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Single crystals of argon were grown and investigated at 82.3 K, near the triple point. X-ray
diffraction photographs taken in transmission were used to verify that the crystals were single and to
determine their orientation. Brillouin spectra were obtained for several different orientations of three

crystals. The observed spectra contained the longitudinal component and at least one, and sometimes

both transverse components. Their frequency shifts were used to determine the adiabatic elastic

constants at 82.3 K: C» ——2.38 + 0.04, C» ——1.56+ 0.03, C4~ ——1.12 + 0.03, in units 10' dyn/cm',
and the elastic anisotropy A = 2.73 + 0.10. These values differ significantly from earlier results derived

from neutron scattering and ultrasonic experiments. However, there is good agreement with recent

Monte Carlo calculations which use multiparameter pair potentials and the triple-dipole interaction.

I. INTRODUCTION

Argon is the most thoroughly investigated of the
rare-gas solids, both experimentally and theoreti-
cally. After the development of techniques for
growing single crystals, by Simmons and his co-
workers, ' measurements of many of the bulk and
thermal properties have been reported, and the
resulting values have been used to test available
theories. Recently, there has also been some suc-
cess in the derivation of interatomic potentials for
argon: Parson, Siska, and I.ee' have obtained a
multiparameter pair potential which is in good
agreement with the spectroscopic data of Tanaka
and Yoshino on diatomic argon, and with the mo-
lecular-beam studies of Scoles' and I.ee' and their
co-workers; Barkers and his colleagues have put
forward other multiparameter pair potentials which
are in good agreement with many of the properties
of condensed argon. These recent determinations
of interatomic potentials provide new incentives
for further accurate experiments on argon.

One of the sensitive tests of theories of lattice
dynamics, and of proposed interatomic potentials,
is the comparison of computed values of the elastic
constants with the observed values. Several de-
terminations of the elastic constants of solid argon
have been made from measurements of sound ve-
locities obtained in neutron scattering and ultra-
sonic experiments. The most extensive and prob-
ably most accurate ultrasonic measurements on
argon are those reported recently by Keeler and

Batchelder. However, their results are not com-
patible with those of two earlier ultrasonic experi-
ments. ' Similarly, the results of two recent in-
vestigations of neutron scattering, by Batchelder
et al. '0 and Egger et al. ,

"are not in agreement
with each other, and differ from the ultrasonic
values by more than the quoted experimental er-
rors. Finally, none of these experimental values
agrees with the latest theoretical predictions. '

The major difficulty in the ultrasonic and neutron
scattering experiments seems to have been the re-
quirement of large ( 1cm-') single crystals; large
crystals are difficult to grow and maintain, espe-
cially when bonded to transducers for the ultra-
sonic experiments.

The present investigation. was initiated in the
hope of resolving the conflicting experimental data
on the elastic constants of argon. Recent experi-
ments in this laboratory, " leading to the evalua-
tion of the elastic constants of xenon and neon, have
shown that Brillouin spectroscopy has distinct ad-
vantages over ultrasonic and neutron scattering
techniques for investigating the elastic properties
of the rare-gas solids. The most important ad-
vantage is that the size of the single crystal need
only be approximately 1 mm': Such a small single
crystal can be readily grown; also, it is trans-
parent to x rays, thereby making it possible to
demonstrate that the crystal is single and to deter-
mine its orientation accurately.

In the present experiment three different single
crystals were investigated near the triple point of
argon (T = 88. 81 K and P = 516.9 Torr). This tem-
perature was chosen since it is easiest to grow rare-
gas single crystals near the freezing point; more-
over, this is a most interesting temperature region
since effects of anharmonicity are largest at this tem-
perature. The crystals were grown from the liquid
and maintained at 82. 3 K in a specially designed
Dewar cooled by liquid n.itrogen. The quality of
each crystal and its orieqtation were determined
by I.aue x-ray diffraction in transmission. Bril-
louin spectra were recorded for a large number of
orientations of each crystal. The frequency shifts
of the observed Brillouin components were used to
obtain values of the adiabatic elastic constants Ci],
C fp C44 to an accuracy of 2 .5% or better. The
experimental method is described in detail in Sec.
III. This is followed by a review of the observed
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spectra and the results of their analyses in Sec.
IV. Finally a comparison with existing data on the
elastic properties of solid argon and with the re-
sults of current theories is given in Sec. V.

(&44-p(o 8,q)IIt=O,

with

~4f = (C„—C44)q, + C44 q for t =J2 2

II. BRIEF RESUME OF BRILLOUIN SCATTERING IN
CUSK CRYSTALS

= (C 44 + C44)q(qg for i&j.

The theory of Brillouin scattering in cubic crys-
tals has been discussed fully by Benedek and
Fritsch, '~ and modified by Gornall and Stoicheff44
to describe the scattering from a crystal having
arbitrary orientation vrith respect to the incident
light beam. Here, only the relevant equations will
be repeated for ready reference.

It is well known that the fluctuations in the dielec-
tric constant of a medium, &e(r, t), give rise to
scattering of light. For a crystalline medium
these fluctuations are vrritten in terms of their
spatial Fourier components as

3/2
&e(r, t)= — g ldql5e"(q, t)e" ~

For a monatomic cubic crystal, there are three
acoustic branches, one longitudinal and tmo trans-
verse, associated with a vrave vector q, and these
are denoted by the polarization index p, (where
t4= 1, 2, 3). The dispersion relation for these
branches is

~.(q) =v.(q)q,

where 40„is the frequency and v„(q)is the velocity
of the acoustic mode p, . In a light scattering ex-
periment, the wave vector q is defined in the labo-
ratory reference frame as q =f-Ko (where fo and
k are the wave vectors of the incident and scattered
light), and its magnitude is given by

q = 244 sin(e/2),

where 8 is the scattering angle. The Brillouin fre-
quency shift of a mode p, is

d, v„=+(2v)'+„(q)= +2vov„(q)(n/c) sin(e/2), (1)

where c is the velocity of bght and n the refractive
index.

Fluctuations in the dielectric constant arise from
the coupling of propagating elastic vraves to the di-
electric tensor through the elasto-optic constants
of the crystal. The propagation of these elastic
waves in a crystal for which the stress tensor a,

&

and strain tensor obey Hooke's lavr is described by

eo']~
pg] =

where u and r are the displacement and position
vectors of an element of the crystal, and p is its
density. For a monochromatic plane -wave solution
of the form u = ll(q)e' "'""this system of equations
may be written in the form

Here C», - C», C«are the elastic constants for a
cubic crystal, and II„H2, II3 are the components
of the polarization vector in the direction of the
displacement u. The secular equation

p~ 8&yl=O (3)

provides a relationship betvreen the three elastic
constants and the three mode frequencies
v = +or„(q). This equation is most easily solved
for q along crystal directions of high symmetry;
for directions of low symmetry, Eq. (2) must be
solved as a 3x 3 eigenvalue problem. An orthogo-
nal transformation is found vrhich diagonalizes the
matrix (&„);the eigenvalues yield co„,and the
eigenfunctions yield II„.Thus vrhen the elastic
constants are knovrn, the frequencies can be deter-
mined directly, and if values of the elastic con-
stants are assumed, values of ~„may be obtained
for comparison with the experimental measure-
ments.

