(1 - K1 Kpy) 2 (4.53)
and
((1 -a,&™" 0 >
F(¢§)=K o (1 = ayt™)
<(1 —0135-1)(1 ‘a4£-1) 0)
xS 0 1 (4.54)
We can rewrite Eq. (4. 44) as
£ o0
B(£)=F(£)<O g.1)D(£). (4. 55)

By Eq. (4.54), we find F(£) analytic and invertible
for 1£1 >1. Since the elements of D(£) are poly-

nomials in &, D(&) is analytic inside the unit circle.

According to Eqs. (4.54) and (4.55), we find the
four roots of |D(&)| lie outside the unit circle.
Therefore, Eq. (4.55) is a standard factorization
of b(£{). We conclude, when Eq. (4.20) holds, but
Eq. (4.23) does not hold, the matrix b(£) of (4. 26)
has nonvanishing right exponents

v;=1land v,=-1.

This shows that the conditions

bulay) , byy(as)
bay(ay)  byy(ay)

and (4. 56)

Byy(as) , By(ay)

Byi(ay)  Byy(ay)
are the necessary and sufficient conditions that a
matrix b(£) of the form (4. 26) admits a right fac-
torization.

In the next paragraph, we shall describe the pro-

cedure that enables one to calculate the block
Toeplitz determinant Dy[a], generated by the ma-

trix of the form (3.22), in the limit N~ «.'* Accord-
ing to (b), there exist a matrix 5‘*(¢) which has

the form (4.21), and whose determinant has 2n -2
roots inside the unit circle, such that

1-q,t! 0

0 1-az£">K(”’ (4.57)

b(§)=b“’(£)<

where K'Y is a 2X2 constant matrix whose deter-
minant is unity.
Let

a'(£)=b"V(&)/x(8). (4.58)
Thus the matrix a(£) of Eq. (4.3) is related to
a’V(&) as
1 _alg-l 0 >
(1)
0 1 -t KD, (4.59)

Now we can use identity Eq. (2.15) and Theorem
V to calculate the ratio

r,=1lim Dy[a]/Dy[a‘?].
Neow

a(£)=a“’(€)<

(4.60)
Repeating these steps » times, we obtain the
ratio

7y=lim Dyfal/Dyla®],

(4.61)

where a'™ () is equal to a scalar function 1/x(£)
times a matrix function 5‘”(£) which is an inverti-
ble and analytic function for 1£/<1. For such a
matrix a'™(£), we can use Theorem III to calculate
the block Toeplitz determinant Dy[a'™] in the limit
N-=, Consequently, we find the block Toeplitz
determinant Dy[a], when N~ is

lim Dy[a]=7,lim Dy[a‘™] .
Neew New

To calculate the asymptotic behavior of Dy[a],
for large N, generated by a matrix (4. 3) that admit
a factorization, we can simply substitute into Eq.
(2. 12) the left factor obtained by the procedure de-
scribed in (c).

V. GENERATING FUNCTION AND SPONTANEOUS
MAGNETIZATION FOR THE CASE n=2

In the following sections, we shall study in some
detail the simplest nontrivial problem of the lay-
ered Ising model; we consider the lattice whose
horizontal bonds are all equal to E,;, and whose
vertical bonds can take two alternate values:
E,(2K)=E, and E,(2K +1)=E,. We have shown in
Sec. II that the spin-spin correlation function
(0goTon? is a block Toeplitz determinant Dy[a] gen-
erated by a 2X2 matrix a(e*®) given by Eq. (3. 3).
It was also shown that the matrix a(£) can be written
in the form (3.11), i.e.,
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a(£)=b(8)/x(£). (5.1)

Here, in this simple case, the 2X2 matrices T
and T defined by (3. 8) become

((a2 +b?¥ 2%z, azi(a®+bP+z ;2)>
T= .2a
a(a? +b% + z,%) a%zl+ 22z3? (5. 22)

and
1

SPIN...
((a.2 +b?)? a2k azyi(a’+b?+25) )
“\a@?+b?+2%) a?z,% + 282 5°

Consequently, Eq. (3.33a) yields

byy(€*) = bya(e ™)

=2y(1 - 23)(2 - 2°) (e - 7).

by Egs. (3.29) and (3. 33b), we have

byy(e'®) = = byp(e ') = {[(1 + 22)(1 + 2,23) — 24(1 = 223)(e*® + €7*%)]

X[22)(1 + 2,23) = (1 = z525)(€* + Zie™")] = 2,(2, — 23)7(e¥ — &) (e - 2fe™*)} .

Likewise, Eqs. (3.23) and (3. 32) yield

X2(e'%) = [1+2,6 Y (a2 + B = 2,23) —1a(z, + 23)|[(2% + b = 2p25) +ia(2, + 2,5)]

x[(a? +b? + 2,235) —1a(2, — 25)[[@° +D + 2,25) +i8(2, - 23)] .

