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Using the pseudopotential method we have calculated the band structure, the density of states, and
the charge density for the conduction electrons in Cs for three cell volumes. The system was assumed
to be fcc and the cell volumes V were chosen equal to 0.5VO, 0.4VO, and 0.3VO where Vo is the cell
volume at normal pressure. Analysis of the density of states and electronic charge density as a function
of volume shows that the conduction electrons become more d like as the volume contracts. The s-d
transition appears to be continuous rather than abrupt. The band structure and electronic charge
densities indicate that cesium is a transition metal at high pressures. The superconductivity of cesium
under high pressure is discussed in terms of the charge distribution of the conduction electrons.

I. INTRODUCTION

In this paper we present some calculations on
the electronic properties of cesium under high
pressure. The calculations are based on the
pseudopotential method. ' %e have calculated the
band structure, the density of states, and the
charge density of the conduction electrons at cell
volumes Vequal to 0. 5VO, 0.4VO, and 0. 3VO,
where Vo is the cel1. volume at normal pressure.
The conduction-electron density of states is further
separated into contributions from s-, P-, and a-
like components. In addition, the topology of the
Fermi surfaces at the above volumes was deter-
m Hied.

The present calculations were performed to try
to gain some information about the many interest-
ing properties of cesium under pressure. Ex-
periments show that cesium undergoes three
phase transitions in the pressure range of 1-50
kbar. At room temperature and under hydrostatic
pressures, x-rays and neutron-diffraction4 mea-
surements show that there are three discontinuities
in the vol.ume versus pressure curve. The first
discontinuity occurs at 23. 7 kbar (V/ Vo = 0.63).
At this pressure cesium undergoes a transition
from a bcc structure (Cs I}to a fcc structure
(Cs II}with a small reduction in volume. The next
discontinuity occurs at 42. 2 kbar (V/V0=0. 45}.
The latter transition is a first-order isostructural
transition. The structure of the new phase, Cs GI,
is fcc as in CsII but the volume drops by 9%. The
third transition, CsGI to CsIV, occurs at 42. 7
kbar (V/Vo =0.41) where the cell volume of cesium
drops by 2.4%. The structure of Cs IV has not
been determined.

The above transitions are also evident in resis-
tivity versus pressure measurements. "~ The
resistivity as a function of pressure decreases
initially, reaches a minimum at 8 kbar. It then

increases with increasing pressure with a dis-
continuous rise at 23. 7 kbar, where bcc Cs I
transforms to fcc CsG; it becomes anomalous
large near 42 kbar. Two spikes in the resistivity
were observed at 42. 2 and 42. 7 kbar; they cor-
respond to the Cs G-GI and the Cs GI-IV transi-
tions, respectively. The resistivity data are also
interesting at higher pressures. The resistance
of cesium drops steadily after the 42. 7-kbar tran-
sition, and there is a second anomalous region
near 120 kbar where the resistivity rises steeply
to a max|.mum.

The bulk modulus of cesium also behaves anom-
alously at the higher pressures. ' Below the 42. 7-
kbar transition and above 120 kbar, the bulk mod-
ulus is a linearly increasing function of pressure.
In between, however, cesium becomes anomalous-
ly stiff; the bulk modulus increases abruptly and
reaches a value at 120 kbar which is two orders
of magnitude higher than its value at 43 kbar. Fi-
nally, cesium has the interesting property that it
becomes superconducting at low temperature and
high pressure. The superconducting transition
temperature is found to be 1.5 'K at 120 kbar and
the transition temperature is a decreasing function
of pressure.

The CsI-G transition at 28. 7 kbar was first ex-
plained by Bardeen and later confirmed by experi-
ment. ' The isostructure transition at 42. 2 kbar
(V/V0=0. 45) is more complicated. Previous theo-
retical investigations ' have attributed it to the
change of the character of the conduction electrons
from Gs to 5d, which occurs when the lattice is
compressed to critical volume. This idea was
first proposed by Sternheimer'0 in 1950. However,
his model gives the mixing of the s and d waves at
lower pressure than the observed value.

Recent calculation by Yamashita and Asano''
have shown that the cesium d bands are broader
than those obtained by Sternheimer. Using the
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augmented-plane-wave method Y~m~shita and
Asano have calculated the band structure of cesium
as a function of various cell volumes and they have
examined the Fermi surfaces at those volumes.
Calculations of total energy versus volume' ' have
also been done which show a first-order isostruc-
tura. l transition but at too lom pressure.