III. EXPERIMENTAL APPARATUS AND TECHNIQUE

The apparatus and techniques used in the present
experiment are essentially the same as those de-
scribed by Gornall and Stoicheff" for the investiga-
tion of xenon. Therefore, only those features
which are significantly different will be discussed
belovr. As in the earlier vrork, single crystals of
small dimensions ( 2 mm diam and 1 cm long)
vrere grovrn near the freezing point; they were
examined by x-ray diffraction in transmission to
ensure that they mere single and to determine their
orientation; and Brillouin spectra vrere recorded
at high resolution for various crystal orientations,
all at a scattering angle of 90' to the incident laser
beam.

A. Cryostat and sample cell

A schematic diagram of the complete experiment
is shovrn in Fig. 1, and a detailed drawing of the
sample cell and cryostat tail assembly in Fig. 2.
Since argon liquefies at 87. 3 K and solidifies at
83. 8 K (under its own vapor pressure) it was pos-
sible to use liquid N2 cooling in this experiment.
The cryostat consisted of a 5. 5-liter reservoir for
liquid N2, and a rigid tail section consisting of a
hollow copper block kept full of liquid N2 by means
of two hollovr posts connected to the bottom of the
reservoir. A cylindrical sample cell was mounted
vrithin this block, as described below, along vrith
heaters and thermocouples for temperature control
of the sample volume. The whole tail assembly was
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enclosed in a removable Pyrex envelope fitted with

anoptical quality window at thebottom for laser ir-
radiation of the sample, and a curved Mylar window
(0. 025 mm thick) cemented to the cylindrical sur-
face for x-ray irradiation of the sample at right
angles to the laser beam. The sample cell was
carefully mounted so that its vertical axis coincided
with that of the cryostat, and provision was made
for rotating the complete cryostat about this axis.

The sample cell was constructed of Pyrex tubing
of 2. 0-mm bore, 0. 5-mm wall, and -5-cm length.
A good quality window for the incident laser beam
was made by polishing the upper end of a Pyrex rod
(2. 0 mm diam) fusing this into the bottom end of
the cell and finally polishing the end. The top end
of the cell was terminated in a horn (painted black)
which served as a light trap. A 1-liter flask con-
taining argon gas with natural isotopic abundance
(research grade of nominal 99.9995/o purity) and
supplied by the Matheson Co. was connected to the
sample cell as shown.

The cell was mounted within the copper block by
means of two sleeves of thin copper, one cemented
around the bottom window, and the other at the up-
per end of the cell, leaving a clear section of glass
-1 cm long between the sleeves. The other ends
of the sleeves were cemented to the copper block.
A cylinder of thin copper, having appropriate aper-
tures for the scattered light and x rays, was at-
tached to the bottom sleeve and served as a heat
shield. Good thermal coupling of the cell and cool-
ant was thus provided so that a temperature as low
as 79 K was readily attained within the cell.

Long-term temperature control was essential in
this experiment since the process of growing a
single crystal, the determination of its quality and
orientation, and the subsequent scattering experi-
ments often took two to four weeks. This was
achieved with the heaters and thermocouples shown
in Fig. 2 using the method described in the xenon
work. Kith the cell kept at a temperature of 85. 5

CRYOSTAT SINGLE MODE
LASER

FIG. 1. Schematic diagram of apparatus for Brillouin
scattering and x-ray diffraction of argon single crystals.
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FIG. 2. Schematic diagram of tail assembly showing
details of sample cell, cooling system, and temperature
control.

K, argon gas was admitted to the cell until it was
full of liIluid. A small "seed" crystal (dimensions
& 1 mm) was then grown by slowly lowering the tem-
perature of the bottom of the cell until a 2' tem-
perature gradient was established in the cell. This
seed crystal was annealed for -12 h; the tempera-
ture of the bottom end was then slowly lowered
causing the crystal to grow to a height of -1 mm.
After a second annealing for several hours, the
temperature of the top of the cell was lowered (at
a rate of 1'/h) until the crystal filled the cell.
At this stage the temperature gradient from top to
bottom of the cell was 3.3, with the center at a
temperature of 82. 3 K.

B. X-ray diffraction

X-ray diffraction was used to ensure that the
crystals were single and to determine each orienta-
tion in the laboratory reference frame. Transmis-
sion Laue patterns were used since they probe the
full cross section of the crystal. The x-ray beam
from a tungsten target was collimated to give a 2-
mm-diam beam at the sample. Diffraction photo-
graphs were taken at a distance of 6. 80 cm from
the center of the sample on Polaroid type 57 film
held in a Polaroid XR-7 cassette equipped with a
fluorescent backing. Photographs were taken be-
fore and after each Brillouin spectrum. Exposure
times of 10 min were sufficient to produce -10
distinct Laue spots, but longer exposures were
used at each orientation to ensure accurate mea-
surement and identification of even the weakest
Laue spots.

A Laue photograph for one orientation. is repro-
duced in Fig. 3, showing a typical arrangement of
Laue spots in a closed ellipse passing through the
center of the photograph. This pattern is caused
by reflections from lattice planes belonging to the
same crystal zone, and facilitates the analysis of
the crystal orientation. A preliminary graphical
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analysis yielded values of the Euler angles (8, P, X)
accurate to -2'. This was followed by an accurate
measurement (to 0. 5 mm) of the coordinates of
each Laue spot and a computation of a series of
complete diffraction patterns for a small range of
Euler angles about their preliminary values. The
most reliable Euler angles were then determined
by a least-squares fit of the coordinates, and the
corresponding Laue pattern given by the IBM 7094
Calcomp plotter was matched to the x-ray photo-
graph. In this way, the Euler angles for each ori-
entation were determined to an accuracy of 0. 5'.

A crystal was judged to be single when every
observed Laue spot on a given photograph was re-
produced on the corresponding calculated pattern,
and when this criterion was satisfied for all crystal
orientations.

C. Brillouin scattering

A He-Ne laser was used in the preliminary ex-
periments with crystal No. 1. It was built accord-
ing to the design of Smith. ' It emitted 10 mW of
radiation at 6328. 2 A, in a single mode, and was
stabilized in frequency and intensity. The experi-
ments with crystals 2 and 3 were carried out with
a Spectra Physics (model 165) Ar' laser using a
tilted etalon. Radiation at 4879. 9 A was emitted
in a single mode having a short-term frequency
jitter of +10 MHz and a slow frequency drift & 50
MHz/h. The laser power incident on the crystals
was -6 mW in these experiments, and was con-
stant to 0. 5%. The advantages of the Ar' radiation
for Brillouin scattering were the higher scattering

power, and the higher sensitivity of the photomul-
tiplier (with S-20 spectral response) to radiation
at 4880 A.

