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The properties of a classical charge-compensated electron surface layer on a dielectric (for example,
liquid He, or liquid or solid Ne) are studied with many-body theory. The electrodynamic properties
(static screening, plasma oscillations, and inelastic electron scattering) are obtained with the
random-phase approximation. A “Debye-Hiickel” expansion provides the corresponding thermodynamic

functions in the nearly ideal limit.

I. INTRODUCTION

The prediction of bound-electron surface states!
on certain bulk dielectrics such as He or Ne has
stimulated several experimental searches for such
behavior. Although early observations were con-
tradictory, 2~* recent data strongly support the
original theory. For example, studies by Brown
and Grimes® of cyclotron resonance in a tipped
magnetic field have verified that the electron mo-
tion is indeed two dimensional, and detection of
resonant transitions to excited surface states has
confirmed the fundamental mechanism of image-
charge binding in considerable detail.® These ex-
periments raise the intriguing possibility of study-
ing other properties of a two-dimensional electron
gas, and a theoretical calculation of such effects
becomes of great interest.

Consider a charge-compensated one-component
system of N electrons confined to an area A at a
temperature 7. Three energies are significant:
thermal (=k5T), electrostatic (=e?n'/2), and zero-
point (= #%n/m), where —e and m are the electron’s
charge and mass, and n=N/A is the areal density.
If the interparticle spacing n"*/2 is much greater
than the Bohr radius #%%/me?, then electrostatic ef-
fects dominate those of quantum degeneracy. This
limit always applies in the present problem, be-
cause the electron density is usually in the range®
10°57510° cm™. The corresponding electrostatic
energy per particle lies between 2x107'® and
7x10°"® erg, which is roughly comparable with
typical thermal energies (~1.4x10™' erg at 1 K).
Thus, quantum effects are negligible, and the
present two-dimensional surface electrons always
exhibit classical behavior.

For electrons on the surface of liquid He, the
low temperature (T<2 K) implies that the Cou-
lomb energy exceeds the thermal energy except
at very low density (n<4 x10° em™? at 1 K). Con-
sequently, such a system may form a two-dimen-
sional Wigner lattice. 8 Unfortunately, a reliable
estimate of the critical density n,(T) for melting
this lattice has proved elusive even in three di-
mensions, so that the existence and stability of
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the ordered two-dimensional array remains con-
jectural. Independent of the detailed configura-
tion, however, these electron surface layers
should exhibit two-dimensional analogs of the
plasma oscillations and screening that character-
ize a bulk charged medium.

The surface of liquid or solid Ne (critical tem-
perature =44 K, normal boiling temperature =27
K®) can offer a quite different environment. At
these higher temperatures (note that *He and Ne
attain a vapor pressure of 1 mm at 1.5 and
15.9 K, respectively®) an electron surface layer
would better approximate a classical dilute plas -
ma, analogous to the three-dimensional Debye -
Huckel limit.1° Indeed, a charged layer on (solid)
Ne at (say) 10 K might be made to pass continu-
ously from a Coulomb-dominated regime to a ther-
mal one; such an experimental investigation could
illuminate the analogous behavior of a degenerate
electron gas, where direct variation of the elec-
tron density has proved impractical. Neon offers
the added advantage that its larger dielectric con-
stant binds the electrons more tightly to the sur-
face. (Note that liquid *He and Ne have dielectric
constants® 1. 056 and 1.167, respectively.) The
corresponding scale of length perpendicular to the
surface varies approximately as (€ —1)™! and is
therefore smaller in Ne than in *He by a factor = 3.

To clarify the properties of such a system, we
have present a many-body theory of a dilute two-
dimensional classical charged gas, placed at the
interface between two semi-infinite dielectrics and
neutralized by a rigid background charge. Sec. II
analyzes the electrodynamic effects, including the
screening of a static impurity, the spectrum and
damping of plasma oscillations, and inelastic elec-
tron scattering. The equation of state and other
thermodynamic functions are determined in Sec. III.

II. LINEAR RESPONSE TO ELECTRODYNAMIC
PERTURBATIONS

Although the present problem is wholly classical,
it will be convenient to formulate it as a many-
body quantum -field theory. This approach permits
a unified description that is valid for all tempera-
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ture; at low density and high temperature, it re-
duces to the classical limit applicable to electrons
on the surface of He and Ne, whereas the same the-
ory at zero temperature describes a dense two-
dimensional degenerate electron gas typified by in-
version layers in certain semiconductors®! and by
electrons on the surface of ZnO. Since the latter
problem has already received considerable atten-
tion, 11+13=15 the present work will largely ignore the
low -temperature limit.

