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A detailed investigation of the electronic structure of palladium is presented in terms of two
different band models: (1) ab initio calculations using the augmented-plane-wave method, and
(2) calculations using the combined interpolation scheme augmented by inclusion of relativistic
corrections. The width and position of the d-band complex are found to be particularly sensi-
tive features of the electronic structure of palladium. A highly detailed density-of-states his-
togram, and estimates for the first and second derivatives of the density of states at the Fermi
energy are derived. In addition, detailed comparisons are made with Fermi-surface-static
susceptibility, and specific-heat experimental results. Estimates for the effects of many-
body enhancements suggest that paramagnons raise the effective mass at the Fermi energy by
only about 41%. Owing to the strong s-d hybridization in palladium, the Fermi surface is made
up almost entirely of d-like states. Because the Fermi energy in palladium falls near the
strongly spin-orbit split levels at X and L, spin quenching reduces the effective g factor at the
Fermi energy from 2 to about 1.65. This increases an estimate of the effective Stoner-en-
hancement factor from 10 to about 15.

I. INTRODUCTION

Even among transition metals, palladium is
outstanding because of its unusual properties.
has a very high magnetic susceptibility which
shows an anomalous temperature dependence' at
low temperatures, and it has one of the highest
electronic specific heats' for metals. Recently,
considerable interest has been aroused by the ob-
servation of localized moments on very dilute im-
purities alloyed with palladium, and by the occur-
rence of ferromagnetism in the dilute alloys of
3d and 4d transition metals' with palladium. In-
deed, this tendency toward strong magnetic be-
havior, expressed in its being an "incipient ferro-
magnet, "makes the study of palladium so inter-
esting. Particularly important has been the mi-
croscopic nature of the exchange enhancement
of the susceptibility' and the role of this enhance-
ment in the theory of spin fluctuations. Little
was known quantitatively about either the band
structure or the Fermi surface of palladium until
recent galvanomagnetic, ' and de Haas-van Alphen'
experiments gave precise information about a
number of features of the Fermi surface. Prior

to our preliminary report, little theoretical in-
formation was available for comparison with ex-
periment or for understanding the origin of the
magnetic properties of palladium. Since the con-
duction electrons of palladium are isoelectronic
to those of nickel, which is ferromagnetic, a theo-
retical study of palladium is particularly desirable.

The results presented here include the complete
band structure of metallic palladium, as deter-
mined by means of nonrelativistic augmented-
plane-wave (APW) calculations, and the density
of states, the magnetic susceptibility, and Fermi
surface obtained from these ab initio calculations.
The Fermi surface, which consists of two hole
surfaces and a compensating electron surface,
agrees well with the de Haas-van Alphen data of
Vuillemin and Priestly. The electron surface is
centered at the point I' and contains approximately
0. 36 electrons per palladium atom. One hole sur-
face consists of a small pocket centered at X.
The other hole surface is in the form of a series
of cubic-arranged interconnecting pipes which are
open along the (100) directions in agreement with
galvanomagnetic measurements. The Fermi en-
ergy lies slightly above the maximum in the calcu-
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lated density ot states N(E), which occurs at the
top end of the d-band region of fcc transition
metals. This result was expected from studies
of palladium alloyed with the neighboring elements
rhodium and silver. "'0 The computed N(Ez)
yielded an electronic contribution to the specific
heat which is only about half the observed value,
indicating a total many-body enhancement typical
for d-band metals. The computed paramagnetic
susceptibility y(T) is much smaller than the ex-
perimental value; this emphasizes the importance
of exchange in markedly enhancing y(T), particu-
larly at low temperatures.

Our theoretical band structure was brought into
even closer agreement with experimental data by
use of the combined interpolation scheme, "which
allows us to add a spin-orbit coupling adjustment
of the nonrelativistic energy bands. The interpo-
lation scheme, originally designed to treat 3d
metals, was modified to accommodate the in-
creased relativistic effects and wider d-band com-
plexes exhibited by the 4d metals. The modified
interpolation scheme was used to derive interpo-
lation bands which are in good agreement with all
three initial APW band calculations.

The atomic configuration 4d 5s was used to
simulate the self-consistent palladium potential.
If the observed number of electrons in palladium,
0. 36, is entirely s-like, the appropriate muffin-
tin potential would arise from the atomic configu-
ration 4d ' 5s ' . The simulation is therefore rea-

sonable. Moreover, full Hartree-Fock-Slater ex-
change was used. Previous use of this exchange
in other metals yielded good agreement with both
Fermi-surface experiments and optical properties.
In the present work, the amount of spin-orbit cou-
pling was adjusted so as to reproduce a few crit-
ical Fermi-surface areas.

Based on the adjusted relativistic band struc-
ture, calculations were made of the Fermi-sur-
face radii and an accurate electronic density of
states. From the density of states and Stoner-
Wohlfarth' formulas, the temperature and mag-
netic field dependence of the paramagnetic sus-
ceptibility X were calculated.

All of the earlier results of the ab initio APW
calculations are in qualitative agreement with
those produced by the interpolation scheme. By
combining both ab initio and interpolative methods
results are obtained which can be confidently com-
pared with experiment.

II. AB INITIO

The electronic energy bands of palladium were
derived using the nonrelativistic APW method of
Slater and three different approximate crystal
potentials. The crystal structure of palladium is
fcc and the lattice parameter used is a= 7. 353 a. u.
The potentials were formed from a superposition
of spherically symmetrical atomic potentials gen-
erated from free-atom Hartree-Fock-Slater wave
functions' for the atomic configurations 4d' 5s
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FIG. 1. Electronic band structure
of palladium. Open circles are non-
relativistic APW energy levels pro-
duced from a potential formed from
atomic wave functions of configura-
tion 4d~ Gs and full HFS exchange.
Solid lines are energy bands produced
by the combined interpolation scheme
using the parameters of Table III,
case 2. Close agreement between
the results suggests that the accuracy
of the interpolation fit is high.
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TABLE I. Comparison of the calculated eigenvalues
for palladium (Ry).

(44) (5s) (44 (5s) (4a)" Anal.

F(
~25'

Xj
X3
X2
X)
X,'
Lj
13

Lg'

X5-X(

0.000
0.180
0.277
0.011
0.036
0.352
0.379
0.749
0.047
0.173
0.356
0.550
0.368

0.000
0.232
0.335
0.047
0.078
0.414
0.443
0.751
0.082
0.224
0.418
0.551
0.396

0.000
0.326
0.441
0.109
0.154
0.528
0.559
0.753
0.143
0.316
0.532
0.552
0.450

and 4d 5s . Analytic atomic Hartree-Fock
functions' were also used for the configuration
4d' 5g . In the first two calculations, the effects
of exchange were approximated by using the full
value of the Slater p' ' free-electron exchange. In
the last calculation, the exchange is of the Har-
tree-Fock form and was included in the superim-
posed atomic potentials.

