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Coherent radiation from thin films
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The spontaneous coherent radiation from thin crystal films of n layers is studied. By treating each

layer as a unit and by employing the method of multiple-time-scale expansion, exact solutions for such

systems, with no restriction on the value XPd, are found. Here Xo is the characteristic radiation

wavelength and d is the average interparticle spacing. In the limit Xgd p1, it is seen that there exist

correlated states of the film which are exact analog of Dicke's superradiant states. The decay rate for
the superradiant states is roughly enhanced by a factor of n(X0/d)' compared to the single-atom decay
rate y, .

I. INTRODUCTION

As is well known, the correlation of atoms aris-
ing from their coupling to the common radiation
field gives rise to a host of coherence phenomenon,
a brief survey of which has been given in Ref. 1.
In particular, the spontaneous-radiation process
was first treated in the pioneering work of Dicke'
for an atomic gas system whose linear dimension
L is much smaller than the spontaneous radiation
wavelength X, . Ernst and Stehle' extended the
treatment to a, large (L» X,} system of randomly
distributed atoms which are all excited initially by
a generalized %igner-Wexsskopf method. The so-
called photon trapping or the internal scattering of
photons, the prime source of radiative correlation,
has been taken into account by them in an approx-
imate way, by averaging over the random positions
of the atoms. Therefore, their analysis mould not
be exactly valid for several-atom systems where
the radiative correlations depend significantly on
the precise configuration of the atomic positions,
nor for atoms in crystal lattice, where the crystal
symmetry is of primary importance. More recent-
ly, Rehler and Eberly' also treated a large system
of atoms, not necessarily all excited initially. In
their work, which is not specifically for atoms
with crystal symmetry, several physical assump-
tions, some more basic than others, have been
made. These assumptions, as discussed carefully
by the authors, would not be valid in every circum-
stance. However, their results appear very rea-
sonabl. e on physical ground and are qualitatively
supported by the present work, although the initial
state as wel. l as the geometrical considerations in-
volved in our investigation are quite different. On
the other hand, in the usual theory of x-ray dif-
fraction, ' while the crystal symmetry is accurate-
ly considered the interaction of radiation with
atoms is only calculated by first-order perturba-
tion theory, thereby leaving out the photon-trap-
ping mechanism completely.

Recently, the spontaneous radiation' as well as
the resonance scattering' from systems of a few
particles and from systems of atoms in lattice
arrangements were analyzed. With the restriction
to intermediate states of one quantum of excitation,
within the resonance approximation, exact solu-
tions to the coupled set of the resultant partial dif-
ferential equations in the limit of large times have
been found in these treatments by applying the mul-
tiple-time-scale perturbation theory' (MTSPT}.
The results are valid for arbitrary values of d/X„
d being the average interparticle spacing. In the
case of lattice, however, only the bulk effect on
the radiation was obtained, owing to the use of the
periodic boundary conditions, which leads to a con-
siderable amount of trapping of photons in the sys-
tem. ' For the observation of coherent radiation
that can leave the system, it is clearly important
to study the boundary effect. A monolayer of
atoms or a thin film of several layers constitutes
the most suitable system for the investigation of
the boundary effect, especially in view of the great
experimental successes in making such ordered
structures in recent years. ' " In this investiga-
tion, the spontaneous radiation from such thin
films, in which the atoms are assumed tightly
bound to the lattice sites, is calculated, again
within the same resonance approximation and the
same framework as used previously. "' Both the
multiple internal photon scattering mechanism and
the crystal symmetry in two dimensions are accu-
rately taken into account. The calculation of the
boundary effect consists in treating the third di-
mension (the thickness} of the film exactly. Exper-
imentally, the coherence effects on radiation, "
such as the appearance of superradiant states,
have been observed for gases" and crystal films. "

II. FORMULATION

Consider a system of N two-level atoms, with

u, (we take S =1}representing the spacing between
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the two nondegenerate levels. It is assumed that
initially, i.e. , at t =0, only one unit of excitation
energy (d0 exists among the atoms. This initial
condition can be justified if the number of excited
atoms is small compared to N so that the correla-
tions between excited atoms can be neglected.

