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Theory of the extended x-ray-absorption fine structure*
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A general theory of the fine structure observed on the high-energy side of the K-absorption edge

(EXAFS) is presented, The form of the theory presented is useful vrhen the excited atom is not too
highly ionized and the potential is approximately spherically symmetric. A critical analysis is made of
long-range-order theories of EXAFS and it is shown that the coherent effects of the periodic potential
are not the dominant mechanism as assumed previously. The dominant mechanism is the scattering in

the vicinity of the absorbing atom, and can most naturally be calculated by considering only the
immediate environment surrounding the absorbing atom. Fourier-transforming EXAFS data determines
the spatial dependence of a scattering matrix. This scattering matrix is expected to peak at the location
of surrounding atoms, locating them, and can give information on the type of surrounding atoms and

possibly the surrounding valence electron density. Because the K edges of diferent atoms are separated,
such information can be obtained around each atom type separately, making EXAFS a potentially
povrerful tool for determining the microscopic structure of condensed matter.

I. INTRODUCTION

X radiation in passing through matter is ab-
sorbed, among other ways, by a photoelectric pro-
cess —the dj.rect excitation of the occupied-core
electrons to unoccupied levels. ' In this paper we
will be concerned with the K-shell excitations
which have a characteristic K edge for the onset of
absorptions. X rays of energy below this edge are
not absorbed by this mechanism while absorption
by this mechanism can occur for energies above
the K edge. Typically, as shown in Fig. 1, the ab-
sorption coefficient rises sharply at the K edge and
then varies in a complicated fashion for energies
somewhat above the edge, decreasing monotonical-
ly for energies more than a keV above the edge. ~'s

W'e are interested in the complicated variation of
the absorption coefficient within an energy range
of about 30 to about 1000 eV above the edge. There
is further interesting structure in the first 30 eV
above the edge where many-body interactions, ' the
distortion of the excited-state wave function by the
Coulomb field of the excited atom, ' and band ef-
fects all are important. e W'e will not attempt to
understand this low-energy structure in this paper.
To distinguish between the fine structure in the ab-
sorption coefficient below 30 eV to that above 30
eV, the fine structure above 30 eV is called the ex-
tended x-ray absorption fine structure (EXAFS).7

This paper is the first of three. The second pa-
per describes the experimental techniques used to
measure EXAFS while the third paper describes
the data-analysis technique used to analyze the
EXAFS measurements.

The first attempt to understand theoretically the
EXAFS occurred about 40 years ago. Since then
there have been various further attempts to the-
oretically understand the EXAFS, but without com-

piete success. ' ~' The various theories can be
classified into two categories, long-range order
(LRO) and short-range order (SRO). The LRO the-
ories require the existence of long-range order to
explain the fine structure. Because EXAFS is
found experimentally in amorphous solids and mol-
ecules the experimental evidence favors the SRO
theoretical approach. For this reason recent the-
oretical interest has centered on the SRO theories.
In these theories only the evironment in the vicin-
ity of the excited atom is held responsible for
EXAFS. Most SRO theories of EXAFS agree on the
basic physics. The differences occur in the var-
ious approximations made in the calculations.

However, there has never been detailed theoret-
ical investigation of the relationship between the
LRO and SRQ theories although one knows that both
approaches must give the same result if correctly
formulated. This aspect is investigated in Sec. II
where it is shown that the LRO theories as usually
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FIG. l. K-shell mass absorption coefficient p, of cop-
per plotted versus the photon energy of the x ray. The
zero of energy is chosen at the K edge.
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FIG. 2. Schematic picture of the excited electron wave
function. The hatched circles represent the positions of
atoms. The excited electronic state is centered about
the center atom. The solid circles represent the crests
of the outgoing part of the electron state. The surround-
ing atoms diffract the outgoing part as shown by the dotted
circles.

formulated are incorrect because they neglect the
dominant effects.