Most of the results presented here are based on
the energy bands shown in Fig. 1 and obtained
from the Hartree-Fock-Slater 4d' 5s potential.
The d bands calculated for palladium are some-
what broader than those usually found for copper,
silver, or nickel. Some results of the Hartree-
Fock-Slater (HFS) and Hartree-Fock (HF) calcu-
lations are shown in Table I. The upward motion
of the d bands with respect to the s-p bands in-
creases with d content in the potential. Converse-
ly, the exact form of the potential has little effect
on the relative positions of the s-p band states X4
and L, . In the analytic HF 4d 5s calculation, the
d band is about 14% broader and approximately
0. 1 Ry higher with respect to the s-p band than
in the HFS 4d" calculation. Although this latter
calculation gives a very good representation of the
experimental data on palladium, these differences
suggest uncertainties in the potential. These cal-
culations will be compared and discussed in more
detail in Sec. III.

Energy eigenvalues were calculated at 89 in-
equivalent points in the 4& wedge of the Brillouin
zone for the HFS 4d' potential. From these eigen-
values, a crude density of states N(E) was con-
structed for the d and conduction electron bands
by dividing the Brillouin zone into identical poly-
gons, each characterized by the energy calculated
at its center. From the N(E) curve the position
of the Fermi energy was found to be that energy
at which ten electrons per atom are accommodated.
The crude histogram representation is shown in
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FIG. 2. Density of states of palladium as calculated
directly from 89 unequivalent points produced by means
of the APW method for the 4d' 5s (HFS) potential. Value
of the density of states at the Fermi level obtained from
the calculation is presented in Fig. 6, where a larger
number of sampling points were used.

Fig. 2. The value of the density of states at the
Fermi energy, N(EJ,), was found to be 28. 2 states/
atom Ry. This value is in reasonable agreement
with that in the valence-band optical density of
states of palladium deduced from photoemission
and ref lectivity data obtained by Yu and Spicer"
and Eastman. ' A more accurate N(E) curve is
presented later, as well as extensive comparisons
with magnetic susceptibility, electronic specific
heat, and other data. Figure 2 is presented here
for historical interest; it has been used in other
workers' publications and will be compared with
the predictions presented later in our discussion
of the combined interpolation scheme.

The Fermi surface of palladium was calculated
from the energy bands shown in Fig. 1. Figures
3 and 4 show the approximate electron and open-
hole sections of the Fermi surface. As can be
seen from Fig. 1, the calculation also yields
small ellipsoidal pockets of holes centered at X.
The total volume of the holes is approximately
10 2 holes/atom. In many ways, the most inter-
esting section of the Fermi surface is the open
(heavy) hole surface shown in Fig. 4. This "jun-
gle-gym" structure is evident in the expanded zone
representation used in the figure.

The Fermi surface of palladium was first
studied by Vuillemin and Priestley, who found an
electron surface which was centered about the
point I' and which contained 0. 36+ 0. 01 electrons/



4620 MUELLER) FREEMAN, DIMMOCK) AND FURDYNA

FERMI ELECTRON SURFACE FOR PALLADIUM

FIG. 3. I'-centered sixth-band electron sheet of pal-
ladium. Although topologically equivalent to a sphere,
this sector of the Fermi surface shows large distortions.
As is discussed in the text, the sheet is primarily d
like rather than plane-wave-like.

atom. They also found small pockets of holes
which were centered at the X points and which con-
tained a total of 5. 4&&10 ' holes/atom. Since
palladium is a compensated metal, approximately
0. 36 holes/atom are unaccounted for in these re-
sults. On the other hand, galvanomagnetic data
of Alekseevskii, Karstens, and Moshaev show
that part of the Fermi surface of palladium is
open and topologically equivalent to a spatial net-
work of cylinders with axes directed along the
(100) directions. This part would then contain the
missing holes. Recently, this sheet of the sur-
face has been seen by means of the de Haas-
van Alphen (dHvA) effect. "

Agreement is surprisingly good between the ex-
perimental Fermi-surface data and the computed
electron and open-hole sections of the Fermi sur-
face. The experimental shapes and volumes are
all reasonably well reproduced by the calculations.
For example, the 1 -centered electron surface
contains approximately 0. 3 electrons/atom and

displays the same sort of humps as found experi-
mentally. The experimental value of 0. 36 elec-
trons/atom is certainly well within the uncertain-
ties of the ab initio calculation. The open-hole
surface shown schematically in Fig. 4 contains
approximately 0. 3 holes/atom as required for
compensation. In order to increase the electron
volume to 0. 36 electrons/atom, it would be neces-
sary to lower the s-p band with respect to the d
band by about 0. 05 Hy, an operation which is with-
in the uncertainties of the calculation. This ad-

FERMI HOLE SURFACE FOR PALLADIUM

FIG. 4. X-centered hole sheet of palladium. This
sheet is formed from the fifth-band electrons and forms
an open network in the extended zone. As is discussed
in the text, this sheet is primarily d-like.

TABLE II. Relativistic effects of the valence elec-
trons of Ni, Pd, and Pt (Ry) (after Herman and Skillman,
Ref. 13).

Ni(3d) (4s) Pd(4d) "(5s) Pt(5d)'(6s) '

AE~(shift)
&Ez(s-0)
~E,(shift)
(aE,-ZE„)

(shift)

~Estimated.

—0.0165
0.0204

—0.0180
—0.0015

—0.0370
0.0370

—0.0362
0.0008

—0.1328
0.1148

—0.1282
0.0046

justment would increase the total volume of the
small-hole pockets by about 30%. Since in the non-
relativistic calculation, the light-hole band is
pinned to the heavy-hole band at the Xpoint and
along the line I"-X, the volume of the small-hole
pockets cannot change very much without an ac-
companying change in the electron and heavy-hole
volumes. As is discussed below, this constraint
is removed when relativistic effects are considered.

The importance of relativistic effects for the
near-noble metals can be estimated from Table II
which shows the relativistic effects for the valence
electrons in atomic nickel, palladium, and plati-
num, calculated by Herman and Skillman" from
nonrelativistic HFS wave functions. The approxi-
mate shift of the d and s-p bands are given by &E„
(shift) and EE, (shift), respectively. In each case,
the difference between these values is very small,
and relativistic effects would not greatly change
the relative positions of the d and s-p bands. The
most prominent effects on the band structure are
the lifting of degeneracies by spin-orbit splitting
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and the related prevention of the crossing of bands
along certain symmetry lines. Both effects can,
in some cases, have a marked influence on the
Fermi-surface topology, as discussed below. In
the cases of palladium and of platinum, the most
important effect is the relativistic spin-orbit split-
ting of energy bands in the vicinity of the X and L
points.

