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with

XTrLh. ;(p+q)n RA/(p)n R]. (17)

in the limit of small q', the evaluation of (16) and (17)
yields

p'gp 3 1 psn'= 1+—es'
3s (p'+m')'~' 2 2 p'+m')

which is identical to (6).

When two charged particles interact by exchange of
a virtual transverse photon, their interaction is di-
minished by the factor !n!', which is the reduced
probability that a physical photon contains a bare
photon.

Hence we conclude that both the longitudinal and
transverse renormalization of the electromagnetic
charge is given by the same expression. Equation (10)
therefore gives the adjustment of the value of e in a
metal environment.

If the above calculation were done by conventional
Feynman-diagram techniques in quantum electro-
dynamics, Fig. 3 represents the diagrams which would
yield the corrections to e calculated above in this paper.
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We have undertaken the complete temporal description of pulsed emission by a homogeneously broadened
laser, including the e6ects of spontaneous emission, the detailed geometry of the laser cavity, and the
variation of atomic polarization and level populations over wavelength distances. The model is based on
traveling-wave equations which are derived from Maxwell s equations and solved in conjunction with
boundary conditions imposed at the cavity mirrors. Thus, any direct assumptions concerning the nature
of the laser s longitudinal mode structure is avoided. Variations in polarization and population over wave-
length distances are treated by means of expansions in spatial Fourier series, having as fundamental a
half optical wavelength. The Fourier series are truncated after the first harmonic. The treatment differs
from earlier work in that the dephasing of the dipole moment is treated exactly without a rate-equation
approximation. Spontaneous emission is simulated both as to spectrum and Gaussian character by including
in the dipole equations stochastic shot-noise sources. The model equations are solved numerically, and
results include the details of Q-switched pulse evolution from noise for both passive and active switching.
In the case of an actively switched laser, the two-photon fluorescence intensity pattern has been calculated.
It reveals a well-defined structure of subsidiary intensity maxima, even though subcavities are not assumed
in the calculation. The pattern can be correlated directly with the emission pulse structure, and should
vary from shot to shot. No single point in the pattern is suitable for a peak-to-background ratio determi-
nation. However, if the background is averaged over a distance in the fiuorescing medium equal to twice
the separation between cavity mirrors, the peak-to-background ratio would be =1.6, indicating a highly
uncorrelated spectrum.

INTRODUCTION

HK emission of radiation by lasers as a succession
of pulses, under various" conditions, has been a

familiar phenomenon for some time. ' ' Interest in
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pulsed emission has heightened in recent years as the
result of discoveries that solid-state lasers can emit
trains of pulses having durations of the order of 10 "
sec, not only when mode locking is brought about, 4'
but even when mode control is not attempted. ' "Much
of the underlying detail of the resulting pulses cannot
be resolved on available oscilloscopes. As a consequence,
experimenters have made use of nonlinear optical
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techniques for probing pulse structure. "" These
techniques yield data that is integrated over the entire
duration of the pulsed emission, making it impossible
to recover the complete details or the time history of the
emission process. Care is thus required in interpreting
the data for details of pulse structure. ""It would be
useful to exhibit theoretically those details of pulsed
laser emission which cannot be resolved either by means
of oscilloscope or nonlinear optical data. One can, of
course, interpret experimental data on the basis of
simple ad hoc assumptions regarding the phasing of
laser modes, but an understanding of the underlying
emission processes must, in the final analysis, be based
upon a dynamic model of the laser. In this paper, we
have undertaken the derivation of a detailed model for
describing short-pulse emission by lasers, and we have
applied it, by solving the model equations numerically,
to the generation of short pulses by a Q-switched laser
operating both with and without a saturable absorber
in the cavity. In applying this model, an attempt is
made to follow the details of emission from initiation
by spontaneous emission through nonlinear amplifica-
tion and the depletion of gain. The cases listed above,
however, are not intended to be an exhaustive list of
possible applications for the methods described.

The conventional approach to laser theory has been
to express the laser field as an expansion in a set of
normal standing-wave modes"appropriate to the laser
cavity. Multirnode theories of phase locking and pulse
emission have been undertaken by a number of authors
using this approach. ""An alternative description of
the laser field is based upon a direct solution of Max-
well's equations and reQection boundary conditions
appropriate to the laser cavity. Such a treatment avoids
any explicit assumptions regarding the longitudinal
mode structure of the laser, and seems ideally suited to
the time-domain description of pulse phenomena. This
method yields equations for the field amplitudes which
are of transport or traveling-wave type. Such a descrip-
tion will be referred to as a traveling wave or TW
description.
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The TW description is simplest to formulate and

apply for the case of single-pass ampli6ers and at-
tenuators and one-wave ring lasers, since only one wave
is involved. The TW method has been in use for some
time for describing the effects of amplifiers and at-
tenuators on radiation. Theories have been formulated
both by neglecting the coherence of the polarization"
(rate-equation theories) and by taking it into ac-
count" " (nonrate-equation theories). More recently,
one-way ring lasers have been treated using a non-
rate-equation TW description. ""The application of
the TW method to a Fabry-Perot laser cavity is more
complicated, partly because two opposite traveling
waves are required, but also because the waves in-
terfere. The TW method in a rate-equation approxima-
tion has been applied to Fabry-Perot lasers operating
in a cw condition. 36'~ In two earlier papers, time-
dependent TW rate equations were used to describe the
evolution of mode-locked pulses in passively switched
lasers with Fabry-Perot cavities. ""Preliminary results
based upon a nonrate-equation TW description, have
been' given for ordinary Q-switched lasers. 4' " The
present paper will, in part, provide an elaboration of
the results and methods discussed in Ref. 41.

Of the above references to applications of TW
methods, only in Refs. 40 and 41 is the effect of spon-
taneous emission explicitly taken into account. The
inclusion of spontaneous emission turns out to be
crucial to gaining an understanding of the behavior of
Q-switched solid-state lasers, since in amplifying sys-
tems which are not strongly affected by pumping what
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comes out depends very strongly on what is put in. For
systems in which pumping plays an important role, the
inhuence of spontaneous emission should be less im-
portant. In Refs. 34 and 35, instabilities are reported
which depend on pumping. These results should be
applicable to the continuous pulsing of gas lasers, '"
but not to the cases examined here.

The method which we use for deriving field ampli-
tude equations is based on a direct application of
Maxwell's equations rather than on a second-order
wave equation. In Sec. I, a set of exact TW equations is
derived without making a slowly varying envelope ap-
proximation. These equations could be used for describ-
ing the amplification of ultrashort pulses, say, from 1

to 100 wavelengths long over centimeter distances, but
would be impractical for numerical use in describing
arnplification inside a laser cavity where amplification
paths are far longer. In Sec. II, it is shown by means of
a slowly varying envelope approximation and a rate-
equation approximation that the equations derived
in Sec. I contain small phase modulation effects which
can be neglected for the cases of interest in this paper.
In Sec. III, a slowly varying envelope approximation is
applied to the equations derived in Sec. I, and it is
shown that the intereference between the two op-
positely traveling waves in a cavity creates a variation
in the polarization and population difference, over a
distance of a half-wavelength, which can have an
important effect on the slowly varying field amplitudes.
The rapid local spatial variation in polarization and
population difference can be treated either by means of
Fourier expansions with a half-wavelength as fun-
damental, as is done in Sec. III, or by sampling these
variables at discrete points over a half-wavelength
distance, as is shown in Sec. IV. The remaining analysis
in the paper is based on a truncated Fourier expansion.
Section V is devoted to a discussion of the Quctuating
dipole model of spontaneous emission which is similar
to Langevin source models which have been employed
in the noise analysis of single-mode lasers. 4' The
numerical methods used are discussed in Sec. VI, and
numerical results are presented in Sec. VII.

