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Electronic structure and optical properties of metallic calcium*
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Self-consistent Hartree-Fock orbitals of calcium atoms in a crystalline environment were used in

conjunction with the localized linear-combination-of-atomic-orbital method to obtain one-electron bands
for metallic calcium. Correlation corrections are made by means of Overhauser's simplified method. The
metal-to-semimetal-to-metal electronic transitions with increasing pressure are predicted to occur at
smaller lattice spacings than predicted by calculations employing local exchange. A rigorous calculation
of e„ the imaginary part of complex dielectric function, made within the dipole and one-electron
approximation predicts correctly the general shape and width of the 1s-valence emission spectra and
the important structures superimposed on the broad 1s-conduction absorption spectra. There is good
agreement with the specific-heat data, but the details of the Fermi surface as described by de Haas —van

Alphen data have remained elusive —large percentage errors occur when the predicted areas are
compared with the experimental results. The de Haas-van Alphen orbit areas are extremely sensitive to
the accuracy of the calculations due to the flatness of the bands near the Fermi level.

I. INTRODUCTION

The purpose of this paper is to present rigorous
Hartree- Fock energy bands for a real metal. The
metal calcium has been chosen in order to exploit
its atomic closed-shell properties and to use its
metal to semimetal electronic transition properties
observed under increasing pressure as a test of
the accuracy of Hartree-Fock bands. Additional
tests are made using available optical and de Haas-
van Alphen data.

Nearly all calculations to date made on metals
have approximated the true Hartree- Fock nonlocal
exchange through the use of the formalism of
Hohenberg, Kohn, and Sham. ' Their work estab-
lishes the existence of a universal functional of
the local density of an interacting electron gas
which is capable of providing the correlated
ground- state energy of the system, provided that
the ground state is nondegenerate. Gilbert has
recently shown that if the external potential is
nonlocal then the energy is a unique functional of
the density operator, not the local density. This
is a severe restriction since it complicates the
use of local exchange potentials in real crystals as
a means of obtaining arbitrarily accurate solutions.
If (nonlocal) ion-core external potentials are used,
then local exchange potentials are incapable of de-
scribing the true exchange. If, however, (local)
nuclear external potentials are used, then the ex-
change potentials proportional to the local density
to the one-third power ' are not accurate since
they require that the external potential be slowly
varying.

In order to achieve a higher degree of accuracy
in calculations of the electronic structure of solids
one is faced with two known choices. The first
choice involves the retaining of the Hohenberg-
Kohn' theorem and the search for a universal func-

tional of the electron density which is far from
slowly varying. There is no way of determining
this functional, a priori, other than by using a
functional expansion starting from the approximate
expression valid for a homogeneous electron gas
at high densities. The expansion must be capable
of describing the effects of the singular Coulomb
potentials which occur in real materials. The
second choice involves the use of the mell-known
functional

&[&]=&& IH I~&i&& I&&

and systematic approximations in the application
of this functional. Although at first thought this
approach may lead to elaborate and tedious calcu-
lations, we have found that through the use of pow-
erful mathematical transformations such as those
that exist in local orbitals theory' ' and the effi-
cient use of the random-access capabilities of
modern computers, the second choice of attack is
fully competitive with the first in terms of corn-
putation time.

The results presented in this paper were ob-
tained by fi.rst making a one-electron approxima-
tion to E[q] and minimizing the energy leading to
self- consistent Hartree- Fock Bloch eigenfunctions
and energies. Several groups' have developed
mathematical and computational techniques which
allow rather accurate determination of the Hartree-
Fock bands for a variety of crystals. The agree-
ment among the various Hartree-Fock bands ob-
tained by the different techniques is very good in
spite of the use of approximations such as muffin-
tin potentials in some cases and the wide diversity
of basis functions employed. " Crystalline Hartree-
Fock Bloch functions may be used as zero- order
wave functions to accurately calculate the correla-
tion energy as in Kunz's method based on Toyo-
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TABLE I. Exponents and coefficients of Slater-type basis functions (STO's) used to construct
self-consistent Hartree-Fock local orbitals for the equilibrium lattice: P~=Z&, C,~,„g„. Coefficients
to be used for "virtual" orbitals are indicated by an asterisk.

STO y), Exponent C5ssX C63,

1
2

3

5
6
7
8
9

10
11
12

ls
3s
3s
3s
3s
3s
3s
4s
4s
4s
5s
6s

2p
4p
4p
4p
4p
4p
4p
3p
4p

3d
4d

20. 0000
22. 0757
15.1048
9.9852
7.2167
3.7902
2. 5921
1.4168
0.8587
1.3500
1.5200
1.6800

10.0000
17.3718
10.4SQS

7.5803
4. 7717
2. 9791
1.S414
1.2200
l.4000

1.2200
l.4000

0. 97737
0.02629
0.01113

—0.00192
0.00102
0.00036
0.00014

—0.00003
0.00001
0.0
0.0
0.0

Cgp. )