The probability of absorption of x rays by the E
shell is given in the dipole approximation by '

where

Here [ s) is the E-shell s state, [f) is the final un-
occupied state of p symmetry, p(E&) is the density
of states per unit energy at the energy of the final
state E&, v is the frequency of the x ray, p is the
momentum operator, and c is the electric field
vector of the x ray. In most SRO theories the
p(E&) is assumed to be that of a free electron of
energy 8'~kaj2m = Ez —Eo, where Eo is the zero of
energy corresponding to the energy of 0 =0 free
electrons. The value of Eo is the effective aver-
age potential felt by an excited electron also called
the "inner potential. " The justification of the free-
electron assumption for p(E&) is that for 30 eV or
more above the Fermi level, the band effects will
be small and negligible. Kith this assumption for
p(E&), the only remaining factor that can contribute
to the EXAFS is M&, . The initial state is) is fixed
and does not vary with ~. The final state If), how-
ever, does change with ~ and produces the fine
structure. '

To understand the mechanism that causes varia-
tions in If) consider Fig. 2. The wave function

(f) can be considered as a sum of two parts. If
there were no atoms surrounding the excited atom
the excited photoelectron would be in a solely out-
going state from the center atom as shown sche-
matically as the outgoing solid lines. In this case
M&, would not show any fine structure and the x-ray
absorption coefficient would vary monotonically
with (d. This is the case for a single atom. If
now the excited atom is surrounded by other atoms
as in a solid or molecule, the outgoing state scat-
ters from the surrounding atoms producing ingoing
waves shown in Fig. 2 as the dotted lines. These
ingoing waves can constructively or destructively
interfere with the outgoing wave near the origin
where 1s) exists. This interference causes an
oscillatory behavior in M&, as ~ is varied, changing
the electron wavelength and thus the phase between
the ingoing and outgoing waves. Constructive in-
terference increases M&, while destructive inter-
ference decreases M&, from what it would be if the
excited atom were isolated.

The next significant step occurred when it was
realized that an appropriate Fourier analysis of
the EXAFS data can locate the positions of the at-
oms surrounding the x-ray absorbing atom. ~ This
was important because it changed EXAFS from a
qualitative effect to a quantitative one. It was
shown, for example, that EXAFS could be used to
determine the structure of amorphous solids and
complex materials. For studying the structure
of materials EXAFS has an unique advantage over
more standard methods such as x-ray diffraction
because one can directly determine the location of
atoms surrounding each constituent separately.
The absorption edge of each constituent occurs at
different energies and can be measured and Fou-
rier transformed separately.

Another important aspect of the Fourier trans-
form of EXAFS data is that this permitted, for the
first time, an accurate comparison between theory
and experiment. The previous manner for com-
parison between theory and experiment was quali-
tative —by comparing theoretical curves with ex-
perimental ones or by comparing peak positions.
These comparisons were done only qualitatively
without any means to quantitatively evaluate the
agreement. After Fourier analyzing the data one
obtains peaks centered about the positions of the
surrounding atoms. The area under the peaks,
their phases in respect to one another, and their
location in real space can be compared with known
crystal structures and the predictions of the theory.
Details of how this comparison has been made will
be given in Ref. 9. Suffice it to say that when this
quantitative comparison was made, no known the-
ory of the EXAFS could fit all details of the data.
The Fourier transform had peaks centered about
the positions of the surrounding atoms as predicted,
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FIG. 3. Fourier transform of EXAFS data of crystal-
line copper plotted versus distance from the excited atom.
The location of shells of atoms is shown by the arrows.
Note that the fourth arrow from the left coincides with a
peak of opposite sign from that of the other arrows.

but for copper the phases of the peaks changed
sign as a function of the distance from the origin
while the areas under the peaks had an unusual
distance dependence. A change of sign of the phase
of the peak means thai the peak maximum has the
opposite sign. Figure 3 shown a Fourier trans-
form of crystall. ine copper EXAFS data. The peaks
corresponding to the different atomic shells are
indicated by the arrows. For comparison, the
corresponding Fourier transform of crystalline
germanium as shown in Fig. 4. Details of how
these transforms were performed and a more de-
tailed analysis of them is given in Ref. 9. For our
purposes it suffices to focus on the relative phases
of the peaks in crystalline Cu and Qe. Vfe note
that the fourth peak in copper is of opposite phase
from the first three peaks while in Ge all of the
peaks have the same phase. Oea

This change in phase cannot be explained by any
past theories, though some recent ones~~'33 have
been more promising. To understand why, we look
at the best basic model used by the past theories.
This model starts with an isolated atom as the
zero-order system. Such an atom would have a
sharp rise in x-ray absorption at the absorption
edge and then a monotonically decreasing absorp-
tion coefficient as the energy of the x ray is in-
creased. To obtain the fine structure one adds the
perturbation of Mf, in Eq. (1) induced by the sur-
rounding atoms as discussed above. If one has a
single-component material, and multiple scatter-
ing effects are neglected, the scattering from each
surrounding atom is approximately the same, at
least for large k. In terms of the Fourier trans-
forms of Figs. 3 and 4, this equality of scattering

translates into a common phase and shape for the
contribution of each shell of atoms. The magnitude
of the contribution does vary depending on the num-
ber of atoms in each shell and the distance to the
shell but the phase and shape is ihe same for each
shell in this model. Clearly the data in Fig. 3
disagree with this prediction and the model is in-
adequate. To understand the experimental data in
Fig. 3, one is forced to conclude that the scatter-
ing from the surrounding atoms are not all similar
but must somehow vary, changing phase.

