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The electronic band structure of graphite has been calculated from an ab initio variational
approach using a linear-combination of atomic-orbitals (LCAO) basis of Bloch states, in-
cluding nonspherical terms in the one-electron crystal potential. Matrix elements of the
Hamiltonian are evaluated directly without any tight-binding approximations. The optical
transitions deduced from the energy bands calculated using a single-layer crystal model
agree nicely with recent polarized-light reflectance measurements. Details of the band
structure are calculated for the three-dimensional Brillouin zone and related to the results
obtained using the single-layer crystal structure. The results are encouraging, not only
from the standpoint that the method employed is an ab initio approach with no special a
priori assumptions, but also because the band structure is quite insensitive to the partic-
ulars of the crystal potential function.

I. INTRODUCTION

There has been much interest recently in the
properties of crystals exhibiting strongly aniso-
tropic behavior: Of these, graphite is an excel-
lent example of a substance illustrating the effects
of greatly differing bonding in different crystallo-
graphic directions. While the carbon atoms in the
cleavage planes of graphite are strongly bound

among themselves, the adjacent planes are bonded
together very weakly.

As a consequence of the large interlayer spacing
in graphite, most of the optical characteristics of
the substance can be well understood on the basis
of a single-layer crystal structure. ' Reflection in
the layer plane 0„ is a symmetry operation for the
single layer, and states can be classified accord-

ing to their parity with respect to 0„. Thus selec-
tion rules can be easily determined for transitions
with the incident electric field parallel or perpen-
dicular to the c axis. Since the interaction be-
tween different planes is small, the breakdown of
the selection rules in the three-dimensional
Brillouin zone for k, 0 nw jc is such that transitions
"forbidden" for the single-layer structure still are
not expected to contribute very significantly for the
multiple-layer crystal. Thus, optical experiments
with polarized light can be quite useful in gaining
an understanding of the electronic structure of
graphite.

Experimental results on the anisotropy of the
optical constants of graphite have recently been
determined' in the energy range 2-10 eV. As far
as the optical properties are concerned, it turns
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out that the assumption that the interaction between
layers is a small perturbation is justified, and
the energy variation with k, is small. However,
for explaining the electrical properties of graphite,
it is necessary to account for the interaction be-
tween m bands. 2

While there exist numerous theoretical treat-
ments of the electronic structure of graphite,
most band theoretical investigations have employed
the tight-binding model, with the introduction of
adjustable parameters in the solution of the prob-
lem. Although considerable success has been ob-
tained from these semiempirical-type calculations
in predicting certain features of the optical data, '
some discrepancies still exist.

The purpose of this investigation was therefore
twofold: first, to apply a completely ab initio type
of variational approach to calculate the energy
band structure in the one-electron model and to
compare the results of this model with those from
semiempirical solutions and, second, to relate the
observed optical transitions to the calculated band
structure.

Variational solutions

g; (k, r) = Z& X & (k, r )C» (k ) (2)

are obtained from the secular matrix equation

H(k) C (k) = s (k) S (k) C (k),
H; =&X; ~30 ~ X;&, S;; =(Xg IX,)

In this method, we employ a numerical integra-
tion over a single unit cell of all relevant matrix
elements in setting up the secular equations:

HU (k)= g go(r )X& (k, r )X(r ) X&(k, r ) (4)
m=l

with w (r„) the integration weight function, and the
points r confined to one cell.

The Bloch basis functions X; (k, r ) are construc-
ted from atomiclike basis functions

a,. (r ) = X'g y" a z "~ r~g e ~&" (5)

X;(k,r) =Z„e' " "a, (r —R„—p, ) .

The lattice sum is over the repeating volume of
N cells and p,, is a nonyrimitive vector specifying

II. METHOD

The direct variational approach to the energy
band problem has been described previously. "
Hence, only a brief description of the method will
be presented here. In a Bloch basis fX; (k; r ))
with a one-electron Hamiltonian (in hartree atomic
units)

TABLE I. Atomic basis functions for LCAO Bloch
orbitals for graphite.

lS

2S
2px
2pp
2pz

2S
2px'
2P3'
2pz'

e-5.4 r

-1.4 re

8

-2.8 re

z

an atom in the cell at lattice site R„. The atomic
basis used to converge the graphite band structure
is given in Table I.

