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Numerical calculations of the Helmholtz free energy F to 0(X') and 0(A,4) from all the diagrams
have been carried out in the high-temperature limit without making the leading-term approximation for
a monatomic face-centered cubic crystal with nearest-neighbor central-force interactions. The numbers

obtained for some diagrams and the total F(X') can differ by as much as 47 and 33%, respectively
from those obtained in the leading term approximation, indicating that this approximation is not very

good as far as absolute magnitudes are concerned. However, the ratio F(X')/F(X') is nearly the same
as in the leading-term approximation, indicating that the convergence of the perturbation expansion is

satisfactory up to one third of the melting temperature. Finally, the improved-self-consistent (ISC)
scheme of selecting the most important diagrams is probably as good as doing perturbation theory to
order X'.

I. INTRODUCTION

Recently Shukla and Cowley' have derived ex-
pressions for the Heimholtz free energy (E}of an
anharmonic crystal to 0()4) by means of the dia-
grammatic method, where X is the Van Hove or-
dering parameter equal in magnitude to a typical
atomic displacement divided by the nearest-neigh-
bor distance. They also performed numerical cal-
culations for all the diagrams for a crystal in which
every atom is on a site of inversion symmetry for
a nearest-neighbor central-force model of a face-
centered-cubic (fcc) lattice in the high-temperature
limit and in the leading-term approximation. The
leading-term approximation involves retaining the
highest-order radial derivative in the evaluation of
the Cartesian tensor derivatives of the two-body
potential.

For a Lennard-Jones 12-6 potential different
contributions to E of 0(& ) were presented by Shukla
and Cowley from the viewpoint of diagrams included
in the first-order self-consistent (SC1), improved
self-consistent (ISC}, and the second-order self-
consistent (SC2) phonon theories of lattice dynam-
ics. Diagrams of 0(& } and 0(& }are presented in
Figs. 1 and 2, respectively. Diagrams 2(a) and

2(b) are included in the SCl, 2(c} and 2(d) as well
as 2(a) and 2(b} in the ISC, and all of the above plus
2(e) and 2(f) in the SC2. Diagrams 2(g) and 2(h) are
not included in any of the different theories. Thus,
to 0(X4), they concluded that none of the diagrams
made a negligibly small contribution and that of the
various approximate schemes for selecting the
most important diagrams, only ISC gave a subtotal
which was close to the total E(X'). The convergence
of the perturbation expansion appeared poor for
temperatures greater than one-third of the melting
tempe rature.

The contributions of 0(&') were recently calcu-

lated by Aggarwal and Pathak using both the lead-
ing-term and Ludwig approximations. Previous
unpublished results' suggest that these approxima-
tions when applied to free-energy calculations do
not produce good results. Leech and Reissland
and Feldman and Horton' have assessed the im-
portance of not making the leading-term approxima-
tion and concluded that for terms of 0(X ) the er-
rors were about 30% for the quartic and 4/p for the
cubic term, respectively.

In order to assess the convergence of the per-
turbation expansion and the accuracies of the sub-
total for I' obtained according to the above-men-
tioned schemes of selecting diagrams we have com-
puted in the present paper the different contributions
to E of 0(& ) and 0(&') without making the leading-
term approximation for the same model of fcc crys-
tal as used by Shukla and Cowley. '

%e can draw the following conclusions from our
calculations. The numbers obtained for some dia-
grams [e.g. , E(2(b))] and the total E(&') can vary
by as much as 47% and 38/0, respectively, from
those obtained in the leading-term approximation,
indicating that this approximation is not very good
as far as absolute magnitudes are concerned. How-
ever, the ratio E(X')/E(X~) is nearly the same as
in the leading-term approximation indicating that
the convergence of the perturbation expansion is
satisfactory up to one-third of the melting tempera-
ture. Finally, the ISC scheme of selecting the
most important diagrams is probably as good as
doing perturbation theory to order ~4.

The relevant theory is summarized in See. II.
The computation in the high-temperature limit,
without making the leading-term approximation, is
presented in Sec. III; Sec. IV contains the discus-
sion and comparison with the similar numerical
results obtained in the leaping term approximation
by Shukla and Cowley. ' Finally Sec. V contains the
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summary and conclusions.