BE~

c Bt

BHy 4m BI' kr
g ~$ p

Bs' c Bt c
(1.1a)

(1.1b)

"H. Risken, Z. Physik 186, 85 (j.965); J.A. Fleck, Jr., J.Appl.
Phys. 37, 188 (1966l.

I. BASIC EQUATIONS

Whereas most treatments of laser phenomena begin
with the consideration of a second-order wave equation,
we shall find it convenient to deal directly with the
Maxwell field equations, which for a plane-polarized
beam can be written as

Here the permittivity e and the magnetic permeability
p refer to a dispersionless host medium, ~ is a con-
ductivity, E is a polarization which characterizes the
active atoms which may be either amplifying or absorb-
ing, and E and B„are the electric and magnetic Geld
components. Equations (1.1) can be rewritten in terms
of variables e"'E and p, 'l"H as follows:

(~~) i/2

( i/2E )—
c Bt

8 (/ii/'H„) 4m/i'" BP

c Bt

4m'//p) i/~

0(6 / E ), (1.2a)
c k~)

(e/i) i/2 8 8
(/i'—"H—) = ——(e'/'E, ) .

c Bs Bs
(1.2b)

We next introduce variables E+ and E which satisfy

E+= e'/'E +/ii/'H

E = e'~'E —p'"lI

1/2E 1(E+y E-)

/'"Hv=k(E' —E )

(1.3a)

(1.3b)

(1.3c)

(1.3d)

If we first add Eqs. (1.2a) and (1.2b) and then subtract
Eq. (1.2b) from Eq. (1.2a), we obtain the following
Grst-order equations satisfied by E+ and E:

4m/i'/~ BP 2mo p) i/2

(E+yE-), (1.4a)
c 8$ c

4xp, '" BE 2mo- p '"
(E +E-), (1.4b)

c Bt c

I= (eE '+/J, H ') = —(E+'+E ')
8x 16m

where use has been made of relations (1.3c) and (1.3d).
Thus, E"' and E ' contribute additively to the energy
density of the Geld. We can express the magnitude 5

where g= (e//)'/' is the refractive index of the host
medium. Maxwell's equations are thus reduced to a
pair of first-order transport equations.

To illustrate the significance of E+ and E—,we derive
some elementary relations from Eqs. (1.3) and (1.4).
First, the energy density m of the electromagnetic Geld
can be expressed in terms of E+ and E as
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of the Poynting vector as

c c
S= E,—H„= (E+'—E ').

4x 16m g

Here 5 is expressed as the net difference between the
energy Aux traveling to the right and to the left. Con-
sider next the propagation of a plane wave through a
medium without polarization or conductivity, which
requires setting the right-hand sides of Eqs. (1.4) equal
to zero. If we assume the wave is propagated to the
right, E+ and E satisfy

tt c2o2/C2 k—2+ 42ro toi/C2= 0, (1.15)

in the limit k))A.
Ke turn our attention next to equations satisfied by

the polarization I'. For a two-level system, I' is given by

P = AtP(p12+ p21), (1.16)

Expression (1.14) exhibits an exponential falloff in field
amplitude with distance and a shift in wave number
Ak=A2/2k. This shift in wave number, of course,
agrees with what could be derived from the dispersion
relation for Eqs. (1.1) with P=O,

g BE+ BE+
+

c Bt Bs
=0 )

jV——0

From (1.7b) e't2E, = p, 't'H„and from (1.7a) E,
= f(t 2ts/c), —where E,(0,t) = f(t). I.et us consider
finally the case of a medium without polarization but
with a conductivity. Equations (1.4) become

P21=P12 )
2iC (1.17a)

(1.17b)
BP12

+(—2~+T2 )p12 I p(pll p22)Ez.
at kk

2 o /tt) 't'
(E++E—), (1.8a)

c Ee) (p22 pll) Tl L(p22 pll ) (p22 p11))
0t

22ro. ti) lt2

~ ~(E++E ) . (1.8b)
c e/

2i
+ ti(p12 p21)Ez ~ (1.17c)

where S is the number of active atoms per unit volume,
p is the mean component of the atomic dipole matrix
element projected along the direction of the polariza-

(1 7b) tion of the field, and p12 and p» are the off-diagonal ele-
ments of a two-level density matrix which satisfy

Even if we consider a wave proceeding to the right, it is
no longer possible to set 8 —=0, since E and 8+ are
coupled. Let us take then 8+ and E in the form

E+= 8+(s,t)e'&"' ~z~

E——g—
(& t)eii~t kz)—

(1.9a)

(1.9b)

where k=ttto/c and 8+ and 6 vary slowly compared
to the exponentials. Substituting (1.9b) into (1.8b), one
obtains

In Eqs. (1.17), T2 and Tl are the longitudinal and.
transverse relaxation times, co is the circular transition
frequency, p» and p» are the probabilities of occupying
the upper and lower states, and X(p222 —p, lo) = n' is the
steady-state population difference which would prevail
in the absence of laser radiation. If we introduce a com-
plex polarization P,= Ãp, p12 and a population difference
variable n Ã(p22 =pl,), Eq—s. (1.4) and (1.17) become

g BE+ BE+
+

+2ikB = —A(h++8 —), (110) c gt cia

where

A = (22ro/c) (tt/e) 't'.
L(—ito+T2 ')Pz+(ito+T2 ')Pz*f

Since 8 is slowly varying, one can neglect the deriva-
tives on the left-hand side of (1.10) and write

8—= —Ah+/(A+2ik) =iA8+/2k,

if k))A. Substituting (1.12) into (1.8a), we obtain

~ aE- aE-

C Bt

22ro(tl "'
(E++E ), (1.18a)—

e ke

(1.13) [( ito+T2 ')P,+—(ito+T2 ')P,*j

with a solution

to+= f(t ltd/c) expL (A+i—A2/2—k)zj (1.14).
22ro

(E++E ), (1.18b)
c 2)
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so that they do not need to be considered later. ' For
simplicity, let us consider a single wave moving to the
right. Again we take

t1n 2i 1~'++1:—=Ti '(n' —n)+ —(P,—P,*)— —. (1.18d)
Bt 261/2

1' = t'o t (z, t)e'i"t "&-+cc.
E =h (z, t)e'i"t "*'+cc. (2.1)

The elimination of the derivatives of I' on the right-
hand side of Eqs. (1.4) is made possible by the fact that
the right-hand side of Eq. (1.18c) is pure imaginary.