Let

Py(e'®) = |1+2,e"|P[(a% +b® - 2,23) —ia(2z + 2;5))

=(1+22)(1 = 2325) = 2(1 = 2,)(1 — 23)e™® = 2,(1 + 2,)(1 + 25)e”*®

and

Py(e®) = |1 +2," |Y[(a®+1% +2,2,)+ a(2;, — 23)]

=(1+22)(1+2,23) — 2,(1+ 2,)(1 - z3)e*® —z;(1 - 2,)(1 +z5)e*’.

Clearly, Eq. (5.4) becomes
X2(8) =P, ()P (EP,(§)P,(£7Y).

Let v, and ;! be the two roots of the quadratic polynomial P,(£), and let y, < v3t.

We find

y={1+ 231 = 2525) = [(1+ 22(1 = 225 = 425(1 = 25)(1 - 259) 12}/ [224(1 = 2,)(1 - 23) ],

and

Yz={(1 - z)(1 —Zé)/(l +2,)(1 +Zé)]')’1 .

3895

(5.2b)

(5. 3a)

(5. 3b)

(5.5)

(5.6)

(5.7

(5.8)

(5.9)

Here, we choose (x)'”2 >0 for real and positive x. Let y, and v3! be the two roots of P,(£), and let Y3<Vi.

We find

ye={(1+23) (1 +2525) = [(1+ 222(1 + 2,2 5% —425(1 - 25)(1 - z52) |12 V22,1 +2,)(1 = 23)]

and
(L+2)(1-2))
Aoz
It is evident from Eq. (5.7), that x?(£) has eight
roots (y%!, i=1, 4). Therefore,
x(8) =231 = 25)(1 = 222)[(& —v1)(E =73
X (& =ya)E =YL =7 ED( =72
X (1 —y5E )1 =y, EH]2.
It is easy to verify that, when 0=2z;=<1, 0=z, =1,
and 0=z,=<1, we have (i) v;=0, i=1, 2, 3, 4; (ii)
v3(23, 22)=v4(2s, 23); Y3=Y4 When z;= zp; (iii) 0<v,
<y Sys<yyfor z;=zp; (iv) va, v, and y4<1; (V)

when T =T, [that is, when (1 -2,/(1+2,)% =223,
we have v, =1 and when T >T, [(1 - 2,)?/(1 +2,)°

(5.11)

(5.12)

(5.10)
r
>z,2,], we have y,<1. Since
by1(8) = bpa(8) = - by (E7Y) (5.13)
and
byp(8) = °b21(£-1)~ (5.14)
we find
bu(’)/i) b1z(')’t) b21(‘/;1)
= = =+ forally;,. 5.15
bm(’)’i) bu(?’;) bu(’)’il) 4 ( )
It can be shown that
byy(v1)  bay(ve)
= (1+2)(1+z2)v7t +2,(1 = 2,23) (5. 16)

!
Ry =23
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and

b“(')/;) == b;1(74)
bar(vs)  ba(vs)

(1 =2)(1 + 233t =21 +2,25)
N Zy+23 ’

(5.17)

Since v, 74<1 for any temperature, Eq. (5.17)
implies that condition (4. 37) holds. This means
that b(£) belongs to the class described by case 2
in Sec. IV, case (d).

Let
V=by5(r1)/ b2y (71) . (5.18)
W =by,(¥3)/ba1(73) - (5.19)

Consider the matrix

(1 =y & hy!
B(5>=< ’ . 1)K"b(£>,
0 (1 -y &7
(5.20)
where
. 0 -w
K=
\/_< 1 > : (5.21)
From (5.20), we find
Byly) . v-w l- m,
5.22
Bu('yl) YT e vV+w 1- 73)/1 ( )
By(vy) _  v+wl 78 5.23
By (72) YV 1‘73751 ’ (5.23)
and
By, (1Y) 1-wrl-vy,
= . 5.24
B,,(v3h) “Trov1 - Y"1 ( )
It can be verified that
B”(V‘) =B]](72) (5.25)
321(71) 321(7’2)
and

B21(7’1 ) Ba1(‘)’a)

When T >T,, v, and ¥,< 1. Since Eq. (5.25)
holds, the matrix b(§) admits a right standard
factorization with nonvanishing right exponents v,
=1and v,=-1. Whereas, yi' and y,< 1 for T< T.,.
Because of Eq. (5.26), the matrix b(£) admits a
right factorization.

Let

Q12 =Bu(7;1)/Bz1(')’;1) (5.27a)
and
Q21= B3y (¥2)/Byy(v2) . (5.27b)
Furthermore, define
1 @
Q=(1- Q12Q21)"1/2(Q21 ;2> . (5.217¢)

According to Sec. IV, case (¢), we can write

1 _73E-1 0
b(£)=K< >
0 1 —7445-1

17t 0
XQ( )C(E),
0 1-y,&!

where C(§) is a 2X2 matrix whose elements are
quadratic polynomials in £, and whose determinant
does not vanish for 1£1<1, at T<T,.

Let us rewrite (5.12) as

(5.28)

X(8) =x.(E)x.(8), (5.292)
where
X-(E)=[(1 =y EN(1 —7E™)
X(1=yg™ (1 -y, &H]2 (5. 29b)

and

X.(£)=25(1 - 29)(1 - 2;?)