As noted by McWhan, 4 recent experimental and
theoretical evidence indicate a continuous s-d
transition rather than an abrupt one as previously
believed. This paper is the first attempt using the
pseudopotential method to look at the isostructural
transition of cesium. A band structure is calcu-
lated throughout the Brillouin zone which yields a
detailed calculation of the density of states and of
the electronic charge density. The calculation is
described in Sec. II, the results are given in Sec.
III, and some discussion of the results is presented
in See. IV.

Vo = Vr.(E)+ VNL(E) (2)

However, for a limited energy range, the energy
dependence may be ignored.

In the case of cesium, for the local pseudopo-
tential we used Animalu's'6 screened model poten-
tial form factors. The form factors are defined as

v((;) =-'„ f v.(q.- ' d, , (3)

where V, is the local atomic pseudopotential, 5 is
a reciprocal-lattice vector, and 0 is the primitive
cell volume. To compute the energy bands at high
pressure, i.e. , different primitive cell volume
and different 5's, the form factors must be appro-
priately scaled. %'e sealed the form factors in the
following way. Let 0' and Fi' be the primitive ceD
volume and the reciprocal-lattice vector at a new
pressure, then the new form factors are given by

II. METHODS OF CALCULATION

A. Sand structure

In applying the pseudopotential method to obtain
the electronic band structures, me have used the
pseudopotential Hamiltonian'

a=(P/2m)+ V, ,

where V~ is a weak pseudopotential which is taken
to be a superposition of atomic pseudoyotentials.
V~, which is energy dependent, can be decomposed
into a 1ocal and a nonlocal component

electron wave function. In using a local pseudopo-
tential one has assumed that the cancellation is the
same for each angular momentum component.

In cesium the core has configuration

(ls) (2s) (2p) (3s) (3p) (3d)'

(4s) (4p) (5s) (4d)' (5p) (5)

A& is the well depth, R is the mell size, and 6'~ is
a projection operator acting on the d component of
the wave function.

Since there was no experimental information on
the band structure of cesium at high pressure, A~

and R were determined by adjusting them to fit our
band structure at V/ Vo ——0. 5 to the band structure
calculated by Yamashita and Asano'3 at the same
volume. With some further adjustments of VL, we
obtained a good fit for the values A3 = —3.2 Hy and
R= l. 275 A. The largest discrepancy is 0. 5 eV at
the point I. in the Brillouin xone. The scaled local
form factors and the d potential for the various
cell volumes are given in Table l. (5 is in units
of 2v/a, where a is the lattice constant. ) We have
not scaled the size and the depth of the d meQ since
we assumed these are properties of the atomic
core and the d well is very localized. Even at V/

Vo = 0.15, the radius of the inscribed sphere is
larger than R. Thus, the same d well was used in
the band-structure calculation at V/V0=0. 5, 0.4,
and 0.3. The most important band-structure ef-
fects for V/Vo's come from the d potential and the
scaling of VL is not critical.

9. Density of states

The cancellation for E =0 and 1 is expected to be
good over the who1e core. For l= 2 there is some
cancellation arising from the 3d and 4d core states,
but it can only cancel the atomic potential up to the
n =4 shell. It leaves the potential in the n = 5 shell
uncanceled and the d component of the conduction
electrons mill see a deeper attractive potential.

At normal pressure the conduction electron wave
function is mostly s like; the I-dependent effect
will not be important. However, at high pres-
sures, there is a large s-d mixing. The I-depen-
dent part of the potential is then very important.
To account for the incomplete cancellation, me
have added a nonlocal correction to the local form
factors of the form'7

VNL( ) A
-r /R (P

v ((r) „fv(p)e"'~'=r—,„"v(5') . =—,(4) Once the band structure has been obtained, the
density of states 1V(E) may be calculated from

The atomic pseudoyotential is weak because the
repulsive potential from the orthogonalixation
terms cancels the strong atomic potential. How-

ever, the cancellation is different for the different
angular momentum components of the conduction-

N(E) =—Q Q 5(E —E„(k)),N g

where N is the number of primitive cells and N(E)
is normalized to the number of states per atom.
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To calculate the s, P, and d contributions to the
density of states, we define the I character of a
wave function &„I(r) in the following quantity,

To obtain sufficient convergence for the charge
density calculation, the wave functions g„-„were
expanded in a basis set of about 85 plane waves.

And because the Fermi surfaces at V/V~=0. 4 and
V/VO=O. S are more distorted than the Fermi sur-
face at V/V0=0. 5, to insure good convergence, a.

grid three times the size of the grid at V/V0=0. 5
was used.

where the integrals are to be taken over the in-
scribed sphere. By assuming that the fractional
mizing of the various angular momentum com-
ponents of the wave function outside of the in-
scribed sphere is the same as those in the inside,
the partial density of states may be calculated and

III. RESULTS

The scaled form factors, d-well parameters,
and lattice constants used in the calculations are
listed in Table I. At all three volumes V= 0.5 VQ,
0.4VQ, and 0.3VQ, the structure is assumed to be
fcc.