The crystal potential is formed by a direct su-
perposition of free-atom Coulomb potentials and
charge densities at each integration point and form-
ing the p

' local approximation to the exchange
potential

V(r )= Z V, (r„—R„—p, )
V~ 0

S/3

s~ ~o rm Rv —~
P~P

The constant n can be used to scale the crystal
exchange potential. The free-carbon-atom Cou-
lomb potential V, (r) and charge density p, (r) were
generated from the Herman-Skillman program. '

Nonspherical contributions to V(r„) are retained,
and as they are quite non-negligible (-0. 5 hartree
peak-to-peak amplitude at the atomic radius of
1. 3425 a. u. ) a muffin-tin potential approximation
would not be expected to yield meaningful results
for graphite. While calculations were not carried
to self-consistency, two exchange potentials were
used, one with the full Slater exchange (o. = 1.0)
and the other with the y exchange" value of
a =0. 76. It is encouraging that the results ob-
tained for these two values of a differed negligibly.

Calculations were initially performed for the
single-layer structure for which the unit cell is
the two-dimensional parallelogram described by
the primitive vectors t, =-,'a (v 3, —1, 0) andi&
=a(0, 1, 0), where the lattice constant a was taken
to be 2. 46A. The two carbon atoms per unit cell
occupy the positions (0, 0, 0) and —,

' a (1/W3, 1, 0) in
the central unit cell.

In order to investigate the over-all effects on
the band structure of the interaction between lay-
ers, and, in particular, to compute the splittings
at certain points in the Brillouin zone, computa-
tions were carried out for the four atoms per unit
cell structure illustrated in Fig, 1. The third
primitive vector in this case is E, = (0, 0, c), where
c =6. 70A. To facilitate the subsequent selection-
rule analysis at symmetry points in the Brillouin
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FIG. 1. Graphite crystal-lattice structure. The
solid-line parallelopiped is the unit cell containing four
atoms labeled A, B, C, D with the origin of the cell on
the BD bond center. The heavy-lined circles denote
atoms either inside or on the boundary of the central
unit cell; the lighter circles denote atoms outside the
central cell. The unit cell for the single-layer crystal
is the parallelogram containing atoms A and B in the
plane z= —4c, Primitive vector t 3 lies. along the c
axis ~

zone (illustrated for the three-dimensional case
in Fig. 2) the origin of the parallelopiped was cho-
sen to lie at the midpoint of the line joining atoms
B and D (Fig. 1), which is a site of inversion sym-
metry. The carbon atoms then occupy positions

p. „=-,' (-av 3, —a, —c), p, o =-,'(-a% 3, —a, c),

Ps =4(—+/~3, +, —&)= —PD

sis functions), we find, in agreement with other
works, '~ "~"that the over-all features of the opti-
cal reflectance data are adequately described by
the single-layer band structure. The energy band
structure obtained in the multiple-layer crystal is
not very dependent upon the wave vector k, along
the z axis of the three-dimensional Brillouin zone.

Hence, an examination of the bands in the two-
dimensional Brillouin zone formed by the k, = 0
plane of Fig. 2 elucidates the corresponding struc-
ture in planes k~ = constant of the actual three-di-
mensional Brillouin zone. In this case, the optical
transitions determined from the two-dimensional
band structure should be nearly the same as those
which would result from an analysis of the three-
dimensional Brillouin zone. For this reason and
from the existing calculations' of the joint density
of states from the energy bands, it is justified to
make assignments of optical transitions to the
bands of the single-layer model (Fig. 3). A more
thorough analysis can be made by computing the
joint density of states and the imaginary part of
the dielectric function.

A. Relation of Band Structure to Optical Properties

In Fig. 3, we present the results of the calcula-
tion using the single-layer model. For this case,
the Brillouin zone is the two-dimensional figure
formed by the k, = 0 plane of Fig. 2. The calcula-
tion of the single-layer band structure was done in
about 80 sec on the IBM 360-91 at Oak Ridge
National Laboratory. The valence bandwidth of
Fig. 3 is about 19.3 eV, in good agreement with
the soft x-ray emission spectral result (18 eV) of
Chalklin. The general features of the band struc-
ture of Fig. 3 are in qualitative agreement with
existing recent calculations of Bassani and Pastori
Parravicini. ' However, there are important
quantitative differences in the energies and the
assignments of optical transitions.

In Fig. 3, we label the linear combinations of

Integration point distributions were generated at
each of the four atom sites in the unit cell with ap-
propriate translations back into the parallelopiped
for points falling outside the central unit cell. The
energy band structure (Fig. 3) was converged to
within 0. 005 hartree with 300 integration points
per atom and a lattice sum over about 40 atoms.
Actually, the occupied bands stabilize to greater
accuracy (0. 002 hartree) than the excited bands.