X[(& =y (& =va)(E =v3)(E =viD]2.
(5.29c¢)
The matrix a({) of Eq. (5.1) admits a right fac-
torization

a(f)=a.(&at), |£|=1 (5.30a)
where

a,(£)=KQC(£)/x.(£) (5. 30b)
and

1 -yt 0 >

11—y 0
w(

0 1 _yzgq)Q"K'l/x-(E)-

(5.30c)
From Egs. (5.13) and (5. 14), we find

- (—au@) —a12(£)> <o i) (o >
AED=\ a8 —am(e))\i 0/*ENi o/

(5.31)
Therefore, a({) admits a left factorization
a(§)=a(Ea.(), (5. 32a)
with
0¢ 0 -:
&*(5)=<z 0>a-(£")<_i 0) (5. 32b)
and
0 0 ¢
5-(§)=<i 0>a+(5'1)<2. 0). (5.32¢)

As mentioned before, the generating function
a'(£) of {0,00.x)? can be obtained from a(£) by inter-
changing z, and z,. Hence we have
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—ay(8) alz(ﬁ)) <i 0 ) (l 0)
a(£)=< @z (8) - az(8) “\o -i a(®) 0 -/

Consequently, using (2. 15), one obtains

(00000n ) = (014014 - (5.33)

By considering the symmetry of the system, this
identity (5. 33) is also evident.
Accordingly,

M2 =1im (0gy00x )
Nooo

(5.34)
is the spontaneous magnetization of the second-
order layered Ising lattice.

A. Spontaneous magnetization for T< T, (yj'<1)
Consider the matrix B(£) defined by Eq. (5.22).
It is easy to show that
B, (rH bu('}’;l)
-2 = = =V 5.35a
B(¥1) b12('>’11) ( )

and

811(72) - bu(')’z) =i
By3(vz)  by(ys) v

Therefore,

(5. 35b)

Bu(?/;l) B;z('}’z)
Bu(iD) ” Bpl)

Hence, from Sec. IV, case (b), we can write

1 —‘y}lﬁ'l 0
B(5)=G(E)< )Kz,

T (5. 36)

where

1 +v
Kjl=(1+08)12 N 1

v

and G(£) is a 2X2 matrix whose elements are
quadratic polynomials in & and |G(§)I#0 for | £
<1. From Egs. (5.20) and (5. 36), we obtain

1 -y, 0
b(£)=K< 0 1—n£“>
(5 e
xGE\ L —yet) Ko (5.37)
Let
P(£)=G(&)/x(¥) (5.38)
and
1—-)/32‘1 0
Q(£)=K( 0 1—y4£'1>G(€)/X(g)' (5.39)

. DN[ a] [G('Yz)uc('}’zl)zz - G(Yz)zLG(')’jl)m][G(74)11G(73)22 - G(')’4)1aG(')’3)zLJ

lim =

SPIN... 3897

By Egs. (5.1), (5.37), and (5.39), we have
1-yjigt 0
a(E)=Q(£)< . l_yzg_l)xz.
Using identity (2. 15) and theorem V (in Sec. II),
we get

tim 2] :
v Dy[Q] det@,(v1!) detQ (v2)

(5.40)

Q+(‘y;1)22 Q+(y;1)12
Q.(72)2z  Q.(v2)1

(5.41)
It is obvious from Eq. (5.39), that @(£) admits a
right factorization

Q(£)=Q.(5)Q.(5), (5. 42a)
with
Q.(E)=KG(£)/x,(§), (5. 42b)

where X,(¢) is given by (5.29c¢). Substituting Eq.
(5.42b) into (5.41), we get

. DN[ a) _ 1
m o TRl "X

G(riNee GO
X

Glr2)ar Glra)u
Next, we compare Egs. (5.38) and (5. 39), and find

. (5.43)

1 -y, 0
Q(£)=K< o 1 _hg-l)P(é). (5.44)
Therefore,
1—y,tt 0
QT(£)=PT(£)< 0 1 _m_l)KT. (5. 45)

Again, making use of Eq. (2.15) and theorem V,
we find

. DRT] 1

B PT] XLk
G(v3)e2 G(v3)ay
8 Gy Glran

where we have used the fact that P7(£) admits a
right factorization

PT(&) =[1/x-(BGT(&)/x.(®)],
with
(PT),=GT(§)/x.(8).