The laser radiation was directed along the verti-
cal axis of the cell and focused in the crystal.
Light scattered at 90' +0.5' to the incident beam
was collected and examined with the Fabry-Perot
spectrometer illustrated in Fig. 1, and described
in Ref. 15. Care was taken in the alignment to
ensure that the scattered light collected by this
optical system originated within the volume of the
crystal sampled by the x-ray beam. In the present
experiments, two interferometers were used, one
for 6328-A radiation, the second for 4880-A radia-
tion. The respective spacers were 0. 9993+ 0. 0002
and 1.0030+0. 0002 cm giving spectral-free ranges
of 0.4999 (14 996) and 0.4960 cm ' (14 940 MHz).
The interferometer plates were flat to X/200 and
dielectrically coated to give 9&p ref lectivity. A
finesse of 100 to 120 was achieved in each recorded
spectrum, resulting in an instrumental width of
-150 MHz. The photomultiplier dark counting rate
was 1 per second. Brillouin spectra were re-
corded at a speed of 1 spectral-free range every
45 min, and 3 to 5 orders constituted a complete
scan for each orientation of the crystal.

IV. EXPERIMENTAL RESULTS

A. Observed Brillouin spectra

Three single crystals of argon were grown for
this investigation. Preliminary experiments were
carried out with crystal 1 using 6328-A radiation;

O ~r 0 0
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FIG. 3. Photograph of Laue diff raction pattern of crystal 3 (8 = 243. 6', ft) = 78.1', X =310.5') and the computed pattern
which identified the crystal orientation. The solid circles in the computed pattern correspond to the observed diffrac-
tion spots.
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more extensive experiments were carried out on
crystals 2 and 3 using 4880-A radiation. The
crystals did not appear to grow preferentially along
the cell axis: ln fact, the inclinations of the primi-
tive cell axes [100], [010], [001] to the vertical cell
axis were 50.4', 52. 1', and 62 3' fo r stal 1
73.7, 67. 8, and 28. 1' for crystal 2; 46. 8',
54. 8', and 63. 5' for crystal 3.

Brillouin spectra for crystal 1 mere recorded at
eight different orientations with the Euler angle P
varied over a range of 55' for crystal 2, spectra
at 12 orientations over a range of 90' in P; and for
crystal 3, spectra at nine orientations over a range
of 95' in Q. Typical Brillouin spectra are shown
in Figs. 4 and 5, and the measured frequency shifts
are given in Table I. Most of the observed spectra
consisted of two Brillouin components, the longitu-
dinal and the low-frequency transverse components.
Only for three orientations of crystal 2 were all
three components observed, and even in these
spectra the high-frequency transverse component
(labeled Tz) was of very low intensity (Fig. 4). It
is evident from the spectra in Fig. 5 that the fre-
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FIG. 4. Brillouin spectra of crystal 2 showing the
variation in intensity with crystal orientation. 5.20—
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FIG. 5. Brillouin spectra, of crystal 3 showing the
variation in frequency shift with crystal orientation.

FIG. 6 Graphs of acoustic-mode frequencies as a.

function of orientation angle ftl: (a} crystal 2, and (b}
crystal 3. The indicated errors on. the experimental
points include inaccuracies in measurements of orienta-
tion angles as well as of frequency shifts. The solid
lines represent the "best fit" used to determine values
of the elastic constants.
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TABLE I. Experimental Brillouin shifts. a T = 82. 3 K; P = 482 Torr. b

Eulez angles (deg)
e X

F requency shifts
Tf

297. 4
297. 9
297. 7
297. 5
297. 8
297. 7
297. 7
297. 7

208. 8
208. 5
208. 7
208. 3
208. 6
208. 1
208. 5
208. 5
208. 4
208. 0
207. 8
208. 5

243. 5
243. 5
243. 5
243. 5
243. 5
243. 3
243. 6
243. 0
243. 6

219.3
229. 1
239. 6
249. 3
259. 3
264. 4
269. 5
274. 4

231.6
238. 3
249. 1
262. 8
275. 4
288. 3
297. 1
303.9
306. 9
313.0
318.4
321.8

5. 0
16.9
28. 0
39.0
53.0
67. 0
78. 1
91.0

100.5

313.7
313.9
313.9
313.7
313.7
313.4
313.7
313.7

324. 0
324. 0
323. 9
323. 5
323.4
323. 5
323. 2
323. 1
323.2
323. 8
323. 9
322. 8

309.7
309.9
310.1
310.2
310.3
31Q. 3
31Q. 5
310.6
310.6

Crystal
3.860+
3.895 +
3.905+
3.850+
3.764+
3.741+
3.665 +
3.603 +

Crystal
4. 964+
4. 956 +
4. 966 +
5. 022 +
5. 084+
5. 127 k
5. 120+
5. 093+
5. 070+

~ 5. 042+
4. 995+
4. 937 +

Crystal
4. 776+
4, 847+
4. 942 +
5. 041+
5. 065+
5. 008 +
4.898+
4. 740 ~
4. 617 +

No. 1

0. 019
0. 012
O. 015
0. 014
0. 015
0.022
0. 014
O. 012

No, 2
0. 025
0. 025
0. 014
0.015
0. 015
0. 031
0.018
O. 014
0. 015
O. 021
0. 012
0. 020

No. 3
0. 025
0. 014
0. 019
0. 011
0. 012
0. 022
0. 011
0.017
0. 017

1.572 + 0. 016
1.761+ 0. 006
1.881+ 0. 020
1.978+ 0. 013
2. 085+ O. 015

2. 315+ 0. 022
2. 231~ O. 019
2. 093+ 0. 037
1.957+ 0. 019

1.997+ O. 033
2. 126+ O. 028
2.219 + O. 025
2. 253+ 0. 023
2. 318+ O. 028
2. 345+ 0. 014
2. 385+ 0. 021

2. 648 + O. 026
2. 422 + 0. 016
2. 144+ 0. 007
1.951 + O. 018

1.989+ 0. 017
2.267+ O. 012
2. 607 + 0. 015
2. 820+ O. 017

2. 876 + 0. 024

2. 804+ 0. 031

2. 833 + 0. 023

~Average values of at least six measurements for which the average deviation is given.
The equilibrium vapor pressure corresponding to 82. 3 K is 415 Torr; the measured
pressure given here is somewhat higher because each crystal was maintained with a tem-
perature gradient.

quency shifts of the Brillouin components changed
significantly with crystal orientation. This depen-
dence of frequency shift on crystal orientation is
shown more completely for crystals 2 and 3 in Fig.
6. Each of the frequency shifts listed in Table I is
an average of at least six measurements, and the
accuracy is estimated to be better than ling.