Following Refs. 1 and 6 closely, we can write,
within the resonance approximation, '" the state
of the system at any time t &0 as

I4(t)}=+b, (t)l j;0-„}+g b-„(t)lo;1-,&,

For convenience, yet without loss of generality,
let us assume the basic lattice vectors to be paral-
lel to the x, y, z axes, with their lengths denoted
by a„a„a„respectively. The position of the jth
atom of the ath layer will be denoted by

x„i =(n —l)a,z +Rq, n =1, 2, . . . , (6)

where R, denotes the position of the atom j as pro-
jected onto the x-Y plane, the surface of the crys-
tallic film. Correspondingly, the probability am-
plitude of the atom x j being excited will be denoted
by b„&. Equation (4) then becomes

where
I j;0&) is the state in which the jth atom is

excited with no photon present, and
I 0; 1-„) repre-

sents the state in which all atoms are unexcited
with the k photon present. The Schrodinger equa-
tion can then be reduced to the following equations
for the amplitudes:

b;(t—) = iQ-Q f„; eqb8q(t),

where

f ' 1 g g I QT I'e'"'R'&e'"'" 8 ((~ —~ )

(6

i b, (t) = g—8"- e'~o~' e'" '"~b-„(t),
k

i —b-„(t) =ST,e ' o" P e '" "&b,(t),
'

where

(2)
k=Zkz+K

p Rij =Ri Rj

To solve Eq. (7), let us try a solution of the form

b. , (t) —a.(p, t}e'l", (9)

where the two-dimensional vectors p are deter-
mined by the periodic boundary conditions in the
x and v directions,

Cd ~
= (d —(d~ = (d —Cist' .0 0 0

Here Qk is essentially the dipole matrix element
for the transition between the two levels of the
atom. The vector xj denotes the position of the jth
atom.

By the use of the MTSPT, the oscillations of the
amplitudes in the fast time scale of 1/ul, can first
be averaged out. The remaining time dependence
of the amplitudes, which vary in a much slower
time scale of 1/y„y, being the natural linewidth
for an isolated atom, can then be shown" to be
governed by

n, l„n2 1„
p = 27T ——X+277——g ~

jV, a, N, a~

where

(10)

n, =Op +1,+2, , a(2bt, —1), +-,'-bI;,

dt &.(p, t) = —P F.8(p)&e(p, t),
8

where

e, = 0, +1,+2, . . . , +(2bt2 —1), +-,X, ,

and N„X, are the number of unit cells in the x, y
directions. Substituting Eq. (9) into (7), we obtain

dt b;(t) = Qf;,bg(t)-

where

f~g —= t Q I ftT& I
e "l(~o~) =&~&)+y(y ~

Tf

x;, =—x; —x, , (((u) =6'(1/&u} —ivb((u) .

(4)

(5)

F.8(p) = t g p p I &k I'e"" ""'r(~. - ~, )

k k j
ikz (n- 8&a3

(p) + 1' (p), (12)

The symbol 6' means "taking the principal value. "
It is observed from Eqs. (4) and (5} that, in the

slow time scale of 1/y„ the excitation energy of
the system is transferred from one atom to anoth-
er, with a probability amplitude proportional to
~;j, while part of the energy leaks away with a
rate proportional to y;j during the transfer from
atom i to atom j.

ikz (n- 8)a3

=1 e.(p) (13}

Note that F„s(p}is independent of R, , owing to the
crystal symmetry. The interpretation of Eq. (11)
is clear. It describes the transfer of excitation
energy of the system from the layer n to the other
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layers P, with a leakage rate of the energy propor-
tional to I'„& during the process of the transfer.
When it interacts with other layers, each layer of
atoms essentially acts as a unit, represented ef-
fectively by the terms in large parentheses in Eqs.
(12) and (13).

