
PHYSICAL REVIEW 8 VOLUME 10, NUMB ER 6

Specific-heat studies of heavily doped Si:P~

SEPTEMBER 1974

J, R. Marko~ and J. P. Harrison
Physics Department, Queen's University, Kingston, Ontario, Canada

J. D. Quirtt
Physics Department, University of Toronto, Toronto, Ontario, Canada
(Received 12 June 1973; revised manuscript received 4 April 1974)

The extrinsic specific heats of several samples of phosphorus-doped silicon have been measured at
temperatures 0.06 & T &1.6 K. The phosphorus concentrations of the samples range from

Ã~ = 3.5 X 10" to 1.05 X 10" donors/cm'. The results obtained for the semiconducting, amorphous
antiferromagnet samples with X~ g %Dc —3 X 10" donors/cm' compare favorably with expectations on
the basis of a short-range-order-dominated cluster theory. No evidence was found for the existence of
specific-heat anomalies which would be associated with ordering in these materials. Our more
concentrated metallic samples (i.e., with Nc & 5.9 X 10" donors/cm') exhibited specific heats which

were equal to, within experimental error, the theoretical values anticipated from a rigid conduction
band characterized by the accepted density-of-states effective mass m ~ = 1.06m, . In a dilute metallic

sample, having N~ = 5,9 X 10" donors/cm', deviations from the rigid-band results were observed.
These deviations were quantitatively explained in inhomogeneity-model terms in a manner consistent
with earlier interpretations of the spin-susceptibility and Hall-carrier-density data. Ambiguities in this
description are discussed and related to other experiments and the alternative Brinkman-Rice-like

interpretation of these results.

I. INTRODUCTION

Heavily doped semiconductors such as phos-
phorus-doped silicon (Si: P) have often been used
in experimental studies of the semiconductor-to-
metal (SM) transition. 's Although the spatial dis-
order of the impurity systems introduces complica-
tions, the observed SM transitions are of particular
interest in that they are not accompanied by signifi-
cant changes in lattice structure. As a result the
heavily-doped-semiconductor data should offer in-
sight into either the correlation- (Mott ) or dis-
order-induced (Anderson ) transition processes,
or both.

At present the available experimental data are
generally well understood only for samples having
impurity concentrations either very much smaller
or very much larger than the critical transition
concentration N~. In the former case, quantitative
interpretation is possible in terms of the properties
of extrinsic electrons which do not interact with
each other and are each individually bound and lo-
calized to the randomly distributed donor impurity
sites. At impurity concentrations Nn &10' donors/
cm, antiferromagnetic exchange becomes a signifi-
cant and dominant form of mutual localized electron
interaction. 5 This fact, taken together with the
spatial disorder allows such samples with ND & N~~

to be considered as prototype amorphous antiferro-
magnets. At the other extreme of concentration,
the properties of samples with Nr»Nr, fit quite
well with expectations in terms of the rigid-band
"metallic" picture in which the N~ extrinsic elec-
trons per unit volume occupy states in an only
slightly modified conduction band of the host semi-

conductor. It is important to note however that in

the case of both amorphous antiferromagnet and

metallic samples, the proposed simple models be-
come increasingly unsatisfactory as ND approaches

Nq.

Interest in the amorphous antiferromagnet sam-
ples has recently been confined to two experimental
observations. F irstly, an anomalous decrease
occurs in the ratio (C/Ca) of the experimental (C)
and "regular impurity superlattice" (Cn =N etang /
46)'r) Curie constants appropriate to the Curie-
%'eiss-law magnetic spin susceptibilities of these
materials. In the expression for C~, p~ repre-
sents the Bohr magneton, g the electronic g factor,
5 the mass density, and k the Boltzmann constant.
A similar result has been noted in a "one-dimen-
sional" experimental system and has been attributed
to the onset of electron delocalization. The local-
ized electron-"cluster" approach is not applicable
under these conditions and hence has been unable
to reproduce this experimental effect. Secondly,
no evidence of antiferromagnetic ordering in these
materials has been observed even at temperatures
as low as e/3 (where e is the experimental "para-
magnetic" Curie-Weiss temperature). This ab-
sence appears to be a general property of amor-
phous antiferromagnets and has been tentatively
attributed' "to a. randomness-induced shift of the
spin-wave excitation spectrum to lower energies.