Equations (1.18) contain no approximations and are
in a form convenient for numerical integration. In
general, both E+ and E must be retained even if it is
known from symmetry considerations that wave motion
proceeds in only one direction. The presence of co in
Eq. (1.18c), however, requires that the detailed optical-
wave motion be followed. This is both impractical and,
as it turns out, unnecessary in the cases of interest to
us, although Eqs. (1.18) might be useful in studying the

amplification of subpicosecond pulses. We must there-
fore look for ways of separating optical carrier waves
from E+ and E, which we shall do in Sec. III.

It will be convenient to renormalize the variables in
Eqs. (1.18). We make the replacement

If we ignore the space and time dependence of n, h+,
and to, we can solve Eq. (1.21c) in a rate-equation ap-
proximation, which should be accurate enough for our
purposes here:

pt — 1o, n(/+et(tzt tzz)+ g——et(~t—pz)) (2 2)

Substituting this result into Eqs. (1.21a) and (1.21b),
we have

g 88+ 88+
+ =-', o pn(1+its)(8++8 —), (2.3a)

c Bt cIs

+2ik8 = ', trpn(1-+it't)(8++8 ). (2.3b)

If in Eq. (2.3b) we neglect the total derivative and no. p

in comparison with k8, we have
E+ —+ (c/16vrrt leo) 't'E~ (1.19)

h
—= —(i/ k)nop(1+iti)8+. (2.4)

by multiplying Eqs. (1.18a)-(1.18c) through by
(c/16mrthto)'t' and defining P' by

Since in general no.p«k, ~$
~

will thus be small com-
pared with

~

to+~. Substituting this result into Eq. (2.3a),
P'=i (47rto/c) (pc/167rttbto) '"P, (1.20).

We also drop the conductivity terms in Eqs. (1.18),
since no further use will be made of them. Equations
(1.18) become

q Bb+ BB+ i
+ =-,'o.pn(1+ital') 1——no.p(1+its) ~h+

c Bt Bz 4k )
=-,'~pnf1+i(8 —n~p/4k) 7h+. (2.5)

= —(1+i')P'+ c.c. ,
The resulting gain is complex, with the imaginary part
of the gain leading to a change in wave number,

= —(1+i6)P+c.c,
Dk = —,'o pnL(toTp)

—' —no-p/4k7,

or, equivalently, a change in refractive index
1.21b

(2.6)

BP'
+( tto+Tp ')P'= —-', Tp—'opn(F++F )

Bt

BN—= Ti '(n' —n)+4(P'+P'*) (E++E—),

where we have introduced

tI=-(toTp) '

(1.21c)

(1.21d)

(1.22)

Att = (co.pn/2to) DtoTp) ' na p/4k7 — (2.7).
For ruby, the maximum possible value of no-0 is =0.4,
T2 at room temperature is 10 " sec, 44 and ~=2.7

&&10" rad/sec. Thus, the first term in the brackets in
Eqs. (2.6) and (2.7) dominates, and we have

64=10 ' cm ',
Dto = 10' rad/sec,

~ 10—9

and the cross section at line center for stimulated
emission or absorption, '

tr = (4trpPtoTp/kc)(tt/p)itP (1 23)

II. DISPERSIVE EFFECTS

Before going on to a detailed treatment of Eqs. (1.21),
we shall isolate and discuss a pair of dispersive effects

Granted that variations of n could produce phase
modulations, it is evident from the preceding numbers
that such effects would be entirely negligible in the
solid-state laser materials of interest. The value of

"For further discussion of dispersive effects in pulse amplifica-
tion, the reader is referred to Ref. 31.

44 D, E. McCumber and M. D. Sturge, J. Appl. Phys. 34, f682
(19631.
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(ioT2) ' is not known for the dyes used as switches. If it
were as large as 1.0, then Acr could be of the order of
10' rad/sec. Thus, every time that a pulse bleaches
through a dye its circular frequency would be swept by
this amount. But clearly an enormous number of
bleaching passes would be required to produce the
chirping effects which have been observed. "In the light
of the preceding discussion, we can treat Z+ and E to a
very good approximation as waves moving, respectively,
to the right and to the left, and we can set 8=0 in
Eqs. (1.21a) and (1.21b).

III. DERIVATION OF TW EQUATIONS BY
USE OF FOURIER SERIES

Ke now seek to express solutions to Eqs. (1.21) in
the form

population difference and polarization over similar
distances. 4'

One method of treating the exponentials in Eqs. (3.3)
is to make use of the Fourier series expansions for p
and n,

p(s t) —e ikz—Q p +e—i2yks+eikz g p ei2—pkz (3 4a)

n(s, t) =n+ Q (n„e "&~—'+c c ).. .
@=1

(3.4b)

If expressions (3.4) are substituted into Eqs. (3.2) and
(3.3) and the orthogonality of the terms of the Fourier
series is made use of, the following coupled equations for
b+, 8, p„+, p„,n„, andFz result:

E+(s,t) = to+(s, t)e'i"' "+cc , . . (3.1a)

E (s, t) = b (s, t)e*'&"'+"&+c.c. , (3.1b)

P'(s, t) = p(s, t)e'"', (3.1c)

where to+(s, t), b (s, t), vary slowly in comparison with
the exponentials.

If we substitute expressions (3.1) into Eqs. (1.21a)
and (1.21b), setting 8=0, we must have

po p

g O8 OB—

c Ot Os
po

Opp
+T2 'p += ——,'T2 'o.o(n~h++n~rb )

(3.5a,)

(3.5b)

g Ob+ Oh+
+

c Ot Os

(peikz) (3.2a)

+5+&,o, (3.5c)

Op@
+Tg 'p~ = ', T2 'oo(n—„-*8 +n,+g*8—+)

q Ob
— Ob-

c Ot, Os
(pe iitz)— (3.2b)

The quantities which appear on the right-hand sides of
Eqs. (3.2) may undergo rapid spatial variations. It is
therefore only the spatial averages of these quantities
taken over a few wavelengths, indicated by brackets,
which contribute to the slowly varying functions b+
and b . If we substitute expressions (3.1) into (1.21b)
and (1.21c) and make a rota, ting wave approximation,
the result is

Op

+T2 1p g T2 1o On($+e i kz+ b—eikz)—
Ot

On—= T1—'(n' —n)
Ot

(3.3a)

+4(pb+*e'"'+ph *e '"'+c.c.). (3.3b)

Unfortunately, there is no simple way of handling
the exponentials which appear in Eqs. (3.3) in time-
dependent problems. The physical reason why they need
to be considered is that the presence of oppositely
directed waves leads to a quasistanding-wave pattern
and a variation in the Geld intensity over a half-wave-
length distance. This spatial behavior of the field and
intensity can in turn cause important variations in the

4' E. B. Treacy, Phys. Letters 28A, 34 (1968).