(10)

This is a reasonable definition for the partial densi-
ty of states because the inscribed sphere contains
'l5% of the primitive cell volume.

Equations ('I) and (9) were numerically evaluated
using the Gilat-Raubenheimer technique. ' At vol-
ume V/Vo= 0.5, a grid of 125 points in the fcc ir-
reducible Brillouin zone was used in the calcula-
tion. At volumes V/V0=0. 4 and V/VO=O. S, a
grid of 308 points was used. The reason for the
grid size variation is that 308 points were needed
for the charge density calculation at volumes V/Vo
= 0.4 and V/ Vo = 0. S.

C. Electronic charge density

From the density of states we obtained the Fer-
mi energy E~ by the following normalization:

EE
1= N(z)dz.

The band charge density of the conduction electron
in a given band n may then be calculated from

(12)

A. Calculated band structures

The band structures of cesium at V/ Vo = 0.5,
0.4, and 0.3 are shown in Fig. 1. They were cal-
culated with a matrix size determined by the cut-
off energies' F., = 19.1, Fa = 40.1; the nonlocal d
well was not included in the Lowdin perturbation
scheme. '9 The values for the d components of the
wavefunctions are indicated along the symmetry
directions. In all three cases the bottom band is
mostly s like near I' and is mostly d like near X
and K in the Brillouin zone. There is approximate-
ly equal mixing of s and d character near the point
L. The second band is almost completely d like;
it has a small amount of p mixing near I, which
becomes completely p like at the L point.

Our calculated band structures for contracted
volumes are in qualitative agreement with those
obtained by Yamashita and Asano. '3 The volume
dependence of the band structure behaves in a rea-
sonable way in both calculations; i.e. , the ener-
gies in the region near X for the first two bands
drop with decreasing volume with respect to I",.
The X, state drops below the Fermi level at V/ Vo
-0.45. The LB,-L, gap increases as the volume
decreases. The second band doubled its width
when the volume changes from 0.5 VQ to 0 3 VQ.

B. Calculated densities of states

and the total charge density is The densities of states and the separate s, f.,
and d components (as defined in Sec. IIB) are
shown in Figs. 2-4. The origin of the energy
scale is taken to be at Z(I', ) = 0 for all three vol-

TABLE I. Form factors {in Ry), d-well depth (in Ry), ff-well radius (in A},
and lattice constants {in A).

0.5
0.4
0.3

—0.0276
—0.0314
—0.0292

—0.0205
—0.0165
—0.0084

0.0011
0.0010

—0.0004

V(11) W, a a

0.0001 —3.2 1.275 6.175
0.0000 —3.2 1.275 5.732
0.0000 —3.2 1.275 5.208
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FIG. 2. Density of states for Cs at V/Vp=0. 5 in units
of states/eV atom. s, p, and d denote the components
of the density of states from the three angular momentum
states.

V/Vo = 0.4

low the Fermi level. The contribution of the d
waves to the density of states increases with de-
creasing volume for states below the Fermi level.
This is consistent with the 8-d transition argu-
ments originally proposed by Sternheimer. How-10

ever, the transition appears to be continuous rather
than abrupt. To make this quantitative, we have
calculated the total number of states or the frac-
tional amount of charge distributed among the s,
p, and d states in the inscribed sphere by integrat-
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NAVE VECTOR k

o- 0

FIG. 1. Calculated band structure at three volumes
for fcc Cs along several axes of high symmetry in the
Brillouin zone. The energy is given in eV and the ener-
gy origin is taken to be at I'~. The values for the volumes
were (a) V/Vp=0 5 (b) V/Vp=0 4 and (c) V/Vp=0 ~ 3.
The numbers along the bands indicate the ff character of
the wave function.
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is a large d component in the density of states be-
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FIG. 3. Density of states for Cs at V/Vp=0. 4. See
Fig. 2.
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TABLE II. Calculated Fermi energies (in ev); density
of states and partial densities of states at E+., and the
amount of charge distributed to 8, p, and d states as de-
fined in text. (The density of states is in units of states/
eV atom. )

N(S, )

Ns {Ep)

N, (Z~)

Ng(Ep)

0.5

l.28

1.64

0.90

0.18

0.56

0.70

0.09

0.21

0

1.10

l.90

0.94

0.19

0.77

0.62

0.31

0.3

l.91

0.89

0.16

0.86

0.41

0.05

ing the partial densities of states, i.e. ,
gp

x, (z) dz .