Recently, Andersen and Mackintosh' calculated
the energy band structure of rhodium, palladium,
iridium, and platinum using the relativistic APW
method of Loucks. ' These calculations concen-
trated on the energy bands in the vicinity of the
Fermi energy and were concerned with obtaining
accurate Fermi-surface cross sections and ef-
fective masses as well as the density of states at
the Fermi energy. More recently, Freeman and
Koelling" studied the energy bands for several
different atomic configurations of platinum over
a wide energy range. They used the symmetrized
relativistic APN method and a variable Slater
free-electron exchange approximation. In both
calculations, relativistic effects were important
in determining the energy band structure, espe-
cially of the heavy metals, iridium and platinum.
For example, if the results obtained for platinum
were scaled down by the ratio of the atomic spin-
orbit splittings in palladium and platinum, 0. 322,
a splitting of about 0. 026 Ry would occur at the
X point in palladium. As can be seen from Fig. 1,
the splitting would have a dramatic effect on the
small-hole pockets. Relativistic effects are im-
portant in determining such details, although they
may not alter the gross features of the band struc-
ture. For example, comparison of the relativistic
and nonrelativistic energy bands in platinum along
the 1 -X direction clearly shows the effects of
spin-orbit splitting with little difference in the rel-
ative positions of the d and s-p bands. ' '

The ab initio APW method, by itself, includes
a number of uncertainties in calculating energy
bands and Fermi surfaces in transition metals.
Since the conduction bands in the transition metals
are composed of hybridized d and s-p bands, the
relative positions of these bands are important in
determining the major features of the energy band
structure. Furthermore, due largely to the dif-
ferent spatial extent of the d and s-p functions,
these relative positions are the most sensitive to
the crystal potential. In the present calculations
(Table l), a difference of approximately 0. 06 Ry
was found in the relative positions of the d and
s-P bands in palladium depending on whether a
4d'5s' or 4d' 5d atomic configuration was used
in calculating the crystal potential for palladium.
Also, Snow, N'aber, and Switendick ' found about
a 0. 1-Ry shift between the relative positions of the

d and s-P bands in nickel depending on whether
they used a Sd 4s' or Sd' 4s atomic configuration
in calculating the crystal potential. Qur smaller
shifts may be due to a smaller difference between
the spatial extent of the 4d- and 5s-p wave func-
tions in palladium. With uncertainties of this
magnitude only the gross aspects of the band
structure can be obtained.

In addition, since these large variations depend
on the assumed atomic configurations, the calcu-
lations should be performed self-consistently.
However, even with self-consistency, the some-
what arbitrary choice of the exchange potential
has a large effect, especially on the relative po-
sitions of the d and s-p bands. Snow has per-
formed self-consistent APW calculations on cop-
per and silver using both the full value of the
Slater free-electron exchange approximation and

y of this value. In these calculations, the d bands
are found to lie about 0. 1 Ry higher with respect
to the s-p bands in the 6 exchange calculation than
in the full exchange calculation. Consequently,
owing to uncertainties in the exchange potential
(-0. l Ry), large uncertainties exist even in calcu-
lations performed self -consistently.

Unless a more accurate method is developed
for calculating the effective independent-particle
exchange energy, including correlation effects,
the determination of highly accurate energy bands
of transition metals requires an adjustment of the
energy bands to fit experiment. The Fermi sur-
face of the noble metals is less sensitive to the
potential, since the Fermi energy lies in a region
of s-p-like energy bands. In transition metals,
the Fermi energy lies in the midst of the d bands,
and the Fermi surface is highly sensitive to the
relative positions of the energy bands. In extreme
cases, even the gross features of the Fermi sur-
face must be determined almost entirely by ex-
periment. Nevertheless, the general features of
the energy bands themselves can in most cases be
determined by the ab initio calculations.

III. COMBINED INTERPOLATION SCHEME

In this section and in Appendix A, the application
of the combined interpolation scheme to the calcu-
lation of the band structure of palladium is dis-
cussed. First considered are the modifications
which make the scheme able to treat 4d transition
metals. A discussion of the methods used to find
parameters for the scheme from APW results is
presented in Appendix B. Using these parameters,
several comparisons are then made between the
bands found from the three different potentials.
Finally, the APW results are augmented by adding
relativistic effects within the interpolation scheme
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and three ways of deriving relativistic parameters
for the scheme are considered.

A. Modifications of the Combined Interpolation
Scheme

Unlike the APN method, which finds the band
structure E„(k}of palladium through a direct solu-
tion of Schrodinger's equation with a given form
of potential, the combined interpolation scheme
adopts a method which is indirect and finds the
bands as a function of certain parameters which
may be interpreted as various overlap or transfer
integrals of given basis functions. In the free at-
om, palladium has three configurations, 4d 5s,
4d 5s', and 4d' 5s; all have roughly the same ener-
gy eigenvalues. Band structures calculated by the
APW method all exhibit narrow bands of d charac-
ter crossed by broad bands of mixed 5s-5P or
nearly free-electron character. Examination of
Fig. 1, which contains both the initial APW re-
sults and the final combined interpolation scheme
fit, shows that the basic assumption of the com-
bined interpolation scheme is well justified. A
mixed basis set of d electrons as either tight-
binding or Wannier functions and of plane waves
orthogonalized to both d and core states well ap-
proximates the physical structure of the eigenfunc-
tions of the Hamiltonian. An exact representation
of crystallographic group symmetries is pre-
served within the truncated basis set.

The case of palladium differs from the pre-
viously treated case of copper" in two ways:
First, in palladium, d states occur in both the core
and the conduction bands; second, relativistic ef-
fects are much stronger in palladium than they are
in copper. The additional core d states require
extension of the combined interpolation scheme
by orthogonalizing the plane-wave states I y~) to
not only the d conduction-band states but also to
the core 3d states.

If the 3d hand of palladium is sufficiently narrow,
an effective core d local pseudopotential can be
formulated and the Sd orthogonality terms cause
negligible corrections to the energy bands pro-
duced by the original interpolation scheme. Thus,
the combined interpolation scheme can be adopted
without structural change, and the results can be
interpreted in terms of 4d basis states. Five d
basis functions are used of angular symmetry
xy, xy, yz, —,'(x -y ), and(4/3} '~'(2z' —x2 —y )
times a common radial function f (x}. The mini-
mum number of plane-wave basis states which can
accurately simulate the palladium bands are used
in order to have the smallest possible secular
equation. For a fcc lattice those are the lowest
four plane waves degenerate at the point W in the
Brillouin zone.