+5—8,p, (3.5d)

On„—+T1 'n„=4(p~ 1+8 *+p~+b+*

+pe 1*~'+p.-*~ ), (35e)

On
+T1 '(n —n') =4(h *po +h+*po++c.c.), (3.5f)

Phenomenological source terms have been added to
Eqs. (3.5c) and (3.5d) for p=0. These source terms
represent the eGect of spontaneous emission, and will
be commented upon in Sec. V. It is evident from the
coupling of Eqs. (3.5) that short-range spatial varia-
tions in n(s, t) and p(s, t) can influence the slowly varying
functions b+ and 8 .

Equations (3.5) contain a complete description of a
homogeneously broadened laser. It is not known in
general how many terms are needed in the summations
(3.4) to achieve satisfactory accuracy. Obviously,
terms through p= 1 need to be retained if the short-
range spatial variation of the atomic variables is to be
described at all. %hat is required beyond this should
depend on the case in question. This much can be said.
The number of terms needed is not necessarily a func-

C. L. Tang, H. Statz, and G. de Mars, J. App1. Phys. 34,
2289 (i963).
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IV. DERIVATION OF TW EQUATIONS
BY SAMPLING

There is an additional way of reducing Eqs. (3.2)
and (3.3) to a finite number of equations capable of
numerical solution. One can write Eqs. (3.3a) and (3.3b)
for discrete values of s', sampled over a half-wavelength
distance, and then express the spatial averages which
appear in Eqs. (3.2) as discrete sums, determined by a
numerical integration formula. Let us write

pgskz —p+

pg
—i I/;z —p—

(4»)
(4.1b)

From Eq. (3.3a) we obtain the following equations
for p+ and p .

tion of the degree of nonlinearity of the absorption or
amplifi. cation processes, but should be influenced more
by the relative strength of the two crossing beams and
the importance of pumping and relaxation processes in
restoring depleted population differences. It should be
further emphasized that the higher-order details of this
"spatial hole burning" are important only insofar as
they inhuence through coupling those lower-order
components which directly affect the field. It may be
helpful to draw an analogy between the present problem
and that of solving the Boltzmann equation for one-
dimensional neutron or photon transport. 4~ In the latter
cases it is customary to express the specific intensity as a
polynomial expansion in the cosine of the angle which
specifi. es the particle direction. The lowest-order ex-
pansion is linear in the angular variable and leads to
diffusion theory. While such a description does not allow
for much angular definition in the specific intensity,
experience has always been that the resulting calcula-
tions of particle densities are far better than the detail
of angular description would seem to warrant. The
analog of diffusion theory in the case of Eqs. (3.5) in-
volves a neglect of terms past p= 1. It would be hoped
that a p= 1 expansion would similarly allow reasonable
accuracy in the determination of the fields and spatially
averaged population differences. In any case, in the
calculations which are described in Sec. UII the value of

~
ni

~
/n, which may be some indication of the importance

of higher-order expansion terms, generally stays below
0.1 and only very brieQy gets as high as 0.5 in the
description of saturable absorption.

and, in terms of the variables (4.1), Eq. (3.3b) becomes

l3's—=T2 '(n' —e)+4(p+h+*+p 8 *+c.c.). (4.3)
Bt

If we divide the distance between some point s
and s+-,'X into M' equal intervals, where for convenience
s is taken to be an integral number of wavelengths,
then at the discrete points which separate these intervals
Eqs. (4.2) and (4.3) become

Bpy
+T —ip + iT —i~ ~ (h++h —~2wzy/M) (4 4a)

Bpy
+Tg 'p„= ——,T2 'ooe (8 +h+e 2~*'p™), (4.4b)

BSy = T2 '(n' n„)+4(p—„+8+*+p„8*+c.c), (4.4c)

p=1, 2, . . ., cV,

where n, (s,t) =n(s+ pX/2M, t). If in the averages
appearing in Eqs. (3.2) we treat each value of p as
having equal weight, i.e., the averages are evaluated
according to a trapezoidal numerical integration rule,
then Eqs. (3.2) can be written as

(4.4cl)

(4.4e)

Equations (4.4), which constitute the discrete sam-

pling TW equations, are no more formidable than the
Fourier series TW equations derived in Sec. III, and in
some ways are actually simpler to treat, We shall not
deal further with Eqs. (4.4) in this paper. We have only
included them here to indicate a possible alternative to
the Fourier series TW method.

Before leaving the subject, however, we shall venture
a comment on the relative accuracy of Eqs. (4.4) and
(3.5) for a given total number of equations used in
either system. A reasonable estimate would be that if
the maximum value of p used in Eqs. (3.5) were p, ,
then comparable accuracy in using Eqs. (4.4) would
require a total of

M =2p„„+1

+T 'p+= 'T 'a n(B++h e""')—-(4.2a) sampling points, based on the simple fact that the
same number of variables (or amount of information)
characterizes the medium in both cases.

p
— +T2 'p = T'0 e(8 +8+e —"-"—'),— (4.2b)

Bt

'7 S. Chandrasekhar, Radi atk e Transfer (Clarendon Press,
Oxford, 1950); B. Davison, EegtrorI, Trarssport Ijzeory (Clarendon
Press, Oxford, 1957}.

V. TREATMENT OF SPONTANEOUS EMISSION

The phenomenological source terms 5+ and 5
which appear in Eqs. (3.5a) and (3.5b) are meant to
create a Quctuating contribution to the dipole moment
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which is independent of 8+ and 8 . This fluctuating
contribution to the dipole moment in turn acts as a
spontaneous emission source to Eqs. (3.5a) and (3.5b).
The latter should be Gaussian with a I.orentz spectrum
and a frequency width equal to the fluorescence line-
width. The following forms for 5+ and 5 meet the
above requirements:

t{m)

+(j,m)

Az =cht/q

mr-0
(5 1)

It will be convenient to choose the times t =—mAt and
the space points s,.= jhow to correspond to the points in
a two-dimensional space-time grid to be used in the
numerical solution of Eqs. (3.5) (see Fig. 1).

In order to determine the normalization constant A„
let us apply Eqs. (3.5) to the case of an infinite homo-
geneous medium near thermodynamic equilibrium. The
solution of Eq. (3.5c) for p=0 and 8+ as given in
Eq. (5.1) is

po+ = —-', eo-08+

+A. P u(t —t,„)exp[i& —Ts '(t —t )], (5.2)

where spatial variations have been neglected. The first
term on the right-hand side of Eq. (5.2) comes from a
rate-equation approximation, which is valid near
equilibrium; the second term is exact. Also, the phase
variable in the second term has been abbreviated to

. The function u(t) represents a unit step function
which differs from 0 for positive arguments. After sub-
stitution of expression (5.2) into Eq. (3.5a) and the
neglect of the spatial derivative, (3.5a) becomes

FIG. 1.Finite-dijference grid for numerical solution of Eqs. (6.1).
Arrows indicate integration paths used in reducing differential
equations to finite difference equations. Paths AB are used for
Eqs. (6.1a) and (6.1b) and path CB for the remaining equations.
Each grid point in the amplifying region is supplied with a
8-function source, which creates a fluctuating contribution to the
dipole moment.

equation. The result is

+2P I
8+ I'= 8+*F(t)+c.c. (5.6)