The explicit evaluation of I'„s(p) of Eq. (13) is
clumsy but straightforward. The result can be
expressed in terms of y, as

3m N
"'(P}=2k'A '

0

[ko —(p+g)']l&x~ I'+
I
ex (p+g)

[k2 (» +~)2] 1/2

xcoa([a,'—N g)']"'(n —p) g),
(14)

where N/A is the number of atoms per unit area
of the crystallic film, e is a unit vector in the
direction of the electric dipole responsible for the
transition between the two levels of the atom sepa-
rated in energy by u&, =ck, . The sum in Eq. (14) is
restricted to those reciprocal lattice vectors g for
which k', —(p+g)' & 0, as shown in Fig. 1.

III. LIFETIMES, RADIATION INTENSITIES,
AND SUPERRADIANT STATES

A. Monolayered film

For a monolayered crystal, n = p = 1 and Eq. (14)
reduces to

I' (p) = F (p)

~ [k!-(p+g}'lle«l'+
I ex(p+g)l'

2k,' A y'M [k', —(p+gp] '~2

(15)

To further examine I', (p) we look into two cases:
(a) when X0=2v/ko«d, and (b) when L»X.,»d. In
case (a), it follows more directly from Eq. (13)
that

F.(p) = Q I
ft- I'5( .— ) =y.

by noting that only the j =i term in the sum over j
will contribute, the other terms being averaged
to zero upon summing over T& In .case (b}, we can
easily show that I', (p} is either roughly equal to
y, (XO/d)' when p is such that there is one g vector
in the restricted sum over g, or equal to zero
when no g vector satisfies the restriction imposed
on that sum. The p vectors for which I",(p) 40 are
just those within the k, neighborhood of the four
corners of the first Brillouin zone (see Fig. 2).
The number of those p's is vko/(2v/I-) -koL',
which is much greater than one, but much small-
er than the number of atoms in the layer.

The solution to Eq. (11}is then given by B„(p,f)
-e '""~"e r&'~", with Q, (p) =Q»(p), and the solu-
tion to Eq. (7) is given by

(f) —p B (p )e ~ os ~P &~e rs ~P e~ P 'Ri (15)

where the coefficients B (p') are determined from

Py

ko

=P
X

Px

Qko kQ

FIG. 1. Only those g vectors or the grid points within
the circle centered at -p and with a radius A 0 will con-
tribute to the sum in Eq. {14). The shaded area repre-
sents the first Brillouin zone of Eq. {10).

FIG. 2. p vectors in the first Brillouin zone for which
I",{p) & 0 are those within the 0 0 neighborhood of the
four corners of the first zone. The shaded areas indicate
the ko neighborhoods.
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the initial conditions. If we assume that 8 (p')
=(I/v N)5p p. , i.e. , only a definite p mode is ex-
cited initially, then it follows from Eq. (16) that
in subsequent times, only the same p mode and no
other p' 4p modes will be involved. It is also seen
that this mode will, in case (b), either decay ex-
ponentially with a coherently enhanced rate
-y, (XO/d)', or not at all (i.e. , the excitation is
trapped indefinitely in the system), depending
on what p is. This result agrees qualitatively
with that of Rehler and Eberly, ' showing that the
radiative decay half-life of a large many-atom
system is much shorter than the natural life time
of a single atom, but not so short as the half-life
of a small atomic system with the same number
of atoms. Those p modes with the enhanced decay
rates are the exact analogue of Dicke's super-
radiant states' in a crystallized thin film. This
result also confirms a previous qualitative asser-
tion" that a large system may be considered as a
collection of small subsystems, each of which con-
sisting of particles within a half-wavelength or so
of each other, participates coherently in the radia-
tion process.