The restricted Hamiltonian made up from these
two types of basis states yields a 9x9 secular
matrix and contains terms of three different types.
These are written as (dlHI d), (dlHI y), and

(y I HI y), where Id) is any part of the five d states,
and I p) is any of the four orthogonalized plane-
wave states. The matrix elements of two blocks
(dlHlp) and (ylHly) are given in terms of two
pseudopotential terms V», and V2oo (which cor-
respond to the uncancelled effects of s, p, and d
core states at two Bragg planes), the orthogonality
parameters A and I,RO [which correspond to 4d
(bare) plane-wave overlap (dIk), where Ik) is a
plane wave], and the hybridization parameters 8
and IR, (which correspond to the mixing of con-
duction-band-d and orthogonalized-plane-wave
states by the Hamiltonian). Note that although
(d ly) —= 0, this is not sufficient to guarantee that
(d I H I p) = 0. The hybridization parameters simu-
late this difference in the interpolation scheme.
The matrix elements of the block (dlHld) were
previously given" in terms of a one-centered over-
lap integral do, the position of the d-band complex
relative to the energy of the lowest plane-wave
state at the point' F(—= I',}; of three two-centered
overlap integrals ddo; ddt, and ddt; and of y, the
effective splitting of symmetry states of type xy
and —,'(x -y ). This parametrization of the
(d I Hl d) block was based on the two-centered ap-
proximation, which has an accuracy of about 8%
in both copper and palladium. The extension of
the sums in (dlHI d) to full three-centered terms
changes an average band energy by about 8gg of
the halfd-band width, or by about (0. 08)-,'(0. 2)
Ry = 0. 008 Ry. This accuracy was sufficient for
calculating the density of states of copper to only
6%%uo vertical accuracy. However, 1'%%uo vertical ac-
curacy was desired for palladium. Moreover, the
4d band in palladium is twice as wide as the Sd
band in copper. Use of the two-centered approxi-
mation would therefore result in a large error
(0. 08)—,

' (0.4} Ry = 0. 016 Ry. Examination of Table
V of Ref. 11 shows that modification of the para-
metrization scheme to include two ddv's (one for
the sum of P, and P„andone for P8} would leave
a residual error of about 2'%%uo, or 0. 004 Ry, for
palladium.

Since palladium is a heavy metal (Z=46), rela-
tivistic corrections must be included in order to
compare theoretical results with experiment. The
largest relativistic correction to the model Hamil-
tonian given above is spin-orbit coupling. The
effective potential caused by spin-orbit coupling
is given by

H„=Q„--,' X ( I r —R I) (o .1 ), (1)

where the sum is taken over all lattice sites
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R„,where X(x)=—(et/4m c ) (1/r) (8 V/&x), (V/r) is
the potential, and L begins on every lattice site.

Each of the blocks of the model Hamiltonian is
affected by the correction given by Eq. (1). How-
ever, a number of simplifying approximations al-
low easy treatment of terms represented by Eq.
(1). The first occurs in the d-d block. Since
second-neighbor overlap integrals are &0. 001 Ry,
a good treatment of the copper d bands could be
given in terms of the first-neighbor overlap inte-
grals (-0.022 Ry) alone. In this case, ddo(1) =20
xddo(2), etc. , where (1) and (2) are neighbor terms.
This ratio suggests that, in the fcc lattice, the
relation P(R,)-20$(Rz) holds for d bands, where

g is now an average d radial wave function at
first- and second-neighbor distances, respec-
tively. As in the full Hamiltonian, the terms intro-
duced by Eq. (1) have zeroth-, first-, and second-
neighbor terms connected by a structure factor.
The effective range of Eq. (1) is so short and the
radial part of the 4d-state wave function drops off
so quickly that, not only second-neighbor terms
of Eq. (1), but also first-neighbor terms are un-

important. Thus, in the d-d block the problem re-
duces to a wholly atomic (i. e. , single-center)
problem. This approximation was also used for
d-d block spin-orbit coupling by Friedel, Lengart,
and Leman, by Hodges, Ehrenreich, and Lang,
and by Mattheiss. " In Appendix A, it is shown
that the spin-orbit coupling corrections to the
d-OP N and OP%-OPW blocks are small using es-
timates of the band radial d-wave function and the
effective potential by atomic" values. The deriva-
tion is similar to that given by Weisz and shows

that their angular dependence is given by cross-
and dot-product terms of k and k'. These terms
have therefore been neglected in the calculations.

B. Discussion of Results of Fits

Three sets of palladium parameters were found
for the modified combined interpolation scheme
using the fitting techniques just discussed. This
section examines these parameters. At this point,
d-d spin-orbit coupling is neglected.

The three APW band structures examined above
were found from potentials derived from various
initial atomic configurations and different approxi-
mations to the effects of electronic exchange. Our
sets of parameters were derived from the band
structures using in each case exactly the same
form of the Hamiltonian and fitting procedure.
These three sets of parameters contain the simi-
larities and differences of the three band struc-
tures and potentials in an extremely compact and
accessible form. Thus, the interpolation scheme,
in addition to fulfilling its role as a fitting pro-
cedure of ab initio band structures, also has uses
as a tool for detailed analysis.

Table III lists the sets of parameters for the
interpolation scheme which correspond to the
three different palladium potentials, In each case,
the zero of the energy scale has been reset so that
the lowest plane-wave level I'& corresponds exactly
to zero. The average position of the d-band com-
plex with resyect to the plane-wave bands is given
by the parameter do which is measured relative
to I'&. The variation of this parameter between
the three cases shows the sensitivity of the posi-

TABLE III. Values of parameters for combined interpolation scheme for APW calculations of palladium.

d bands Pf
d a

0
ddo'

dd7r1

dd&g

ddt

Parameters

V]
0.0100
0.0010
0.0010
0.0010
0.0001
0.0005

1
4d 5s (HFS)

0.2458
—0.0427

0.0143
0.0153

—0.0007
+ 0.0026

2
4d"5s'(HFS)

0.3064
—0.0447

0.0138
0.0158

—0.0002
—0.0002

3
4d 5s (HF)

0.3920
—0.0497

0.0182
0.0192

—0.0016
+0.0052

Conduction bands

Orthogonality

Hybridization

V b

V2oo

A
IRo

B
I.R,

0.0010
0.0010

0.0500
0.0050

0.0500
0.0050

0.0100
0.0033

1.3752
2.0841

1.4534
2.6782

0.0100
0.0023

1.4813
1.8403

1.5041
2.5979

0.0100
0.0093

1.6095
2.1625

1.5447
2.6403

Spin orbit

Fermi energy

Deviation of fit D (p)

Given relative to I'&= 0 in each case.

0.0010

0.0010

0.0057

"Not varied in fits.

0.0107

0.4224

0.0048 0.0074
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tion of the d bands to the detailed shape of the po-
tential. Such sensitivity has been emphasized by
other workers.

The difference between the position of the d
bands for the two configurations 4d 5s (case 1)
and 4d'05so (case 2), both calculated in HFS ap-
proximation, is due to the average net electron
charge configuration being a little more extended
out toward the Wigner-Seitz radius in the first
case than the second. The potential appears a
little stronger at short radius in the first case
than the second. The orthogonalized plane-wave
bands also shift their net position between the two
configurations, relative to the vacuum level. How-
ever, the plane-wave shift is at least an order of
magnitude smaller than the d shift. Consider that
plane-wave state associated with I'&. The energy
position of this level may be found from the net
average of the potential of the unit cell. Since the
actual change in the charge density between the two
cases is negligible, and since the potential aver-
age is dominated by regions away from the ion
core, the plane-wave bands are fixed and insensi-
tive to the small-charge shifts corresponding to
different atomic configurations. The d-radial
wave functions peak in a region where the shift in
effective charge density between the two configura-
tions is maximum. Thus, the sensitivity of the
position of the levels to such charge shifts is
amplified.