The critique of the past theories is that they do
not adequately account for multiple scattering ef-
fects nor do they correctly take into account the
fields induced by the absorbing atom. The absorb-
ing atom is ionized by the x-ray photon and distor-
tion of boih the excited electron state and the sur-
rounding atoms by the Coulomb potential of the ab-
sorbing atom occurs. Past calculations did not ad-
equately account for both multiple scattering or
Coul. omb-field effects. Lee's calculationa~ sug-
gests that multiple scattering effects may produce
the observed change in phase for Cu. The impor-
tance of Coulomb effects has not been fully eval-
uated as yet.

In this paper we present a somewhat general for-
mulation of EXAFS from which previously derived
limits can be obtained. This formulation permits
a more general perspective which shows that the
Fourier transform of EXAFS measurements gives
the spatial dependence of a scattering matrix which
can be related, in a special case, to the electron
charge density.

In Sec. D EXAFS is calculated for a simple pe-

FIG. 4. Fourier transform of EXAFS data of crystal-
line Ge plotted versus distance from the excited atom.
The location of shells of atoms is indicated by the arrows.
In this case all peaks coinciding with the arrows have the
same sign.
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riodic solid to first order in the potential using a
LRQ theory. It is shown that previous LRQ the-
ories were in error. Section III presents a general
formulation of EXAFS where it is shown that the
Fourier transform of the experimental data gives
the detailed spatial dependence around the excited
atom of a scattering matrix. Various special
cases for the scattering matrix are considered.
Section IV consists of a discussion of the validity
of various approximations made in the previous
calculations. Section V consists of a summary and
discussion.

II. SIMPLE PERIODIC SOLID

In this section we consider the problem of
EXAFS in a periodic lattice which can be treated
by the nearly-free-electron model. This is simi-
lar to the model first considered by Kronig 0 who
treated the LRQ in the two-wave approximation and
is the prototype of other LRQ calculations of
EXAFS.

Krogin assumed that the changes in absorption
occur because of changes in the density of final
states, and not to changes in matrix elements as
discussed in Sec. I. We proceed to show that the
Kronig mechanism is not able to explain EXAFS,
even if it is corrected for the matrix-element
changes which are, as we wiQ show, more impor-
tant than density-of-state variations.

We are interested in treating all effects of first
order in the potential so that it is necessary to as-
sume that all Fourier components of the potential
are very small. If we expand the periodic poten-
tial into its Fourier components then

V(r}=+V,e"', (2)

where all I V;I are small. Here g are the recip-
rocal-lattice vectors of the solid. In the two-wave
approximation these V; introduce gaps into the
free-electron energy spectrum at values of k = &g.
These gaps distort the density of states p(E) from
the free electron in a manner schematically shown
in Fig. 6 by the dotted curve as first shown by
Kronig. ' The amount of the enhancement of p(E)
is proportional to V~ while the width of the region
enhanced is also proportional to V~.

From Fig. 1 note that the period of the EXAFS
is of the order of 50 eV. The experimental reso-
lution used in the measurement' illustrated in Fig.
1 is of the order of 10 eV. Both these energies are
large compared to what V, can be and still allow
the nearly-free-electron model to be valid, at least
for electron energies less than 100 eV. For the
sake of definitiveness it is assumed that V~«10
eV. ln that case the structure introduced by p(E)
is much sharper than the experimental resolution
and can be approximated by a 6 function whose co-

efficient is proportional to the change in area in-
troduced by the structure. The total change in area
is zero because the total number of states remains
the same as one integrates over the structure.
Even if one introduces a & function separately for
each peak of the structure, the area of each peak is
of order V~ which is negligible since only order V,
is to be kept. Thus the Kronig mechanism cannot
explain EXAFS, in agreement with the experimen-
tal. indications.