0.67883
0.01298
0.24110
0.15816
0.00239
0.00100

—0.00024
0.0
0.0

1.0
0.0

0.28339
0.00390

—0.19536
0.61682

—0.27025
—0. 00467

0.00001
—0.00012

0. Q0005
0. 0
0. 0
Q. 0

0. 22133
0. 00284
0. 07190

—0. 00661
-0.46585
—0. 55991
—0.06887

0.0
0. 0

C4d sX

0.0
1.0

0.09749
0.00016

—0.06793
—0.24971
-0.19569
—0.68237

0.47653
—0.00077

0.00257
0.0
0.0
0.0

Cgp

0.0
0.0
0.0
0.0
O. Q

0.0
0.0
1.0
0.0

0.00450
0.01387

—0.06203
0.15126

—0.22970
0.41196

—0.40514
0.66866

—1.40270
0.0
0.0
0.0

0.0
0.0
0.0
0.0
0.0
O. 0
0.0
0. 0
1.0

0.0
0. 0
0.0
0.0
0.0
0.0
0. 0
0.0
0.0
1.0
0. 0
0.0

0.0
0.0
O. Q

0.0
0 ~ 0
0.0
O. O

0.0
0.0
0.0
1.0
0. 0

0. 0
0.0
O. 0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
1.0

zawa's ~ electronic polaron. Semiclassical meth-
ods for determining the correlation corrections
can also be implemented in the case of insulators.
These include the Mott-Littleton ' method and the
screened- exchange- plus- Coulomb- hole method. "
The resulting correlated bands closely match ex-
periment for the cases which they have been calcu-
lated. ' ' ' In the case of metals, a simplified theo-

ry of electron correlation by Lundquist and Qver-
hauser"' ' may be used to correct the Hartree-
Fock bands. Of course, the inclusion of correla-
tion corrections via the well-known techniques of
multiconfiguration self-consistent-field29 or con-
figuration interaction~ is a definite possibility,
although no such calculation has been performed
on a crystalline material. It is interesting to note
that the only approximation to the exchange opera-
tor that does give eigenvalues close to the Hartree-
Fock values is Liberman's" energy-dependent
excitation Harniltonian.

II. CALCULATION

A. Local orbitals, Bloch eigenfunctions, and bands

The local orbitals equation '" used in this pa-
per

has been evaluated self-consistently to first order
in overlap as indicated by Kunz. '3 The operator
I', is that part of the Hartree-Fock operator which

involves only center a and U, is simply the remain-
der, which can be considered as the potential field
produced by the environment.

The appropriateness of retaining terms to only

first order in overlap has been rigorously studied
in a recent work by Kunz. 33 It was found that the

approximation was justified even in some covalent-

ly bonded systems and, therefore, we believe that

it is certainly justified in the present case of the
calcium system.

Basis functions used for the determination of
local orbitals for calcium were obtained from an
earlier very accurate calculation of the atom.
The atomic eigenfunctions were used to begin the
iteration process. The local orbitals are given in
Table I. Also appearing in the table are the addi-
tional orbitals which were included to allow de-
scription of the unoccupied conduction band levels.
The equilibrium lattice constant ao was taken as
10. 54 bohr (5. 58 A).

The last iteration in the search for self-consis-
tency involved the determination of Bloch eigen-
functions rather than a new set of local orbitals.
The Bloch basis consisted of linear combinations
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of self-consistent local orbitals and compact Ska-
ter-type orbitals (STO's). This method can be
considered a complete generalization of the linear'-
combination-of- atomic-orbitals (LCAQ) meth-
od. "~ ' ' There are two significant advantages
to using the LCAQ method. First, the local or-
bitals completely span the occupied Hartree- Fock
space (assuming no approximations were invoked)
and so basis functions built as Bloch sums of the
local orbitals will also span that space. Second,
the resulting integrals over local orbitals are in-
dependent of the crystal momentum k. Qnce the
integrals are determined for diagonalizing F =F,
+ U, at any one point in the Brillouin zone, the
same integrals can be used with only a change in

multiplying phase factors to diagonalize E at any
other point. This method has proved to be the
most economical, since evaluation of the bands is
required at a large number of points in the Bril-
louin zone in order to make adequate comparisons
with experimental optical and de Haas-van Alphen
data.

There are some interesting concepts involved
in going from the closed-shell calcium atom to
the "open-shell" calcium metal when using the lo-
cal orbitals and LCAO techniques. We wish to
first point out that the local orbitals equation [Eq.
(1)] possesses the point group symmetry of the
crystal (0„ in the present case) and therefore the
eigenfunctions ( Q„) will transform according to
the irreducible representation of that point group.
The self-consistent density matrix is determined
by an expression constructed of local orbitals
(LO).

p „,(r, r') = Q ~ y. , (r))sg,' „g„(r')
~

.
cf, bj

This form of the density matrix is completely
equivalent' to the canonical Hartree- Fock matrix

where the g's are eigenfunctions of the Hartree-
Fock operator. There does exist a somewhat
pathological case where the restricted Hartree-
Fock approximation fails to be adequate, causing
the breakdown of the equivalence of Eqs. (2) and

(3). This occurs when the free atomic system can
be described as closed shell but the fragment (here
the atom in a crystal field) cannot be described as
a set of closed-shell local orbitals. In the case of
calcium this situation would manifest itself by an

apparent crossing of the free atomic-local orbital
energy levels. The atomic 3d level, for example,
could split into I'», and I'» levels with the I'»,
crossing the 4s-I', level such that it would lie be-
low the I', level. When the local orbitals are filled
according to the energy criteria, the last two 4s

electrons would be assigned to the lower I'», de-
generate level instead of the usual I', level giving
rise to an open shell and not treatable by means of
restricted Hartree- Fock. Although we have not
explicitly carried out an open-shell local-orbitals
calculation on calcium, we believe that the very
large (l. 25 By) energy difference between I', and
I'2, , obtained from the equilibrium bands (Fig. 1)
supports the assumption that the local orbitals lev-
el I ». does not lie below I", and that the local-or-
bital system is therefore closed.