The principal problem associated with models
of metallic samples, on the other hand, has in-
volved their reconciliation with the experimental
magnetic susceptibility, magnetoresistance and
NMH data, . Particularly signif icant deviations
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from rigid-hand expectations were noted'~ in both
the magnitudes and temperature dependences of
the experimental magnetic spin susceptibilities,

These deviations persisted even at impurity
concentrations which exceeded N~~ by one order of
magnitude or more. The "inhomogeneity model"
has been introdueedv'3 in an attempt to resolve
these difficulties. This model assumes the exis-
tence in metallic or "M-type" samples of a con-
centration-dependent density, N~, of at least
partially localized electrons which add a Curie-
Weiss-law component to the total magnetic suscep-
tibility. Unfortunately, uncerta, inties in the esti-
mates of N~ and the low-temperature carrier den-
sity have so far prohibited a definitive quantitative
check of this model with magnetic and transport
data. Nevertheless some consistency has been
achieved with both sets of results7 as well as with
the Khosla-Fischer mechanism'4 of negative mag-
netoresistance. However in spite of the fact that
a, simple argument can be made (see the Appendix)
for the anisotropy-induced existence of localized
electrons in M-type Si: P, theoretical objections
still remain2 against the presence of the required
numbers of these electrons. Moreover, further
skepticism toward the inhomogeneity model would
seem to be justified on the ba,sis of the apparent
absence" of a magnetic-field dependence in the
specific heat of an Si: P sample with NB=5. 9&10'
donors/cm3

The present paper will be primarily concerned
with the results of our own specific-heat measure-
ments carried out an Si: P samples in a negligible
magnetic field and at very low temperatures. It is
our intention to utilize the results obtained for
amorphous antiferromagnet (Nn &N n) samples to
further test the predictions of the cluster model
and to continue the search for critical ordering be-
havior in these materials. Our studies of the
metallic (Ns &N~~) samples, on the other hand, have
been directed toward filling a substantial gap in the
available experimental knowledge and hopefully will
allow further inference to be drawn with regard to
the suitability of the inhomogeneity model" and
other descriptions of these systems. Experimental
data are presented in Sec. II. These results mill
be discussed and related to previous work and
models in Sec. III.

II. EXPERIMENTAL TECHNIQUES AND RESULTS

The specific heats of single-crystal samples of
Si: p with Qx 10"&Nn& 1.05x10 donors/cm were
measured using a previously described'6 heating-
pulse decay method. Our measurements were car-
ried out with the aid of a He3-He4 dilution refrig-
erator at temperatures 0. 06& T & 1.6 K which were
determined through calibrated-resistance ther-
mometry.

Since we are interested primarily in the impurity-
related properties of these samples, extrinsic
specific-heat values C, were abstracted from the
raw sample data, by subtraction of the Debye law
(On = 640 K) contribution of the silicon host lattice.
This subtraction procedure, of course, leads to
reduced accuracy near the upper limit of our ex-
perimental temperature range. Our results are
presented in lnC, -vs-lnT form in Figures 1-7 using
the usual ' notation (A-B) for a sample having
Nn=Ax10 donors/cm'. Data are not included for
our most dilute sample (9-15) since in this case the
observed specific heats were indistinguishable at
all temperatures from the sum of the silicon host
a.nd experimental addenda. contributions. This null
result, taken together with the monotonic depen-
dence of C, upon ND, provides some justification
for our assumption that no significant portions of
the reported extrinsic specific heats arise from
unintentional impurities or lattice defects. This
assumption is implicit to the data analyses offered
in Sec. III.