To derive the Einstein equation one takes an ensemble
average over Eq. (5.6), obtaining

—(I @+
I
')+2p(I h+

I
') =(6+*F(t))+cc, (5.7)

(8+*F(t))= e
—'~(F*(t—s)F(t)) ds. (5.8)

where use has been made of the commutability of the
derivative and ensemble averaging operations. To cal-
culate the average (h+*F (t) ), we use expression (5.5) for
h+(t) in the limit of large t, obtaining

C c
+—(A7t —Xs)oph+= —A, Q ~ u(t —t„)

2g

Xexp[~ —T,—'(t —t .)]. (5.3)

The correlation function (F*(t—s)F(t)) is readily
evaluated for the function appearing on the right-hand
side of (5.3). For t and s taken at the sampling times t,
the correlation function is independent of time and is
given by

The population difference n=E~ —S~ has been written
explicitly to emphasize the connection between the
equation which arises from (5.3) and the usual Einstein
equation for radiative equilibrium. Equation (5.3) has
the form of the I.angevin equation

c
(F (t —s)F(t))= I

—IA,

&&exp( —Ts 's) Q exp( —2Ts 'nest)
n=o

+PS+ =F(t),
dt

(5.4)
[(c/g)A.] exp( —T s)

1 —exp( —2Ts 't)t)
(5.9)

with p= (c/2rt)(&r —&s)op. '"The solution to Eq. (5.4) is Substitution of expression (5.9) into Eq. (5.8) allows us
to express Eq. (5.7) in the form

An equation for
I 8+I

' can be derived by multiplying
Eq. (5.4) by 8+* and adding the complex conjugate

"Numerous authors have treated laser noise analytically or
semianalytically using the Langevin method. For this purpose it
is usually unnecessary to specify the specific noise model as is
done here. See, for example, H. Haken, Z. Physik 190, 327 (1966).

( /n)
(5.10)

[1—exp( —2Ts 'At)]

2[(c/n) A.]'
[1—exp( —2Ts 'At)](P+T2 ')

2 c 'T2A '
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where the approximate expression holds if P«Ts ',
which is ordinarily the case.

Equation (5.10) thus has the form of the Einstein
equation, where the right-hand side can be expressed as

2(c/rt)'TsA, '/Ll —exp( —2Ts 'At) j=cNsf/r, rt. (5.11)

Here, 7, is the spontaneous emission lifetime and f is the
fraction of the total solid angle subtended by 8+.
Solving for A, ' gives

A '= I1—exp( —2Ts 'Dt) j1Vsfrt/2cTsr, . (5.12)

Equations (5.1) and (5.12) completely specify the
spontaneous emission model. 4'

The sampling interval ht is determined by the re-
quirement that sampling times should be frequent
enough to provide an accurate description of the cor-
relation function (5.9). Thus Dt should be somewha, t
smaller than T2. We can also arrive at this criterion
with the help of sampling theory. With a sampling
interval At we can expect to reproduce a spectrum of
width"

p p+ (6.1a)

Tj ()8 88

c Bt Bs
p() (6.1b)

8po+
+Ts ipe+= ——,'Ts 'trs(8h++tti8 )+S+, (6.1c)

computation must be tailored to the idiosyncrasies of
the system at hand. Whereas a Runge-Kutta scheme
can be counted on to give fourth-order accuracy, special
pains are usually required to achieve second-order ac-
curacy in the solution of partial differential equations. "
Whenever many integration cycles are required, as in
the present application, where as many as 90 000 cycles
may be required, it is essential to employ a second-order
scheme, both to preserve accuracy" and to minimize
computing time.

For convenience, we repeat here the complete set of
equations obtained from (3.5) in the case of p,„=1:

At = I/26t. (5.13)

For the spectrum of (5.9), which is Lorentz with full
width Av= (~Ts) ', (5.13) becomes

~po
+Ts 'po —',Ts 'o-—o—(tt8 +tti*S+)+S—,(6.1d)

Bt

(5.14)

To accurately define the spectrum of (5.9) we therefore
need a value of At somewhat smaller than the value in
(5.14). Furthermore, the accurate reduction of the
differential equations (3.5c) and (3.5d) to difference
equations requires the fulfillment of the same criterion
on Af because of the presence of the relaxation time T2
in the former equations. The calculations to be de-
scribed in Sec. VII have been carried out for values
Dt= 4 T2 and Df= 3 T2,

Bpy+
+Ts pl s Ts iretsih

Bpi
+T2 pl sT2 oetti

Bk

t3fE—+Ti '(8 —tt') =4(8 *ps +h+*po++c.c.),
Bt

(6.1e)

(6.1f)

(6.1g)

VI. FINITE DIFFERENCE APPROXIMATIONS TO
TW EQUATIONS DERIVED FROM

FOURIER SERIES

The numerical solution of a set of ordinary differen-
tial equations with given initial conditions can be ac-
complished by a straightforward application of some
scheme of wide applicability such as the Runge-Kutta
method. But the reduction of a system of partial dif-
ferential equations to finite difference form suitable for

"A Fourier series representation of spontaneous emission has
also been tried in Ref. 40. There are, however, several defects to
this method. First of all, it is time consuming if one wishes to
reproduce a wide spectrum; second, it introduces a discrete spec-
trum where a continuous spectrum really applies. One is then
hard put to decide whether the effects observed are influenced by
the assumed mode structure of the noise source. It is preferable
to use a noise source with a continuous spectrum ancl let the laser
determine its own mode structure.

"Strictly speaking, to reconstruct the entire function froni the
sampled data one needs to employ an interpolation formula
f(t)=P„ f,„r(t yttit) where g(t) is s, sa—mpling function. See, for
example, L. Brillouin, Science antj I~zformcztion Theory (Acaclemic
Press Inc. , 5 ew York, 1956),p. 93.In deriving difference equations
we have employed only linear interpolations.

+t:+pe *+8 pi *). (6.1h)

A useful strategy to follow in deriving both stable and
accurate difference schemes from systems of equations
such as (6.1) is to express the differentiated variable
appearing on the left-hand side of a given equation in
terms of an integral over the right-hand side. The in-
tegral can then be approximated numerically. Further-
more, integrals over the singular source terms in Eqs.
(6.1c) and (6.1d) can be handled exttctly.

In Eqs. (6.1), the following two types of equations
are represented:

dx—+T 'x= f, (6.2a)

""Eth-orcler accuracy" ilnplics that the truncation error in
the dependent variables is of order IV+1 in the increments of
one or more independent variables, while the truncation error in
first derivatives is Eth order in the same increments.

'The calculatons to be clescribed were performecl on a CDC
6600 computer which carries the equivalent of 14 significant
decimal digits.
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(6.2b)

If Eq. (6.2a) is integrated from t = mht to t +1 the
result can be expressed as

g,m+1 @mal kt,iT+—
2 e &' '"Tf(t') dt'. , (6.3)

A = TP(T/d, t)(1 e~—" ) —e ~'~ g

B=T$1—(T/At)(1 —e ~'i )).
(6.5)

Equation (6.4) is the basis for the difference equations
which are used to approximate Eqs. (6.1c)—(6.1h). In
addition to the fact that the difference scheme (6.4) is
of second order, a further advantage is that as T/ht is
allowed to approa, ch 0, xp+' approaches Tf; +' This.
means that in the limit of large time increments, the
numerical solutions to Eqs. (6.1c)—(6.1f) can approa, ch
their "rate-equation" form.