Table III also compares the two do parameters
obtained from the APW band calculations derived
from potentials found from a 4d' 5s atomic con-
figuration either in HFS approximation (case 2) or
in HF approximation (case 3). As in the atomic
case, the effect of adding full Slater exchange to
the Hamiltonian is to lower the d states relative
to s-P states. The potential used in the APW cal-
culations might have been derived using a configu-
ration of 4d' 5s, but from other than full Slater
exchange. For example, —', p' ', i. e. , the Kohn-
Sham value of exchange, ' might have been used.
The primary effect on the electronic band struc-
ture would have been to make do intermediate be-
tween case 2 and case 3, and to roughly scale do
proportionately by the amount of full Slater ex-
change between the limiting values given in Table
III.

The d-d overlap parameters, ddv, ddt„and ddt&
are also given in Table III. The d-band width of
these parameters in case 2 is only about 5% greater
than in case 1, whereas case 3 is about 20% greater
than case 1. This behavior is consistent with the
virtual-resonance ideas of Heine. "

A similar situation occurs in the ratios of the
orthogonality and hybridization amplitude param-
eters A and B determined for the different cases.

These ratios are 1.09 and 1.04 between cases 2
and 1, and 1.17 and 1.06 between cases 3 and 1.
According to Heine's theory, these ratios should
scale as 8" and 5', respectively, where 5'=E~
—E„.Although our ratios do not agree exactly
with Heine's theory, these parameters again follow
the qualitative behavior of the resonance ideas.

The radial strength parameters Rp and R, repre-
sent a trading off between compacting the radial
d-wave function to more effectively screen the
nuclear charge, and the additional exchange en-
ergy which such compacting produces. The effec-
tive radius of peak interaction, R&, remains
roughly constant, whereas Ao seems to have no
consistent behavior. Perhaps no simple physical
insight can be derived from these two rather com-
plicated parameters. They may merely be re-
garded as adjuncts of the interpolation scheme.
In a similar vein are the parameters ddt, y, V»&,
and V~00. However, even these "unphysical"
parameters help to reduce fitting errors. Al-
though a simple interpretation cannot be immedi-
ately attached to these parameters, they are not
necessarily useless. Indeed, if all of these last
four parameters were set equal to zero, the net
fitting error for case 2 would increase by 0. 003
Ry (= 0. 008 —0. 005).

C. Addition of Spin-Orbit Coupling

The three sets of parameters for the scheme
are almost sufficient to give results comparable
with experiment. However, the parameters do
not include relativistic effects. Although relativ-
istic effects in palladium are not nearly as large
as they are in platinum, ' ' ' the lifting of various
degeneracies make them important in the net pal-
ladium band structure and in determining Fermi-
surface dimensions.

Relativistic corrections to the Schrodinger equa-
tion involve three terms. Two of these, the Dar-
win and the mass-velocity terms, yield only small
corrections. A direct consideration of these two
terms for platinum" showed that residual correc-
tions were small and could be simulated by chang-
ing the free-electron mass by 5%. In palladium
these effects are probably smaller by a factor of
3.

The third term, which is not small in palladium,
is the spin-orbit coupling term. As discussed
above, such effects are included in the interpola-
tion scheme only through an atomiclike interaction
acting on the d electrons alone. The net relativ-
istic correction term II, added to the Hamil-
tonian, is then

H„=—'Ep g L, (2)

where E~ is a parameter to be discussed below,
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o are the Pauli spin matrices, and L is the angular
momentum operator here acting on d states alone.

Three different methods have been used to de-
rive values for the parameter E& in palladium.
First, E~ was found by examining free-atom term
values and assuming that the value of 4d spin-orbit
coupling in the atom and the solid is the same.
This procedure gave the value 0. 026 Ry which was
also the value used earlier. ~~ 6 In the absence
of other information such extractions from the
atom are often helpful in establishing trends over
several different materials. However, wave func-
tions do change between the atom and the solid and
the changes are often particularly large for d
states in transition metals.

The second method was to rescale the value of
the doublet splitting in the calculation of Andersen
and Mackintosh' for palladium by the ratio of the
experimentally derived splitting for platinum to
their theoretical splitting. ' This method gave a
value of 0. 023 Ry for the parameter.

The last method used the experimental dHvA

data. The size of the 5 orbit" centered at W is
very sensitive to the value of the spin-orbit cou-
pling parameter. Therefore, the parameter E~
was varied in conjunction with those parameters
derived from the 4d'05s (HFS) configuration until
this orbit's area was fit. This 4d' 5s configura-
tion best represents the potential found from a
truly self-consistent procedure. By this method
a value of 0. 021 was obtained for E~. The varia-
tion between the values of 8& produced bythe three
methods suggest that this parameter is very sensi-
tive and that caution should be exercised in the
technique used to derive its value 0. 021 produced
by the dHvA data as well as the parameters found

from fitting the APW results using the 4d' 5s
(HFS) configuration.

IV. RESULTS

In this section, we discuss results derived from
the APW bands of Sec. II as fit by the modified
combined interpolation scheme.

A. Relativistic Band Structure and
Density of States

The relativistic palladium band structure, de-
rived from the parameters for the configuration
4d 05so (HFS) and the spin-orbit coupling param-
eter found as described in the last section is pre-
sented in Fig. 5. Comparison of Fig. 5 with Fig.
1 shows that the addition of relativistic effects has
split bands which were degenerate at a number of
high-symmetry points of the Brillouin zone in the
nonrelativistic case. In particular, the degener-
acy of the I'3, . level has been split into the I'8 and
I', levels, and the important degeneracy at X, has
been lifted into the two levels X~ and Xs.

Figures 6 and 7 give a histogram density of
states of palladium derived from the bands shown
in Figs. 1 and 5, respectively. A quadratic inter-
polation technique (QUAD)" was used to treat a
million Monte Carlo points distributed in 48 of the
Brillouin zone. A histogram width of 0. 001 Ry
and a mesh size" of 10 were used. Integration of
these bistograms gives a Fermi energy which
falls at 0. 5246 Ry in the nonrelativistic case and
at 0. 5204 Ry in the relativistic case. Figure 8
shows a more accurate histogram of the region
just around F~ for the relativistic case using a
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FIG. 5. Relativistic bands of palladium produced by
the parameters of Table III. Along the line I' to X, the
bands show three intersections with the Fermi energy.
As is discussed in text, the small fifth-band hole pocket
near the point I is probably spurious.
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FIG. 6. Density of states of nonrelativistic palladium.
Histogram was produced by the quad scheme, using
histogram width of 0.001 Ry, and sampling 1 000000 in-
dependent Monte Carlo points. Vertical accuracy is ap-
proximately 1%. Note that N{E~) for this calculation is
much larger than that of Fig. 2.
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FIG. 7. Density of states of relativistic palladium.
The histogram was produced by the QUAD scheme, using
a histogram width of 0.001 By, and sampling 1000 000
Monte Carlo points. Vertical accuracy is about 1%.