III. DISCUSSION OF RESULTS

A. General

The extrinsic specific-heat data presented in
Figs. 1-7 confirm the general result of earlier in-
vestigations of heavily doped semiconductors in
which distinctly different experimental behavior
was noted for respectively semiconducting (S-type)'
and metallic (M-type) samples. In the present case
the very weak temperature dependence of C, in a
dilute 8-type Si: P sample (Fig. 1) steepens with
increasing ND. However only at impurity concen-
trations well above NcD-3x 10" donors/cm' does a
characteristically metallic linear temperature de-
pendence obtain (Figs. 5-7). The 8- and M-type
results mill be treated separately in the fallowing
twa subsections. Our conclusions and a brief sum-
mary will be presented in the final subsection
(IIID) of this work.

B. S-type samples

Many aspects of amarphous antiferromagnet,
S-type doped semiconductors can be treated quan-
titatively, '7 ' if the impurity concentration is low
enough to allow a simple perturbation treatment of
the mutual donor exchange problem. These theo-
retical methods concentrate on the relatively
straightforward short- range-order aspects of these
systems even at very low temperatures. The most
recent application of these methods has been in cal-
culating the Si: P magnetic spin susceptibilities
using the simple expressions derivable for the en-
ergy eigenvalues and average magnetizations of
"clusters" of three exchange-coupled spins. ' This
version of the cluster model treated the N~ donor
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FIG. 1. Extrinsic specific heat (C~) as a function of
temperature for sample (3.5-17): circles show experi-
mental data; the line is the cluster model. The specific
heat in this figure and in Figs. 2-7 is measured in JK '

per mole of Si. In this figure, and in Figs. 2-7, the
lattice specific heat subtracted was 6. 9& 10 T J K '

mole '„

10

1.8 —1 8 ~—

I
0
E

-5-10 —~ ~I-

LU

x

10
0.05 0 1 0 2 0.5 1.0 2.0

TEMPERATURE, K

FIG. 2. Extrinsic specific heat as a function of tem-
perature for sample (1.S-18): circles show experimen-
tal data; the line is the cluster model.

spins per unit volume as Nn/3 noninteracting three-
spin clusters, each chosen to include randomly
selected donors and their first and second nearest
neighbors. Distribution functions were derived for
the three possible intracluster exchange constants
Jgg Jy3 Jag using the relationship between the ex-
change constant and interdonor separation deter-

TEMPERATURE, K

FIG. 3. Extrinsic specific heat as a function of tem-
perature for sample (2. 4-18): circles show experimental
data; the line is the cluster model.

mined by Cullis and Marko. ' These distributions
were combined with the general expression for the
average cluster magnetization to give theoretical
spin susceptibilities y, which were in accord in
many respects with experimental observations. As
noted in Sec. I, the only significant failure of this
calculation has been in its inability to reproduce
the observed falloff in the Curie constant ratio,
C/C„, as Nn approaches N13

We have now extended the cluster approach to
calculate the extrinsic specific heats of S-type
Si: P. This calculation is straightforward and in-
volves differentiation with respect to T of the aver-
age extrinsic energy derived through the combined
use of the cluster distributions and the expression
for the average energy of a given cluster:

$1 1E;w1 e —E1/kT
g, , w& e —E, /kT

In this expression,
l

E1 4 ~~12+ ~13+ ~23~ ~ 12+ 13+ ~23

~12~13 23 13 13 23~
s/a

j.
E2 4 ~~12+ ~13 23~+ ~~12+ ~13+~23

~12 13 23 13 13 23~
1/2

E3 & ~ 12 23 31~

and ~, = 2, zo2= 2, w3=4 represent the degeneracies
associated with these energy levels at zero mag-
netic field.