The system of interest is N electrons confined to
an area A in the xy plane with periodic boundary
conditions and neutralized by a positive rigid back-
ground layer. Moreover, we assume that uniform
media with dielectric constants €, and ¢, fill the
adjacent half spaces. When a single test charge Ze
is placed at the origin of the otherwise charge-free
system, the electrostatic potential at the point
(%, 2) has the value

- 2Ze
o(r, 2) =(€1+€2)(Tz T 2E -

(1)

This result follows immediately as the limit of
standard textbook exagple’s; it has the corollary
that the electric field E is radial and isotropic,
whereas the displacement field D is radial but con-
centrated on the side with the larger dielectric con-
stant. In addition, Eq. (1) yields the potential en-
ergy V(7) of two electrons in the xy plane a dis-
tance 7 apart

V(r)=e*/r, (2)
where the “renormalized” charge
z=e[2(e, +€,)1]H/2 (3)

is the only remnant of the surrounding dielectric.
This same reduced charge ¢ determines the po -
tential energy of the neutralizing background and
its interaction with the mobile electrons; hence the
subsequent reduction of the total Hamiltonian is
virtually identical with that in three dimensions. !’
A straightforward calculation leads to the second-
quantized expression

~ 1 ’
H=§€, al ag +ﬂz > Vi)

kP; AAp
. 1. N
X aE"‘le] a"‘q. A aDXz aixl ’ (4)

where a%t (a;h) is a creation (destrgction) operator
for an electron with momentum 7%k in spin state
and €,=7%/2m. Here the primed sum means
omit the terms with =0, and V(q) is the two-di-
mensional Fourier transform of Eq. (2):

Vig) = Ezfdzreia": ¥ 1=27me%gt . (5)

As our first example of electrodynamic response,
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consider the effect of an external scalar potential
¢ex(T, ) On the two-dimensional electron gas. In
this case, the response may be characterized by
the induced particle density 5n(T, £). Application of
the standard theory!® yields the relation

6"(&; w) == HR(H; w)e¢ex(a, w) (6)

between the Fourier transforms of ¢,,, #, and the
retarded polarization II¥, In the simplest approxi-
mation of keeping only the ring diagrams [random-
phase approximation (RPA)], this latter quantity
reduces to

%(q, w) =% (g, w)[1 - V(g)N%R(@, )], (7)
where
n

% (g w)=-11m2f d2p< Bed ~ " (8)
’ =0 (277 \iw +in - €53 +€,,

is the retarded proper polarization of an ideal two-
dimensional Fermi gas and #, is the Fermi-Dirac
distribution that reduces to expB(u - ¢,) in the clas-
sical limit.

If doy(T, ¢) arises from a static point charge Ze
located at the origin of the xy plane, the Fourier
transform of Eq. (1) yields

bex(@, w) =[(2m)?2Ze /(€, + €,)q] B(w) . (9)
An inverse transform of (6) gives

g gz 2m2°T%%(q, 0)
on(y) = - f iQeT 5
"N=-Z | Gap e T zmi™(g, 0)

(10)

where ¢ is again the “renormalized” charge from
Eq. (3). The evaluation of 11°%(q, 0) proceeds ex-
actly as in the three-dimensional classical limit
and even gives the same answer when expressed in
terms of the variables (7, A, N):

1%*(q, 0) = - n(ks ) g1(g)) , (11)
where X =(27%2/mkyT)!/? is the thermal wave -
length,

gy(x) =212 xV d(x /472 | (12)
and ¢ denotes the real part of the plasma-disper-

sion function.® As a result, Eq. (10) may be writ-
ten

Z (- kp &i(gN)
- D51
on(r) 21r{ q dg Jy(gv) Tk @V’ (13)
where
kp=2mne?/kyT (14)

is the two-dimensional analog of the Debye -
Hickel'® screening constant and J, is the usual Bes-
sel function of order zero.

Equation (13) has several desirable features,
such as a finite screening density 6n(») even at
r=0, and a total integrated screening charge - Ze.
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For large 7, the behavior at small g dominates the
integral, and g,(g\) may be replaced by its leading
term g,(0)=1:

Zk f‘” Jo(q7)
~Z7D dg 047
dn(r) 2 ) qaq a+hy (15)

This long -wavelength approximation evidently re-
quires ¥>> A, where it reproduces the Thomas-
Fermi model of Stern and Howard, 2° but with the
modified screening constant (14).