Second, we wish to point out that in the present
case the environment U, used in the local orbitals
Eq. (1) is approximated by the first term of its
expansion in cubic harmonics. The first term
possesses spherical symmetry (the second p4
symmetry) and so the solutions to the local-orbit-
als equation transform according to the irreduc-
ible representations of the three dimensional rota-
tion group. The density matrix is now constructed
of local orbitals (P„) which have only pure s and
pure P symmetry. We now indicate to what degree
this "spherical approximation" to U, causes Eq.
(2) to differ from Eq. (3). Of special concern is
the realization that some states having d-like or
higher symmetry must be occupied since the 4s
and 3d or higher atomic levels must merge to ob-
tain metallic behavior in the crystal. The states
near the Fermi level (e. g. , X, Ly U'] W2 Ky),
however, possess very little d like or higher
symmetries being composed of mostly s- and p-
like symmetry. A qualitative measure of the num-
ber of d-like or higher states making up the occu-
pied orbitals can be determined by the degree to
which bands from the second Brillouin zone lie
below the Fermi level. As seen in Fig. 1, there
are few states from the second zone lying below
the Fermi level.

We therefore maintain that although p„o(r, r')
only approximates p(r, r') due to the spherical ap-
proximation to U„ the approximation is extremely
good. In addition, the last operation of determining
the Bloch eigenfunctions from pLQ(r, r') is effec-
tively a final iteration toward self-consistency
without spherical symmetrization of U, . Any re-
sulting P's partially containing Bloch sums of d-
like STQ's are permitted to be occupied if ener-
getically favorable. As a consequence bands de-
scribing metallic behavior are found (see Fig. 1,
a/co= 1.0}.

Two technical points are in order. Exponents
of the STO's used to construct the additional Bloch
basis for description of the conduction bands were
chosen such that the contribution to any overlap
matrix element over Bloch orbitals due to the in-
clusion of the sixth shell of atoms was less than
0. 001. Numerical evaluation of the Clebsch-Gor-
dan coefficients incurred was performed to high
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0.0

--I.0 ~
LzJ

LzJ
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spacings a (a/ao= 1.0, 0. 9, 0.8, 0. 7). With this
information we were able to make extensive com-
parisons with other calculations and with data from
compression experiments. Due to near-linear de-
pendence problems encountered for a/ao= 0. 7, we
were not able to obtain accurate bands for all k at
this lattice spacing. The Hartree- Fock bands for
the larger three lattice constants are presented
in Fig. 1.

8. Overhauser correlation correction

I

U X W
-2.0

0.0
+

I
043

LzJ

4J

- —l.5

2 / +

CALC)UM o/pp = 0.9
HARTREE -FOCK

Having obtained the Hartree- Fock band struc-
ture for metallic calcium, we proceeded to include
polarization and correlation effects in the calcula-
tion. We choose to make these corrections using
the model suggested by Lundquist ' and Overhau-
ser due to its simplicity and its agreement with
an earlier study which concentrated on an elec-
tron gas in the high-density limit.

The fundamental approximation of the model is
the replacement of the complete spectrum of exci-
tation energies by a single-plasmon branch. The
formalism is developed by first determining the
interaction coefficient M, for the coupling of a test
charge to the plasmon of wave vector q. The co-
efficient is determined by requiring fulfillment of
the f-sum rule for an electron gas. The interac-
tion Hamiltonian between the test charge at r and
the plasmon modes is found to be

U X
-2.0

K Q/ H'(r)= QM, (a;e"'"+a e "'),

—I0

with

27TG g(dg,
M =

Q q2~

and

-l, 5 u

U X A
— -2.5

I'IG. l. Band structure of calcium for various lattice

constants in the Hartree-Fock approximation ( 0
=(& = Zo. 54

bohr).

38
precision using a program written by Wills.

The two-step process of first determining the

Hartree- Fock orbitals self-consistently within the

local orbitals formalism and then performing a
final iteration to determine the canonical Hartree-
Fock eigenfunctions was performed for lattice

v&= 4wNe /z&zA, (8)

the square of the classical plasma frequency. The

operators ag and ag are plasmon creation and an-

nihilation operators, respectively.
The plas mon frequency spectr um

~z = ~~ ez/(ez - 1) (7)

is obtained by equating the electrostatic energy of

interaction associated with each Fourier compo-
nent as determined by classical field theory and

that determined by second-order perturbation
theory. The dielectric function e, remains to be
determined and is derived using perturbation theo-

ry on an electron-gas subject to a self-consistent
potential. The change in the exchange and corre-
lation potential due to the perturbation is simply
found by assuming the local Kohn-Sham potential.
The generalized result is

e, = 1+ tIz(x)/[1 —G(x)Q(z)j, (8)
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-10
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FlG. &. Exchange energy E„and correlation energy E,
and their sum for an electron gas with density of calcium
and effective mass m = 0. 533m.

g {x)= 1. 1/'{1.10x'+ 1. 5x')'" (10)

The equations reviewed so far have described
the interaction of a fixed test charge with the plas-
mons. These equations are then extended to in-
clude the exchange and correlation potential asso-
ciated with an electron. The extension simply re-
quires that the interaction coefficient be replaced
by

M,'=.M,[1-G(x)J .

Using second-order perturbation theory, the one-
electron correlation energy E,(k) is determined by
taking the difference between the total system in-
teraction energy with Ik) occupied and with

~
k)

empty:

E,(k) = E,(k) =
.V1',[ I —G (x)]'

M,[l —G(x)]
E(k+ j) E(k}——h~,

] gq}&ap

(12)

The one-electron energy E(k) for an interacting
electron gas is the sum of the three contributions:

E(k) = 5r /2n& +E„(k)+E,(k),

where the exchange energy E„(k) has the usual

{13)

with x=q/2k', G(x) =x~g(x), Q(x)=Cf(x)/x2,
=me /vk kF, and

f(x) = —,'+ [(1—x')!4x]ln
~

(1+x)/(1 —x)
~

.