The total derivative which appears on the left-hand
side of Eq. (6.2b) can be expressed in terms of a direc-
tional derivative in the s, t plane. The direction is that
of the characteristic which has direction cosines

L(n/o) '+1j"'
(6.6)

L(~/o)'+ 11"'

In terms of this directional derivative, Eq. (6.2b)
becomes

where

dy
D—=g

dS

D= C(n/o)'+ 1j"'.

(6 &)

Assuming that cAt/1t=hs and integrating Eq. (6.6)
from A=( ~stl) to 8= (s„,t +1) (see Fig. . 1.), —one
obtains

yn+1 y. n D—1
g dS. (6 9)

If now it is assumed that g varies linearly along the
characteristic between A and 8, Eq. (6.9) becomes

where x, =x(jih, mht). If f(t') is assumed to varv
linearly in time between t and t +&, the integral can be
evaluated explicitly with the result

+.m+1 —C+.m+A f m+B fm+1+,O((gt)3) (6 4)

where f, = f(j As, mht) and

C—g
—d, t/T

Equation (6.10) forms the basis for the finite difference
equations which replace Eqs. (6.1a) and (6.1b).

When Eqs. (6.1) have been differenced according to
the schemes represented in Eqs. (6.4) and (6.10), the
result is eight implicit difference equations, i.e., which
contain the updated variables on both sides of the equal
signs. It is obviously far simpler to work with complex
variables than it is to introduce real amplitudes and
phases, which would require further complicated
algebraic reduction. In the former case one can simply
make use of complex arithmetic operations which are
available in most computer compilers. To illustrate the
method of solution, we write in detail the difference
equations which represent Eqs. (6.1a)—(6.1h). Using
Eqs. (6.4) and (6.10), one obtains

g,+m+1 g + QS(p +'m+1+ p + ) (6 11a)

g.—m+1 —g, —m lgs(p —m+1+ p
—

m) (6 11b)

.+m+1 C p t+m 1 T —1& A (n~ g+m+mn, g), ,
—

1T —1& g (+n.m+lg, +m+1+An .m+lg.—m+1)

+A, exp(ip„+1,,+), (6.11c)

po; m+1=C2p» —~~T2 ooA, (n g +nl, *g+ )
lT —1& g (0n, m+1g.—m+1+0'n m+1&g +m+1)

+A, exp(i@„+1,; ), (6.11d)

pij™"1-Cgpg;+™ 1Tg 'o(A2nl, —h,+.
++2nl, m+1g,+m+1) (6.11e)

p11 = C2pl' —-,'T, wo(A2nl'™@g

+jf n, m+1&g,—m+1) (6 11f)

n m+'= Cln +A 1p'1 'n'

+4(g 8mp —m+ g,+omp, 9m+ c.c.)$
+g LT -in0+4(g, —8m+1 m+1.—

+g +*"+'
o +"+'+c.c.)j (6.11g)

m+1 —C n m+4A (g,—8m+1,+m+1+ g.+Om+lp .+m+1

~g.+m+1 .—8m+1~ g;m+1 .—8m+1)
po~ ~ ~ pv

+4+ (g.—8mp .+m+ g.+4mp

yg, +m .—8m+. g;m, —8m) (6 11h)

In writing Eqs. (6.11c) and (6.11d) we have chosen to
replace 8; +' and n». +' by their linearly extrapolated
values from the two previous integration cycle times.
This is permissible because 8 and e& vary much more
slowly than 8+, 8, po+, and po . The prehxed + in
Eqs. (6.11c) and (6.11d) signifies forward extrapolation,
and the constants C~, A ~, 8~, and C2, A2, 82 are obtained
from the appropriate one of Eqs. (6.5) by substitution
of T~ and T2 for T. Spontaneous emission contributes
complex constants with constant amplitudes but ran-
dom phases on the right-hand side of Eqs. (6.11c) and
(6.11d). Expressions (6.11c) and (6.11d) for p»+ +'
and p» +', after substitution into Eqs. (6.11a) and
(6.11b), lead to two equations of the form

yt"+' —ytP 1"———,
' as(g;"+'+ g;P 1")+O((Lh) ') . (6.10) ~ g +m+1+p g —m+1 (6.12a)
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FIG. 2. Laser cavity geometry used in calculations.

~ g +m+1+ P P —m+1 —P (6.12b)

For rubv at room temperature, T~=1.0 psec. The
appropriate T2 for typical dyes is not known, but it
should be at least this small. Unfortunately, it turns
out to be impractical to solve the system (6.1) numeric-
ally for cavities of experimental dimensions if values of
T2 of the above magnitude are used. In the calculations
which are described here, T2 is restricted to the range
10-20 psec. Thus, we do not seek quantitative agree-
ment between calculation and experiment in these
calculations, but we can expect to gain a qualitative
but detailed insight. into certain multimode effects,
which has not been hitherto attainable by other
methods.

which are solved simultaneously for h,™1and b,
The next steps in order are the simultaneous deter-

minations of 8, +' and nq, +' from Eqs. (6.11g) and
(6.11h). In order to do this, po.+~+'

po
+' p~+ +'

p» ™Iare first eliminated from the latter difference
equations by means of expressions (6.11c)-(6.11f). In
the resulting forms of (6.11g) and (6.11h), all stars are
dropped from R,. +' and n&, +'. The cycle is completed

by solving (6.11c), (6.11d), (6.11g), and (6.11h) without
fOi .+m+ . m+1 .+m+1 and p, m+1 Separate

regions with different parameters must, of course, be
established for the absorbing and amplifying media in
the cavity. In those parts of the laser cavity where air

gaps exist, the material variables are disregarded and
the "streaming" ot radiation is described exactly by
means of Eqs. (6.11a) and (6.11b) without the paren-
thesis terms. Finally, the boundary conditions at the
cavity ends are taken to be the reAection conditions

g +m+1 — ~ g —m+1

g —m+1 — p2g +m/1
)

(6.13)

where mirrors having amplitude reflection coefficients
r1 and r2 are assumed to be at positions a=0 and
s= J~s, J being the number of zones in the cavity. The
cycle may be repeated with the improved updated.
values of n ™+1and n& +' in Eqs. (6.11c) and (6.11d),
but this step usually proves unnecessary.

VII. NUMERICAL EXAMPLES

The geometry which is treated is that of a typical
Fabry-Perot cavity shown in Fig. 2. For the purposes of
numerical integration, the optical path between the two
mirrors is subdivided into zones which are traversed by
light in the same time At, regardless of medium. The
length of a given zone must then be As= cAt/g where g
is the medium refractive index. In all cases considered,
the respective intensity-reflection coefficients of the two
mirrors are 100 and 80% the optical round-trip time
between mirrors is 3.68 nsec, and the amplifying section
is assumed to be a 7.5-cm ruby with Op= 2.5&&10
T~=3&(10 ' sec, and %=1.62&(10'/c.c. In addition,
the optical travel times indicated in Fig. 2 are ry=0.9&

nsec, ~2= 0.44 nsec, ps= 0.49 nsec.