PALLADIUM

finer mesh size of 13. Because of the number of
Monte Carlo points used, the histogram has a
vertical accuracy of about 1%. This statistical
noise is barely visible in the expanded scale den-
sity of states plotted in Fig. 8.

Figure 9 plots the density of states of Fig. 7
as a function of fractional electron concentration
in order to allow easy comparison between our
calculated curves and the results of alloy experi-
ments. If the rigid-band model were applicable
to the electronic structure of all the fcc transition
metals, then Fig. 9 would provide a universal
curve for the effective density of states. Devia-

tions away from Fig. 9 in the experimental results
indicate either breakdown of the rigid-band model
or large energy-dependent enhancement effects.
The results of Fig. 9 are accurate to perhaps
1-2%. The small peak near 12. 0 electrons/atom
is real and corresponds to the critical point struc-
ture associated with the (ill) neckregionin silver.
Because the total number of electrons contained
in the narrow peak above 0. 5 Ry in Fig. 7 is large,
this structure appears much broader when plotted
as a function of concentration in Fig. 9.

Although the extrinsic accuracy of our density-
of-states histograms is rather high, comparisons
between our calculations and various experimental
results must be made cautiously. In palladium,
as shown in Fig. 9, the Fermi energy falls at a
place on the density-of-states curve which has a
steep first derivative. The Fermi energy can be
placed to an accuracy of better than 0. 0002 Ry by
integrating N(E) up to 10 electrons/atom. A better
measure of the intrinsic accuracy of the bands is
given by treating the Fermi energy as avariational
parameter and by comparing our predicted results
to a few experimental Fermi radii. The shifts
in the Fermi energy obtained this way were about
0. 001 Ry. This error represents the deviation
of the predicted radii from experiment when E~
is found by integrating N(E). The largest absolute
error in Fermi radii is about 2/o.

A least-squares procedure was used to fit the
five points of our histogram in Fig. 8 which were
closest to E+ to a four parameter function of the
form

N(E) = A y BEy CE + DE' .
From this fit we obtain the values 31.06, 2. 28x10',
and 2. 11&&10' for the zeroth, first, and second de-
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FIG. 8. Density of states of palladium in the im-
mediate vicinity of the Fermi energy. Because the
microscopic quadratic interpolation was carried out on
a finer mesh in this calculation than the one used in Fig.
8, the rms vertical accuracy is somewhat better here.
In particular, the single spike of width 0.001 Ry near
E=0.50 Ry in Fig. 7 has disappeared.

2.0 4.0 6.0 8,0
ELECTRON CONCENTRATION. PER ATOM

10.0 I2.0

FIG. 9. Density of states of palladium plotted as a
function of fractional electron concentration.
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o', = o ~ (M) + o ', (I), (4)

where o, is the error of the ith derivative, o, (M)
the error due to Monte Carlo sampling, and a&(I)
the error due to the finite energy resolution. The
final estimates for the density of states and its
derivatives for palladium are

N(Ez) =+ 2. 281 states/eV atom +0. 171,

N'(Ez) = -12.3 states/(eV)2 atom+ 1.62, (5)

N"(E~) =+ 84. 0 states/(eV)' atom + 65. 0,

where we have converted to electron-volt units
for convenience.

The Fermi energy (0. 5204 Ry) and the density
of states (31.06 electrons/atom Ry) of our rela-
tivistic bands are in (surprisingly) good agree-
ment with those given before (0. 524 and 28. 2,
respectively) for the nonrelativistic bands and the
regular-samples density of states (Fig. 2). The
values are also close to those derived from the
relativistic APW calculation of Andersen and
Mackintosh, ' who used full Slater exchange and a
muffin-tin potential found from the configuration
4d'0 for the Dirac-Slater atomic-charge density.
Andersen and Mackintosh found the Fermi energy
by locating that constant energy contour which

produced equal hole and electron volumes. Their
Fermi energy of 0. 515 Ry relative to 1

& repre-
sents a d-band complex approximately 0. 1 Ry
higher than ours. However, their density-of-
states value of 32 states/atom Ry is in good agree-
ment with ours. The agreement merely indicates
that, in fcc transition metals, the structure in

rivatives of the density of states, respectively, in
Rydberg units. Because of the statistical fluctua-
tion error of Monte Carlo calculations, the per-
centage accuracy of these derivatives is about 1,
9, and 75, respectively. The greater inaccuracy
of the first and second derivatives occurs because
they are formed essentially by taking differ'ences
of quantities with random deviations.

In addition to this purely statistical error, the
limited energy resolution estimated above to be
0. 001 Ry must be considered. The density of
states and its derivatives could have any value ap-
propriate to an energy (EJ, —0. 001)&E & (E~ +0.001).
The "true" density of states is assumed to be sim-
ilar to our calculated density of states curve, but
shifted to a new effective Fermi energy somewhere
in this range. This shift could represent either a
net change of position of d bands relative to s-p
bands, or a net widening or narrowing of the d-
,band complex.

Taking both types of error into account, and
assuming that the two errors are approximately
independent, the total error is given by

N(E) near the top of the d-band complex is rela-
tively insensitive to net shifts of the d bands rela-
tive to the plane-wave s-P bands .Transition met-
als in the 3d rom of the Periodic Table show this
insensitivity. "

B. Electronic Specific Heat, Magnetic
Susceptibility, Effective g Values,

and Many-Body Enhancement Effects

Two experimental quantities used to estimate
the value of the density of states at the Fermi
level are the electronic specific heat C„,and the
magnetic susceptibility y. Since these experi-
mental quantities are enhanced by different many-
body effects, the usual procedure was reversed
and our values, Eq. (5), were used to estimate
the effective enhancements.

The enhancements of the specific heat were
defined as

y = Ryo= {1+o.,+ n»+ o.,) y, , (6)

where y is the experimental specific heat in den-
sity-of-states units, ro=N(Er), and n„a» and
o., are the enhancements due to electron-electron,
e1.ectron-phonon, and paramagnon interactions,
respectively. The changes in the self-energy in-
duced by these three interactions were assumed
to be additive. Although this assumption is not
strictly true, Eg. (6) is sufficiently accurate for
the qualitative arguments which follow below.

For the specific heat, Hoare et al. ' ' obtained
values of 9.41 mJ mole ' deg, or 55. 0 electrons/
atom Ry. More recently, Choteau et al."obtained
values of 9. 40 mJmole 'deg ', or 54. 9 electrons/
atom Ry. This latest value yields a ratio R= 1.76,
or a total enhancement a =8 —1= 0. 76. The elec-
tron-electron and the electron-phonon interactions
in palladium are also assumed to have roughly
the same strength as deduced for superconducting
transition metals, ' i. e. , n, + a,„=0. 35. The
large fraction, o.,= 0. 41, can then be attributed to
paramagnons. Although this value for n, is
sma. lier than many previous estimates, the effect
of paramagnons is nonzero for the entire range of
values given in Eg. (5). Assuming that ct, + n»
= 0. 35, the largest and smallest estimates of N(E~)
given in Eq. (5) yield total enhancement ratios R
of 1.65 and 1.91, and paramagnon enhancements
of 0. 30 and 0. 56, respectively.