FIG. 5. Electronic charge density for the occupied
states of Cs at V/Vo= 0.5 in the (100) plane. The charge
density is in units of e/0, where Q is the primitive cell
vo lllHle ~
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FIG. 4. Density of states for Cs at V/Vo=-0. 3. See
Fige 2o

The results are presented in Table Q. The d com-
ponent of the total charge, Q~, changes from 0.21
to 0.31 then to 0.54 as the volume changes from
V/V0=0. 5 to 0.4 to 0.3. Here our results differ
quantitatively from those of Ref. 13 where a higher
d mixings was found at the above volumes. These
authors find that the mixing ratio of the d compo-
nent changes from 0.47 to 0.70 as the volume de-
creases from V/V0=0. 5 to 0.4. The differences
may arise because of the different band-structure
methods involved.

At the Fermi energy, both the density of states

and the contribution from the d waves, X(Zz) and

N~(Zz), increase with decreasing volumes. N(E~)
increases from 1.64 to 1.91 and N~(Ez) increases
from 0.56 to 0.86 as the volume changes from V/

Vo = 0.5 to 0.3. (The density of states is in units
of states/eVatom. ) This increase in the density
of states at the Fermi energy may be related to
the fact that Cs becomes superconducting at high
pressures (and low temperatures).

C. Electronic charge densities in the ( 100) plane

The charge densities of the conduction electrons
in cesium are shown for the (100) plane in Figs.
5-7. The separate charge densities for the tw o
lowest bands and the total charge density are given.

At volume V/V, = 0.5, the Fermi level is below
the second band. Hence, the charge density of the
bottom band is the total conduction electron charge
density. The charge density is shown in a contour
plot in Fig. 5 in units of e/0 where 0 = a3 is the
volume of the primitive cell. Near the atomic
site the charge density is spherically symmetric
about the cesium atom. It has a maximum of 1.81
at the atomic site and decreases to a minimum of
0.65 halfway along the lines connecting the atom to
the second-nearest neighbors. This arises from
the fact that the Occupied states are at the lower
energies of band 1 and they are therefore mostly
s like.

At volume V/V0=0. 4, a. portion of the second
band around X3 is below the Fermi level. There-
fore, the total charge density has contributions
from both band 1 and band 2. They are shown
separately in Fig. 6. As seen from Fig. 6(a),
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charge. As seen from Fig. V(b), the charge densi-
ty of band 2 is almost completely d~. This gives
the total charge density of cesium at V/V0=0. 3 a
strikingly covalent-bonding-like character.

D. Fermi surfaces

%e have examined the Fermi surface of cesium
at V/V0=0. 5, 0.4, and 0.3. The resulting Fermi
surfaces are less distorted than those given in
Ref. 13, but the qualitative behavior as a function
of volume is approximately the same. They are
shown in Figs. 8-10.

As seen from Fig. 8, the Fermi surface at V/Vo
= 0.5 differs considerably from the characteristic
spherical behavior usually seen. in the alkali met-
als. Sizable necks have formed around the points
I. and X. Since a large portion of the VX' plane
is below the Fermi level, this plane contains the
region in the Brillouin zone where most of the oc-
cupied d-like states are concentrated. As the
volume decreases to V/V~=0. 4, the occupied con-
duction electron states shift towards the zone edge,
i.e. , towards states with larger 4 values. Figure
9 shows that at V/ Vo = 0.4 a larger portion of the
UXS' plane is below the Fermi level and contribu-
tions from the second band appears around X.

K

FIG. 9. Section of the Fermi surface of Cs at V/Vo
=0.4. The hatched region represents the occupied
states. The cross-hatched region represents the compo-
nent of the Fermi surface coming from band 2.

FIG. 8. Section of the Fermi surface of Cs at V/Vo
= 0.5. The hatched region represents the occupied
states.

K

FIG. 10. Section of the Fermi surface of Cs at V/Vo
= 0.3. See Fig. 9.
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However, me do not find the contribution near 5'
and K which is found in Ref. 18. A nem sheet
arises from the fact that X3 drops below the Fermi
level; it is almost completely d like. As the vol-
ume decreases to 0.3V~ (the Fermi surface is
shown in Fig. 10), E(X,), E(X~), and E(I,,) are
all lower than E(I'&); thus, most of the occupied
states are now concentrated around X and J in-
stead of 1. A small pocket is formed around K

IV. DISCUSSION

In summary, our calculation is generally con-
sistent with previous calculations. The conduc-
tion electrons become more d like as the volume
decreases (see Table II). From our band-struc-
ture calculation, X3 droys below the Fermi level
at a volume V-0.45VO. This may be related to
the first-order isostructural transition of Cs at
V/Vo=0. 45. According to Lifshitz, ~~ as each band
drops below E„there is a discontinuity in the slope
of the density of states as a function of volume.
This could lead to a first-order isostruetural tran-
sition, but the quantitative aspects of this approach
have not been determined.