A. Operation of Q-Switched Laser with
Absorber in Cavity

We turn our attention first to the case in which the
laser is switched by means of a saturable absorber in
the cavity. We assume that the absorbing medium is
directly adjacent to the 100% mirror and has a 1.0 cm
thickness. Ke also assume that for the absorber Op= 8.0
)& 10 ' cm', corresponding to cryptocynanine, and
E= j..00(10"cm '. The resulting single-pass low-power
transmission is 55%. For convenience, we take the
index of refraction to be 1.76 in both the absorber and
the amplifying media. For the absorber we take T&= 80
psec, "and for both the absorber and the amplifier we
take T2=20 psec. For the dimensions of the cavity
under consideration there are thus a total of 60 modes
within the full width of the Iorentz line, compared
to the 1200 modes which would be present for the ex-
perimental fluorescence width. The cavity is divided
into 376 spatial zones defined by 377 grid points. The
amplifying medium contains 90 zones and the absorbing
medium 12 zones. The time increment At is taken to be
4.9 psec, '4 and for the purpose of determining the
spontaneous emission constant 2, it is assumed that
the laser beam angle is 10 ' rad.

The evolution of a Q-switched mode-locked laser
pulse from noise over round-trip time periods is ex-
hibited in Figs. 3(a)—3(h), which have been plotted by
the computer. The growth in intensity is initiated by
setting in the amplifying medium e~(s) =0 and n(z)
equal to its threshold valu- plus 3.8%, which happens
to be 33.6% of the active atom density. Obviously, the
experimental situation would differ somewhat in that
n(s) would be brought to its threshold value and above
continuously and over a period of time which is long
compared to the time represented in our calculations.

6'" Decay lifetimes as short as 6 psec have been reported for
Eastman dye 9860, used to switch Nd-glass lasers, by R. I.
Scarlet, J. I". I'igueira, and H. Mahr, Appl. Phys. Letters 13, 71
(1968).This author is not aware of similar measurements applying
to dyes used with ruby. The value of T1 selected here was chosen
simply to be several times as large as T&.

'4 According to relation (5.13), we should have contributions
from 376 modes to the numerically generated spectrum, although
the contributions from the highest-order modes may not be
handled too accurately.



However, computation time considerations dictate the
method of starting used here.

The pulse evolution can be divided into three stages.
In the initial stage LFigs. 3(a)—3(d)7, the intensity is
low enough that both the arnplification and absorption
processes can be considered to be linear. The intensity
pattern is that of amplified spontaneous emission and
obviously represents Gaussian random noise. Initia y
the intensity output is aperiodic, but as the radiation is
ampli6ed above noise background there are quasi-
periodic similarities between the emissions over diferent
round trips. Since the laser exhibits net amplification,

the radiation undergoes spectral narrowing. . This eR'ect

is exhibited in the time domain as a smoothening and
broadening of pulses existing in the round-trip patterns.

In the second phase of pulse evolution L igs.
3(d)—3(g)7, the absorption is nonlinear, but the arnpli-
fication is linear. This phase ends when the absorbing
transition is completely saturated. s tthe result of
nonlinear absorption, two effects take place. First, there
is a selective emphasis of certain of the pulses already
present. Since the processes involved are frequency-
dependent, the selection may not always be on the basis
of height alone. For ideal mode locking, the number of
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pulse pattern at high Power. Suppression of background pulses ls incomplete. Th s and pig. 3 suggest that a statlstlcal element ls involved
in the production of well-defined mode-locked pulses.

been observed experimentally. " "5'" It has been
established theoretically that nonlinear ampli6cation
can lead to pulses which are shorter than T2 when high
enough intensities are available to create a suSciently
strong nonlinearity. """Conditions for such pulse
shortening are extremely de.cult to achieve experi-
mentally and are apparently not realized in the genera-
tion of short pulses by solid-state laser oscillators.
Since the strength of the nonlinear interaction between
the radiation and the matter is determined by the
constant p rather than by 0-0, the problem of Figs.
3(a)—3(h) was rerun with a value of os twenty times
greater than the room-temperature value previously
assumed to determine whether the correct value of p
for ruby would lead to any differences. This case would
correspond to ruby at a temperature of 110'K. This
change produced no difference in the 6nal pulse widths.
The only difference was that the peak intensity was
lower than in the previous case by a factor of 20.

In order to test the effect on the 6nal pulse structure
of the initial noise pattern, the problem was rerun with
the room temperature 0.0 and a different set of random
phases in the spontaneous emission sources. The in-
tensity pattern over one round trip is shown in Fig. 4(a)
at a power where the maximum absorber population
di6erence is —98'Po. The pulse pattern over one round
trip close to peak power, displayed in Fig. 4(b), clearly
shows that the elimination of background pulses is
incomplete. These results agree with experimental
6ndings that there is a statistical factor in the produc-

'5 S. L. Shapiro and M. A. Duguay, Phys. Letters 8A, 698
|,'I9W).

"Q.Kachen, Appl. Phys. Letters 13, 229 (1968).

tion of well-de6ned mode-locked pulses. '~ To determine
the effect of operating the laser near threshold on pulse
formation, this problem was rerun from time (= 148.0
nsec with n(s) in the amplifying medium lowered to
the threshold value. The main effect of operating near
the threshold is to lengthen the time during which
nonlinear absorption takes place. The result of this cal-
culation was that the background pulses in Fig. 4(b)
were completely eliminated, and the 6nal pulse width
was reduced to 2hs '. This result is in agreement with
experimental 6ndings that statistics are better for the
production of well-de6ned mode-locked pulses when the
laser is operated near threshold than when it is operated
well above. "

The effect of placing the center of the absorber at a
point which is located one-third the distance between
the two mirrors is shown in Figs. 5(a) and. 5(b). The
final output pattern in Fig. 5(b) indicates the presence
of three pulses per round trip spaced so that two can
always cross at the absorber. " This example clearly
indicates how a selective emphasis of random noise
beats through nonlinear absorption brings about mode
locking in passively switched lasers. ""

It has already been noted that an appreciable change
in pulse width does not take place during nonlinear
amplification. An experimental determination of the
time duration of niode-locked pulses from Nd-glass
lasers, on the other hand, has indicated that during
nonlinear amplification pulse durations increase with

"G. Kachen (private communication).
5" Such patterns for intermediate positioning of the absorber

have been found experimentally by A. Schmackpfeffer and H.
Weber, Phys. Letters 24A, 190 (j.967); R. Harrach and G.
Kachen, J. Appl. Phys. 39, 3482 (1968).
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power. "A similar effect has not been reported for ruby.
It has also been reported that pulses from Nd-glass
lasers are frequency-swept or "chirped, '"' presumably
as the result of dispersion, either linear or nonlinear, ""
in one or both of the host media containing the absorb-
ing and amplifying atoms. The calculations under dis-

X10
3 0

cussion here show negligible frequency sweeps of the
order of 10' rad jsec/pulse.