Combining Eqs. (2.18), (5.45), and (5.43), we
have

, (5. 45)

(5. 46)

N=ow DN[PJ

According to theorem I in Sec. II, we have

XX e X i, (r2)
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p=limDy 4(P)/Dy(P)=1.
Newx

Since P(£) is a scalar function 1/x(£) times a matrix function which is invertible and analytic for |£1<1,

we can use theorem III.
Since

det P(£)=[(1 =771 =281 —758™) (1 =y, &™),

we have k,=0. Therefore

}vimDN[P]=1. (5.47)
From Eq. (5.37), we can compute G(v;);;, and find
G1(72) = byy(v2)(1 + V™)1 + V222712 /(1 —y31)(1 —v7'y3Y) .
Goy(v2) = by (¥ ) (™ = ™) (1 + A 22712 /(1 —y 3 )(1 —v793Y),
Goa(¥1) = by (VN1 + 0 ™)L + V222712 /(1 —y i))(1 = v,yy),
Gra(r1) = by (W™ = )L+ V) 2272 (1 —y gy )(1 = 7474)
and (5.48)
Gi(74) = byy (v (1 + w0)22(1 + 3) 12 /(1 =y i1 —viv3h),
612(74) = bu(’h)(V - w)zl/z(l + Vz)-l/z/(l -?’3')’;1)(1 - ')’a)’;l) s
Gaa(v3) = by (v3)(1 + Vw-l)zuz(l + Vz).l/z/(l —74751)(1 —727?) ,
Goy(v3) = by (vg)(w™ = »)212(1 + 1212 /(1 —7r3)(1 =vi3h .
Substituting Eqs. (5.4%7) and (5. 48) into (5.46), we obtain the remarkably simple result

As T—~T,

R LRI EC R N (5.50)
Therefore, for T~ T,,

M~A(E,, E,, E;)(1-T/T)"®, (5.51)
where

e, £y £y -Cgetpic (glespdd il

><{-——*——-(1 PN SR TS S Y| (5.52)
22)(250 + 23¢)
r
In Fig. 2 we plof A(E,, E,, E;)A(E,, E{, E)" as a 1 -yt 0
function of E,/E;, for E, and T, fixed. b(£) =K< o . -‘/45'1>
B. Spontaneous magnetization for T>T, (y,<1)

Because (1 -y, 0 > ,
Byy(71)/B1a(v1) = b1y (v1)/bpa(yy) = V7F, (5.53a) e 0 1y, £ 5.54)
B11(v2)/Bya(v2) = 011(v2) /b1a(y2) = = v, (5.53b) where

we find . 1 ( 1 u> 5. 540)
B11(r1)/B1a(r1) # Byy(v2) /B1a(v2) . (5.53c) VE\-vt o1 .

Therefore, we can write

and G*(£) is a 2X2 matrix whose elements are
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quadratic polynomials and whose determinant
IG*(&)l #0 for 1£1<1,

Note the matrix B(£) given by Eq. (5.22) admits
a right factorization because of Eq. (5.53c), and
does not admit a left factorization because of Eq.
(5.25). Similar to the derivation of Eq. (5.486), we
can derive the following formula for T> T

}Ii‘m Dy[a]=[G*(y2)1sG* (7y)ez = G* (¥2)21G*(71)s2]
X [G*(74)11G*(73)22 - G*(74)1ZG*(73)21/
XV I P2 X (V3K (V) - (5.55a)

Here
X(8)=23(1 - 25)(1 - 2%

X[(& =yiE =2 )& =y )E =y 2.
(5. 55b)
Since

1—v,¢? 0

Bm:G*(E)( 0 1—yz£">K"

we can show

3(71)11/5(71)21 = G*(71)12/G*(71)22

and

B(Y2)11/B(Y2)21 = G*(¥2)11/G*(72)21 -
Because of Eq. (5.25), we find,
M*=1im Dy[a]=0 for T>T,.
N~

VI. ASYMPTOTIC BEHAVIOR OF (0000on) FOR T< T,

We learn from Sec. V, that the generating func-
tion a(£) of (0ge0ox ) = Dy[a] admits a factorization
for T< T, but it does not admit a factorization for
T>T,. Therefore, we can use theorem IV to cal-
culate the asymptotic behavior of {oy,0qy) for
T< T, but not for T >T,. We shall restrict our-
selves to the case of T< T, in this section, and
defer the discussion on T >T to Sec. VII.

Rewriting Eq. (5.30c), we have

gNEYH o0
“'(E)=K< 0 g(&"))
h"(&“) 0
XQ( 0 h(g-1)>Q‘1K“, (6.1)
where
h(E)=[(1 -728)/(1 -7 (6.2a)
and
g(8)=[(1 =7,£)/(1 —y4E)]'2. (6. 2b)

By Eq. (5. 32b), we have

3 (0 i) (g'l(ﬁ) 0 >
aB=\; o/E\ o g

SPIN. .. 3899

<h‘1(E) 0 ) <o i >
-1pr=1
A o ww/E N of 6D

We substitute Eqs. (6.1) and (6. 3) into (2. 12¢),
and let

(g(z") 0 ) (o 1>
—-Nn-1 -1
DE=RT\ o gen/F\1 0

(g"(s) 0)
I TIVAS (6.4)

to obtain

M(E™) = L7} (E) =[a.(£)] a ()

WEY 0 g 0
=KQ< 0 h'*(&"))”“’( 0 h(&))

0 ¢
XQ"K*(_i 0). (6.5)
Consequently,
hEYH 0
0 h"(&")>

<h"(£)h(n) 0 >
DO\ o i

Bty 0
XD-I(T’)< 0 h(n-1)>Q-1K-x
(6.6)