The calculated specific heats have been repre-
sented by the solid curves in Figs. 1-3. The
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agreement between the calculated and measured
results is reasonably good, particularly with re-
gard to the temperature dependences. Even the
faster than observed falloff of C, with decreasing
temperature at T~ 0. 3 K in samples (l. 8-18) and
(2. 4-18) can be understood in terms of the artifical
remaining twofold degeneracy of the cluster ground
state. This shortcoming of the cluster approxima-

FIG. 4. Extrinsic specific heat as a function of tem-
perature for sample (5.9-18): circles show experimental
data; the line is the inhomogeneity model with NL = 0. 08N&
and m*= 1.06mp.
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FIG. 6. Extrinsic specific heat as a function of tem-
perature for sample {4-19): circles show experimental
data; the solid line is the inhomogeneity model with Nz,
= 0 and m~ = 1.06mp, the dashed line is the inhomogeneity
model with NL, = 0. 005N& and m * = 1.06m p.

tion leads to a predicted infinite-temperature en-
tropy 8„=fo"(C,/T) dT equal to only two-thirds of
the value, N~k ln2„expected in the realistic pres-
ence of degeneracy-lif ting interactions. A simple
estimate indicates that typical intercluster coupling
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FIG. 5. Extrinsic specific heat as a function of tern-
perature for sample (1.3-19): circles show experimental
data; the solid line is the inhomogeneity model with NI
=0 and m~ =1,06mp' the dashed line is the inhomogeneity
model with Nz, =0.01N& and m*= l. 06mp.

FIG. 7. Extrinsic specific heat as a function. of tem-
perature for sample (1.05-20): circles show experimen-
tal data; the solid line is the inhomogeneity model with
NI = 0 and m*= 1.06mo,- the dashed line is the inhomoge-
neity model with NI, = 0. 005NLl and m ~ = 1.06mp.
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energies (which would serve to life the degeneracy
in our model) are on the order of 0. 1 K (in tem-
perature units) in a X~ -2& 10+ donors/cm3 sample.
As a result, it is not surprising that neglect of these
interactions in our model leads to an underestimate
of the actual extrinsic specific heat at temperatures
T&0. 3 K.

As in the case of the spin-susceptibility calcula-
tions, the low-concentration agreement between
the cluster model and measured specific-heat mag-
nitudes worsens as X~ approaches N~. It should
be noted however that while our model Overesti-
mates }t, by a factor 2 for samples (1.8-18) and

(2.4-18), it underestimates C, by a similar factor.
In any event, the general form of the 8-type-

sample specific-heat data is consistent with the
dominance of the short-range portions (nearest
and next-nearest neighbor) of the mutual spin-spin
interactions. The data contain no evidence of low-
temyerature maxima or specific-heat "anomalies"
which could be associated with the predicted~~'~3

antiferromagnetic ordering transitions in "amor-
phous" spin systems. As noted above, the appar-
ently universal absence of such ordering phenomena
in amorphous antiferromagnets has been attributed
by Egami et al. '0'" to the appearance of a peak at
very low energy in the disordered system spin-
wave spectrum. If this explanation is correct, our
results would seem to imply that the specific-heat
anomalies associated with the low-energy peaks
must occur below T = 0.07 K at least in samples
(3.5-17) and (1.8-18). In order to investigate this
possibility further, we have evaluated 8„ for sam-
ple (1.8-18) assuming: (i} the specific heat at
T&O. OV K can be obtained from a straight-line ex-
trapolation of the data in Figs. 1-3; and (ii) the

slope dC,/dT at T & 1 K is equal to the corresponding
calculated cluster-model value. Unfortunately, the
precision and extent of the sample (3. 5-17}and

(2. 4-18) data did not allow meaningful estimates of

S„ to be made in these cases. In the case of sam-
ple (1.8-1S), however, 8 was found to be equal to
(within 5%} the maximum spin entropy, Nskln2,
Although further measurements would be useful in
order to check our extrapolations, this apparent
equality would appear to rule out the presence of a
significant low-energy excitation peak in this dilute
amorphous antif erromagnet system. Further theo-
retical work would appear to be necessary to es-
tablish whether the observed absence or ordering
is simply the result of spatial disorder or, instead,
represents a more fundamental property of suf-
ficiently isotropic, antiferromagnetically coupled
spin- g systems.