The Kronig mechanism neglects a very impor-
tant, in fact the dominant, effect, namely, the
change in matrix element referred to in Sec. I.
The periodic potential introduces a major change in
the electron states in addition to changes in p(E)
If the potential has a center of symmetry, electron
states that satisfy the condition for Bragg scatter-
ing, namely

k ~ g=2g

are changed from e" ' to e"~ ' (sin-,' g ~ r or cos-, g
~ r), where k, is the component of k perpendicular
to g. The sine or cosine function is the eigenstate
either just below or just above the gap. If the po-
tential V~ is attractive then the eigenstate just be-
low the gap is the cosine function.

If we are interested in the K-absorption edge, the
initial state in the matrix element of Eq. (l) has
s symmetry and its matrix element with the cosine
function is zero while its matrix element with the
sine function is v 2 times larger than for a plane
wave, taking into account the normalization of the
wave function. Thuh there are large matrix-ele-
ment variations which were neglected by Kronig.

We can include these matrix-element effects with
sufficient accuracy for an order-of-magnitude esti-
mate as follows. For the sake of definitiveness,
assume an attractive V, so that the state just below
the gap has the cosine term. Referring to Fig. 5,
consider a constant 0 surface which intersects the
energy region within V, from the zone face. The
zone faces are denoted by the solid vertical lines
while the dotted lines enclose the energy region
within V~ of the zone face. The states within the
energy region V~ below the zone face, having the
cosine form, contribute approximately zero to the
absorption in Eq. (1) while those within the energy
range V~ above the zone face, having the sine form,
contribute approximately twice as much to the ab-
sorption as do the unperturbed states. As the ra-
dius of the constant 4' surface is increased from
small values to pass through the gone face, the ab-
sorption within the dotted region of width of order
2 V~ is appreciably affected by the zone face. For
values of k between dotted planes 1 and the ~ g
planes, the matrix element is decreased, while for
values of k between the & g planes and the dotted
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FIG. 5. Sphere of radius A. plotted in k space. The
Brillouin-zone planes corresponding to the reciprocal
vector g are plotted as the solid lines. Planes 1 and 2
shown by the dotted lines enclose the region where the
periodic potential greatly affects the form of the wave
function. .

planes 2, the matrix element is enhanced. For
magnitudes of 4' less than & g, the matrix element
is only decreased by the periodic potential when 4
is large enough to cross the dotted planes 1. %hen
4 is greater than ~ g, the matrix element is de-
creased for some states and increased for others.
The number of states decreased is equal to those
enclosed between pl.anes 1 and the 2 g planes. This
number is proportional to the distance between
these two planes, namely, 2m V~/k~g. The number
of states with increased matrix elements is equal
to those enclosed between the ~ g planes and the
planes 2. The number of such increased states is
proportional to either 4' —

& g if the sphere does not
intersect the pl, anes 2, or the distance between the
& g planes and the planes 2, namely 2m ', /I g, if
the sphere does intersect the planes 2. %hen
the sphere does intersect the planes 2, the en-
hanced states just compensate the decreased states
and the total absorption is at the free-electron val-
ue. For values of 4' such that planes 1 are inter-
sected but planes 2 are not, the total absorption is
decreased below the free-electron value. The ex-
pected behavior is shown schematically in Fig. 6.

Replacing this structure by a 6 function as be-
fore, it is noted that the matrix element contributes
a nonzero area so that it is more important than
the p(E) variation However. the ,area is propor-
tional to V~ and is thus still negligible. Thus, no
signihcant contribution to the EXAFS comes from
the vicinity of the zone boundaries so that the LRO
theories which are based on this mechanism are
incorrect.

It was reasoning based on this incorrect LRO-

theory mechanism that led to the conclusion that
the periodic potential is not the cause of EXAFS
and that EXAFS is caused exclusively by the per-
turbation introduced by the excited hole which per-
turbs the periodic potential. However, this con-
clusion neglected the mechanism missing in the
LRQ theory of Kronig. The correct result is that
both the periodic potential and the perturbation in-
troduced by the excited hole must be included. As
indicated before, only of order V~ of the states are
strongly modified by the zone boundary. The miss-
ing mechanism comes from the rest of the states
which are only weakly modified by the V„and their
contributions can be treated by perturbation the-
ory. For first order in V„ the wave function is

i {g+g)'I'
4=&'" '+K~I @. (4)

where E"„=8' k /2m. This perturbation of the wave
function modifies the absorption to order V~ for a
given state. Since practically all of the states are
so affected at a given energy, the change in absorp-
tion at a given energy is always of order V~. Thus
this mechanism dominates over the Kronig one.