B. Laser Q-Switched by Active Means

We turn our attention next to the operation of a
Q-switched laser with no absorbing medium in the
cavity. The cavity and starting conditions are the same
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FIG. 6. Intensity pattern for Q-switched laser switched by
mechanical or electro-optic means. Power is roughly three orders
of magnitude below peak power, and amplification is still linear,

"R. A. Fisher, P. L. Kelley, and T. K. Gustafson, Appl.
Phys. Letters 14, 140 (1969).
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Fio. 7. Detailed shape of giant pulse. Fluctuations in intensity
are caused by spontaneous emission source rather than by co-
herent dipole effects.
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as in the previous case, with the following exceptions.
The initial value of n(s) is taken to be 23% of the active
atom density and Ts has been lowered to 10 psec (120
modes in the spectrum at half-maximum). Also, At
has been reduced to 3.27 psec and the optical path be-
tween mirrors has been divided into 564 zones. A de-
tailed history of the pulse-pattern evolution like that in
Figs. 3 will not be included here, since much of it will be
similar to the first phase of the mode-locked pulse
evolution. The sharp patterns which are present initially
are smoothed as the result of spectral narrowing by
ampli6cation. There is, however, no pulse-selection
mechanism, and the pulses which are present, say, three
orders of magnitude below peak intensity (Fig. 6),
are present throughout nonlinear amplification. Non-
linear amplification, however, causes a slight distortion
in the round-trip pulse pattern. The complete giant
pulse envelope is shown in Fig. 7 and the pulse pattern
emitted over one round-trip time when maximum in-
tensity occurs is shown in Fig. 8."The pulses in this
pattern are typically =1072 in duration.

In order to test the laser output depicted in Figs. 7
and 8 for its similarity to Gaussian noise, the normalized
two-photon fluorescence pattern has been calculated
for the entire emission history. The integrated Quores-
cence intensity f(r) normalized to its value for r«T
is given by"

v) 3.0
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'r nse c

3.0 4.0

Fro. 9. Normalized two-photon Quorescence intensity pattern,
assuming that plane-polarized beam is reQected from a mirror.
Slight aperiodicity of pattern is caused by giant pulse envelope.
No single point appears appropriate for a peak-to-background
intensity ratio determination. However, peak to background
averaged over the round-trip period has the value = j..6, indicating
a lack of correlation between spectral components. Structure of
pattern reQects the detailed pulse structure and is not based on the
assumption of subcavities.

f(r) = I+2G(r), (7.1a)
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FIG. 8. Pulse structure detail over single round-trip period
at maximum power.

' There is no chance that the Quctuating emission pattern is due
to a "ringing" of the electric 6eld caused by changes in sign of the
population difterence, such as is reported in Refs. 28 and 30,
because the population diiIerence variable 8(rl approaches 0
rriono tonically.
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brought about by the finite record length.

F&G. 10. Normalized two-photon Quorescence intensity pattern
for spontaneous emission noise, calculated numerically using the
second right-hand term of Eq. (5.2) in Eqs. (7.1) with T2=20
psec, At=0.2T~, and a time T=10000 sampling intervals. The
background intensity Quctuates about a mean value of 1.95, but
the background mean itself will Quctuate from record to record
about the value 2.0. This is due to Quctuations in the normaliza-
tion constant. ,
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where T is the duration of the emission and

G(r) = I(t+r)I(t) dt

Equations (7.1) apply to an experiment in which linearly
polarized light is reQected back on itself, and z measures
the delay experienced by light in traveling from some
point in the Quorescing Quid to the mirror and back
again. A plot of f(r) for Fig. 8 is displayed in Fig. 9.
The background, it will be noted, contains a well-
dehned structure. For comparison, the reader's atten-
tion is directed to Fig. 10 in which the Quorescence
pattern for pure spontaneous emission noise is dis-

played. Structure has also been observed experimentally
in the Quorescence patterns for actively switched
lasers. '" This structure may be attributable to sub-
cavities in the laser systems observed, although this
explanation seems unlikely in view of the fact that in
Ref. IO different structure is reported for diferent
firings of the same laser, pointing to the possibility that
the observed patterns simply reQect the variable pulse
structure present in laser emission itself. The back-
ground in Fig. 9 appears to Quctuate about a mean
value of 1.9. Thus the ratio of the peak-to-background
averaged over most of the round trip period is =1.6. If
the laser 6eld could be represented as a Fourier series
of randomly phased normal-mode oscillations, the peak-
to-background ratio would have the value 1.5, at least
if averaged over an ensemble of measurements. It is
difFicult to attach any significance to the small differ-
ence between the peak-to-background ratios for Fig. 9
and that for the case of randomly phased modes. First
of all, the mean background is likely to Quctuate from
record to record due to Quctuations in the donominator
of Eq. (7.1b) (see Fig. 10). Secondly, a periodic repre-
sentation does not apply strictly to the nonstationary
emission history of a Q-switched laser. If the field were,
in fact, periodic, f(~) would be periodic with a period
equal to the round-trip period, but in Fig. 9 the height
of the maximum for 7- equal to the round-trip time is
slightly less than the 3.0 value at v.=0. This represents
the effect of the giant pulse envelope. Measurements
for a Q-switched Nd: YAG laser (YAG= yttrium

aluminum garnet) give a peak-to-background ratio of
1.4&0.1, where the background measurement is taken
at a point between the maximum at the mirror and the
first subsidiary maximum. " In Ref. 54, measurements
for a free-running laser showed a Gaussian-shaped
Quorescent yield for two overlapping, oncoming beams
with a peak value of 2.8&0.2 and a value of 2.0&0.2
far out in the wings. If one picks the erst minimum in
Fig. 9, the peak-to-background ratio is 1.7, which lies
slightly out of the range of the above measurements.
However, it is also evident from Fig. 9 that no single
point can be selected a priori as most suitable for a
determination of the peak-to-background ratio. In view
of the peak-to-a~erage-background ratio of 1.6, it is to be
concluded that the spectral components in Figs. 7 and 8
if not representative of stationary Gaussian noise are
at least highly uncorrelated. "This result might be ex-
pected in view of the minimal role which pumping plays
in the operation of a Q-switched solid-state laser, since
it is pumping which brings about the stabilizing
characteristics of a self-sustained oscillator in a laser. "

VIII. CONCLUSION

In the past, laser-fluctuation phenomena have been
treated theoretically in terms of the statistical properties
of an entire ensemble of systems. In the present work,
we have demonstrated a method for generating an in-
dividual member of such an ensemble, which is what
one normally does in performing an experiment. This
method is particularly useful for studying the properties
of Q-switched laser radiation for which it is found that
the pulse structure at high power depends directly nn

noise Quctuations at low power.
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"In some ways the role of the rapidly decaying upper level in
the saturable absorber is analogous to that of a rapidly acting
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