M(EML(m) =KQ<

and
Tr[M(£)L(n)]
= h(EH)D(E)y, KHERMD™ M)y A7 (™)
+ R(END(E) 1 h(EYRHM)D™H (M) yh7 (™)
+ B END(E)p 7 ERM)D™ () k(™)
+ B EDD(E)h(EYE MD (M)geh(™) . (6.7)

Consider now the integral
TrQ = —i-z f dt dn(é )N (n-£)?
@7 Jigpa Jaa \M

XTr[M(EY)L(M)] . (6.8)

Since the singularities of the function g*!(£,;) and
K*1(£*1) are the eight branch points at v, v3', v3!,
and y3!, the integrand which is a product of these
functions, has cuts from y, to y;, and from y, to
'y;‘, inside the unit circle and cuts from v, to 'y;‘,
and v;! to v;! outside the unit circle. We deform
the contour of the integration variable n to be the
lines above and below the cuts outside the unit cir-
cle, and deform the contour of integration of £ to
be the lines above and below the cuts inside the
unit circle.
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One can see readily that the integration of n
from y3!, to 'y;‘ gives rise to a term proportional
to v¥, while the integration of n from v, to v;!
gives rise to a term proportional to y;¥. Hence
for large N, we can neglect the former. For the
same reason the integration of £ from y, to v, is
neglected. Now the integral (6. 8) becomes

Trﬂ———gfn dt f dn( ) (n-¢8)?

xTr[M(EHLM)]. (6.9)

Note that 4(£7!) is divergent at £=y;' and A(n) is
divergent at n=7v,.
One can show that

D(&)=D(£™)
and
Du(?’-xl) = D;%(Vx) =0.

Therefore, there exists a function R,,(£) such
that

Du(g) =(1 —71§)R11(£)
and
Dii(m) =Dy (M) =(1 =y m™MRy, (7). (6. 12b)

Substituting Eq. (6.12) into (6. 7), we find that the
second and third terms in Eq. (6.7) are the most
singular terms of the integrand.

Let

R(&, m)=(1 =y E)2(1 =y ) 2(n - £)2
X[R(E)D (£ (D, (7R (™)

+ I EN Dy (EYH(E)R(M)D (R ].
(6.13)
The integral I, due to the second and third terms
of Eq. (6.7) is

-1 -1
-1 ™ 74 £V
et (Mar [ an(®)

Ty !

(6.10)

(6.11)

(6.12a)

R(E, M1 =y )12 =y iy (6.14)

Expanding R(£, 1) about £=v;' and 7" =y7!, we have

R(E, n)-}:R,m(l v =y ™, (6.15)

1, m=0

where (—'yl)""'”R,,,, are the Taylor coefficient of the

above expansion. We find
Ry=0, (6.16a)
Ryg =Ry = Dyp(v1") Dy (¥1) (01 -7, (6.16b)
Consequently, Eq. (6.14) becomes
12=—_;21— ZleIlim’ (6-17)

1, m=0

where

I= j d%i”(l 718"

~ ;(Nmﬁ(“ L N+1) (6.18a)
and
- 7'1 - -1\ m=
L= [ dnn™(1 -y ty™ie
~yi¥DR(m 43, N=1). (6.18b)

For large N, the § functions in Egs. (6.18) be-
have as
B(m+3, N+1)~B(m +3, N =1)~T(m +3)/N/2*m,
(6.19)
Substituting Eqs. (6.16), (6.18), and (6.19) into
(6.17), we get

~(1/7%)Dy(v7)Dsy (v, =771
X(Ijo +10i1) +eee (= 1/77)D1z(711)D21(7-11)

X(yy =B 2Y/NE 4y PV XO(1/NY) . (6.20)
Since detD(£)= -1, and D,(y;}) =0, we find
Dy (YD Dy (i =1. (6.21)

Clearly, because Dy,(y;')=0, the first term in Eq.
(6.7) gives rise to a term of the order y;2¥/N% and
the integral due to the last term of Eq. (6.7) is
also of the order y;?¥/N°. Hence we get

TrQ= ———Tg—/"NaVZN '”XO(N> .

Therefore, the spin correlation for large N at
T<T,is
(00000n ) =Dyla] 2~ M*(1 - 3 TrQ)

1
~Mz(l +—2- ——1—2-(71 +71 (F)) B
(6.22)
where M is the spontaneous magnetization given by
Eq. (5.49).

VII. SPIN-CORRELATION FUNCTION FOR T > T,

When T>T,, v;<1 (i=1,..., 4), the matrix a(£)
is not factorizable. To calculate the asymptotic
behavior of {0go0oy?, let us consider the matrix

Eb(E)y  bya(8)
Sm:( bas(8) »:'lb(&)a) : R
Let
r(§)=s(&)/x(8). (7.2)
Clearly,
£ayy(8)  ap(d)
’(5’=< az4(8) s'1a22<£)>' (7.3)
The matrix s(£) still has the form
s(§) = Z s,/ (7.4)

j=-2
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since dets(£)=detb(&), dets(£) also has the eight
roots (y%l; i=1,..., 4; y;<1).