An important conclusion from this result is that
the coherent effects introduced by the long-range
order, which must be treated to infinite order in

V~, are not important and can be neglected. The
EXAFS can be calculated by treating a weak poten-
tial to only first order, i.e. , in the Born approxi-
mation. Since the x-ray photon causes a transition
from a core state which is localized on a single at-
om, the most natural frame in which to calculate
the transition is one centered about this absorbing

4mY

g

t'g )
2m&2 i

FlG. 6. Sketch of the ratio of the K-shell mass absorp-
tion coefficient in the nearly-free-electron model p. ver-
sus energy of the excited electron. The dotted curve is
the contribution of the density-of-states changes while
the solid curve is the contribution of the large change
in matrix element near the Brillouin-zone face.
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atom. This is just the SRQ approach and our dis-
cussion justifies the advantage of this approach.
In Sec. III me mill use the SRQ approach to obtain
some general results for EXAFS.

IH. GENERAL FORMULATION

It is assumed that the system to be studied ean
be treated by a single-particle Hamiltonian. Many-
body effects such as shielding are included in the
single-particle potential as much as possible. The
lifetime introduced by electron-electron scattering
can be accounted for in the potential by permitting
it to be complex. The Hamiltonian of the system
before absorption is

H, =P'/2m+ V, (r) + V,(r),
and a.fter absorption is

Ha ——P /2m+ Va(r) + Vo(r) .
Here Vo(r) and Vo(r) are the potentials contributed
by the atom before and after absorbing an x-ray
photon, respectively. V~(r) and V~(r) are the po-
tentials contributed by the surrounding environment
before and after the absorption, respectively, and
can differ from one another because of perturba-
tions induced via the ionized hole a la a Stark-like
effect. The region in which V, and V~ differ sig-
nificantly is localized around the origin. Some
questions have been raised whether V~ and Vo

shouM be the potentials where the positive excited
hole is completely screened or unscreened. If the
lifetime of the excited state is long compared to the
time it takes for the screening charge to relax
around the hole, then the screened potential should
be used. If the lifetime of the excited state is
short compared to this relaxation time, then the
unscreened potential should be used. In the inter-
mediate lifetime case, neither Vo nor V~ can be ap-
proximated by a static potential. It is assumed for
our discussion that both V,

' and V~ can be approxi-
mated by a static potential.

The initial state is a K-shell electron whose so-
lution is an atomic problem which is assumed
known. The final excited state is one which prop-
agates outwardly from the excited atom. This
state must have p symmetry in its outward-going
part in order to have absorption when the atom is
isolated. Then the atom is placed in condensed
rnatter, the excited state is modified, mixing in
other symmetries besides p type. Only the p-
character part will contribute to the absorption and

the modification in it introduced by the condensed-
matter environment will produce changes in ab-
sorption via interference effects. Other states
which don't start out with p symmetry in the iso-
lated atom will have some P character mixed in by
the condensed-matter environment. However, the
change in absorption for these states does not show

a'k'/2m =E -E(k) . (9)

The "inner potential" E(k) is the contribution of
V~(r) to the potential "zero, " above which the "ki-
netic energy" given in (9) is added to determine the
total, energy of the g& state.

In this section the potential of the excited atom
Vo(r) is assumed to be spherically symmetric and
short ranged. Relaxation of this restriction will
be discussed in Sec. IV. A solution of (8) corre-
sponding to an outgoing P wave from the origin can
be written

0;(~) = &,(~)(~/~) . (10)

The results for the other two P waves varying as x
and y are easily obtained from the results of con-
sidering the form of (10), so that we first focus on
the presence of just the tjt'„given in (10).

When r &r where r, is the radius outside of
which Vo(r) is negligible, gJ can be written in the
form

=ac "&k;(kr)(z/r),

where B is a normalization constant, and

is the outgoing spherical Hankel function. The
phase shift &, is introduced by the potential Vp of
the excited atom.

It is convenient to define a scattering matrix by
the relation

T$'n= V2

so that (I) becomes

interference effects. For EXAFS we are interested
in only the interference term, and the appropriate
excited state to consider is one that initially prop-
agates outward with p character.