The peak intensities of all of the observed Bril-
louin components were measured, and the ratios
of transverse to longitudinal intensities are listed
in Table II and plotted vs orientation angle in Fig.
V. Measurements of the peak intensities mere
made rather than integrated intensities since all
of the observed linewidths were the same (and equal
to the instrumental width). Each value in Table II
is the average of at least six measured ratios. The
average deviations for f(T,)/f(L) range from 5 to
12%. Because of the very low intensity of the T2

component in the three spectra in which it mas ob-

served, the accuracy of f(T, )jI(L) was-25/g atbest.

B. Evaluation of elastic constants

In none of the orientations for which spectra mere
recorded mas the mave vector q aligned mith a
major symmetry direction of the crystal. Thus,
the elastic constants could not be determined from
Eq. (3) as explicit functions of the acoustic-mode
frequencies. Furthermore, the problem mas com-
plicated by the fact that in a11 but three of the ob-
served Brillouin spectra the transverse component
T~ could not be detected.

The elastic constants were evaluated using the
method described in Ref. 15. Trial values of C»,
C~~, and C«mere substituted into the dynamical
equations, Eq. (2), and the frequencies of the lon-
gitudinal mode L and the lower-frequency trans-
verse mode 1', mere obtained by solving the eigen-
value problem as outlined in Sec. II. For a given
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TABLE Q. Experimental peak intensity ratios~ as a
function of crystal orientation.

(deg)

231.6
238.3
249. 1
262. 8
288. 3
297.1
303.9
306.9
313.0
318.4
321.8

5. 0
16.9
28. 0
39.0
67. 0
78.1
91.0

100.5

1(L)/I(Tg)

Crystal No. 2
0.186+0. 023
0.166+ 0.015
0.121+0.018
0.048+0. 009
0.040 +0.010
0.113+0.010
0.136+0.010
0.156 + 0.008
0.155 + 0.009
0.151+ 0.009
0.140 + 0.006

Crystal No. 3
0.207 + 0.017
0, 226+0. 012
0.179+ 0.016
0. 089 +0.007
0.103 + 0.011
0.178+ 0.016
0.172+0, 019
0.132 + 0.012

I(L)/I(T2)

0.041 + 0.011
~ ~ ~

0.029+ 0.006
~ ~ ~

0.020+ 0.009
~ ~ ~

0.25-

020- "
tl

~ O. i5-~

O. I 0-
Mx

0.05 jK

230 250 270 290 BIO 330

aAverage values of at least six measurements for which
the average deviation is given.

set, of elastic-constant values, the frequencies of
the I- and T, acoustic modes were obtained for all
orientations of the crystal at which spectra were
taken. The trial values of the acoustic-mode fre-
quencies were compared to the corresponding ex-
perimental frequency shifts and a fit was obtained
for each crystal by the method of least squares.
In Figs. 6(a) and 6(b), the experimental Brillouin
shifts observed in crystals 2 and 3 are shown
plotted as a function of (t}. The solid curves in
these figures represent solutions of the dynamical
equations which best fit all of the experimental fre-
quency shifts of the I and T& Brillouin components.
Although the frequency shift of the T3 component of
crystal 2 was not included in the fit of Fig. 6(a},
good agreement with the predicted curve of T~ is
seen for those orientations where this mode was
detected. The values of the elastic constants de-
termined in this way are given in Table III and
labeled (all P}.

A second method of analysis was used for those
orientations of crystal 2 for which all three Bril-
louin frequency shifts could be measured, namely,
/=231. 6', 288. 3', and 318.4'. In this analysis,
an independent determination of the three elastic
constants was made for each orientation from the
L, T~, and T2 Brillouin shifts. Again, the method
involved trying various values of the elastic con-
stants in Eg. (2) and finding the best agreement
with the experimental frequency shifts. The elastic
constants determined by this analysis are also
given in Table III. However, it should be empha-
sized that these values of C», C,~, and C44 are not
of high accuracy because the observed T~ compo-
nents were extremely weak in all three spectra and
their frequency shifts were difficult to measure.

Since the three crystals were maintained at the
same temperature and pressure it is of interest to
determine the values of the elastic constants which

~ 0.25-
H

0,20-

0.15- Crystal No. C«

Elastic constants
(10' dyn/cm )

CI2 C44

TABLE III. Adiabatic elastic constants of argon,
[T=82.3 K],~ determined from the Brillouin spectra.

O, iO-
K~ O.OS-I-
K

IO 20 3G 40 50 60 70 80 90 i00

1 {all p)
2 (all y)
3 (all p)

2 (y =231.6')
2 (y =288. 3')
2 (@ =318.4')

2. 33" 0.08
2. 38+0.06
2.38*0.04

2. 34
2. 35
2.39

1.49 + 0. 06
1 55+0 ~ 05
1.57+ 0. 03

1, 34
1.93
1,55

1, 17+0,07
1.11+ 0. 05
1.12+0.03

1.13
1,12
l. 12

FIG. V. Graphs of the intensity ratios I(Tq)/J(L) and

I(T2)/1(L) of the Brillouin components in the spectra of:
(a) crystal 2, and (b) crystal 3. The solid lines repre-
sent the "best fit" used to determine the ratios of the
photoelastic constants.

1, 2, and
3 (a» y)
2 and 3
(all y)

2. 38+ Q. 03

2. 39 ~ 0. 03

1.56+0, 02

l. 56+0. 02

1~ 12+0, 02

l. 11+0.02

~At 82. 3 K, density p=1.629+0. 001 g/cm3 (Ref. 2),
and refractive index @=1.2681 and 1.2708 at 6328.2 and
4879. 9 A, respectively (Ref. 19).
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TABLE IV. Maximum frequency changes in the acoustic modes resulting from uncer-
tainties of + 0. 5' in the Euler angles (8, @,X).