The amplitude b&(t) can be obtained by substitut-
ing Eq. (16} into (3) and integrating with respect
to t. Thus, with a =1 for the rnonolayer and k
=zk, +Tc, we get

kT(f)=ft& QB (p')
I

exp{ i[-&uo, +Q, (p')]t —I",(p')f} —1

(uo&, + Q, (p') —iI', (p')

(17)

Making use of

e-'("-p &'Ry =~ ~ g--
K+g, P j (16)

2I && I pK

[(u„+Q, (p)]
' + I', (p}

We can check the normalization that

(2o)

and denoting the vector T& as reduced to the first
Brillouin zone by 7c„, we obtain

b&, (t) = N, N8 kB, (Tc„)

exp (-i[&a„Q+,(Tc) —i I', (T()]f}—1

(u ~ +Q, (T&) —il', (7()

where 8~(K„) depends on the initial condition. The
radiation intensity distribution is then given by
lim, „~ t&&(t) ~'. If the system starts in a certain
superradiant p state, the radiation will then only
consist of photons with x„=p, and

where we have used Eq. (16) and the 6-function representation 5(x) =(I/v) lim, , [e/(x'+e')], as well as
Eq. (13}.

B. Films of two layers

Here o. =1,2; P=1, 2. The solution to Eq. (11)
is of the form

where

(p f) eF ( tP& (21)

F,(p) = i[Q,(p)~Q„(p)]-[r,(p)+r (p)].

The solution to Eq. (7) is

b, (t) = p [8„,(p)e +' '+ B„(p)e -'p"]e'p'~~,

P (22)

where the coefficients B, are to be determined
from the initial conditions. We see that for each

p, there are now two modes with complex frequen-
cies F,(p) and F (p), corresponding to the exis-
tence of two layers of atoms.

In the limit of k,a, «1 we see from Eqs. (14) and

(15) that I'»(p)= I,(p). In this limit, I' (p)=0 and

the excitation energy in this mode will be trapped. '
On the other hand, I',(p}=2I', (p), implying that the
two layers in the F,(p} mode will radiate coherent-
ly, leading to a doubly enhanced decay rate for
this superradiant mode, provided I', (p) 40.

C. Films of n layers

Equation (11) can again be solved by trial solu-
tions of the form 8 (p, f)- P"ee. The complex fre-
quencies F(p) are just the roots of an n&& n deter-
minantal equation

~
F 8(p) —F(p) 5,& ~

=0. In gen-
eral, there will be n complex-frequency modes
corresponding to each p. In the interesting limit-
ing case that the thickness of the film is much
smal. ler than A.„there will again be, for each p
with I', (p) x0, a superradiant mode which decays
with a rate approximately equal to n I',(p), while
the other modes with the same p lead to energy
trapping. In the case of X, -a„ the values of the
complex frequencies and the associated radiation
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spectrum will depend on the details of the crystal
structure of the film as well as on the two levels
of the atom, as is already evident from Eq. (15)
for a monolayered film. It is also conceivable
that one might learn about the crystal structure
by observing the coherent radiation.

IV. DISCUSSIONS AND CONCLUSIONS

In the calculations presented in Secs. II and III,
the atoms are assumed to be stationary. It would
not be difficult to include the effect" of phonons.
More significantly we have assumed that the atom-
ic levels remain intact when the atoms form a lat-
tice. This is just the tight-binding approximation,
va1.id only for the low-lying levels of the atomic

core.
It was pointed out previously' that a. relatively

large fraction of excitation energy will generally
be trapped' and only a small fraction can escape
as spontaneous radiation from the bulk of a crys-
tal. The consideration of the boundary effect, "
which is prominent in a thin film geometry,
changes greatly the ratio of the trapped energy
to the radiated energy, which is of course impor-
tant for the observation of such radiation. The
superradiant state may actually be produced by
passing a plane wave pulse through the system. ''
The effect of an incident photon beam with fre-
quencies centered around v, is currently under
investigation.
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