The limiting behavior of g(x) is determined by

means of arguments involving compressibility re-
lations (for x-0) and pair correlation functions
(for x- ~). The behavior at intermediate x was
determined by requiring the subsequently deter-
mined correlation energy to duplicate that calcu-
lated by a previous paper. The function adopted
for g(x) is

form

E,(k) =E.(k) = —(2e'kr(7r) f(» ), (14)

E"v (k" ) =E(k) = (k /2m*)k'+E„(k)

with f (y) given by Eq. (9) and y = k/kz .
Overhauser shows that the infinite slope at k

= k~ appearing in E„{A)is exactly canceled by a
similar property in E',(k). In addition, he shows
that the sum of these two terms is essentially con-
stant for all values of k, and that E,(k) is relative-
ly small when k=kz. This implies that a Hartree-
Fock calculation which treats the point-charge lat-
tice correctly will give substantially correct one-
electron energies for k =k~, since the correlation
corrections are minimal there. The most severe
drawback of using this model to include correla-
tion corrections to the bands is its k-direction in-
dependence.

Correlation corrections made to the a/co= 1. 0
Hartree-Fock bands are indicated graphically in

Fig. 2 by the curve marked E,. Also included in

Fig. 2 are curves for the free-electron exchange
E, and the sum of these two curves. These curves
are analogous to those appearing in Fig. 2 of Ref.
28, but modified for calcium with an equivalent-
sphere radius r& = 3. 2'7 and effective mass m*
= 0. 533»~. The effective mass was determined by
forcing the valence band width of the free-electron
bands (including exchange) to match the width of
the Hartree-Fock bands. The purpose in using
»~* is to include in an elementary way the effect of
the lattice in free-electron bands and the correla-
tion energy.

The relationship between free-electron bands
and Hartree-Fock bands (a/ao=- l. 0) with and with-
out correlation corrections is shown in Fig. 3. In

panel (A) the free electron bands for an electron
gas with the density of calcium and ~»*= 0. 533~»

is shown. In panel (B) the exchange energy E, of
Fig. 2 has been added to the free-electron bands,
and in panel (C) the correlation energy E, of Fig.
2 has also been added. Hartree- Fock bands are
presented in panel (D), and in panel (E) the corre-
lation energy of Fig. 2 has been added to the Har-
tree-Fock bands. The effective mass ~n* was
chosen to force the width of the valence band of
panel (B) to match that appearing in panel (D}.
Panel (C) represents the best calcium bands deter-
mined within the free-electron approximation and
Qverhauser's method of including correlation ef-
fects. Panel (E) represents our final Hartree-
Fock bands corrected for electron correlation.

In order to determine the correlation correction
appropriate for Hartree-Fock Bloch state with en-
ergy E(k"F) and wave vector k" we use the corre-
sponding free-electron-plus-exchange wave-vector
magnitude k determined by solving the equation
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for k. The correlation correction E,(k} is calcu-
lated for this 0 and added to E(P ). The correla-
tion corrected bands for lattice spacings a (a/ao
= 1.0, 0. 9, and 0. 8) are presented in Fig. 4.

In Fig. 5 we present for comparison, using the
same scale, augmented-plane-wave (APW) bands
for the equilibrium lattice spacing a/ao= 1.0 ob-
tained by McCaffrey, Anderson, and Papaconstan-
topoulos. 4' The Kohn-Sham2 (a=-,') local exchange
was used. The band energies (Ry) at points of
high symmetry for calcium for a/a, = 1. 0 are listed
in Table II. Three cases are included: Hartree-
Fock, Hartree-Fock with electron correlation cor-
rections, and APW with a local exchange approxi-
mation (n = 3).4'

2v, ~ dS
(2v) ( I 0gE;(%) I

(16)

where v, is the volume of the Wigner-Seitz cell.
One need only integrate the density of states of the
valence band over energy until the area equals 2
(in the case of divalent materials such as calcium)
to find the Fermi level E~. Due to the unique
manner of obtaining self-consistency, the match-
ing of hole states in the first zone with the elec-
tron states in the second zone is exact. The elec-
tronic specific heat C, =yr is determined by the
density of states at E„by means of the equation

or
C. Density of states

3 = 0. 17322M(E~}mole 'K Ry atom
The bands are calculated at 89 uniformly dis-

tributed points k& within the irreducible wedge of
the Brillouin zone. The density of states is calcu-
lated using the I.ehmann and Taut4~ adaption of the
Gilat and Raubenheimer43 "linear analytic" (LA)
method. Instead of the discrete nature of sampling
that is usually employed in other methods, ana-
lytical or continuous integration is performed
throughout small tetrahedra whose vertices are
defined by the points kq. The integration is accom-
plished by calculating numerically the area of a
constant-energy plane surface that lies within each
tetrahedron.

A recent analysis of methods for calculating
spectral properties of solids has been made by
Gilat who finds: "Generally, the I.A method is
to be preferred in all cases where either high res-
olution and accuracy are desired or computational
speed is needed, or both. "

We express the density of states N(E) in units
of states Ry 'atom ' and have multiplied by 2 in

order to take spin into consideration:

Densities of states for the valence and conduc-
tion bands of calcium in the Hartree-Fock approxi-
mation for lattice spacings a (a/ao= 1.0, 0. 9, and
0. 8) are presented in Fig. 6. The densities of
states corrected for electron correlation and for
the same lattice spacings are presented in Fig. 7.
In Fig. 8 we reproduce for comparison the density
of states derived from the APW-local-exchange
calculation.