It shall be shown that the matrix »(£) admits a
factorization. Therefore we can use the method
described in Sec. IV, case (d) to calculate the
block Toeplitz determinant Dy[r].

In the following paragraph we shall derive the
relation of the block Toeplitz determinant Dy|a] to
the block Toeplitz determinant Dy[7].

Since
-2
r,:zinjo e (et de (7.5)
J
(7’1)11 (70)12 ("o (o
(7921 (")az (a))ar (og)en
(), e (M
(71)21 (70)22 (Yo)oy  (721)e2
DN[“J= ' )

i vz v a2z
(Yw-1)zy (Tyez)ea (Yyez)ar (Fyoglea *

Interchange the (2j — 1)th row with the 2jth row for j=1, 2, ..

(w2 oy
(renadar (Foy)ae
(o) (Tayudduy (Feyad)io
(Tewiedor (oyai)ze

SPIN... 3901

and

a :ifz,e'“ea(eia)de (7.6)
o7 ), 2 .

by Eq. (7.3) we have
(@)1 =1y (@)= (7

and (7.7
(@)e1=("are (@))pe=(Vpey)s -

Accordingly,

(7.8)

(7o)12
(7-1)ez

«, N, and the interchange the 2jth column

with the (2j+1)th column for j=1, 2, ..., N -1, the 2NX2N determinant in Eq. (7.8) becomes

(oo (ardar (7p)ee
(rIn (o) (7o
(1)1 (o)ar  (Pohs

Dyla]=(-1)"(-1)"!
(ry-Dn Pye2d (VN-é)IZ

(ry-ar Twzder (Pwoz)ee
(o y-du Py

(7_y.1)21 (V-Nu)zz (V- N2z
("oydin (Veni2iz (Y-y a2
(o2l (Papizdee (opip)es

(7.9)
o (7o) (e
(70)e1 (Y012 (7-1)22
o m (71)12 (M

Comparing with the 2(N +1)X2(N +1) determinant Dy,,[¥]=detT, [T denotes the 2(N +1)X2(N +1) matrix gen-
erated by #(£)], we find that (-1)Dyla] is a co-factor of | Ty , Ty oy |- [That is, (= 1)Dy[a] can be obtained
from Dy ,[7] by striking out the first row, the last row (2Nth row), the second column and the (2N - 1)th

column of the matrix 7. ]

Consider the following systems of linear equa-
tions:

N X\ /1
Zrl,m x2)= 0 51'0. l=0,.-.,1\",

(7.10)
m=0
and
N vL 0
;%y,,m<yi>=<l>6,,,v, 1=0,...,N. (7.11)

Using Cramer’s rule, we find from Eq. (7.10),
xg=cof [T ,| /detT (7.12a)

and

xy=cof | Ty sy, | /detT, (7. 12b)

and from (7.11), we have

.
Vo=cof [Tyy,zz| /detT (7.12¢)
and
Vi=cof | Tpy pyy | /detT . (7.12d)

By Jacobi's theorem!® on minors of the adjugate,
we find

x93 «}
2 "W\ -Dyla] _-Dyla]
v yL |7 detT T Dy [v]

We now may proceed to factorize the matrix »(&).
Note that

X=

(7.13)

$11(73)/$21(v3) = 75w

and

S11(v4)/Sa1(vs) = = v4w;
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therefore,

311('}’3)/321(73) # 311(74)/321(')’4) .
Let

(1 =y & 0
v(§) =<

0 Qa _74§-1)-1) Rls(), (7.14)

where
1 —YaWw

R'=(1 +y37;‘)'”2<(74w)-1 ) ) . (7.15)

One finds
- -1 -

MO S bw. e

and
-1 _

HeR I WS e )
and it can be shown that

v13(71)/V21(v1) #011(¥2)/v21(¥2) - (7.17)
Let us denote

Wia =035(71)/Va1(71) (7.16¢)

Way =05y(v2)/v11(72) (7.164d)
and

1 -W
wi=(1- W;mm"“(_ W, 1 > (7.18)

According to Sec. IV, case (a), the matrix

((1 _'Vlgq)-l 0
O 0 aeme

)W“v(&) (7.19)
is a 2X2 matrix whose elements are quadratic
polynomials in £ and detV(£)#0 for &1 <1,

Consequently, the matrix 7(£) admits a right
factorization

r(§)=r.(E)r,(8), (7.20)
where

7, (£) = RWV(£)/x,(§) (7.21a)
and

1 —y,tt 0
7’.(5)=R< o 1 _745_1)
1-y,t 0
X W( 0o 1 _ng_1> WIR /X _(£),
with (7.21b)
X, (8) =231 - 25)(1 - 25
X[ =" )= " )E=y)E= Y] (7.22)

and
X(8) = [(1 =y, ED(L —voE) (1 =73 ™)1 =7, &2
From Eqs. (7.3) and (5. 31), we have

0 ¢ 0 i
T(gqh(i 0>7(£)<i o>'