II. THEORY

In the high-temperature limit, different terms of
E to O(X ) a.nd O(X ) have been derived previously, '

and the corresponding diagrams are presented in
Figs. 1 and 2, respectively. Using the notation
E(1(a)}, E(1(b)), etc. , which means the free energy

corresponding to the diagram (1(a)}, (1(b)), etc. ,
the expressions ean be obtained from Table I of
Shukla and Cowley. ' All these expressions involve
the anharmonic coefficient

V(k~j~, kzjz, ~ ~ ~, k~j~)

defined by

n 1/8

v(k, j„k,jz, .. . , k j ) = —
t

N' " n, (k, +kz+ ~ ~ ~ +k )8 ~ 'L&&)&)v'I&a g2 J ~ ~ ~ vLk

"4'(k, jg, kz jz, ~ ~ ~, k j ), (1)

@(k,j„... , (t j )= ~ E Z e, (k,j,) .e, (k j )d ..., (n)(1 —e z" '
) ~ ~ ~ (1 —e"" ' o), (2)

Og"'&e

where u&(f, j&) and e(k„j,) are the eigenvalues and

eigenvectors for the mode f, j, (i =1, 2, ..., m},
P„, ~ ~ ~ ~ (n) is the mth-order tensor derivative'
of a two-body potential @(r), with a„... , „oe cah

running over the Cartesian indices x, y, z; ro
= z ao[n„nz, ns], where n„nz, ~ are integers whose
sum is even for a face-centered cubic lattice and

ao is the lattice parameter. P=1/kzT, where kz is
the Boltzmann constant and T is the temperature.
M and N denote the atomic mass and number of unit
cells in the crystal, respectively. d(k, + ~ ~ ~ +k )
is equal to unity if the sum of arguments is zero or
a vector of reciprocal lattice, and zero otherwise.

Complete expressions (i.e. , without making the
leading-term approximation) for @'(kf jg kz jp k3ja}
and @(k,j„kzjz, k, j„k,j4) can be obtained from
Maradudin et aL, e using Eqs. (2. 12), (2. 13), and

(2. 7) in their paper. After some lengthy algebra,
but in a similar manner, one can derive complete
expressions for @(k,j„kzj2, k, j„k4j4, k, j,) and

C(k, j„kzjz, k,j„k,j4, k, j„ksje) needed in the cal-
culation of E(2(a)) and E(2(c)).

III. NUMERICAL CALCULATIONS

The anharmonic free-energy contributions in the
high-temperature limit were evaluated without
making the leading term approximation for a face-
centered cubic monatomic crystal with nearest-
neighbor central-force interaction and P'(ro} = 0,
where ro is the nearest-neighbor distance.

In this case the elements of the harmonic dynam-
ical matrix are given by

value equation is given by

gD gk)e~(kj) =v (kj)e (kj); a, P=z, y, z. (5)

~'(kj) = [M/24" (&0)1~'(kj) . (6)

The eigenvectors e(k j) satisfy the following rela-
tions:

Z& (kj)&.(kj') =~gg,

(a)

2

For convenience we introduce the dimensionless
frequencies X(kj) defined by

D„,(k ) = [2p"(ro)/M ]

&& [2 —cos vao k,(cos vao k„+coswao k,}],

D„,((t) = [2/ "(ro)/M] sinvaok„sinvaok, .
(3)

(4)

The other elements of the matrix can be obtained
from the above by a change of labels. The eigen- FIG. 1.. Diagrams of order & .
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(a)

( )
)I I

(b) eigenvectors e(fj}by using the following simple
version of the Born's theoremv

(kj) ( j) [D (g)] (9)~'(&j)
where D '(k) is the inverse of the harmonic dynam-
ical matrix D(f ).

In order to evaluate the different free-energy
contributions, we found it convenient to evaluate
first the sums of the form

Qk, / ps. (qi)s&(q j) „,(- -„)
~'(q j) (10)

(e)

(h)

dL

FIG. 2. Diagrams of order X4.

Ze ("j)ss(kj) =5 s j=l, 2, 3,

and they transform under the point-group trans-
formation according to the wave vector f.