The excited state will be calculated from the in-
tegral solution of the Hamiltonian in (6),

+Go V

Here $& is the solution of the equation

&04~ = ~&~

V,'(~) = V, (~) —E(k),
Ho-p /2m+ Vo(r)+E(k),

and E(k) is the "inner potential" contributed by
Vz(r). For weak potential E(k) is the value of V~(r)
averaged over I g„(r) I . For stronger potentials it
is the average value of a scattering matrix T to be
defined below. It is assumed that at the energies
of interest for EXAFS, E(k) is a function only of the
magnitude of k and not its direction. The wave
number k is defined by
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0 = Y{(+Is(: {

ao (14)

As mentioned previously, only the part of g„ that
has P symmetry near the origin is of interest for
EXAFS. Using a, form of Go expanded in spherical
harmonics about the origin, 24 the P part of g„near
the origin is given by

initial K-sheQ wave function is finite. In this same
region U{,(i') and g have the same & dependence and
the matrix element M„ in (1) becomes

3imk
M;, =(((,", ( ~,~~ (,tll(),

where hi&,
' is the matrix element with T =0, and

varies monotonically with energy above the edge.
Since we are neglecting variations in p(E) caused
by V~(r), the probability of absorption as given in
(1) becomes, using (16),

where

1(k}=f {;(r'(7'tr', r"({;(r"(d'~'d'r" . ((5(

U{,(r) is the regular solution of (8) and near the or-
igin has exactly the same form as g&. To calculate
the matrix element in (1}it is sufficient to know {t(„
near the origin within the core region where the

(1V}
where W„ is the absorption when X =0 and is mono-
tonically varying above the absorption edge.

Transitions are also possible to final states g&

with P symmetry varying as x and y in addition to
the assumed ~ variation. Adding their contribu-
tions, the total absorption is given by

+ Qm242)i'=go 1-„~g~lm~le. ol'I.«) „', agp 2 II.(k}l'le ol',

}{(k)=, , lm g I„(k) l
e ~ o

l
(2O)

where n can be x, y, or ~, e is a unit vector in the
direction of the polarization of the x-ray photon, 6
is a unit vector in the & direction, and

I' tt
~I, &' ~T'g, r', r" Upr' —

J p
Ger'cent".

(18}
The oscillatory behavior of EXAFS comes from the
middle interference term onthe right-hand side of
(18). The last term in (18) will vary smoothly with

By analysis of the experimental data it is pos-
sible to separate out the smoothly varying terms
from the oscillatory terms and determine the
quantity y(k) defined by

3m@ Ala 2
y, (k) =,~, 1m+I, (k)le ~ {rlF at

where

(k) Pt (2k)&2{{{(i{„+((t)-8{{„/I

kR„kA„R„
and O.„is the 0,'th component of R„.

Consider the Fourier transform of kX, (k),

3mj'{(r)= 2 {, ~ 1m'„(k)
Qt

(22)

The function }{(k)has much detailed information
about the microscopic environment surrounding the
absorbing atom which can be obtained by Fourier
transforming it. To illustrate this, consider sev-
eral special cases for T. First. assume that T is
localized around sites R„so that

T,(r', r") =Qt„(2k)5(r'- R„)5(r'- r")e '"'" . (2l)

The & in the exponential is the mean-free path of
the excited state due to electron-electron scatter-
ing, and t„(2k) is assumed to be real. Then g(k) of
(20) becomes

-Pi {{(('+6t)kR
dk

2m

The phase shift 6z is included in the Fourier-trans-
forming exponential to cancel the one in I, (k) and

simplify the final expressions. This phase shift is
k dependent and unknown. In practice the actual
transform is taken with 6, =0: The modification of
the final result in the actual case is not changed in
its essential character from the result presented
here. More details are given in Ref. 9.

For values of kA„»1,
si{n ~ t„(-~-It„) -t„(It„-r)

1 1 8~2@2 R2
n&a
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)(~ 3Rn n

where

((r)=f ((Sr)e"'*—.dk
n n

2m

In our model t„(x) is localized around @=0, and
since r & 0, we can then neglect t„(-r—R„) to ob-
tain

~( —Stm ~ t„(R„—r)

QQB /l.
Rn

(24)

More exactly, if kR„ is not assumed to be much
greater than I, which it won't be for small k, E,(r)
satisfies the relation

data average the absorption over many atoms,
analysis of EXAFS will lead to (E,(r)) where

z g ~e ~
~

P(R„)dR„dH am I
x —" —+—t (R -y' (26}

-2Rn/ x d 2 2

x 2
—+—t„(R„-r) .

n + n

(27)

If the medium, after averaging, has cubic or
higher symmetry, or is polycrystalline or if the
incoming x-ray photons are unpolarized, (26) sim-
plifies to

2

4 ks (k)e-a«& rq& dk d E,(r)
X

2m dr'

d 2x —+—t (R -r)n n

where

(25)

The Eqs. (22)-(27) generalize the results which
have been presented previously. "'9'~' From (27),
since t„ is localized around R„, the function Q, (r)
is localized around the atoms surrounding the ab-
sorbing atom and thus Q~(r) can be used to deter-
mine the position of neighboring atoms. By ob-
serving EXAFS above the absorption edge of each
component, the local environment about each com-
ponent can separately be obtained and there is no
need to use single crystals to do so.