@ {deg)
F requencies (GHz)

Ti y (deg)
F requencies (GHz)

L Tf T2

219.3
229. 1
239. 6
249. 3
259. 3
264. 4
269. 9
274. 4

5. 0
16.9
28. 0
39.0
53. 0
67, 0
78. 1
91 ~ 0

100. 5

Crystal No. 1

0. 008
+ 0. 014
+ 0. 010
+ 0. 013
+ 0 ~ 016
~ 0. 015
+ 0. 015
+ 0. 014

Crystal No. 3
+ 0. 014
+ 0. 015
+ 0. 010
+ 0. 005
+ 0. 005
+ 0. 010
+ 0. 015
+ 0. 014
+ 0. 014

+ 0. 016
0. 020

+ 0„023
+ 0. 022
~ 0. 024

+ 0. 022
+ 0. 027
+ 0. 026
+ 0. 021

0. 020
~ 0. 027
+ 0. 029
+ 0. 023

231.6
238. 3
249. 1

262. 8
275. 4
288. 3
297. 1
303.9
306. 9
313.0
318.4
321.8

C rystal
+ 0. 015
~ 0. 010
+ 0. 010
+ 0. 010
+ 0. 015
+ 0. 005
+ 0. 006
+ 0. 006
+ 0. 010
+ 0. 005
+ 0. 010
+ 0. 005

No. 2
+ 0. 015
+ 0. 019
+ 0. 017
+ 0, 011

~ 0. 017
+ 0. 019
+ 0. 015
+ 0. 011
+ 0. 009
+ 0. 012
+ 0. 021

+ 0. 017

+ 0. 020

+ 0. 011

yield a best fit to the combined data for all three
crystals. These values were derived using the
first method of analysis described above (all P)
and are included in Table III. Also shown are
values of the elastic constants which give a best
fit to the more accurate combined data of crystals
2 and 3.

In order to assess the accuracy of the elastic-
constant values determined in the present experi-
ment two types of uncertainty were considered.
First, there are uncertainties which affect the ab-
solute magnitude of all three elastic-constant values
in the same way, for example, uncertainties in the
physical constants of the sample, such as its tem-
perature, density, and refractive index, and un-
certainty in the scattering angle. These quantities
appear as common factors in the equations used to
derive the elastic constants from the Brillouin
shifts. The uncertainty in the elastic constants
contributed by uncertainties in all four factors com-
bined was estimated to be less than +17'. Second,
there are uncertainties which primarily affect the
relative values of the elastic constants, for exam-
ple, uncertainties in the orientation angles (e, P, X),
and in the Brillouin shifts. In the present experi-
ment, the maximum uncertainty in each of the
Euler angles was estimated to be +0. 5', and in
each of the measured frequency shifts +1% (Tablel).

In order to estimate the effect of these uncertain-
ties on the determination of the elastic constants
the following calculation was carried out: For
every crystal orientation, the changes in the acous-
tic-mode frequencies caused by all combinations

of 48, &p, and &y (each equal to s 0. 5') were de-
termined from the dynamical equations. The maxi-
mum values of the frequency changes are given in
Table IV; these values were added to the corre-
sponding uncertainties in the measured Brillouin
shifts given in Table I. The results are indicated
by the error bars in Fig. 6. In separate calcula-
tions on each crystal, all combinations of Cgg Cgp,
and C,4 which gave a fit to the Brillouin shifts with-
in the error bars were determined from the dy-
namical equations. In a similar calculation, the
combined data of crystals 2 and 3 were fitted. The
results of these analyses yielded the errors in-
cluded with the values of the elastic constants in
Table III. A higher accuracy was obtained with
crystals 2 and 3 because they were studied over a
larger range of orientation angles P (-90' com-
pared to 55' for crystal 1). The best results were
achieved with crystal 3 since, in addition, the
measured change in frequency shift with orienta-
tion angle for the L, and T, modes was twice the
corresponding change observed for crystal 2.
Finally, the good agreement between the values of
the elastic constants obtained for crystals 2 and 3
indicates that the experimental accuracy is at
least as good as given in Table III.

In summary, the experimental data for all three
crystals lead to the following values for the adia-
batic elastic constants of argon at 82. 3 K:

Cyf —2. 38 + 0. 04,

C~2=1, 56 +0.03,

C44 = 1.12 + 0. 03,
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in units of 10'0 dyn/cm'.
From these values of the elastic constants, the

adiabatic bulk modulus and the elastic anisotropy
are found to be

B, =-', (C»+ 2C,z) = (1.83 +0. 03) X 10' dyn/cm',

A = 2C44/(Cii —C») = 2. 73 + 0. 10 .
The Gruneisen parameter y = PB,/(pC~) is calculated
to be 2. 77+0.09 at 82. 3 K, using the above value
of B„withthe volume expansivity P=(21.24
+0. 10)&&10 K ', the density p=1. 629+0. 001
g/cm, and the specific heat at constant pressure 0

C~ = 8. 23 + 0. 07 cal/mole K.

C. Evaluation of ratios of elasto-optic constants

The intensity ratios I(T,)/I(L) for crystals 2 and
3 given in Table II, together with values of the
elastic constants, scattering geometries, and crys-
tal orientations, were used to determine the ratios
P,2/P» and P«/P». Trial values of these ratios
were used in Eq. (19) ~ of Ref. 15 to calculate the
relative intensities which best fitted the observed
intensities. For both crystals, the best agreement
(Fig. 7) obtained by least-squares calculations was
found for the values,

P)q/Pqq = 0. 98 + 0. 16 and P44/Pqq = 0. 12 a 0.05 .

It must be emphasized that these values are ap-
proximate only, since the intensity ratios I(T2)/I(L)
were not included in the evaluation, and moreover,
the T, component was of very low intensity in the
spectra of several crystal orientations. Neverthe-
less, it may be noted that theory predicts the high-
est intensities for the T& component at just those
orientations for which it was observed [Fig. 7(a)].

V. DISCUSSION AND COMPARISON OF PRESENT RESULTS
WITH OTHER EXPERIMENTAL VALUES, AND WITH

THEORETICAL CALCU LATION S

Summary of the available experimental values
of elastic constants of argon is given in Table V.
The first determinations of the elastic constants
of argon were based on ultrasonic measurements
of the velocities of longitudinal and transverse
waves propagating. in specific crystal directions.
Such measurements were made by Moeller and
Squire over the temperature range from 74 to 84
K, and by Gsanger, Egger, and Luscher from 4
to 77 K. The latter combined their data with com-
pressibility measurements in order to obtain
values for all three elastic constants. The most
recent ultrasonic measurements are those reported
by Keeler and Batchelder. 7 In their experiments,
argon crystals were grown in an arbitrary orienta-
tion around a small transducer suspended in a
Mylar sample cell. Velocities of longitudinal and
transverse ultrasonic waves were measured by the
pulse-echo technique. Both the transducer mount-
ing and the cell wall were flexible, so that the crys-
tal was apparently not damaged as the temperature
was changed from 77 to 3 K. The crystal size,
quality, and orientation were determined by back
reflection of x rays. However, the authors have
noted that the crystal structure in their samples
could not be determined at the crystal-transducer
and crystal-substrate interfaces.

The results of these three ultrasonic experiments
are summarized in Table V. A comparison of cor-
responding values at similar temperatures, for
example, at 4 and 4. 2 K, and at 82, 76. 8, and 80
K, shows widely differing values among the three
sets of ultrasonic data. Furthermore, there is
significant disagreement between any set of ultra-

TABLE V. Summary of experimental values of adiabatic elastic constants and of elas-
tic anisotropy A, for argon.

Experiment
Temp.