In all our calculations, we have eliminated the
explicit knowledge of the eigenvalues &o(kj) and

where the summation over q = waok is over the whole
Brillouin zone. This sum can be reduced from the
whole zone to that of the ~8th, portion in the follow-
ing manner. Each of the 48 symmetry operations
of a cube was applied to the vector q of the sum-
mand. Use was then made of the fact that e(qj)
transforms like q itself. Thus, 48 new summands
(many identical} were produced, each of which when
summed over q and j yielded the original sum.
This is because the components q„, q„, q, occur as
for the original summand. If we add all these new
summands together we obtain a term which is in-
variant under the 48 symmetry operations of a
cube, meaning thereby that we need only sum this
invariant total summand over 4~8 of the Brillouin
zone. The sums for the whole zone are obtained
by multiplying with a weighting factor for each
vector q to account for the number of q 's equivalent
to it by symmetry, special care being taken in as-
signing weighting factors for vectors on the zone
boundaries. The result is 48 times the original
sum. For example, we get the following:

s =g "q&}'.«&) ...(;..-),~'(q j)
1 48

g W(q)[(D ')„„c (c»c„+c»c„,)+(D')»c (c»c„+c„c }+(D ') ~ (c„,c„,+c„,c„)],

p .( ),( '), , - -)
~'(qi)

1 48

k W(q)[(D '),„(c,„»ss,„+s) s(D +'),~,gs„,s„+s s )+(D ') ~„,(s„s,„+s„s )].

(13)

(14)

Here, c z=cosq nz, s z=sinq ~, and o., P=x, y, z.
The summations $/48 are over a 4~8 portion of the
entire Brillouin zone and W(q) is the weighting fac-
tor for the vector q. The factors

(D')*. (D')., (D') (D')., (D'), (D')...

are elements of the inverse of the dimensionless
dynamical matrix and arise here by the use of
Born's theorem. Other sums, S„„, S„, etc. can
be derived from the above by proper interchanges
of the components n„, n„n, . of the vector n. Anoth-
er type of sum which arises in the calculation of
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E(2(b)} and E(2(d)) is

,(qj,) ~(jj,)e„(qj~)eo(qja) ( )

(15)

where each of o, P, y, 6 takes the values of x, y, g.
As before we generate a summand which is invari-
ant under the point group of a cube and then employ
Born's theorem to eliminate the sums over j, and

j„getting, for example,

Y' c'.(q.j&)c.'(i j~)S = ~ ~(
. }," .

} cos(q n),
q, ja

Sxx~x= e&q. D '~ c~ c»c~+c~c» + D ~ c~ c~c„,+c»c~ + D"' ~ c~ c»c„~+c~c

~ ~(~A)c', (ii&)S„=~ ~ (
.

)~ (
. )Cos(g'n),

0ja
8

S» = $ W(rT}[(D ') (D ')»c,jc c»+c„~»)+(D')„(D ')»c„,(c c„„+ c,„c»)

(16)

(16)

+(D ')»(D ')~„,(c»c»+c,~»)],
c'.(iA)c.(~j~)c,(&Tj&) „,,- „-,

1 48

S „„=— $W(q)((D ') S„„[(D'),„s c +(D '), s c„,]+(D ') s„,[(D ')„,s c„+(D '),„s,„c„]

+ (D ')~,„[(D )„s,„c„,+ (D '}„p»c„]f,

g s'.(~A)c,(ijm)c.(~j~) „,,-.-„,

1 48

S „g= — $W(gg(D')»(D ')„~„(s»s„+s,„s„,)+(D ')~(D '),„c (s„„s„,+s s„)

(20}

(21)

(22)

g &.(ijg)c,(iA)&.(ijs)&,(i')
+(D') (D').~„.(s.,s..+ s.,s, )], (22)

+[(D ')„,]'chic„~,„+c c j), (25)

Q s (9jg)ey(%jg)sg(%ja)~g(% jg)

S„„„=- Ãq D gF „~„„s„„g+g„g„+D" „gp g g„g +g g

(26)

+(D )„gD '},~„,(s„s„+s,„s„)]. (27)

Using these six sums we can, by suitably inter-
changing n„n„, and n, generate all 21 of the possi-
ble distinct sums of this type.