III. RESULTS

From a comparison of energies obtained by
treating the single-layer structure (18 basis func-
tions) and the four atom per unit cell case, includ-
ing interactions with near-neighbor planes (36 ba-

I

I

Q P

FIG. 2. Brillouin zone for graphite. For the single-
layer crystal, the Brillouin zone is the hexagon formed
by the intersection with the plane 0,= 0,
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FIG. 3. Energy band struc-
ture for graphite in the single-
layer crystal model. Allowed
transitions which contribute
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3
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Bloch eigenfunctions by the irreducible represen-
tations they span, using the notation of Ref. 10
[ superscripts + and —label representations even
and odd under reflection {o„,0) in the layer, and
subscripts g and u denote representations even
and odd under the operation ( I [ f ), inversion
through the origin at (0, 0, 0) and translation by

3 t g + 3t p] . One feature of the method used in
this calculation is that the wave function, in terms
of the linear combinations of Bloch states [Eg.
(2)], is explicitly known and thus electric dipole
transition probabilities, given by M, (k)
~

) (g, (k) ( r ) g„(k))(, can be directly calculated.
Since the atomic basis set used in this calculation
is expressed in powers of x, y, and z, we can use
the characters of the irreducible representation to
which r and these powers belong to derive selec-
tion rules. " Thus, the wave functions are sym-
metry classified in Fig. 3 and the allowed transi-
tions for incident radiation polarized along the c
axis E IIc and perpendicular to this axis E~ c are
indicated by vertical lines at high symmetry points
in the Brillouin zone.

The results of the unpolarized near-normal re-
Oectance measurements of Taft and Philipp' on
natural graphite, and of Carter et al. "on pyro-
lytic graphite, demonstrate a narrow peak in the
imaginary part of the dielectric constant at 4. 5 eV
and a broad peak at 14. 5 eV. Greenaway et al. '
observed a peak in ref lectivity for polarization
E ~ c at about 4. 6 eV, which they ascribe to
Q2~-Q2„ transitions. This is in good agreement
with our calculation, which gives a separation of

4. 6 eV between the m bands at the critical point Q.
We consider the shoulder on this peak at about
6 eV, which Greenaway et al. ' ascribe to zone-
center transitions, to be a result of the structure
in the m bands riear Q. On the other hand, from
the results of our calculation the I'3g P3 tran-
sition allowed for E ~ c occurs at about 12. 2 eV,
marking the onset of 0-0. transitions in good agree-
ment with the observed growth of the reflectance
peak at 14. 5 eV. From Fig. 3, we ascribe this
peak to the allowed transitions between the highest
occupied 0 band and the first 0 conduction band.
The transition energy increases to about 16.3 eV
for the Qz~-Q', „allowed transition, and the flat-
ness of the bands along I'Q near Q agrees quali-
tatively with the observed slower decrease in the
dielectric function above 15 eV.

For polarization E II c, our calculation predicts
reflectance structure between about 13.5 and 16. 5
eV from the o-m transitions Ps P; and Q»-Qz~, -
respectively. Again, since point Q is a saddle
point the Q;„-Q2~ transition should contribute
strongly to the imaginary part of the dielectric
function for E II c. This is in qualitative agreement
with the observed increase in ref lectivity above
10 eV for E ~~ c (Ref. 1). Although there have been
energy-loss experiments carried out on graphite
to determine the dielectric function of graphite in
the direction of the c axis, ' no ref lectivity mea-
surements for E II c have been done above 10 eV.

It does not seem possible, on the basis of this
and other band calculations, to adequately explain
the structure at 4. 8 and 6. 0 eV in the lower in-
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tensity E ~~ c ref lectivity measurements. Greenaway
et al. ' attribute this structure to transitions be-
tween the highest o valence band and the lowest m

conduction band, which are forbidden at the points
P and Q. The transition Q~ -Q2 from our cal-
culation is about 10.3 eV. We should note that
the calculated transition L,-L, in the three-di-
mensional Brillouin zone does occur at 4. 6 eV.

There is some question of the propriety of divid-
ing the optical syectra of graphite into regions
characterized by w-m and o-o electron transitions.
Our calculation shows that this separation is justi-
fied and that the o-m valence-band overlay is only
2. 6 eV. The occupied 0. bands lie about 5. 2 eV be-
low the Fermi level. The bandwidths for the 0 and
m valence bands are given in Table II.

B. Some Results for Multiple-Layer Structure

Eh

tD
I

I
O

-0.30

—0.32

-0.34

pj

Hp

TABLE II. Bandwidths of valence bands of graphite.