D. Zero density of states at Fermi level

There is an interesting result associated with
the theory of a free-electron gas which is frequent-
ly referred to when discussing the inadequacies of
the Hartree- Fock approximation. It is the rapid
falloff to zero of the density of states as the Fermi
level is approached. Zero density of states im-
plies zero specific heat. Since this is not ob-
served experimentally the conclusion is that the
Hartree-Fock theory possesses serious inadequa-

FIG. 3. The relationship between free-electron bands and Hartree-Fock bands {a/ao= l. 0) with and without correla-
tion corrections. Panel {A): free-electron bands for an electron gas with the density of calcium and m = 0.533m.
Panel {8): free electron bands with exchange energy E„. Panel {C): free-electron bands with exchange-correlation en-

ergy E~+ E~. Panel {D): Hartree-Fock bands. Panel {K): Hartree-Fock bands with correlation energy E~.
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TABLE II. The energies (Ry) at points of high sym-
metry for calcium for a/a0=1. 0. Also included are the
density of states at the Fermi surface N(EF) [states Ry
atom ] and the constant y [mO''K mole ] entering the
specific-heat expression. Column under "HF" gives
Hartree-Fock results, "HF+E,"gives Hartree-Fock
results corrected for electron correlation by Overhauser's
method and "Local E„"gives the results obtained from
an APUS calculation using the Kohn-Sham local exchange
approximation (Ref. 41).

ized nature of the "hole" determines the size of
the energy difference between the occupied and
unoccupied levels. If the Fermi hole is completely
delocalized, then the energy of interaction would

simply be equal to the energy difference associated
with environments composed of N and X —1 elec-
trons, which is of the order of e ~~A =10 ' eV for
0 = 1 cm . The hole is known to be nonspherical3

I f2

L2

w',

HF

—1.6071

—0. 1223

—0. 0131

—0.6133

—0. 5469

—0.3728

—0.7084

—0. 6493

—0. 1526

—0. 5503

—Q. 4786

—0. 1989

—0. 5867

—0. 5116

—0.4477

—0 ~ 0708

—0. 587

4. 19

.73

HF+E
—1.2949

—0.3484

—0.2578

—0.6815

—0.6578

—0.5455

-0.7106

—0.6835

—0.3742

—0.6601

—0. 6185

—0.4114

—0.6761

—0.6384

—0.5990

—0.3054

—0.6750

2.46

Local E„
0.0290

0.5590

0.6530

0. 2902
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There is a general argument supporting the

concept of finite energy differences between adja-
cent occupied and unoccupied levels and conse-
quently a zero density of states at the Fermi level.
It is that an electron in an occupied level is acted
upon by an effective N —1 electron charge density,
whereas an electron in a virtual orbital is acted
upon by an X electron charge density. This occurs
because the exchange term in the Hartree-Fock
operator serves to effectively remove an electron
from the total charge distribution acting on an
occupied state as a means of preventing terms in-
volving the self-interaction from being included in
the energy expression. Although the electronic
charge removed is just one in 10, is is localized
about the electron in the occupied state (the re-
moved charge constitutes a "Fermi hole" ). The
degree of interaction of this "hole" with the elec-
tron and environment and consequently the local-
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FIG. 4. Band structure of calcium for various lattice
constants a in the Hartree-Fock approximation corrected
for electron correlation effects.
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and described by means of a complex distribution
function. %e maintain that it is not possible, a
Prior, to determine the degree of localization of
the Fermi hole in a real crystal due to its involved
nature and, therefore, that it is not justifiable to
assume that the density of states will necessarily
approach zero at the Fermi level with a strength
that can be described by any band-calculation
method for real crystals now in existence. Indeed,
our calculations do not reveal the tendency of the
density of states to fall to zero as the Fermi level
is approached.

E. Joint density of states and e,

%e have used the LA k-space integration as sug-
gested by Lehmann and Taut to evaluate the joint
density of states and the imaginary part &z of the
complex dielectric function. The joint density of
states is expressed as

(19)
Since we are concerned only with optical excita-
tions from the flat 1s band to the conduction band,
the joint density has the identical shape of the
conduction-band density of states.

The expression for qz is due to Ehrenreich and
Cohen and is given by

eh f, , (k) dS
2&w.

g g g g ~ g l
i7t [Ey(k) F '(k)j

(2o)
where the oscillator strengths are given by

with p =- (h''i)V'. The evaluation of the oscillator
strengths is approximately as time consuming as
the evaluation of the Hartree- Fock eigenfunctions.
The number of matrix elements and rotation coef-
ficients is larger, since the momentum operator
is composed of three parts and must be rotated
along with the spherical harmonics on which it
acts. The momentum operator is replaced by the
corresponding irreducible tensor operator of rank
1 in order to maintain real matrix elements.
Blume and Watson give all necessary expressions50

which occur when the tensor operator acts on
spherical harmonics.

In order to make a meaningful interpretation of
the 1s emission and absorption data available for
calcium, we have calculated the imaginary part of
the complex dielectric constant q z according to
Eqs, (20) and (21). The results are given in Fig.
9 for the correlated bands at the equilibrium lat-
tice spacing. No correlation corrections have been
calculated for the inner electrons or the electron-
hole interaction. However, the scale has been
shifted downward 28. 6 eV so that the experimental
Fermi level is reproduced at 4036. 4 eV. It should
be pointed out that the original Hartree-Fock eigen-
functions have been used in the calculation of the
momentum matrix elements. The only way in
which the correlation corrections and the shift in
scale affects the evaluation of qz is through the en-
ergy terms in the divisor. This approximation is
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The broken line represents the calcium emission
curve after corrections are made for the presence
of CaO. The Fermi level is found from the inter-
section of the emission and absorption bands.