The static susceptibility X has a larger percent-
age enhancement and is therefore perhaps a more
favorable case for deriving enhancement ratios
than the specific heat. Ne g.sed the results of
Foner et a/. , namely, a value of 6. 91~10 elec-
tron emu/g for the susceptibility y or a value of
312. 0 for y/p~ in electron/atom Ry units where
pz is the Bohr magneton.
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The paramagnon theory' states that appreciable
exchange enhancement of the susceptibility of pure
Pd is given by

X=&n=Xs(1 —2Xp Vops2) ' (7)

where Vo is an effective exchange interaction po-
tential between the conduction electrons, and D is
the Stoner-Wohlfarth enhancement factor. The
unenhanced Pauli susceptibility is generally given
as

Xp= Va N(Ez) (8)

M = Z„[1/(2m) ]fdk m„(k)&f„(k).

where ps is the Bohr magneton, and N(Ez) is the
density of states for two spin states. The usual
factor of 2 has been absorbed by the double spin
N(E„).

In deriving Eq. (7), the g factor of the electrons
was rigidly set equal to 2, the spin g factor. In
palladium, the g factor of conduction electrons
can deviate markedly away from 2. The states
X are associated with the spin-orbit split levels
X& and &e at the top of the d bands. Since the
Fermi level in palladium passes very near to the
Xv, X6 levels, the spin mixing induced by the
spin-orbit coupling alters the g factor over much
of the Fermi surface. This is discussed in more
detail in a forthcoming publication.

For every band n and point k an effective g fac-
tor g„(k)can be defined. Neglecting the small or-
bital angular momentum contribution, an infinites-
imal magnetic field H adds a perturbation to the
Hamiltonian of the form H&= 2p.&o.H, where o

are the Pauli matrices. The infinitesimal pertur-
bation lifts the Kramers degeneracy of the level
E„(k),giving the energies

E„a(k) = E„(k)s ~ g„(k)pa
~
H

~

. (9)

Equation (9) is an implicit definition of g„(k). The
term g„(k)depends on the vector direction of the
external magnetic field H. The change in occupa-
tion number induced by (31) is given by

~f.(k) =f[E.(k)] -f[E.'(k)], (»)
where f is the Fermi function

f(E„+(k))

= (expi[E„(k)a —'g„(k)ps~ A~ —Ez]/KT) + 1) ', (ll)
E~ is the Fermi energy, T is the temperature,
and K is Boltzmann's constant. With the effective
magnetic moment of the nth band at k

m„(k)= —,'g„(k)ps, (i2)

the total magnetic moment M induced by Eq. (9)
is

Taking the limits of zero temperature and small
external magnetic field,

~ =(—", )'HZ, '.
x dk g„k g„k - . 14

n [Bz (1) = Bp'j

This expression can be separated into an effective
g factor and the density of states:

M=(p pa) Hg, sN(EF),
mhere

g„,= [2/N(E~)]L Jdk g„(k)5(E„(k)-E~). (16)

(15)

Because palladium is a cubic material, M is a
scalar quantity and is independent of the vector
direction of H. The quantity g,« is also a scalar,
but the quantity g„(k)is not a scalar, but a second-
rank tensor.

The Pauli susceptibility Eq. (8) must be modi-
fied to

Xp--(z Ps)'g'„,N(E~)

or X, =(V')'N(E~),

where p,
' is an effective magnetic moment

1
4 =2ge«Wa (18)

Averages over a few k points on the three sheets
of the Fermi surface suggest that the presence of
strong d-state spin-orbit coupling has reduced
g,« in palladium from 2. 00 to the value g=1.65.

Placing Eqs. (18) and (5) in Eq. (7) gives esti-
mates for D of

D=14. 80 g=g « ——1.65

= 10.05 g = 2. 00 ~

(19)

However, based on our range of values 33.3-28. 7
for the density of states N(Ez), and assuming a
constant g,«of 1.65, a range (18.8)-(16.0) is ob-
tained as an estimate of D.

In calculating the BPA susceptibility, the Pauli
susceptibility enters the denominator of D.
Therefore, when Vo is found from Eq. (7) using
p, '= p, ~, such estimates of the effective exchange
interaction constant Vo should be increased by a
factor of (2/g, «) . If D was found from Eq. (7)
using an estimated value of Vo, then such an esti-
mated Vo should be reduced by (-,'g, «)~. Alterna-
tively, the rescaling of a calculated Voby this fac-
tor using g,« = 1.65 reduces a D previously esti-
mated to be 20 to the smaller value of 2. 82.

The experimental static susceptibility is sensi-
tive both to temperature and to external magnetic
fields. ' The data of Foner et al. ' were taken at
low temperature and essentially low external mag-
netic fields. Because of the large Stoner factor
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y~ (T) = y~ (0) [(1+ va vo K' T')],
N" (E,) '(E,)

'
N (E~) N(E~)

A short calculation for D»1 so that -', y~(0)
x Vop& '-1 for T small gives

(2o)

(21)

(D-15), the usual temperature dependence of the
unenhanced susceptibility must be modified to in-
clude higher-order terms. The temperature de-
pendence is usually given by

Placing this value back in Eg. (26) yields an im-
proved value of v,

v) —+ 0. 52 x 10 eV

or p= v&/vv=0. 17 .
(32)

(33)

The nomograph given in Fig. 2 of Ref. 36 shows
that values p = 0. 17 and D = 14.8 to be (barely) con-
sistent with the measured high-field susceptibility
X(K)

C. Fermi Surface

y(T) = Dyp(0) (1+v voK T +D6 w voK T ), (22)

where the third term completely dominates the
second for our value of D.

The magnetic field dependence of the enhanced
susceptibility has been given by Wohlfarth'

y (K) = Dy (0) (1+PK ), (23)

x& (o) = (-', g)'q,'N(E, ),

P=l/2v(-, g) V.,D,
N" (E„) N'(E )i '
N(E ) N(E )

Our values [Eq. (5) j for the derivatives of the
density of states of palladium give

(24)

(25)

where

(26)

or

vo = + 1. 59 x 10' states/atom Ry

+8. 3 states/atom (eV)2
(27)

and v = —1.65xlo' states/atom Ry'

or -89.4 states/atom (eV)
(28)

Because of the large uncertainty in N"(Ez), per-
haps only the signs of Eels. (27) and (28) are known.