The same methods also can describe a time-de-
pendent perturbation with frequency w. In the ran-
dom-phase approximation, the resonant response
(plasma oscillation) occurs at the solution @, -y,
of the equation

1=V(q)1%(q, Q, -7, , (16)

which, in general, requires numerical evaluation
of T%, For small damping (Y.< Q,), however, an
expansion to first order in v, uncouples the real and
imaginary parts

1=V(q)Rell%*(q, Q,) ,

9Rell®(q, w
v, =ImI%(g, nq)/(#) ]
W = Q

The evaluation of these quantities is very similar
to that in three dimensions; after some rearrange-
ment, we find

(17a)

(17o)

3¢% e
o2~ 2meq L 347kpT _2mme’q <1+§q_> ,  (18a)
m m m kD
~ 2wn52q>1/z(?_2)3/2(7r)”2 ( kp 3)
Ye ~( m q 8 exp Zq 2

(18b)
which holds for g< kp. The leading term of (18a)
exhibits the usual g'/2 behavior, 152122 gng the
correction term confirms that obtained with the hy-
drodynamic model.* The present many-body treat-
ment introduces one new feature, however, for the
long -wavelength plasma oscillations undergo Lan-
dau damping?? like that in three dimensions; in fact,
the long-wavelength ratio Iyq/qu is virtually un-
changed by the altered dimensionality, apart from
the substitution of k,/q for (k,/q).

As another example of linear response, we study
inelastic scattering of nonrelativistic electrons
from the charged surface layer. If K and K’ denote
the incident and final three -dimensional wave vec-
tors of the projectile and § is the projection of
K K’ onto the xy plane, then the double differen-
tial cross section for scattering with projectile en-
ergy loss 7w and a two-dimensional momentum
transfer #g to the layer is given by?*

2 ’ 2
P (;,J-”-Keiw) S@ @), (19)

where N is the number of electrons in the target

S(q, w)=
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layer and S(g, ) is the corresponding dynamic
structure factor.?® It takes the usual form

S(q, w=N""* Z:eXp[B(Q —E; +uN})
f

IR AL 2

Here n=(n) is the average electron surface density
in the grand canonical ensemble, #(-q) is the two-
dimensional Fourier transform of the fluctuation
surface density #=# —#, and the sum runs over the
complete set of initial and final states of the tar-
get. The Lehmann representation relates Eq. (20)
to the retarded polarization introduced previously
in Eq. (6), and a straightforward analysis yields

ImI?(g, w)
“nm 1- exp( - Bhw)

x8[w - E"YE,

8(q, w) = (21}
In the lowest (RPA) approximation, where the
proper polarization is taken as that for an ideal
gas, the dynamic structure factor assumes the
simple form

n
“nn(l - Bhe

ImI%*(q, w)
T V(@ RelI%® (g, @)+ V(@) ImII**(§, o)]?

(22)

with V(q) the interparticle potential from Eq. (5).

Consider first an ideal gas (V =0), when the de-
nominator reduces to 1, and S(q, w) then is pro-
portional to ImI°%(q, w). For fixed g, the result-
ing ideal-gas structure factor has a maximum at
the “quasielastic” value wy(q)=7%g%/2m, with a
width of order (k3 Tq?/m)!/2. The inclusion of in-
teractions affects this behavior significantly, for
Eq. (22) is large not only where ImII®® is large but
also where 1=V(q)Rell’®?, Comparison with (17a)
indicates that S(q, w) for a two-dimensional charged
layer should acquire a peak at the plasma frequen-
cy §, (18a) with a width of order y, (18b). Indeed,
an expansion of (22) near w=Q, yields a Lorentz-
zian form

7
S@, ) B,
@ ) (ZTI'kD 1 - exp(- Q)
mee ) y
X 5 g
(Zﬂnézq (w - Qq)z +'y2q : (23)

Observation of such a plasma peak would verify
the detailed form of the dispersion relation, which
has previously been deduced from purely theoreti-
cal considerations.