(K)
C~g C&2 C&4

410" dyn/cm')

Brillouin scattering
Present results

Ultrasonic measurements
Moeller an.d Squire, Ref. 8
Gsanger et a/. , Ref. 9

Keeler and Batchelder, Ref. 7

Neutron scattering
Batchelder et a/. Hef. 10
Egger et al. , Ref. 11

Stimulated Brillouin scattering
Meixner et al. , Ref. 24

82. 3

82
4. 2

76, 8

40
80

4
4. 2

80

2. 38

2. 81
5. 29
3.35
4 ~ 38
3.77
2. 70

4. 11
3.67

1.56

1.57
1.35
1.01
1.82
1.77
1.39

1.90
1.74

1.16

0. 56
1.59
0 ~ 93
1, 63
1.35
0. 89

2. 10
2. 34

1.12

2. 73+ 0. 10

0. 90
0. 81+ 0. 21
0. 80+ 0. 28
1.27+ 0. 18
1.35+ 0. 20
1.36+ 0, 23

1.90
2. 42 ~ 0„30

1, 39
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sonic values at - 80 K and those obtained in the
present experiment at 82. 3 K. It should also be
pointed out that all of the ultrasonic data lead to
values of the elastic anisotropy A between 0. 8 and

l.4, a result which may be inferred to arise from
polycrystalline samples rather than from single
crystals. These values for A are almost half the
value obtained in the present experiment.

The elastic constants of solid argon have also
been measured by neutron scattering experiments,
although only at 4 K. In these experiments, phonon
dispersion curves of the crystal are measured, and
a fit to the experimental curves yields a set of in-
teratomic force constants, which in turn are used
to derive values of the elastic constants. The neu-
tron scattering data of Batchelder et a/. ' measured
from a single crystal of argon at 4 K were analyzed
in this way and the elastic constants are given in
Table V. In another experiment on argon si'.ngle
crystals at 4. 2 K, Egger et al. "derived the elastic
constants from the slopes of the phonon dispersion
curves at low frequencies.

The neutron scattering results at 4 K, of course,
are not directly comparable to the present values
at 82. 3 K because of anharmonicity. However,
theory predicts that the elastic anisotropy param-
eter A does not change significantly with tempera-
ture. Therefore, it is interesting to note that the
values of A determined from neutron scattering
data are closer to the present experimental value
than were the ultrasonic values. It should also be
pointed out that values of the elastic constants ob-
tained by neutron scattering and by ultrasonic
measurements or Brillouin scattering, at the same
temperature, may not be identical because of pos-
sible dispersion. For example, calculations by
Niklasson on argon at its triple point suggest dif-
ferences of -4%, and recent measurements ' on
krypton near its triple point indicate differences as
large as 10%.

Another technique used recently in the determina-
tion, of sound velocities is stimulated Brillouin scat-
tering. Meixner et @E. ~ have reported longitudinal
sound-velocity measurements for propagation in
the [100] and [110]directions in single crystals of
argon, over the temperature range 4. 2 to VV K.
The elastic constant C» was determined directly
from the velocity in the [100]direction, and values
of C,3 and C4~ were obtained by combining the data
in the [110]direction with compressibility measure-
ments on argon. ~ The results show a smooth tem-
perature dependence from 4 to VV K, and it is
straightforward to make a slight extrapolation to
obtain the constants at 80 K which are given in
Table V. The value of C» at 80 K is approximately
157() larger than the present experimental value.
This discrepancy is not understood.

Theoretical values of the adiabatic elastic con-

stants of argon from 0 to &0 K are summarized in
Table VI and Fig. 8.

In the conventional treatment of vibrational an-
harmonicity in lattice dynamics, the crystal poten-
tail energy is expanded to fourth order in the atomic
displacements. The cubic and quartic terms are
regarded as small fractions of the total potential
energy and are handled by perturbation theory (PT).
This approach was taken by Feldman, Klein, and
Horton ' in a calculation of the adiabatic elastic
constants of argon based on a Lennard-Jones (LJ)
(6-12) potential and restricted to nearest-neighbor
(NN) interactions. Their results are shown by the
dashed curves in Fig. 8. At 0 K, their values are
consistent with the quasiharmonic calculation of
Barron and Klein. ~6 For temperatures greater
than approximately one-third of the triple-point
temperature, the large (26%) rms amplitudes of
lattice vibrations preclude the suitability of the per-
turbation-theory approach, and therefore, the com-
puted curves terminate at -60 K.

The self-consistent phonon theory (SC) provides
a more adequate treatment of large-amplitude lat-
tice vibrations. %ith this approach, much better
agreement between theoretical and experimental
values of thermodynamic properties of rare-gas
solids has been obtained at high temperatures. 2~

Klejn, Horton, and Goldman have calculated the
isothermal elastic constants of argon as functions
of temperature using the SC theory with a I.ennard-
Jones (6-12) potential acting between nearest-neigh-
bors only. Adiabatic isothermal corrections~6 were
calculated using the experimental values of Peter-
son et al. for the density, expansivity, and adia-
batic bulk modulus together with the specific-heat
values of Flubacher et al. These corrections
were applied to the isothermal elastic constants of
Klein et al. ~s; the resulting values are shown by
the dash-dotted curves in Fig. 8, and included in
Table VI. The present experimental value of C44
is in good agreement with the SC value. However,
the experimental and theoretical values of C» and

C+ differ by 12 and 11%, respectively.
The SC theozy used by Klein et aE. did not in-

clude odd derivatives of the interatomic potential.
When they are included (leading to the "improved
self-consistent" theory, 1SC), the calculated values
of the volume expansivity and heat capacity are in
better agreement with experimental results, al-
though the bulk-modulus values calculated from the
SC and ISC schemes differ by only a few percent. 8

It is unlikely, therefore, that the elastic constants
evaluated by the ISC scheme will differ substantial-
ly from the SC estimates.

Recently, Monte Carlo (MC) computer methods
have been used to evaluate thermodynamic and

elastic properties of rare-gas crystals. Since
these calculations take all interactions into account
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TABLE VI. Theoretical values of adiabatic elastic constants and elastic anisotropy A for argon.

Potential
Temp.

(K)
C(2 C44

(10'0 dynjcm')

Barron and Klein,
Ref. 26

Feldman et al. ,
iLef. 25

Klein et al. ,
Ref. 28

Hoover et aE. ,
Ref. 29

Fisher and %atts,
Ref. 12

Klein and Murphy,
Ref. 13

Gibbons et cl. ,
Ref. 14

Present results

LJ (6-12) (NN)

{AN)
LJ (6-12) (NN)

LJ (6-12) (NN)

LJ (6-12) (AN)

BFW and ATM (AN)

BB and ATM (AN)

PSL and ATM (AN)

0
0
7

59
25
83
40
60
40
60
80
80

3.98
3 ~ 71
3.97
2. 94
3.81
2. 66
3. 16
2. 73
3.60
3, 14
2. 48
2. 50

2. 37

1.92
2. 07
1.92
1.59
1.87
1, 39
1.S3
1.76
2. 21
1.S8
1.65
1.62

1.57

2. 01
2. 15
2. 00
1.22
1.88
1.15
1.69
] 44.