Band

7l $

0'3

02
0'(

Width (eV)

7. 35
7. 07
8.43
5. 90

Including the interaction among layers involves
a four atom per unit cell lattice with 12 extra elec-
trons per unit cell. From our calculation, each
energy band obtained for the single-layer model
slightly sylits uyon including the interaction among
adjacent planes. The spacing between these split
almost degenerate bands is less than 0. 15 eV over
most of the Brillouin zone. However, at certain
wave vectors the band splittings are larger and
quite important for exylaining the electrical prop-
erties of graphite. In the single-layer model
(Fig. 3), the Fermi energy (E~ = —0. 325 hartree)
passes through the state P, at the point P in the
Brillouin zone, characterizing the material as a
semiconductor with vanishing energy gap. In the
three-dimensional band structure, the states at
P3 are split, and the energy band dependence on
k, , e.g. , along HPH, determines the complex
Fermi surface and semimetallic properties of
graphite. In Fig. 4 are shown the results of our
calculation of the energy dependence on k, along
the HPH edge of the Brillouin zone, demonstrating
the overlap of the m valence and conduction bands.
This calculation is in agreement with the results
of the Slonczewski-Weiss band model ' in predict-
ing hole occupancy around point P. Recent experi-
mental results ' suggest that the parameters
which enter into that scheme have values which
imply electron occupancy at P. Further work is
planned to correlate our work with the Slonczewski-

-0.36
c 7T/

kz

FIG. 4. Energy band dependence upon k» along the
edge HPH of the three-dimensional Brillouin zone for
multiple-layer graphite lattice. Here the conduction
and valence bands overlap so that graphite behaves like
a semimetal. The state P3 is doubly degenerate.

Weiss model in order to resolve these differences.
Other interesting features with regard to the op-

tical properties do appear in the results of the cal-
culation with four atoms per unit cell near the
Fermi surface at Q and P. For example, along
the directions LQP of the Brillouin zone, the
states Qz~ and Qz„each split by about 0. 4 eV into
Qz„, Qz, , and Qz~, Q~„, respectively. From the
order of the levels, the energies for the transi-
tions Q, „-Q„;Q„-Q,„differ by less than 0. 15
eV so that the 4. 6-eV peak does not show doublet
structure, in agreement with the results of Green-
away et al. The point P3 in the two-dimensional
Brillouin zone is split into states P~, P, , and P;
with the I2-P; transition at about 0. 98 eV. This
agrees with the observations of Taft and Philipp'
of weak reflectance structure near 0. 8 eV.

Another interesting feature of the calculation
using the four atom yer unit cell lattice is a slight
depression of the average band structure with re-
gard to the bands obtained with the single-layer
crystal. That is, the nearly degenerate bands of
the three-dimensional Brillouin zone do not lie
equally spaced above and below their two-dimen-
sional analog but are shifted more toward lower
energy. This is accentuated at the symmetry
point labeled F2„ in the two-dimensional Brillouin
zone. In the three-dimensional zone, this state
splits into a bonding I'&~ and an antibonding 1"~„
combination of P, orbitals on adjacent layers with
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the bonding state lying about 0. 5 eV below the I&„
state in the two-dimensional zone. Computations
performed for a single-layer structure, but includ-
ing the interaction between planes in the crystal
potential, indicate that this behavior is due to the
formation of a low-energy state rather than the
simple inclusion of the potential of the adjacent
layers. While the one-electron energies alone are
not an adequate basis to quantitatively investigate
the total energy, this large splitting behavior at
I' is still of interest with regard to the energy of
binding of the graphite layers.

IV. SUMMARY

The ab initio variational approach using a Bloch
LCAO orbital basis has proven to be quite success-
ful in calculating the band structure and optical
transitions for graphite. This is encouraging,
considering that an approximate one-electron mod-
el Hamiltonian was used, and that there was no
yarametrization of the matrix elements. Also of
interest is the invariance of the band structure
with respect to scaling of the exchange potential.
The success of the band structure in predicting
the optical transition energies for E ~ c leads us
to believe that the weak reflectance structure at

low energies for E II c may be due to effects other
than direct transitions. It would be of interest to
extend ref lectivity measurements for E l~ c into
the energy range above 12 eV to see if the struc-
ture from the transitions P~ -P~ and Q;„-Q2
is present.

The single-layer structure has been found to be
quite adequate for treating the optical transitions
in graphite and is an interesting case for further
study. It is necessary, however, to consider the
multiple-layer lattice in order to properly study
the details of the Fermi surface of graphite. Fur-
ther calculations are in progress to investigate
the relation of the band structure in the one-elec-
tron approximation to the detailed experimental
data on the Fermi surface and electrical proyer-
ties of graphite.
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