(7.23)
Hence, 7(£) admits a left factorization
(&) =7,(§)7.(8), (7.24a)
where
0 ¢ 0 -1
K(E)=(i 0)&(&")(_2. o) (7. 24b)
and
0 0
?.(£)=<i 0>n(£“)<i 0). (7. 24c)

We can now use the method of Ref. 8 to obtain
the asymptotic expansion of %2, x%, ¥3, and y} for
large N. We find

xg= -yy= [7310)],

-{[":1(0)1211\11 + [7’:1(0)1221\21}- (7. 25)
where
__1 “1\ (N
R A
x§ m-grmiLmydn,  (7.26)
Inl=1
with
01
M(é‘")=L"(£)=[1’.(€)]"(1 0>r_(£'1); (7.27)
and
x}v= -y<2,= [7’:1(0)]21211+[7’:1(0)]22221, (7.28)
where
= = [1/(2m)]§ ¢y EFIL(EY) dE (7. 29)
From Eq. (7.20), we have
7340)=7"1(0)7.(0). (7. 30a)

Using Eqgs. (7.21b) and (7. 30), one can show
[r34(0) ) = (= 21X +7973H)?
X(1 = Wi Wy ryvstysrs )
X[(1+7772)(1 - Wy, Wy)
+(1 =772 )0 Way - Wi /7,0)]= 0

and (7. 30b)

[r 11(0)]22 = 21(71‘)’51 Ys'}’;l)“z
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X (1 +y57s") M1 = Wy Wyy)™

X[ =yt a7t ve) + (3 v e =¥y Y Wi Woy

+(1 =y 73y g0 Wy + Wip /y,w)] . (7. 30c)
Therefore, Egs. (7.25) and (7. 28) become
xe= —yk = = [r0) |0, (7.31a)
and
xy==¥5= [ 10)]pZ; . (7. 31b)

It is evident from Sec. VI, that A;; (whichis a
double integral) is of the order y%"/N; whereas 3;
(which is a single integral) is of the order y’lv/\/'ﬁ.
Hence X, given by Eq. (7.13), can be written

i

X~ (xx)* + 004"/ N?) . (7.32)
It is also clear, from Sec. VI, that

Dy[7]~D[r][1 - 0GF"/N)], (7.33)
where

D7) =%,im Dy[r]. (7. 34)
Consequently, Eq. (7.13) becomes

Dyla]~ - D[r](x})? + O(+{" /N?). (7.35)

The spin-correlation function for large N at
T >T, can now be written

(0gg0qw ) ~ (= D[7])}72 ‘lev l
~(= D[ [r ;M0) |25, - (7. 36)

We now calculate the block Toeplitz determinant
generated by 7(£), in the limit N—=,
Because

vulry) _sul) 7
Ula('h) 312(7’1) v

and

v1a(ve) _Syu(ve) _ =72
vp(ve) Spr2) v

s

we find

J
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vu(ry) , vu(rs)
V1(71) v(¥2)

Therefore,

(1 -y & 0
Z(E)=U(E)R51< ) .

0 (1 *'Yg&-l)-l
(7.37a)
with

1 V/')’g
Ry'=(1+y,y;t) 12 \ 7.37
P\, (7. 370)
is a matrix function whose determinant detZ(&)+ 0
for [£1<1 and whose elements are quadratic poly-
nomials in &.

Combining Eqgs. (7.14) and (7. 36), we get

Z11(72)Z22(v1)Z 11 (Y1) Z22(75) = [(71727374)-11711(7 1)011(¥2)b13(v3)by3(v4)

X(yaV +73w0) (¥ 1V +74W) (7w +7gV) (110 + ¥V 2w |/ [ry3 (1 =7 =y )1 —veys (1 v ]2 .

Substituting Eqs. (7.40), (7.41), and (7.42) into (7. 39), we get

(v + 74w)(veV + Y3w)(1 = Wy, Way)

(- pir)e=( [Pt )

2,(1 =771 = 7)1 = %1500 = v eyt

When z,~ z;, we find from Egs. (7.30c) and (7. 43) that”

(=D D" [(r M0 o = [(1 =D =¥B) AL =y 7).

<(1 “735-1) 0 )
N R (S
(1 -y,&1 0 )
XZ(E)( 0 (1 =7, R,. (7.38)
Similar to Eq. (5.46), we find
D[r]=1lim D, (7]
N-ow
= [Zu(')’z)zzz('h) ‘221(72)212(71)1
X[Z11(v ) Z2(y3) - Zu(ra)Z21(v3)]/
XV X2 X ()X (y) - (7.39)
One can easily show that
_ Z;a(')’;) Zp(vs) -
Zry) *Zn(')’z) WioWsy, (7.40)
and also show
1 _Zzz(’)’s) Z]z(yg)
Zo1(v3) Z1(vy)
_ v +y@)(rpr +v5w) _
TG0y ) aw rygy) 7 VW) (141
From Eq. (7.38), we find
(7.42)
(7.43)
(7.44)

We shall now calculate Z,, in Eq. (7.36), using the same method we have used in Sec. VI. We deform
the contour of integration to be the lines above and below the cuts inside the unit circle, and neglect the
integration of £ from y, to y;. Now Eq. (7.29) becomes
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(7. 45)