1.83
1.54
1.12
1.18

1.12

1.12

l. 95
2. 62
1.95
1.82
1.92
1.81
2. 75
2. 97
2. 62
2. 66
2. 70
2. 70

2. 80

2. 73

exactly (within the assumptions of a given force
law), they are equivalent to theoretical treatments
which include all-neighbor interactions (AN). The
adiabatic elastic constants of argon have been
evaluated at several temperatures by Hoover, Holt,
and Squire using a system of 108 particles in-
teracting with a Lennard-Jones (6-12) potential.
Their results, given in Table VI, are shown by the
open squares in Fig. 8. The Monte Carlo value of
C» is lower than that observed experimentally by

7% although there is excellent agreement for C»
and C«. The fact that the AN Monte Carlo results
give better agreement with the present experimental
values than the NN SC results is an indication that
interactions beyond the range of nearest neighbors
must be considered.

In all of the theoretical work summarized above,
the interaction between atoms was taken. to be the
familiar Lennard-Jones (6-12) potential. However,
it has been recognized for some time that this po-
tential does not give a satisfactory description of
+lute-gas properties. '0 Indeed, recent investiga-
tions of the absorption spectrum of diatomic argon
in the 780-1080-A region by Tanaka and Yoshino,
and measurements of differential scattering cross
sections for Ar+Ar in molecular-beam experi-
ments by Seoles and Lee and their co-workers,
have confirmed that the Lennard-Jones (6-12}po-
tential does not describe adequately the pair inter-
actions in gaseous argon. Barker and Lee' and
their colleagues have proposed multiparameter
pair potentials which are in good agreement with
the spectroscopic and molecular-beam data.

Recent calculations of the elastic constants of
argon have been based on the Barker and Pompe
(BP}potential

I 3

@aa(k, l) = e Q A, (r —1)'e ""' —Q
~5=0 &=0

Ca
~2 j+Q ~

Here r =R»/R, where R» is the actual separation

5.0—
E

U4, 00

(/)I-~3.0
V)

O
IL&~ 2.0,,~====

(/)

UJ |.O

Cl I I I I I I I I

0 l0 20 30 40 50 60 70 80
TEMPERATURE {K)

FIG. 8. Adiabatic elastic constants of solid argon as
a function of temperatue. The present experimental
values are plotted as solid dots. The values at 0 K are
the quasiharmonic calculations of Barron and Klein (Ref.
26) for NN (~) and AN (6) interactions. Results of other
theoretical calculations are labeled as follows: dashed
line, Feldman et c$. (Ref. 25) (PT); dash-dot line, Klein
et ul. (Ref. 28) (SC); a, Hoover et gi. (Ref. 29) (MC);
solid line, Fisher and %'atts (Hef. 12) (MC).
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of the atoms 0 and l, and R denotes the separa-
tion, and E the depth, at the minimum of the poten-
tial. The many parameters were evaluated, in
part, from fitting to thermodynamic and transport
properties of dilute gaseous argon. In order to ob-
tain good agreement with experimental data for
condensed argon using this pair potential, it was
necessary to include the Axilrod-Teller-Muto
(ATM} triple-dipole interaction given by ~

1+3 cosa~ cose, cosa„

Here R», R, , A ~ and 8~, 8„8are the sides and

angles, respectively, of the triangle formed by the
atoms k, E, and I, and v is a constant which is
evaluated theoretically. " Bobetic and Barker6 (BB}
have refined the BP pair potential by imposing a
fit to properties of solid argon at 0 K. In a further
refinement, Barker, Fisher, and Watts (BFW)
have used a linear combination of the BP and BB
pair potentials, namely,

(bar„(k, f) =0. VS/as(k, l}+0.25$s~(k, l),
and have obtained good agreement with experimen-
tal data on gaseous, liquid, and solid-state proper-
ties of argon.

Fisher and Watts' have used the BFW pair po-
tential together with the ATM potential in a Monte
Carlo calculation of the adiabatic elastic constants
of argon as functions of the temperature. Their
results are given in Table VI and shown in Fig. 8
by the solid curves. The agreement with the pres-
ent experimental values at 82. 3 K is excellent for
all three elastic constants. Klein and Murphy
have used the BB and ATM potentials in a similar
Monte Carlo calculation and have obtained the adia-
batic elastic constants at 80 K. It can be seen that
their results, given in Table Vl, are very similar
to the values obtained by Fisher and Watts. " Final. -
ly, Gibbons, Klein, and Murphy' have used the
pair potential of Parson, Siska, and Lee' (PSL)
with the ATM potential in a Monte Carlo calcula-
tion at 80 K. Their elastic-constant values are
comparable to the results obtained with the BFW~
and BB"pair potentials.

In all three Monte Carlo calculations summarized
above, the contribution of the ATM triple-dipole
interaction to the adiabatic elastic constants is ap-
proximately + 0.2&&10'0 dyn/cm for C» and C» and
zero for C,4. ~ It should be noted that the triple-
dipole contributions are larger than the errors in
the present experimental results. Although the
ATM contributions are small, nevertheless, the
excellent agreement between the theoretical and
the present experimental values suggests that the
pair potentials of Barker and his co-workers and
of Parson, Siska, and Lee are good representations
of the pair interactions between argon atoms in the

solid. Furthermore, it appears necessary to in-
clude many-body interactions in theoretical calcula-
tions of the elastic properties of solid argon, and
the ATM triple-dipole interaction may be a useful
approximation to these many-body forces.

When the elastic-constant values obtained from
the ultrasonic and neutron scattering experiments
were compared with each of the theoretical calcu-
lations discussed above, a serious disagreement
was found in the value of at least one elastic con-
stant of each set. More striking was the disagree-
ment with the theoretical values for the elastic
anisotropy parameter A. given in Table VI. By con-
trast, the present experimental value of A =2. 73
+0. 10 is in good. agreement with that predicted by
the recent theoretical calculations.

vr. cowcLUSroxs

The adiabatic elastic constants of argon single
crystals were determined to an accuracy of better
than 2. 5% by high-resolution Brillouin spectros-
copy. The present experimental values differ sig-
nificantly from the values obtained in earlier in-
vestigations based on neutron scattering and ultra-
sonic measurements. However, in contrast to this
earlier work, the strength of the present method
lies in the knowledge that measurements were
carried out on single crystals.