1II. THERMODYNAMIC FUNCTIONS

Section II studied the electrodynamic response of
a classical two-dimensional electron gas in the
random-phase approximation. Although this ap-



3742

proach is rigorous only in the low-density limit
(n'/2 <« kyT e?), its qualitative predictions are
likely to have a wider range of validity. In partic-
ular, the essential features of the screening (15)
and plasma oscillations (18) reflect the long range
of the Coulomb interactions and occur in other
more approximate descriptions, 81%:20~22

On the other hand, the situation is less favorable
for the thermodynamic properties of the charged
surface layer, because quantities like the equation
of state can be obtained only as expansions in the
small parameter e%7!/2/k;T. Consequently, the
resulting theory is limited to low density (n < 4
x10° em™ for *He at 1 K and n < 4x10" cm™ for Ne
at 10 K). Nevertheless, it may have experimental
application to these charged surface layers, and,
moreover, the expressions exhibit an interesting
nonanalyticity in the coupling constant. As the
calculations are standard, the derivations are
greatly abbreviated.

It is most convenient to evaluate the thermody-
namic potential (7T, 4, ), whose derivatives
yield the various thermodynamic functions like the
entropy S, the pressure p, and the number of par-
ticles N:

a2 :19] R
s (2) L pem () | weo(B)
9T /4, b 3A /p,’ 3 /ra

(24)

Note that p here has the dimensions of a force per
unit length, appropriate for a two-dimensional
configuration. If the interaction potential V() has
a short range and a well-defined Fourier trans-
form, then & may be constructed with perturba-
tion theory. In the present situation of a long-
range Coulomb potential, however, some of the
terms diverge, and it becomes necessary to sum
an infinite subset of all the contributions. This
procedure is well known in three dimensions,
where the divergence first appears in second or-
der. There, the resulting zero-temperature cor-
relation energy?’ varies like e*lne, whereas the
first Coulomb correction to an ideal classical gas'®
varies like ¢®. Each of these regimes involves
nonanalytic behavior in €2, with the classical limit
more singular than the degenerate zero-tempera-
ture one. As shown below, the two-dimensional
electron gas behaves similarly.

The evaluation of £ from the Hamiltonian (4) is
a standard problem in many-body theory, and the
altered dimensions and presence of adjacent di-
electrics affect the Feynman rules?® only in that
the momentum differentials become A(27)2d2k,
and the Fourier transform of the potential is given
by Eq. (5), which varies like ¢~! for small q. As
a result, the leading contribution to the two-dimen-
sional correlation energy is finite at zero tempera-
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ture'® owing to the altered phase space and less
singular form of V(g). On the other hand, the first
classical correction to the ideal gas in two dimen-
sions turns out to vary like elne, which is less
singular than the ¢ dependence in three-dimen-
sions, but it still requires a summation of the ring
diagrams to infinite order. A detailed calculation
(see the Appendix) yields the approximate expres-
sion

WL, A, ) = ng:u _ ZWﬂAf:Blléi
A 3
X[II\(m )+§+c], (25)
where
¢ =3In(27) - 37 - G~ -0.2856 (26)

and G~ 0.91597 is Catalan’s constant.

The first step in deriving the thermodynamic
functions is to eliminate p in favor of N with Eq.
(24). The resulting thermodynamic potential is
just - pA, which therefore yields the equation of
state

>4
T ne
p(T,A,N)~nkBT{1 -3 —('m—)z

x[ln(zf—:-f%—:g)

e

+—;—1n(21:—ff§2-)+%+ c]} 27
Note that the leading correction is indeed small in
the limit 7% /m < n/2% « kyT; nevertheless, it

is not permissible to neglect the zero-point energy
entirely, for the expression diverges logarithmical-
ly as 7—0. The isothermal bulk modulus B, ex-
hibits a similar behavior.

To evaluate thermal properties, it is preferable
to introduce the Helmholtz free energy F(T,A,N)
=Q + uN. An elementary calculation gives the cor-
responding entropy

>4
S(T,A,N)=Nka{m<r—:%g>+2—%
B

EyT \ 1. [mkgT\ 7
X[ln<21rn“262>+2 2mnn? )+c}}

along with the specific heat at constant area

(28)

kgT

_ mnet
Ca —NkB{l oy [1n<——‘P7§‘—g21rn = )
1 mkyT 3}
= - 2
+21“(z775?)” Z } @9)
and constant pressure

~ 3rne?! kpT
G ‘ZNkB{l Y2 ey TF [ln<21m”2 5’)
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+ % ln(_i_z_;’;kn; >+c _112]} ) (30)
An experimental study of some of these quantities
for electron surface layers on liquid He or Ne
would be valuable.