F. Fermi surface

The description of the shape of the Fermi sur-
face has been one of the most difficult challenges
of theoretical calculations on metals. Our attempt
to predict de Haas-van Alphen orbit areas are
summarized in Table III. We give results for both
the uncorrelated and correlated Hartree- Fock
bands. Also presented are the recent experimental
results obtained by Jenkins and Datars and the
results obtained from an APW (a = ';) calculation. '
Percentage errors of the theoretical results from
the experimental results are given in parentheses.
In Fig. 12 we present the de Haas-van Alphen or-
bits corresponding to those listed in Table III. The
solid lines indicate orbits obtained from uncorre-
lated Hartree-Fock bands and the broken lines in-
dicate orbits obtained from correlated Hartree-
Fock bands.

III. DISCUSSION

A. Pressure-induced electronic transitions
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FIG. 6. Density of states of valence and conduction
bands derived from the Hartree-Fock bands.

quite reasonable especially when it is realized that
in most studies the momentum matrix elements are
assumed constant. The oscillator strength for di-
rect calcium 1s transitions used in the calculation
of q2 is given in Fig. 10. The experimental 1s ab-
sorption and emission data are reproduced in Fig.
11 from the work of Finkelshteyn and Nemnonov.

One of the most interesting properties of calcium
is its high-pressure-induced anomalies in electri-
cal conductivity. Suggestions that these anomalies
exist mere first made by Altmann and Cracknell.
Almost simultaneously Stager and Drickamer ex-
perimentally confirmed the predictions. The ex-
perimental resistance versus pressure results
are summarized in Fig. 13 for tmo temperatures.
There is an increase in resistance with increasing
temperature, as expected for a metal, at all pres-
sures except in the region 300—400 kbar. In this
region calcium acts as a semiconductor with re-
spect to its temperature dependence on resistance.
The phenomenon has been at least qualitatively ex-
plained by most calculations on calcium as being
due to metal-to-semimetal-to-metal electronic
transitions caused by increasing pressure. We

refer the reader to the recent paper by McCaffrey,
Anderson, and Papaconstantopoulos ' for a review
of both the experimental and theoretical morks on
calcium. We mill use their work as a standard of
previous work.

Both the Hartree-Fock bands I', Fig. 1) and the
Hartree-Fock bands with correlation corrections
(Fig. 4) support the metal-to-semimetal-to-metal
electronic transition explanation of the resistance
anomaly. For a jao= l. 0 the Fermi surface cuts
the bands in such a may that there is a significant
density of states both above and below the Fermi
level (Figs. 6 and 7). Calcium is therefore pre-
dicted to behave as a metal at equilibrium lattice



1378 MICKISH, KUNZ, AND PANTE LIDES 10

spacing. The 4s and 3d atomic levels merge to
form a partially filled band that possesses essen-
tially the same structure (except for valence band
width) as in previous studies. It should be noted
that, in contradiction with most earlier studies as
in Fig. 5, the bands from the first and second
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FIG. 8. Density of states of calcium for equilibrium
lattice constant ao obtained using the APVif method and a
local exchange approximation (Ref. 41).

Brillouin zones do not cross near the Fermi level.
In fact, for the uncorrelated Hartree-Fock case,
these bands show an unusual parallelism near the
zone boundary.

When the lattice spacing is reduced to a//ap=0. 9,
the parallelism in the Hartree-Fock bands (Fig. I)
is removed by the converging of the bands at I-,
and I-z near the Fermi level. Figure 4 shows the
Hartree- Fock bands after correlation corrections
have been made. The density of states surround-
ing the Fermi level has diminished greatly in both
cases (Figs. 6 and 7).

The metal-to-semimetal electronic transition is
predicted to be complete at a lattice spacing of

0 j
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bands derived from the Hartree-Fock results corrected
for electron, correlation.
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FIG. 9. Imaginary part e2 of the complex dielectric
function for direct calcium ls transitions. Correlation
corrections for valence and conduction electrons have
been made by Overhauser's method. The scale has been
shifted so that experimental Fermi level is matched.
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cant density of states surrounding the Fermi level
and calcium will return to a metal.

The lattice spacings at which the electronic
transitions occur can be interpolated from a plot
of the correlated Hartree-Fock energies X3 +p,
Lp, and Ez as a function of a/ap as in Fig. 14. The
metal-to-semimetal transition occurs at approxi-
mately a/ap = 0. 82 when Lp and Wp converge to the
same energy (Ez). The semimetal-to-metal tran-
sition at approximately a/ap= 0. 7 may not be accu-
rate due to linear-dependence problems mentioned
earlier.