For computational purposes a simple cubic lattice
of points in (t space was used with (t =p/Ls~ and
boundaries of the ~8 portion of the B. Z. defined by
L ~P„~P„~P,» 0; P„+P,+P,& 1.5L„where P„, P„,
P and I are integers. For L=V, this yields a
mesh of 13V2 points in the entire xone, including
the origin (0, 0, 0). The previously discussed types
of sums S~8, S &„8 were computed for L = V in the

reduced zone for a large number of vectors n.
The origin was omitted from the sum over f and the
sums were normalized by dividing them by a factor
of 13V1. Any remaining inaccuracy cancels out in
the final results which all involve differences of the
S d'or S pro ~

ln E(1(a)) and E(2(b)) if we substitute in full for
the d'(f, j~, ..., f„j„)function and factor out sums
over different R,j„we get, respectively, a single
and double summation over the nearest neighbors.
Ln each case the summand is some function of the
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sums S s and S s». For F(1(a)) we find

F(1(a))= 6«„' [D(r,)S»+ ' S»N(kBT) 2C(r, )
r() fQ

4B(r()) S
0

where

))(.)=(c"( ) „-'c'(-)
rMQ

c(rg) =(( "'(~) ——c (~) ~"(—(~,)'
y y'

0

c(r) (c (=r) —"—c"'(~)+ ', ("(r)—
15——,y'(r)

r' rQ

and the numerical values for the coefficients S»,
S~~ and Sf g are S~~ —12 00000 Sg~ —67 05850 S~~
= 64. 73280.

We note that if in sums like S z and S z„, we put
&(qj)=1 and use Eq. (6) and g;cos(q ~ n) =Na(n),
where h(n) =1 for n=(0, 0, 0) and zero otherwise,
we find

ge, (q j)es(qj) cos(q ~ n) =6 BNh(n),
e)

Z e.(q ji)es(q js)e, (q js)es(ques) cos(q h)
Agdp

= 5.s5„,Nk, (n) .

Hence, if we put X(q j) =1, which is equivalent to
putting (D '),s= 5,s, in our computer program for
calculating, say, Sf+ Sgjp etc. and compute the
result we can check this number against the analyt-
ical result which we can now easily obtain. Thus,
we have a way of testing the accuracy of the terms
being computed, such as S», S~, and S,t:, as well
as our summation procedure. All of the terms
computed above and those which follow have been
tested in this way. The analytically evaluated and
the computed test sums were identical to at least
seven significant figures.

N(kBT)s 2E(rs)
F(2(a)) =

6[
ii. .is F(rp) SsB + se

'Lr()) 3 VQ

4c(~,) (rs, )c~
) (zs)

where

( .) =(c ( ) ——"c"( )
'—'.c'"( )

- '„". ( -( ) ".' c'( ))
rQ

F(r()) = Q"(r) — cf)'(r) + s 4)"(r)— s 4) —(r)
15 105 ~& 420 f ir

945~((( )
945 (( )

r=r

and C(rs), D(r()) have been defined earlier
The sums $3„, etc. are given by $~=12, $3

= 136.5878' $3c = 395.3739 and S&D = 273. 9112.
The expressions for F(l(b)), F(2(c)), and F(2(e))

each contain a n function of the type n(k, + ~ yk„).
%'e can express the 4 function by

n, (k) = —Q e"o'"'

the summation being over the N direct lattice vec-
tors —,'an of the "macrocrystal. " For each of the
above, we thus have a double summation over near-
est-neighbor vectors from the two 4 functions as
well as a summation over the N lattice vectors.
The summands are again functions of the $ ~.

The expressions are of the form

Q Q Q f(n, n„ns),
~a

where n„n3 range over the 12 nearest neighbors of
the fcc crystal and f(n, n„ns) can be expressed in
terms of the $ ~ for fixed n, n„and n~. The actual
calculation was carried out as follows. 6 For a fixed
vector n the sums over n, and n3 were carried out.
Then, noting that for each of the above three cases
the result of summing over n, and n~ was an ex-
pression having cubic symmetry in the components
of n; the result was multiplied by the multiplicity
of the lattice vectors n. The range of n vectors
was out to the first seven shells (i.e. , up to the
vector n = (2, 2, 2)).