It is evident from Egs. (7.27) and (7.21b), that [i(1 —y{*£)2L(£™),,] is finite in the interval £e(y,, v,). We

can expand this function about £ =v,, so that
L(EYyy = —i(1 =77 P [Ag+ Ay(E =)+ -+ ]
Substituting into Eq. (7.45), we obtain,
Zo ~ Ay Y /(INY2 1y ¥ X O (N737),
where

A - (1 —yy )t 1-y,0W,
0T =D =y ) (Lvgri (1 = Wy, Wy )P

X {(1 —7?)[1 - (?’40’)-1W121M11(‘>’1) +(1 —Yﬂ’z)[l ‘7’4‘*)W21]M12(71)},

with

(7. 46)

(7.47)

(7.48)

]Vlu(')’x) = { 8‘-1(?’1)&7(7;1)[737;1 + (')’4‘-0)-2] +g-1(71)g-1(7;1)(74‘*’)-1W12[1 - (74‘*’)-2]

+g(')’1)g(7-11)[7§722 - (')’4“’)-2](74“’)“/21 +g(‘y,_)g"‘('yl'l)W21 Wm[ 737’;1 + (7400)—2]}’

and

(7. 49a)

Myp(y) ={87 ) & 1) aw)  Wis[y vzt + (4w) 2l + 8 7)) £ i) (rw) 2 WE[1 - (v,w)2]

2,,-2

+8 () g (VINEvE = (1) 21+ 8(r) 7 ) ()  Wis[ygvit + (vew) 2]}

The function g(£) in Eq. (7.49) is given by
8(E)=[(1 —v,8)/(1 —y8) 12 . (7.50)

In Egs. (7.48) and (7.49), Wy, and W,, is given by
Eq. (7.186); while w and v are given by Eqgs. (5. 16)-
(5.19).

Substituting Eq. (7.47) into (7. 36), we have

(=Dl [r MOk Agry ( l\y_]gﬂ)

(Ogg00n ?~

(AN
(7.51)
for T>T,. When E,~E}(2,~ 2z;), we find
My (vy) = Myp(yy) =4
and
Ag=(1 =)A=y ) 2L =yt (7.52)
Combining with Eq. (7.44), we get
(o000 )~ [1 =541 =23
X[1 =ity IRy /(aN) 2 (7.53)

for E,=E,. This is exactly the result of Wu.”’
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APPENDIX

Here we shall prove the following lemma,
Lemma. Let f(e®) be a function whose Fourier

(7.49b)

r

coefficients f_; vanish for j >n, and f_,#0. If f(£)
admit a factorization, f(£) has exactly » roots in-
side the unit circle.

Proof. 1If f(£) admits a factorization

FE =18, |&]=1, (A1)

where f,(£) (f.(£)) is an analytic and invertible func-
tion for &1 <1(1&] >1), then we can write,

f*(£)=12_0:(f*)z€’, l&]=1 (A2)
and

f.(£)=§<f.>,z", HEY (A3)
Furthermore,

f.(8)#0 for |£]|<1 (A4)
and

f(&)#0 for |£[>1. (A5)

In particular, f,(0)#0, therefore (f*),#0.
Since f_;=0 for j >n, we can write

fley= D fie'. (A6)
Hence Eq. (A1) becomes
2= LU D (™ (A7)

As the coefficients of £ must vanish for % >x on
the right-hand side also, we have
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this homogeneous equations are the trivial solution;
2(f);=0 for k=n+1. A8 . .. ’

g(f Al fs B e, (Fna=(Fdng=+++ =(£),=0. This is true

Consider (f.); ({=n+1, n+2, ..., M) as solutions
of the following system of homogeneous linear
equations:

t(ﬂ)z-h(f-)t’—'o for Mz k=zn+1, (A9)
12k
where M is any integer greater than n.
To clarify, let us rewrite Eq. (A9)

(f,)o(f-)mx + (f»,)l(f-)mz L (f+)u-n-1(f-)u= 0,
(Fo(fdnz+ 2 +(f.) yenea( ) =0,

(f#)O(f-)M = 0 ’
(A10)
Since the coefficients of Eq. (A10) form a tri-
angular matrix whose diagonal elements are all
equal to (f,),, because (f,),#0, the only solution to

for any integer M=n+1. Therefore, we conclude

that the only solution of the homogeneous equation

(A8) is the trivial solution (f.),,;=0(1=<I<%),
Consequently,

f.(£)=§(f.);£". (A11)

Now we rewrite Eq. (A7)

2 AE=(fDo Zou.),.g-m

j==n

+<f*>ls§(f.>ms""+- .

Since f.,#0, we must have (f.),#0. This implies
that f.(§) has n roots. Because f.(£)#0 for |&] >1,
these n roots must lie inside the unit circle.
Therefore f(£)=f,(£)f.(£) must have % roots inside
the circle. Since f,(§)#0 for |£1<1, f(£) has
exactly n roots inside the unit circle.
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