C. N-type samp)es

An important feature of the experimental M-type-
sample data of Figs. 4-V is the fact that a "metal-

lic" linear temperature dependence is achieved
only when the impurity concentration is raised
above - 10' donors/cm'. At lower concentrations,
therefore, a simple rigid-conduction-band model
cannot offer a satisfactory representation of our
experimental results. This situation is similar to
that already noted for the spin susceptibilities of
these samples and as in this previous case our ini-
tial approach to the data will be in "inhomogeneity
model" terms. Unfortunately however the guide-
lines for applying this model to the specific-heat
data are much more ambiguous than in the spin-
susceptibility case. A particular difficulty arises
from the absence of an obvious functional form for
the "localized electron" specif ic-heat contribution.
In the general spirit of the earlier treatment, we
have taken an empirical approach in this matter
based upon our lower-concentration or 8-type- sam-
ple data. Thus we have set the specific-heat con-
tribution of a density of N~ localized electrons equal
to the experimental C, for an 8-type sample of con-
centration ND =N~. In practice, the necessary S-
type C,-vs-T data were obtained from a straight-
line interpolation of the sample (3, 5-17) and sam-
ple (1.8-18) data on a lnC, (T)-vs-lnNn plot. It
was found (see Fig. 4) that a good representation
of the experimental sample (5.9-18) data could be
achieved with an assumed localized electron density
A'z = 5 x 10'7 donors/cm~ = 0.OS' and an effective
mass m" = 1.06mo (where mo is the mass of a free
electron). The latter value is equal to the density-
of-states effective mass deduced from cyclotron-
resonance data. ~' Furthermore, our data for more
concentrated Xs & 10' donors/cms samples are con-
sistent (see Figs. 5-7) with the same m*= l. 06m,
conduction-electron effective mass and localized
electron densities which are either negligible or no
larger than 1%.

The effective mass deduced above is significantly
larger than the m~ = 0. Omo value obtained from the
spin-susceptibility data. ' It would seem likely that
the major portion of this discrepancy arises from
an error in the difficult "absolute calibration" step
of the y, measurement procedure. '~ It should be
noted that such a measurement error would not
significantly change the densities of localized or
(in the earlier terminology ) Curie-Weiss-Iaw elec-
trons deduced on the basis of spin-susceptibility
data. These densities N~„were determined chiefly
from the low-temperature T dependence of ~ and

hence were relatively insensitive to small absolute
calibration errors.

As in the case of the spin susceptibility, only the
sample (5.9-18) specific-heat results, because of
their considerable "nonmetallic" character, can
offer a satisfactory test of the inhomogeneity model.
'&he density of localized electrons, NJ =0.08N~, de-
duced for this sample is consistent with the earlier
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estimate' of the corresponding non-current-carry-
ing extrinsic electron density Nn -n = 0, 07Nn (where
n is the Hall carrier density). However Nz and N~
—n are both only equal to approximately half of the
Curie-%'eiss-law electron density Nc„= D. 14K~
deduced from the y, data. The value of N~„was
determined by assuming the Curie constant appro-
priate to a given localized electron density is given
by C(Ncv) = 2 Cn(Ncv). This assumption was based
upon the observed relationships between the ex-
perimental and regular-impurity- supe rlattice Curie
constants of samples (1.8-18) and (2.4-18). How-

ever a recent reevaluation of the early data of
Sonder and Stevens has shown that C = C„, in
agreement mith theory, for samples with N~ & 10'8
donors/cm~. As a result, a consistent application
of the inhomogeneity model to sample (5. 9-18}
would appear to require the use of the C(Nc„)
= Cs(Ncz) equality since in this case the deduced
density Nc„= 0. 07'& is less than 10+ donors/cm~.
%'ith this alteration, equality, to within experimen-
tal error, is achieved between the quantities N~,
N~-n, and Nc+ in accord mith a simple inhomo-
geneity-model picture of sample (5.9-18).