The first transition at a/ap= 0. 82 can be com-
pared with the APW value ' of 0. 93 and the "ex-
perimental" value of 0. 875 determined by Altmann,
Harford, and Blake ' using an equation of state.
Our value of a/ap= 0. 725 for the second transition
can be compared with the APW value of 0. 8. The
correlated Hartree-Fock bands predict electronic
transitions at smaller lattice spacings than does
the APW bands, but both are in about 6% error
with the "experimental" value.

a/ap = 0. 8 ~ In both the uncorrelated and correlated
Hartree-Fock cases, the Fermi level cuts the
bands at only a single point in the irreducible
wedge. The density of states is accordingly in-
finitely small at the Fermi level. At this lattice
spacing the bands from the first and second Bril-
louin zones have converged and crossed along the
direction 8'-L. The surfaces of the two zones
make contact at only this single point in the irre-
ducible wedge and consequently the Fermi surface
must pass through this point in order to match the
electrons in the second zone with the number of
holes in the first ~

It is interesting to note that the uncorrelated and

correlated Hartree-Fock density of states for
a/ap= 0. 8 shows a definite range of energies (0. 2

eV) for which the density is negligibly small. So,
at a reduced lattice spacing of a/ap= Q. 8, calcium
possesses both the property of being a metal (the
Fermi surface cuts the bands) and the property of
a semiconductor (the existence of a "band gap" of
0. 2 eV in the density of states about the Fermi
level). The term "semimetal" is therefore appro-
priately applied to calcium at this lattice spacing.
We find that our Hartree-Fock calculation correct-
ly predicts semiconductor-like dependence or re-
sistance on temperature at high pressures.

Although we were unable to obtain accurate
bands for all k with a lattice spacing of a/ap= 0. f,
the trends indicate that the bands at X3 will con-
tinue to drop sufficiently so that X3 will lie below
the Fermi level and the bands near the point of
crossing along O'-L will rise above the Fermi lev-
el. Since the Fermi surface will cut the bands at
a large number of points, there will be a signifi-

MI-
Z

CA

LLI

4035 4040
ENERGY (eY)

4045

FIG. 11. E emission band (broken line) after elimina-
tion of the effects due to CaO contamination. E absorp-
tion band is shown at right. Intersection locates Fermi
level. Vertical axis indicates absorption in arbitrary
units. Reproduced from Ref. 52.

B. Optical properties

The optical spectra of crystalline solids are
primarily dependent on the density of states of the
bands involved in the transition. In some regions
of the spectra transition, matrix elements can
and do significantly enhance or depress peaks in
the density of states and therefore cannot be ig-
nored when calculating emission and absorption
spectra. We rigorously include dipole transition
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TABLE IIE. Experimental and theoretical de Haas-van Alphen data for g/go —-1.0. Experimental
results are from Jenkins and Datars (Hef. 53). Theoretical results are from our Hartree-Fock
(HF), Hartree-I'ock with correlation corrections (HF+E,} and from the McCaffrey, Anderson, and
Papaconstantopoulos augmented-plane-wave (APW) (Ref. 41) calculations. Percentage errors from
experiment are given in parentheses.

Orbit

Experiment

p (1o-' r, '} v[10' c] &[(2~/n)']

HI'

& [(2&/a }']

HI -'. F

A[(27t'/o) ]

APW (c). =- 2/&)

A. [(27'/n) "]

[1OO]

[110]
[11o]
[11o]

0. 7843
0. 5814
3.077
0.7874

1275
1720

825
1270

0.09584
0.1293
0.12443
0.09546

O. 043 (55'~&}

0. 10 (2&';"'., }
O. 0032 (97'"„)
0. 089 (6.8'~(;)

O. O49 (49'7}
0. 10 (23~~&.)

0. 0 (100'7r)

0. 093 (2. 69')

O. 12 (25",.. )

O. 05 (61',(-)

O. 009 (93'.
, )

o. 15 (57",i }

matrix elements in our calculation of qz, the imag-
inary part of the complex dielectric function.

The experimental results (Fig. 11) show a 1s-
valence emission band having a width exceeding
7 e V. The experimental 2P-valence emission
band' is essentially identical in every respect. A
3P-valence emission band spectrum obtained by
Kingston, however, has a width of 3 eV. Since
the 1s band is flat, the emission band width must
be due to the valence band width, assuming elec-
tron-hole interactions and local field effects are
negligible. The Hartree-Fock valence band width
for a/ao= l. 0 (Fig. 1) exceeds 13 eV and thus is
greater than experiment. This is consistent with
the results obtained in the cases of the alkali ha-
lides, the rare gas solids, "' and beryllium. "
However, when electron correlation corrections
are made, good agreement with experiment is ob-
tained. This is also true in the case of calcium15

since the correlated Hartree-Fock bands for a/no
= l. 0 (Fig. 4) show a valence band width of approx-
imately 8 eV. This compares favorably with
two ' of the three existing experimental emission
curves especially when one considers the extent of
the low-energy tails on both the experimental data
and on the calculation of &2 (Fig, 9). It is interest-
ing to note that essentially all calculations employ-
ing a local exchange approximation (see, e, g. ,
Fig. 5) yield a valence band width of about 3 eV
which compares favorably with the one remaining
experime ntal result.

The shape of the valence-1s emission spectra as
predicted by our calculated e~ curve is somewhat
different than that experimentally observed. The
peak just below the Fermi level is very close to
the Fermi level and the tail toward lower energies
is more skewed. The effect of the oscillator
strength (Fig. 10) when included with the density
of states (Fig. 7) to form & z is seen to be a grad-
ual, almost linear, enhancement of the spectrum
from the low energy onset to within 0. 5 eV of the
Fermi level. From that point to the Fermi level„
the oscillator strength falls abruptly. Although the
transitions involved are from a ls band to an s-

and/or d-like valence band, and the atomic selec-
tion rules would predict zero oscillator strength,
there are a significant number of points in k space
away from I which do allow nonzero oscillator
strengths.

Our agreement with the experimental absorption
data is less apparent. However, there is a re-
markable agreement for energies above the Fermi
level between the correlated Hartree-Fock density
of states (Fig. 7), that obtained from an APW cal-
culation with a local exchange approximation. (Fig.
8), and a recent Korringa-Kohn-Rostoker (KKR)
calculation also employing a local exchange ap-61

proximation. The only significant differences are
a smaller peak just above E~ and a greater dis-
tance between peaks of about 12~/, in the correlated
Hartree- Fock case.