At a volume V=0.5Vo, we get a charge density
resembling that expected of an alkali metal, i.e. ,
the conduction electrons are s like. However, at
volumes smaller than 0.4VO the picture is quite
different. Cesium becomes a transition metal.
Covalent bonding charge begins to build uy along
the line joining the nearest-neighbor atoms and
me mould expect a stiffening of the lattice. This
change is consistent with the anomalous behavior
in the bulk modulus. McWhanv noted that almost
all of the pretransition elements and many of the
d- and f-transition elements near the beginning of
each series have this type of abrupt increase in
the bulk moduli. This behavior is associated with
the transfer of electrons from bands of mainly s
and p character to bands of mainly d character.

It is interesting to compare our charge density
of cesium at V/V~ =0.3 to those of NbC and NbN.
The charge densities of band 5 in NbC and NbN

(Ref. 21) have the same type of covalent bonding
character along the Nb-Nb direction as in the
charge density of cesium at very high pressure.
Both NbC and NbN have high superconduction tran-
sition temperatures, T„which are associated
with the occurrence of anomalies in the phonon
dispersion curves of these compounds. ~'33 These
anomalies have been attributed to interactions in-
volving charge density mith d symmetry. 34 Thus,
it is conceivable that the mechanism which caused
high transition temperature in NbN and NbC is re-
sponsible for Cs becoming suyercondueting under
high pressure. The covalent nature of the bonding
appears to be intimately connected~~ with the oc-

currence of superconductivity.
We have also explored the pressure dependence

of the Knight shift in cesium. McWhan and Qos-
sard~6 have measured the Cs'33 nuclear resonance
frequency shifts 4v/v at 4.2 'K at pressures up to
50 kbar. They found that the increase in n v/v with
yressure observed in previous experimentsa' ex-
tends to higher pressure, with hv/v (30 kbar)
&2nv/v (1 bar). At 50 kbar, however, nv/v drops
by 25/o relative to the 30-kbar value. The Hamil-
tonian for the interaction of the jth nuclear spin
in a solid with the conduction electrons is

H g=y, y, N I'Z(—~8 II(";~)

3r;~(s; ri, ) —sir;s 1;+ g + 3 y (] 5)
+sf ray

where r, &
= r; —R& and r, is the position of the i th

electron, R& is the position of the jth nucleus, and

y, and y„are the gyromagnetic ratios of the elec-
tron and nucleus, respectively. One usually con-
siders only the hyperfine contact interaction and
neglects core-polarization effects, then the iso-
tropic Knight shift is given by

(16)

where A is a constant in which the many-body ef-
fects have been absorbed.

To make a rough estimate of the Knight shift as
a function of pressure in cesium, me calculated
KI I p(0) I 5(Ef —Er) at various cell volumes. Rela-
tive to its value at 1 bar, ZI i p(0) i 5(E;—E~) in-
creases to a maximum =2 at V/ Vo = 0.4 (- 40 kbar)
and then decreases slowly as the volume contracts
further. This result shows the same qualitative
trend as observed in Ref. 26. The discrepancy in
the rate which K drops at high pressures may re-
sult from the d core-polarization effect since the
d-electron paramagnetism produces negative fre-
quency shift terms through core-polarization
mechanism.

Further, following a suggestion by Heine, ~9 we
have explored the effects of screening on the crys-
tal potential. As the volume decreases the screen-
ing by the s and p electrons becomes less efficient.
And, as the potential gets stronger, the d charac-
ter of the conduction electrons becomes more dom-
inant. In turn since the d electrons are less effi-
cient in screening, the d mell deepens further. A
"runaway" situation can then occur resulting in a
phase transition. In order to examine this possi-
bility we have calculated the electron-electron in-
teraction in the Hartree-Foek-Slater sense using
the pseudoeharge density in the manner of Appel-
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baum and Hamann. s We find at each volume that
the exchange term dominates. At high pressure,
the Hartree-Pock potential is positive and a maxi-
mum at the atomic site; and is negative and a mini-
mum at the "bonding" region. This lends support
to Heine's speculation which may be a possible
scheme for understanding the phase transition in
the 42-kbar region.
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