The appearance of 7 in these apparently classical
expressions can be explained in various ways.
First and most trivial, the thermodynamic func-
tions of classical gases depend explicitly on 7 be-
cause it fixes the allowed cell size in classical
phase space. More significant, however, is the
factor In(k,7/2772 %)) in the second-order correc-
tions. As in the case of a three-dimensional
charged medium, this factor arises from a quan-
tum-mechanical cutoff on the maximum allowed
momentum transfer, or, equivalently, on the mini-
mum allowed impact parameter.2®=3! In the pres-
ent two-dimensional case, the minimum impact
parameter is of order #/m(v) = (#2/2mk,T)*/?
~200 A at 1 K, which is comparable with the thick-
ness of the electron surface layer on *He. Thus it
is possible that the finite perpendicular extension
of the wave functions might alter the logarithmic
dependence on A, This effect requires further anal-
ysis; it would be less significant for electrons on
Ne, owing to the enhanced binding to the surface.

IV. CONCLUSIONS

The present paper has analyzed the electrody-
namic and thermodynamic properties of a classi-
cal two-dimensional electron gas, which serves as
a model for surface electrons on *He or Ne at low
temperatures. Most importantly, such a charged
layer responds in a characteristic manner to an
external electrostatic perturbation. It screens an
external charge placed in its plane with a long-
range algebraic tail?**?? in contrast to the exponen-
tial Debye-Hiickel form in three dimensions.
Moreover, the dispersion relation 2, (18a) for two-
dimensional plasma oscillations is virtually identi-
cal with that obtained previously.!****22 Finally,
inelastic electron scattering from the charged layer
might verify the existence of the two-dimensional
plasmons, for the cross section should peak sharp-
ly at an energy loss 7$2,.

It is interesting briefly to compare these fea-
tures with those for a degenerate two-dimensional
electron gas, which serves as a model for semi-
conductor inversion layers'! and for electrons on
the surface of ZnO.'? The present many-body
formalism remains valid if », is taken as the gen-
eral Fermi-Dirac distribution function, and most
of the conclusions remain qualitatively correct.
There are a few new features, however, which re-
flect the presence of a sharp Fermi surface. First,
the correlation energy (terms of order e* and
higher) is finite,!® in contrast to the logarithmic
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singularity found here in the classical limit. Sec-
ond, the screening around an external impurity ex-
hibits long-range Friedel oscillations.! Third, if
ImII°®(g, w) is considered a function of w for fixed
q < 2kg, it acquires a cusp at a characteristic fre-
quency (7ig/m)(kg — 3¢), which might be detectable
as an additional structure in inelastic electron
scattering from degenerate surface layers. This
last possibility merits further study.
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APPENDIX

This Appendix computes the approximate thermo-
dynamic potential for a classical two-dimensional
electron gas in the low-density limit (e?n!/2 < kg T).
The leading contribution is that for an ideal spin-3
Fermi gas?®

Qg=—2ksT Z: In(1 + &+ -¢#")
:

~= 2484/ BN, (A.1)
where 1= (27%%/mky T)*/? is the thermal wavelength.
Quantum corrections to (A.1) are smaller by a
factor of order ¢®* ~3#)?%, which is negligible in the
present case. Moreover, the first-order correc-
tion to Q, also vanishes in the classical limit, ¥ be-
cause it arises solely from quantum-mechanical
exchange. As a result, the presence of interac-
tions affects © only in second order, and these
quantities will now be examined in detail.

The small classical occupation of any particular
single-particle state permits a simple classifica-
tion of the various perturbation terms. The only
relevant second-order contributions are the “di-
rect” and “exchange” ones

d®kd?pd®
Q= -240 [ (an)ﬁ 4

[V (q)]znk 1y
Gt Ei— G €

(A.2a)

d%kd®pd?q V(g) VK +p+Qnm,
@m) eitei—€—¢,

Q= AP

(A.2Db)
where ® denotes a Cauchy principal value and we
have passed to the classical limit with »,=expp(u
- €,) <1. The term Q,, is finite, but Q,, diverges
logarithmically, necessitating the inclusion of
higher-order ring diagrams. The analysis is
similar to that for a three-dimensional electron
gas,® combining features of both the classical and
degenerate limits. The net effect is to replace Q,,
by Q,,+%,,, where
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A q
1= 205 fo * qdq {in[1 - v (g)1°%(g, 0)]

+ V(g)1°%(q,0)}, (A.3a)

dakdzpnknp
€G3t T - €

(2 ™ G’f th] V((I)]

(A. 3b)

Here 11°%(q, 0) is given in Eq. (11) and the cutoff ¢,
must satisfy goh < 1.