The calculation of qz does not show the broad
band exhibited in the experimental absorption spec-
trum. The oscillator strengths for this region of
the spectrum are rather small and depress the
peaks present in the density of states. There are
two structures on the broad band, lying at about
4038. 3 and 4041. 7 eV. %e associate the first and
second peaks seen in our calculation of qz with
these structures since the absolute positions of
the peaks are correct within 2 eV and the distance
between them is correct within 0. 5 eV.

There appear to be two possible interpretations
of the origin of the broad band. The first is that
our inclusion of only dipole matrix elements is a
poor approximation, since large photon energies

~f V

are involved and the approximation e' '-e'~'=1
is not true (a is the radius of final 1-el charge
density; k is the wavevector of photon). The tran-
sitions involved are from s to s bands or s to d
bands and therefore have small dipole oscillator
strength. Higher multipole transitions may be of
considerable importance. The second interpreta-
tion of the origin of the broad band is simply that it
is due to multiple band-to-band excitations, collec-
tive phonon excitations, or electron-hole interactions.

It is interesting to note a very recent study of
the 1s absorption spectrum by McCaffrey and Papa-
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constantopoulos using their computed AP% bands;
the bands we have been using as a standard. Al-
though their density of states agrees remarkably
well with ours, the oscillator strength and optical-
absorption spectrum significantly differ from ours.
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FIG. 13. Resistance versus pressure for calcium.
Reproduced from Ref. 56.
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This is probably due almost exclusively to the
manner in which the dipole matrix elements are
approximated in the AP% case. The elements
were determined by evaluating the matrix elements
of the position vector r rather than the matrix ele-
ment of the gradient operator V'. This would not
normally have been an approximation except that
the 1s Bloch eigenfunction was replaced by a 1s
atomic orbital. The approximations also inc luded
integration only within the APW sphere.

The APW oscillator strength was found to be a
very smooth function of energy and monatonically
increasing in contrast with our results shown in

Fig. 10. Notwithstanding the approximations, the
APW was found to match experiment much better
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orbits obtained from correlation corrected Hartree-Fock
bands.
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FIG. 14. Variation with lattice spacing of correlated
Hartree-Fock energy bands at selected symmetry points.
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than the present case in that the broad band on the
high-energy side was obtained.

C. Fermi surface

Since the correlation corrections determined by

means of Overhauser's simplified method are
small for electrons near the Fermi energy, there
is little difference in the predicted de Haas-van
Alphen orbit areas between the results predicted

by the uncorrelated and the correlated Hartree-
Fock bands (Table III and Fig. 12). Our results
are no better than those obtained by means of the
method employing local exchange approximations
(see Table III), and so our Hartree-Fock calcula-
tions have failed in an area where accurate results
have consistently remained elusive. The experi-
mental data, suggests that the Fermi surface in the
first Brillouin zone is made up of interconnecting
arms. The Hartree-Fock results predict a con-
nected Fermi surface, but the cross section at the
point of connection (area of orbit y) is 97'~/, too
small. Making correlation corrections only serves
to disconnect the Fermi surface (area of orbit y
becomes zero).

Our prediction of the constant y [Eq. (17)] ap-
pearing in the specific-heat expression also has
an error comparable to those obtained by means
of local exchange approximations. As given in
Table II we obtain a value of y = 0. 73
(mJ 'K mole ') for the Hartree-Fock case and
y=2. 46 (mJ'K mole ) for the correlated Har-
tree-Fock case. These values can be compared
with the experimentally obtained value of 2. 9
(mJ 'K mole ) after inclusion of an enhance-
ment factor of 1.28 due to electron-phonon inter-
actions. Our estimates of y then become 0. 93 and
3. 15, respectively, with errors of 68/& and 9P(-, ~

We see in calculating this physical constant that
the small correlation correction to electrons near
the Fermi surface is significant.

It should be noted that the calculation of de
Haas-van Alphen areas for calcium is very sensi-
tive to the position of the Fermi level due to the
flatness of the bands there. Although no qualita-
tive estimates have been made, we observe that a
slight lowering of the Fermi level (which was de-
termined with an error of IP&, ) would improve the
predicted areas of orbits u, y and 5 due to the re-
sulting increase in size of those areas. However,
the resulting area of the orbit P would be reduced

and the resulting value for the constant y appear-
ing in the specific-heat expression would be in-
creased, both changes being in a direction oppo-
site to that required for improvement. Obviously,
the positioning of the Fermi level is not the sole
contribution to the errors contained in our calcu-
lated de Haas-van Alphen data. Approximations
such as the k-independent electron-correlation
corrections must surely make non-negligible con-
tributions.

CONCLUSIONS

In this paper we have obtained an ab initio band
structure for calcium in the self-consistent Har-
tree-Fock approximation. Correlation correc-
tions are made by means of Overhauser's simpli-
fied method. This method of calculation produces
good results from an experimental point of view
and employs no adjustable parameters. We are
able to observe the metal-to-semimetal-to-metal
ele ctronic transition with incr easing pressure,
match the valence band width with the experimental
emission spectra, and make preliminary identifi-
cation of structures observed in the absorption
spectra by means of a rigorous calculation of &z.
The details of the Fermi surface as indicated by
de Haas-van Alphen data have remained elusive-
we predict areas which have large percentage er-
rors when compared to experiment.

We finally conclude that ab initM methods are a
practical way of studying band structures in gen-
eral. We are able to compute the bands at a large
number of points in the Brillouin zone due to the
efficiencies of local orbital and LCAO methods.
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