Nevertheless, even leaving aside questions of
experimental uncertainty, this agreement cannot
be taken as a conclusive vindication of the inhomo-
geneity approach in heavily doped semiconductors.
Our major misgivings about our results concern
the fact that the model parameters are not deduced
in a completely equivalent manner from the alter-
native specific-heat and spin-susceptibility sets of
data. For example, the spin susceptibility ex-
pected from Nc„= 0. 07K~ localized eLectrons in
sample (5. 9-18) is not equal to expectations from
an S-type sample having an impurity concentration
X~ = Ncz. In the latter case, a Curie-1am behavior
(i.e. , 8= 0) would be observed as opposed to the
characteristic Curie-gneiss temperature 6= 3. 5 K
deduced for the localized component of the inhomo-
geneity-model spin susceptibility. In view of the
uncertainties involved in assigning the forms of
the localized electron contributions in M-type sam-
ples, this discrepancy need not necessarily de-
tract from our demonstration that the y, C„and
lom-temperature carrier-density data are all at
least semiquantitatively consistent with an inhomo-
geneity-model picture. This ambiguity in the char-
acterization of the localized electron component
does however confuse matters with regard to the
prediction of other experimental results such as
the magnetic field dependence of C, . Thus on the

basis of the assumption that the postulated N~ = 5

x 10" localized electrons/cm' of sample (5.9-18)
each behave as isolated electrons, Hedgcock,
Heiniger, and Paoli" have calculated that the ex-
trinsic specific heat of this sample at T= 1. 5 K
should increase by an amount &C, -3x 10 J/kg

mole when a 28. 5-kOe magnetic field is applied.
The failure of these workers to experimentally ob-
serve such a change" mould appear to argue against
the proposed concentration of localized electrons
and hence against the validity of the inhomogeneity
interpretation. Homever, on the basis of the pre-
viously reported spin-susceptibility results, it is
not at all clear that the "isolated electron" value
of 4C, is appropriate. Thus, the isolated-electron
picture leads to a Curie-law temperature depen-
dence for the localized electron magnetization, in
contrast to the experimentally deduced Curie-gneiss
form. As a result, since &C, ~ TB~M/ST (where
M is the magnetization} consistency with the ex-
perimental results mould seem to require that the
specific-heat change calculated by Hedgcock et gl.
be reduced by a factor T /(T+ 6). Putting in the
deduced value 6= 3. 5 K leads to an expected
change, &C, =O. 3x10 ' J/kgmole, which is at or
below the sensitivity of the reported measurements.
In our opinion, a definitive specific-heat field-de-
pendence test of the inhomogeneity-model picture
of sample (5. 9-18) requires measurements at fields
on the order of 100 kOe and perhaps at temperatures
T &1.5 K. Under the latter conditions, any of the
reasonable choices for the sample inhomogeneity
parameters shou1d lead to an observable field-de-
pendent component of C,. The absence of a field
dependence in these circumstances would be com-
pletely inconsistent with the inhomogeneity-model
interpretation and would appear to imply a need for
a completely bandlike theory of M-type doped semi-
conductor s.

The only theory of the latter general form which
has been developed in any detail has been based on
considerations of the properties of a "correlated
electron gas. " In this approach to the SM transi-
tion, Brinkman and Rice ' have found that correla-
tion leads to an increase in the overall density of
states, and hence effective mass, at the Fermi en-
ergy. This circumstance, in turn, leads to "en-
hanced" spin susceptibilities and specific heats.
These ideas have been applied with some apparent
success to the metallic phases of several transi-
tion-metal oxides~ and have been adapted by Mott, 2'

with the introduction of the spin-polaron concept,
to provide a qualitative interpretation of the sam-
ple (5. 9-18) 1, data. Berggren~' has also recently
calculated ~ for M-type Si: P on a similar basis,
obtaining larger-than-observed enhancements.
Thus far however all applications of the Brinkman-
Rice theory have failed to incorporate the spatial
randomness of the donor impurity distribution. It
is important to note that this randomness is the
source of electron localization in the alternative
inhomogeneity descriptions of M-type doped semi-
conductors.