The expressions for F(2(b)) and F(2(d)) involve
sums of the type $», as well as S ~. In the case of
F{2(b)) involving no 6 function there is only a dou-
ble summation over nearest neighbors. In F(2(d))
there is only one 6 function and three 4 functions,
so that we get a sum of the form

QQggg(m, n„n„n,),
m IIg II3 R3

where n„n3, and ns extend over nearest neighbors
and m over general lattice vectors. Again the sym-
metry of the integrand required only one m from
each shell. The remaining three contributions
F(2(f)), F(2(g)), and F(2(h)) were computed by the
scanning method. Let us define the following co-
eff icients:

2B(r,) „2D(r,) „4C(r,)
B(r()) C(r())

rg(rs) '
rsD(r())

In the following, B(rs), C(r()), etc. will be written
B, C, etc. The result for E(1(b)) is

N(k r)'C'
F{1(b))= (96)(32)[$((( ))s [SBA+ 6(RBC)SsB
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S4„=1V2. 4021, S~) = 276. 4044,

S43 = 1102.918, S4 = 206V. 663,

S~ = 1053.887, S~, = 2914.453 .

Since 2(b) and 2(e), 2(f) and 2(h), and 2(g) and 2(d)
involve the same'types of derivatives we present
them as follows. For F(2(e)) and F(2(b)) we have

N(k, T)'D'
E» = i,i n4[c»4+(RcB)c 5+(RBB)c»5

+ (R„)'c.,+ (R„)(R„)c., + (R„)'c.,],
(32)

C~~ = 1024, Cq@ = 49152,

Caaj = 48' 00000
& Cast = 399' 6699

Cpaa 1072 936 y Cygne
= 5188 V88

C„,= 20'69. VV2, C„,= 4798. 0428,

Cp~4 = 609V. 504, Cp~4 = 25V98. 176,

Cpgys
= 19941~ 024

y C~g = 61152» 432

Cage = 26116» 016 y Ca@6 = 73462» 848

For F(2{d)) and E(2(g)) we have

E = „5DC [C g+(RBc)c5+(R»Bc) C»5
N(k, T)' 2

o 0

{+R)cBc (4+R)B(cR)ccB»(5+R)B(cRcB)c»5

+(R„)C.,+(R„)(R„)C.,+(R„)'(R„)C„,) .
(33)

C2D = 16384,

Ca~( = 689,

C2~~ = 1167.954,

Cac = 2048,

C = 38.811986,

Cac~ = 125.25VGV,

C2~s = 3115.2132, Cacs = 106.36076,

CSD4 = 3882. 26V,

C~s = 6434. 624,

Cacq = 126.11582,

Cpcg = 468» 04264

Cpa' = 1V580» 4979 y Cpcs = 501 ~ 12368

Cp~q = 3816.3639, Cqcv = 58. 468606,

Cme = 6221 ~ 5498 y Cacs = 254 98396

Cage = 14149 140V y Cpce = 363 064V6

+(R„)'s ], (30)

where S „=1V2. 4021, SBB = 92. 13481, and SBc
=742. 5510. For F(2(c)) we get

N(kBT) CZ
{1»)(32)[~"(..)1'

&&[s +(R„)s +(R„)s +(R„)s
+(RBc)(R»)S4B+(RBc)(RcB)S4B], (31)

where

+(RBc) C»4+(RBc) C»5], (34)

C„=4096, CpH = 6144,

Cp~q = 38.933938, C2H& = 15 734122,

C~~~ = 251. 48430, C3H2 = 104.76075,

Cars = V 56 97021 y CpH s = 283 10868

Ca~4 = 1135.8170, C~„4= 394. 57177,
F

Cap5 = 780.02955, Cp05 = 256. 819V1,

Cary 'y Cpzs we e computed using 256 wave vec-
tors in the whole zone and the resulting sums were
normalized by the factor (255)(254)(254) while CBB, ,
~ -, C~„s were computed for 108 wave vectors and
the normalization factor was (10'7)(106)(105).

IV. MSCUSSION

In order to compare the magnitudes of the various
anharmonic contributions to the free energy we
must have numbers for the coefficients B(r5), C(~5),
etc. Hence, we must choose some form of two-
body potential @(r). Let us assume here the 12-6
potential:

e(~) = e[(~~/~)" —2(~5/~)'], (35)

where we suppose that the minimum of 4 (r) occurs
at the nearest-neighbor separation ro. For the
leading-term approximation (LTA) we retain only
the terms containing the highest-ordered radial de-
rivatives of Q(5) in each of B(r), C(r), etc. Eval-
uating these coefficients in terms of & and yo, and
substituting into the free-energy expressions we
find that the contributions of O(X ), E(l(a)) and

E(1(b)), are expressible in units of N(kBT)5/e, while
those of O(X4) are expressible in units of N(kBT)5/4 .
The full and LTA numbers are presented in columns
2 and 3 of Table I. In columns 4 and 5 are given
the numbers arising from various classification
schemes. SC1, ISC, SC2, F(a4}, and F()5) refer to
the sums of the first two, first four, first six, i'. j.rst
eight and last two numbers in each column, respec-
tively.