The present experimental values of the elastic
constants and the elastic anisotropy show good
agreement with recent Monte Carlo calculations.
The good agreement with the results of such calcu-
lations based on the Lennard-Jones (6-12) potential
is somewhat surprising, since recent molecular-
beam and spectroscopic results have definitely
ruled out this potential for gaseous argon. Alterna-
tive pair potentials have been developed which are
consistent with this recent data on Ar~ molecules.
The elastic constants and elastic anisotropy calcu-
lated by the Monte Carlo method using these pair
potentials do not agree with the present experimen-
tal values if pairwise additivity of the interatomic
potentials is assumed. However, if the nonaddi-
tivity is approximated by the Axilrod-Teller-Muto
triple-dipole interaction, these Monte Carlo calcu-
lations show excellent agreement with the present
experimental values. This reinforces current theo-
retical opinion that many-body forces contribute to
the properties of condensed argon.

The present experiment has yielded much useful
data; however, the measurements were made at
one temperature only, just below the triple point.
Clearly, further experimental measurements of the
elastic constants of argon at lower temperatures
would be desirable. It would also be of value to
make measurements of the absolute intensity of the
Brillouin scattering in order to derive abso1ute
values of the elasto-optic coefficients.



10 E LASTIC CONSTANTS OF ARGON SINGLE CRYSTALS. ~ ~

ACKNOWLEDGMENTS

We are grateful to M. L. Klein for helpful dis-
cussions on the theory, to R. A. McLaren and D.

Landheer, for assistance with the computer pro-
gramme, and to %. S. Gornall and A. Jares for
advice on experimental problems.

Research supported in part by the National Research
Council of Canada and the University of Toronto. The
work reported here is based on the thesis by S. Gewurtz
submitted for the Ph. D. degree to the University of
Toronto in 1973. Brief preliminary reports of this
work have been presented at a meeting of the Canadian
Association. of Physicists [Phys. Can. 28, 13 (1972)]
and in Ref. 16.

tHolder of a National Research Council of Canada Scho-
larship 1967-1970, and an E. F. Burton Scholarship,
University of Toronto 1971. Present address: Physics
Division, National Research Council of Canada, Ottawa,
Ontario K1A OR6.

O. G. Peterson, D. N. Batchelder, and R. O. Simmons,
J. Appl. Phys. 36, 2682 (1965); D. N. Batchelder, D.
L. Losee, and R, O. Simmons, in Crystal Growth,
edited by H. S. Peiser (Pergamon. , New York, 1967),
p. 843.

O. G. Peterson, D. N. Batchelder, and R. O. Simmons,
Phys. Rev. 150, 703 (1966); A, O. Urvas, D. L. Losee,
and R. O. Simmons, J. Phys. Chem. Solids 28, 2269
(196V).

J. M. Parson, P. E. Siska, and Y. T. Lee, J. Chem.
Phys. 56, 1511 (1972}.

Y. Tanaka and K. Yoshino, J. Chem. Phys. 53, 2012
(1970).

M. Cavallini, G. Gallinaro, L. Meneghetti, G. Scoles,
and U. Valbusa, Chem. Phys. Lett. 7, 303 (1970).

6J. A. Barker and A. Pompe, Aust. J. Chem. 21, 1683
(1968); M. V. Bobetic and J. A. Barker, Phys. Rev.
B 2, 4169 {1970);J. A. Barker, H. A. Fisher and, R.
O. %'att, Mol. Phys. 21, 657 (1971).

G. J. Keeler and D. N. Batchelder, J. Phys. C 3, 510
(19v0).

H. R. Moeller and C. F. Squire, Phys. Rev. 151, 689
(1966).

M. Gsanger, H. Egger, and E. Luscher, Phys. Lett.
A 27, 695 {1968).

' D. N. Batchelder, M. F. Collins, B. C. G. Haywood,
and G. 8. Sidey, J. Phys. C 3, 249 (1970).
H. Egger, M. GsKnger, E. Luscher, and B. Dorner,
Phys. Lett. A 28, 433 (1968); B. Dorner and H. Egger,
Phys. Status Solidi B 43, 611 (1971).

' R. A. Fisher and R. O. %'atts, Mol. Phys. 23, 1051

(19V2).
' M. L. Klein and R. D. Murphy, Phys. Rev. 8 6, 2433

(1972).
T. G. Gibbons, M. L. Klein, and 8, . D, Murphy (un-

publisheded).

'
VV. S. Gornall and B. P. Stoicheff, Solid State Commun.
8, 1529 (1970); Phys. H, ev. B 4, 4518 (1971).

' S. Gewurtz, H. Kiefte, D. Landheer, R. A. McLaren. ,

and B. P. Stoicheff, Phys. Rev. Lett. 29, 1454; 29,
1V68(E) (19V2).

' G. B. Benedek and K. Fritsch, Phys. Rev. 149, 647
(1966)~

P. W. Smith, IEEE J. Quantum Electron. QE-1, 343
{1965);Q E-2, 666 (1966).

' A. C. Sinnock and B. L. Smith, Phys. Rev. 181, 1297
(1969).

2oP. Flubacher, A. J. Leadbetter, and J. A. Morrison,
Proc. Phys. Soc. Lond. A 78, 1449 (1961).

2'Equation (19) perpetuates an earlier error in which P44
is taken to be twice the value of the conventional defini-
tion. See N. 8, . Nerthamer, Phys. Rev. 8 6, 4075
(19V2).

""G. Niklasson, Phys. Kondens. Mater. 14, 138 (1972).
H. E. Jackson, D. Landheer, and B. P. Stoicheff,
Phys. Rev. Lett. 31, 296 (1973).
H. Meixner, P. Leiderer, P. Berkerich, and E.
Luscher, Phys. Lett. A 37, 39 (1971); 40, 257 (1972).

~C. Feldman, M. L. Klein, and G. K. Horton, Phys.
Rev. 184, 910 (1969).

6T. H. K. Barron and M. L. Klein, Proc. Phys. Soc.
Lond. 85, 533 (1965).
V. V. Goldman, G. K. Hoxton, and M. L. Klein, Phys.
Rev. Lett. 21, 1527 (1968); Phys. Lett. A 28, 341
{1968); M. L. Klein, V. V. Goldman, and G. K.
Horton, J. Phys. Chem. Solids 31, 2441 (1970}.
M. L. Klein, G. K. Horton, and V. V. Goldman, Phys.
Rev. 8 2, 4995 (1970).
%'. G. Hoover, A. C. Holt, and D. B. Squire, Physica
44, 437 (1969}; 42, 388 (1969).
E. A. Guggenheim and M. L. McGlashan, Proc. H.
Soc. A 255, 456 (1960).
'B. M. Axilrod and E. Teller, J. Chem. Phys. 11, 299
(1943); B. M. Axilrod, J. Chem. Phys. 19, 719 (1951);
%. Gotze and H. Schmidt, Z. Phys. 192, 409 (1966).