It is illustrative to express the experimental
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sample (5.9-1&) )f, and C, results as enhancements
of the values expected from XD electrons in a rigid
band characterized by an effective mass m~
= 1, 06Mp, These enhancements q„—= 1,/1, (rigid
band) and gc -=C, /C, (rigid band) are plotted as
functions of T (the gz data for T & 1.1 K were ob-
tained by extrapolation and hence should be re-
garded as very approximate). It can be seen that
substantial enhancements of the spin susceptibility
appear at temperatures T-10 K, at which, by rea-
sonable extrapolation, pc -1. The observed in-
equality Q &Bc was also apparent in other experi-
mental systems~ to which the Brinkman-Rice
theory ' has been applied. We know of no corre-
lated-electron-gas theory which quantitatively re-
produces or accounts for these nonequivalent en-
hancements. Considerations of this anomaly would
seem to be necessary, before theories of this kind
can be further compared with experiment.

D. Summary and conclusions

The extrinsic specific-heat data presented in this
paper corroborate earlier evidence for the utility
of simple models of heavily doped semiconductors
having impurity concentrations either very much
smaller or very much larger than N~c. The short-
range-oriented cluster and rigid-band models, re-
spectively, were shown to be appropriate to these
concentration regimes.

No quantitative attempt has been made to explain
the deviations from cluster-model predictions as
N~ approaches iV ~ from below. Instead we have
shown that, as in the case of the spin susceptibility,
the cluster approach generally reproduces the ob-
served specific-heat temperature dependences of
all 8-type samples. An additional proof of the
dominance of short-range interactions was found
in the demonstrated absence of the specific-heat
anomalies normally associated with long- range
ordering.

The deviations from rigid-band metallic behavior
of our M-type-sample specific-heat results are
smaller than in the case of the reported spin sus-
ceptibilities and the expected host effective-mass
value, m*= 1.06mo, is obtained. In fact a non-
rigid-band specific-heat component was unequiv-
ocal only in a sample with Nn= 5. 9X10"donors/
cm . Nevertheless, experimental accuracy was
such that the localized electron contributions, de-
duced on the basis of an inhomogeneity-model ap-
proach to the y, and electrical transport data, could
be consistent with our data for all M-type samples.
In sample (5.9-18), where the deviations from
rigid-band behavior are most pronounced, a set of
inhomogeneity- model parameters has been derived
which appears to be simultaneously consistent with
the available C„y„and carrier-density data.
However uncertainties as to the form of the specif-
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FIG. 8. Sample (5. 9-18) spin-susceptibility enhance-
ment {g„)and specific-heat enhancement (gz ) as functionsC~
of temperature.

The Holcomb-Rehr percolation calculation ' is
one of the few treatments of the SM transition in
doped semiconductors in which the randomness of
the donor spatial distribution receives explicit
consideration. In that work, an electron„ initially
associated with a given donor site, is assumed to
be a current carrier if this donor is a member of

ic-heat contributions expected from localized elec-
trons in otherwise "metallic" samples presently
prevent this consistency from being taken as a
proof of the validity of the inhomogeneity approach.
On the other hand, a Brinkman-Rice-type descrip-
tion of the M-type samples is at present very un-
satisfactory because of its underlying artificially
"crystallized" donor distribution as well as its
failure, thus far, to quantitatively account for the
different observed enhancements in the quantities
C, and y, . Further quantitative considerations of
the correlated-electron-gas theory are needed rela-
tive to realistic heavily-doped-semiconductor
materials,

In our opinion the successes of the inhomogeneity
approach are sufficient to justify further experi-
mental and theoretical studies of its validity. Par-
ticular attention should be given to the experimental
properties of M-type samples at high magnetic
fields and low temperatures as well as to the nature
of the postulated localized electrons. Our simple
argument (Appendix) for the existence of these
electrons is based on the anisotropy of the elec-
tron-electron interactions in many-valleyed semi-
conductors. As a result this argument may not
apply to all semiconductor systems in which the
existence of localized electrons has been inferred.
It also ignores the important question of localized-
electron- conduction-electron interactions which
may or may not suppress local moment formation
according to the effectiveness of higher-order ef-
fects in inducing a depression of the Kondo tem-
pera, ture.