Now assume that V~ is weak so that

In a realistic situation, R„ in a given shell will not be
the same about every atom at a given instant of time but
will have a probability distribution P(R„)due tother-
mal vibrations or disorder. Since the experimental

T(r', r") = V(r')5(r' r") .- (2g)

V(r) is the potential of the surrounding atoms modi-
fied by the ionized hole at the origin. Then the
Fourier transform of —4k'}((k) in this case becomes

4k'q(k)e-3(&""'~& —— ' =- f —— ~A. (r) ~eg g 2 —+ ~ X e Qf

+— —+—,e ~ n dr' (20)

where I' means the principal value of the integral is to be taken,

A lr )= j(a /„r')''(rlr )A()', ''
and dA is a differential solid angle.

As before, experiment determines (E~(r)) averaged over the various environments surrounding a given
atom. If the medium, after averaging, has cubic or higher symmetry, or is polycrystalline, or if the in-
coming x-ray photons are unpolarized (29) simplifies to

)
d'(E (r))

where

I

~( ()
(20)

(A(r)) = (&(r))d& .
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Note from (30) that the Fourier transform of EXAFS data when V(r) is weak can determine &A(r)&, the in-

tegral over solid angle of the potential at r. In this case, the charge density integrated over solid angle

&q(r)& can also be determined by calculating

—2 —&&(r)&= 4~&q(r)& .1 8 8

gr er

In the general case

(31)

(32)

where

(r r r ) &3 (r r & )e(o)(r'+e"Nr&+().()(r',r ~ ~ )]
&&r, r e

2w y

Zl (ml ~II) 3 (~l ~)f) (()) (P& ~ )J )

Both S„and && are real and it is assumed, as before, that the Fourier transform over e '"'" '" '~"'3'~' is
negligible. Again, if the medium, after averaging, has cubic or higher symmetry, or is polycrystalline,
or if the incoming x-ray photons are unpolarised, (32) simplifies to

where

IV. DISCUSSION

The theory of EXAFS presented in Sec. III made
several assumptions which we will evaluate in this
section. One assumption was that beyond a dis-
tance r &r„ the effect of the center atom can be
accounted for by a phase shift 6,. Although it was
not explicitly assumed, for practical purposes it is
useful if r, is less than the first-nearest-neighbor
distance so that the Fourier transform can accu-
rately determine the location of aLL neighbors.
Since the center atom in the excited state is posi-
tively charged, this assumption implies either that
the Coulomb potential is shielded within a nearest-
neighbor distance, or, if it is not, that it can be
approximated by a phase shift. In metals one ex-
pects reasonably good shielding by the first neigh-
bor distance and the assumption of a phase shift
should be satisfactory.

In semiconductors and insulators, the Coulomb
potential may not be completely shielded and Cou-
lomb wave function must be used in place of spher-
ical Handsel functions. The asymptotic form for
Coulomb wave functions is

R»- (2/(() sin[kr+ (1/k) ln2k«+ —,
' I((+ 5, j, (34)

where

where ao is the Bohr radius for the hydrogen atom
of about 0. 5 A and Z is the positive charge on the
center atom. If the atom is initially neutral, then
Z =1 and the condition for the neglect of Coulomb
effects is

k»2A ',
or

E»15 eV, Z=l . (35)

Condition (35) indicates that because of Coulomb
effects the EXAFS theory of Sec. III is not valid in
insulators and semiconductors till energies 50 or
so eV above the edge. However, in this low-en-
ergy range the theory is also not valid because it
neglects band effects on the density of states. One

expects band effects to be important in this low-
energy range, in general, and thus above about

5, =argi'(l+I —i/k) .
k and r are expressed in atomic units and for P
waves /=1. In the limit that 4»1, ~& and the ln
term become unimportant and the spherical Hankel-
function approximation used in Sec III is valid. In
terms of ordinary units the condition k»1 is

k » Z/((0 )
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50 eV where band effects can be neglected, Cou-
lomb effects can also be neglected, if the atom is
initially neutral.