An examination of Table I reveals that the LTA
is not very good as far as absolute magnitudes are
concerned. The deviations of the values from the

F(2(d)) was computed for only the three shells of m

vectors (0, 0, 0), (1, 1, 0), and (2, 0, 0). The total
Ca» for these shells was about 708, while the com-
plete calculation gives about 689. ' Hence, the num-
bers above are the result of scalj.ng our numbers by
the factor

g~~ . 108 wave vectors were used in the
calculation of F(2(g)) and the sum was normalized
by dividing it by the factor (107)(106)(106).

For F(2(f)) and F(2(h}) we have

N(kBT) CF ——
C r I »5 [C»i+ {RBc)C 5+ {RBc) C.s
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TABLE I. Anharmonic contributions to the free energy.

Contribution Partial total

Diagram

F(2 (a))
F(2(b))
F(2 (c))
Ff2(d))
F f2 (e))
F(2(f))
F (2(g))
F(2 (h))
F(1(a))
F(1(b))

Full

0. 2049
—0. 6627
—0.6012

(0.9146)
—0. 2234
—0.3533

0. 5814
—0. 0912

0. 6910
—0. 3424

Leading

0. 3452
—1.2446
—0. 7320

(1.3268)
—0.2159
—0.3566

0. 5981
—0. 0961

0. 9661
—0. 3437

F(SC1)=-0.4578

F(ISC) = —0. 1444

F(SC2) =-0.7211

F5 ) = —0. 2309

FQ ) =0.3486

Leading

F(SC1)= —0. 8994

F(ISC) = —0. 3046

F(SC2}= —0. 8771

FQ ) = —0. 3751

FQ. ) =0.6224

F().4)/F(za) = —0. 662(k T/e) (full),

F(X )/F(Xa) =-0.603(k T/E) (LTA) .
(36a)

(36b)

For the inert-gas crystals the potential-well depth
E is approximately twice the melting temperature
(T ). Hence, substituting &=2kaT„and T- T /3 in
Eq. (36) we find that F(A4) is approximately ~a of
F(Aa) and of opposite sign in both cases indicating a
satisfactory convergence if one uses the criterion
of consecutive terms in an expansion being an order
of magnitude (say, a factor of 10) smaller. It is
interesting to note that F(X4) is negative, indicating
that if lowest order perturbation theory [i.e. , O(Xa)]
is inadequate (e. g. , the calculated C„ is lower than

LTA range from 0. 4% for F(1(b})to 47%%ua for E(2(b)).
The largest contribution of O{X } in absolute magni-
tude comes from E(2(d)). With the exception of

F{2(e)), for which there is a slight increase, the
trend in Table I is a decrease in absolute magnitude
in going from the LTA to the full-term numbers.
The reductions of F(X4) and F(X ) are 38%%uo and 44/o,

respectively. Of the various approximate schemes
only F{ISC)is close to F(a4) in both full and LTA
cases,

In order to assess the convergence of the pertur-
bation expansion we examine the ratio of F(X ) to
F(X ). We find that

the experimental C„ in the high temperature range)
the addition of all the terms of 0(&') or only those
included in the ISC scheme should help to improve
the agreement.

V. SUMMARY AND CONCLUSIONS

%'e have calculated all of the contributions to the
Helmholtz free energy of O(X4) and O(P.') without
using the leading term approximation for a nearest-
neighbor central-force model of a monatomic fcc
crystal. For the Lennard-Jones potential, the ratio
F(A )/F(A ) indicates a satisfactory convergence of
the perturbation expansion up to approximately —,

' of
the melting temperature. The leading-term ap-
proximation was found to be adequate only for esti-
mating the ratio F(X )/F(Xa). This approximation
produced poor numbers for the total free energy as
well as for some of the individual diagrams. Of the
various classification schemes only ISC produced
numbers close to F(X ).
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