APPENDIX
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an infinite chain of donors constituted such that
each member is separated by a distance &R ~
from at least one other member of the chain. R ~
was chosen empirically so that the concentration
Nn(R ~) at which a sudden jump in the calculated
carrier density occurs is equal to the experimental
value of N~. In Si: P itwas found that R =60 A.
However the critical quantity with respect to de-
localization is the magnitude of interdonor inter-
action energy. It is therefore more relevant to
note, using the known J(IRI) relationship, ""that
the Holcomb-Hehr result implies a minimum crit-
ical exchange constant J „=4x10 MHz for par-
ticipation in the conduction process. If the ex-
change constant is spatially isotropic, there is
little practical purpose to our distinction between
the critical distance and exchange constant. How-

ever, at least in noncentrosymmetric or "multi-
valley" semiconductors the exchange constant has
a strong dependence upon the direction of the inter-
donor separation vector. For donors in silicon we
can write"

Z(}}}=G(l}}l} Q 1:osk~ ~ R)
is 2 ~ 3

(Al)

N~ =Nnp P(l RI )y() R I )
lR)

Our results are plotted in Fig. 9 as a function of

N~ along with the most consistent estimates of N~

on the basis of the ~ and C, data. It can be seen

(A2)

where 6()R)) is an extremely long expression de-
fined by inspection from Eq. (11) of Ref. 17 and

ki kp and k3 represent any three orthogonal vec-
tors connecting the origin in reciprocal space to
the six equivalent conduction-band minima. We

have examined the possibility that localized elec-
trons in M-type samples can arise from donor sites
whose nea, rest neighbors are positioned such that
J & J' „. Thus Eq. (Al) was evaluated for a rela-
tively fine grid of directions for the vector R. For
each value of I RI our program noted the fraction
of directions y()R) ) for which J(R) & J,„. Using

the usual expression for the probability P() R I) of

finding a nearest neighbor at a distance I R I, we

have calculated the localized electron density ac-
cording to

25
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FIG. 9. Percentage of localized centers is shown as
a function of concentration: the circles are values de-
duced from X, and C, data; the solid line is calculated
with 8~~=4& 10 MHz; the dashed line is calculated with

J~)~ = 8 & 10 MHz.

that our simple calculation actually overestimates
the experimentally deduced values of N~. This
could be due to either an error in the choice of
J „[for example, much better agreement is
achieved (see Fig. 9) if J „is set equal to the

value, 8 && 10 MHz, associated with the critical
separation according to the modified Mott'2 criter-
ion ND a*=0. 22, where a* is the donor Bohr
radius] or from the extreme simplicity of our ap-
proach. With rega. rd to the latter defect, it should

be noted that our calculation completely neglects
the possibility of exchange interactions with second
or third nearest neighbors which exceed J „. This
would lead to a fractional lowering of the curves in

Fig. S which increases with N~ in accord with the

requirements of the experimental data, . In any case
it is the point of our exercise to show that simple
considerations based on the randomness of the
donor distribution and anisotropy predict localized
electron concentrations at least as high as those
experimentally deduced. Our treatment does not
a,ccount for interactions with the "conduction elec-
trons" nor does it explain the deduced existence of
localized moments in centrosymmetric semicon-
ductors such as CdS. In the latter case however it
is possible that localization can occur in a. similar
way through exchange-constant anisotropies as-
sociated with the extremely anisotropic donor-wave-
function envelopes.
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