The first step in evaluating Q,, is the introduction
of dimensionless variables

BAeZBu E4

e d*wd?xd®yexp(—x2%-y?)
2m X

wIW+X+Y[W - (F +X+7)]
(A.4)
A linear substitution §=— 7 — W — X then permits a
direct evaluation of the X integration
BAe?Au Vi 4
4r At

Q5 =

Qab:_

dezvdzwexp(—%vz—éwa—\7°ﬁ/.)
vw(V - W)
(A.5)

The remaining fourfold integral may be simplified
by observing that

_1,2_1 2
(Pfdzvdawexl)( A ..Zw)=0

vw(¥ - W) (4.6)

because the integrand is an odd function of its argu-
ments Vv and W. Consequently, a combination of
Egs. (A.5) and (A. 6) with the identity

- [ dtexp(- £7 )= G- 5)" [expl=7- )~ 1]
0

AT
yields ( )

~ BAeZBu- —e“ifl
= g o d¢

2 2
AL cxp-f 2= but-£7-), (A.8)

where the principal-value prescription is now
superfluous. If the double integrals are expressed
in polar coordinates, the angular integraticns pro-
duce a Bessel function I(¢vw)=Jo(ilvw) of zero
order and imaginary argument33

4 1
Q=T B A 2 %—;—f dg
0

X] dvdwexp(=3v2— 3w I(tvw) . (A.9)
0

The remaining integrations are expressible in
terms of known functions®® and may eventually be
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rewritten in terms of an integral of the complete
elliptic integral®

>4 1
Qz,J:nﬁAem%—fo ALK (2)

=2nGRA® 2 /)2, (A.10)
where G=1-9"14+25"1~...20.91597 is Catalan’s
constant.%

The next contribution Q,, requires I1°®(g, 0) only
for gy <«<1; a simple analysis [compare Eq. (11)]
gives

1°%(g, 0) = — 28841 2 (A.11)

apart from corrections of order (gx)2.
(A. 3a) thus reduces to

Equation

— fw dx[In(l + ax ™) = ax ]
,I—W A xax + ax ax

= 87rA_[37\2 {(qo)\) ln[l +<q0>\>J
-af 1n[<gg%) + 1} - qo)\a}

Aa?

~ W[_ In(ge)) +Ina - 3],

(A.12)
where a=47B¢e* 22/ is a dimensionless parame-
ter, and the last line omits terms that vanish fast-
er than & for small a.

The other contribution of interest is ,,, given
in Eq. (A.3b). The dimensionless variables used
for Q,, reduce this quantity to
2BAE*" et "’fﬁ dw

Q== m At w

wo

2 g2, €XP(=x%= 17
dexdym s (A.13)

where w= qo([ih'a/Zm)”2 An orthogonal transfor-
mation X +§ = \/—s X-y= V2t renders two of the

integrations elementary, leaving

—4 ©
Ry =~ 284 4 2 G’f dw
W

exp(=s?)
fd S =7 T -> (W+\[_S)

If S is resolved into its Cartesian components s,
and s, parallel and perpendicular to W, a straight-
forward integration over s, yields the two-dimen-

sional integral
f di@ f ds eXp(— )

(A.15)
where the new variables z=/V2 and s=s, have

(A.14)

S-zrz:_n,l/ZBAe?du-
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been introduced and z,=w,/v2. Partial integra-
tion transforms the s integral as follows:

© . exp(-s?) _ f” exp(=s?)
(Yj_; ds . 2z¢ A ds—zg_—sg

=2f ds sexp(-s®)1n £*s ,
0 Z2=8
(A.16)
and a combination with (A.15) gives
-é4
Qrzz_znl/zBAeZBuF
® o 7dz, |z+s
X ds sexp(— s?) o In , A.17)
0 zq g
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where the order of integration has been reversed.
The z integral may be done exactly, and an expan-
sion for small z, leads to

f d—iln
20 z

Substitution into Eq. (A.17) then yields

Q,,=27BA e®* (2 4/ 2Y[In(ge)) - 1 — 5 1In(@m) +5 v ],
(A.19)

Z+S
zZ=S

~s 1 [2+21ns +In(2/ud)].
(A.18)

where we used the definite integral

f dslnsexp(—s?)==171/2(2In2+y), (A.20)
0

with y = 0.5772 being Euler’s constant. Equations

(A.1), (A.10), (A.12), and (A.19) together give

Eq. (25).
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