However, there may be cases of ionic binding
where the initial state is not neutral and thus Z can
be larger than 1. If Z = 3, then the condition for
neglect of Coulomb effects is

E»135 eV, Z=3 . (37)

In this case Coulomb effects are not negligible.
The most prominent EXAFS structure occurs be-
low 300 eV and thus would be appreciably affected
by Coulomb effects if the initial bonding is ionic
enough to transfer two electron charges. Thus for
atoms in a highly ionic bonding state, the theory
presented in Sec. III would not be applicable.

Another assumption made in Sec. III was that
Vpy the potential of the central atom, is spherically
symmetric. If the local environment is asymmetric
enough it can invalidate this assumption, e.g. , if
the central atom has strong covalent or ionic bond-
ing with a single neighbor and weaker bonding with
other neighbors.

Although the theory presented in Sec. III formal-
ly includes multiple scattering effects by introduc-
ing TI„ in practice the usefulness of EXAFS de-
pends on multiple scattering effects between neigh-
boring atoms being weak enough so that there is a
simple correlation between TI, and V~, and thus the
location of the atoms. Fortunately, at energies
above 50 eV where band effects can be negl. ected,
the scattering should be weak enough so that mul-
tiple scattering effects between atoms will not be
too great. Numerical calculations by Lee~ con-
firm this to be the case for Cu. He finds that mul-
tiple scattering is only important for those atoms
which are shadowed from the outgoing wave by a
nearer atom. Normally this shadowing does not
occur till fourth or further neighbors.

The multiple scattering effects within an atom
do not change the correlation between the location
of an atom and where its scattering is localized in
space, only multiple scattering between various
atoms will do so. The first approximation given
in Eqs. (21)-(27) can adequately handle the case
where multiple scattering effects between atoms is
small while multiple scattering effects within a
given atom can be accounted for to all orders. The
total phase shift in the scattered wave can have, in
addition to the central atom contribution ~&, addi-
tional contributions from the t„of (21) which can be
complex in general. Experimentally the relative
importance of ~& and contributions from t„can be
determined by noting whether the total measured
phase shift is dependent on only the type of central
atom or the environment. Present experimental
indications are that &, dominates. '

Even if the neighboring atoms are all. of the same

type, t„ in (21) may be different in different neigh-
boring shells. This difference can occur by mul-
tiple scattering effects between atoms, by the po-
tential of the central ionized atom modifying the
surrounding atoms by a Stark-like effect, or by the
fact that the outgoing wave is spherical and the rel-
ative weight of different partial waves vary in the
various neighboring shells. This latter effect be-
comes negligible for large enough kR„. Numerical
estimates for Cu by Lee indicate that this latter
effect is only significant for the first shell where
the effect is still small and can be neglected with-
out great error.

The second approximation in Sec. III where V2

was assumed weak should be a good approximation
for the valence electrons of the solid, and the dis-
cussion there indicated that the charge density can
be determined from EXAFS in that case. If this
turns out to be true in practice, EXAFS, then,
would have the exciting potential of measuring the
valence electron density in the vicinity of the cen-
tral atom. In addition, t„ in (2':) should be a signa-
ture of the type of atom at R„. Thus, from the
shape of f„(R„—r) one may be able to distinguish
the type of atom at R„.

V. SUMMARY AND CONCLUSIONS

The inadequacy of previously proposed long-
range theories to explain EXAFS is elucidated. A

generalized theory of EXAFS is presented showing
that an appropriate Fourier transform of the ex-
perimental data gives information on the scatter-
ing matrix as a function of position. In cases
where multiple scattering effects between atoms
are small, the Fourier transform can determine
the radial location and types of surrounding atoms.
With enough experimental resolution, the possibil-
ity of determining the valence charge density at
distance r from the origin integrated over solid
angle appears promising.

The feature of EXAFS that makes it particularly
attractive is the ability to determine the environ-
ment around each type of atom separately. This
occurs because the x-ray edges of many atoms, are
far enough separated in energy that their EXAFS
do not overlap. Since EXAFS measures the im-
mediate environment around a given type of atom,
it does not require that the sample be single crys-
tal or even crystalline. Thus amorphous, liquid,
and other disordered states can be investigated in
addition to crystalline forms. With polarized x
rays and single crystals, anisotropic effects are
measurable by EXAFS if the crystal symmetry is
less than cubic. The greatest usefulness for
EXAFS should be in measuring materials which are
composed of many different types of atoms in a
disordered form such as biological systems, amor-
phous solids, complicated alloys and compounds.
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