Since the sign of vo is positive, we predict a
guadratically increasing X(T) in the low-T region.
Fitting the experimental data found below 50 K
to a quadratic form A. + I3T yields an experimental
value of

Figure 10 shows the intersection of the relativis-
tic Fermi surface with the principal symmetry
planes of the fcc lattice using the Fermi energy
obtained from N(E). The surface consists of the
same three sheets with the same connectivity as
was previously obtained by means of nonrelativis-
tic APW bands. However, changes induced in the
band structure by the spin-orbit coupling have
changed the details of the three sheets. In partic-
ular, the I'-centered sixth-band electron sheet
now contains 0. 36 electrons/atom, rather than
0. 39 obtained by the nonrelativistic interpolation
scheme fit. The three small X-centered fourth-
band hole pockets now contain 0. 0031 holes/atom,
compared to an experimental value of 0. 003. The
large jungle-gym fifth-band hole surface now con-
tains 0. 36 holes/atom, compared to 0. 39. Thus
the addition of spin-orbit coupling to the nonrel-
ativistic band structure has brought the Fermi-
surface volumes into good agreement with the
volumes based on dHvA data.

Also shown in Fig. 10, as a dashed surface, is
a small L-centered fifth-band hole pocket. We
believe that the existence of this pocket in palla-
dium is unlikely since it has not been seen in the
dHvA effect. The present L-centered pocket has
a (111)orbital mass of 0. 56 electron masses, a
(112) orbital mass of 0. 95 electron masses and

vo=+1. 12x102 eV ~

which is in fair agreement with Wohlfarth's'
estimate:

(29)
FERMI SURFACE OF PALLADIUM

b, 1' X

N"(Ez), =+ 142 eV (31)

vv= l. 18x 10' erg =+ 3. 02x 10 eV . (30)

Our value of vo is an order of magnitude smaller
than vo. However, our mean values for terms of
vo, N" versus (N')', almost completely cancel. For
example, the value of N" could be doubled and still
remain within our error range with the result that
the comparison to vo is then greatly improved.

A better procedure is to use vo and our values
of v, N'(E~) and N(Ez) to fix N" (E~). This gives
an improved value

W X U

FIG. 10. Fermi surface of palladium produced by the
combined interpolation scheme. Intersec tion points
along symmetry lines are given in Fig. 5. Fermi energy
was found by integrating the curve in Fig. 7 up to 10
electrons/atom.
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contains a total of 0. 884x10 carriers in the first
Brillioun zone (Bz) in eight half-ellipsoids. A

similar pocket does exist in rohdium. The lack
of any dHvA evidence for this sheet in palladium
suggests that either the effective-mass enhance-
ment on this sheet is of the order of 4-5, or the
Fermi energy near the point L lies 0.0027 Ry
higher than we have placed it by integrating N(E)
up to electrons/atom. The independent theoretical
calculations of Andersen and Mackintosh also sug-
gest the existence of an I -centered pocket, but

they also believe, on the basis of the lack of dHvA

data, that the L-centered pocket is unlikely.
Table IV shows a few symmetry-plane radii of

the I'-centered sheet of the palladium Fermi sur-
face. These radii are compared with the experi-
mental data" and the theoretical radii produced
by Andersen and Mackintosh. " The agreement
among the three sources is good. Apparently one-
electron band-structure models can accurately
reproduce the complicated Fermi-surface geome-
tries for palladium.

V. SUMMARY AND CONCLUSIONS

A detailed investigation of the electronic struc-
ture of palladium was made in terms of two dif-
ferent band models -the ab initio APW method and
the semiempirical combined interpolation scheme.
The sensitivity of the energy bands of palladium
to the details of the assumed one-electron poten-
tial, especially with regard to configuration and
exchange, was seen by examining the bands pro-
duced by three different potentials. The width and
position of the d-band complex were found to be
particularly sensitive features of the band struc-
ture of palladium.

Those APW bands produced by the 4d'05so (HFS)
potential were taken as a starting point, and spin-
orbit coupling was added to the d bands so as to
reproduce a few critical dHvA areas. From these
relativistically augmented energy bands a highly
accurate density of states was calculated. The
Fermi energy was found by integrating this den-
sity of states up to 10 electron states/atom. From
the value of the Fermi energy, Fermi radii were
derived from the relativistic energy bands. The
calculated radii were found to be in good agree-
ment with experimentally determined radii.

On the basis of our results several conclusions
may be reached about the electronic structure of
palladium. The only adjustment made of the en-
ergy bands used the dHvA data to adjust the value
d spin-orbit coupling. The good agreement ob-
tained between experimental radii and calculated
values shows that Fermi-surface radii of compli-
cated transition metals can be accurately pre-
dicted within one-electron models. Better agree-

TABLE IV. Fermi-surface radii for the I'-centered
sheet of palladium in atomic units.

Direc tion
Experiment

KWH
Theory

AM Present

[100]
[110]
[111]

0.585
0.426
0.593

0.578
0.423
0.616

0.546
0.419
0.568

L. R. %indmiller, J. B. Ketterson, and S. Hornfeldt,
in Ref. 37.

"0.K. Andersen and A. R. Mackintosh, in Ref. 18.

ment than that achieved here would require either
deepening our understanding of the electronic
structure of transition metals by going beyond the
single-particle model, or, within the one-electron
framework, adjusting the energy so as to obtain
agreement with high precision experiments. At
present, detailed radii of all sheets of the Fermi
surface of palladium are not available in the liter-
ature, although results for the I'-centered sheet
should be published shortly. ' ' The adjustment
of the energy bands to fit experiment could take
two forms: either in terms of parameters for the
combined interpolation scheme as above, or in
terms of parameterizing phase shifts or logarith-
mic derivatives within a first-principle band-
structure method. Before using the latter scheme,
however, it is important to know in detail the ef-
fects on the electronic energy bands of the poten-
tial in the region outside the muffin-tin spheres.

Within the single-particle picture good agree-
ment was also obtained with the observed Fermi-
surface electron and hole volumes of 0. 36 elec-
trons/atom. This value differs substantially from
the value of 0. 56 electrons/atom deduced from
specific-heat and susceptibility experiments on the
Pd-Ag alloy system. This may indicate that the
rigid-band model breaks down for these alloy sys-
tems. We hope to return to this problem in the
future.

From our single-particle results and the experi-
mental data, estimates were derived for many-
body enhancement effects at the Fermi energy.
These enhancements are in good agreement with
those derived from the preliminary version of this
paper. Because of the strong effects of spin-or-
bit coupling on the effective g factor, our estimate
for the enhancement of the static susceptibility of
palladium is nearly 50% higher than our previous
estimate. Moreover, we believe that due to
strong s-d hybridization, the anisotropy of the
effective g factor for electrons near the Fermi
energy is substantial.

The strong g-factor anisotropy of the energy
bands exhibited at the Fermi energy should pro-
foundly affect the single-particle transverse sus-
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ceptibility X„(q,&u). Moreover, the effective
anisotropy fields due to spin-orbit coupling should
strongly affect both the lifetime and frequency of
spin fluctuations in palladium. To our knowledge,
these strong effects have not been included in any
theoretical treatment of spin fluctuations except in
terms of averages. Detailed calculations are now

in progress.
One result of our work is the great similarity

between the two density-of-states curves, Figs.
6 and 7, calculated with and without spin-orbit
coupling. Since the connectivity and separation
of the underlying band structures, Figs. 1 and 5,
are rather profoundly modified by the presence
or absence of spin-orbit coupling, changes were
anticipated in the resulting density of states. A

detailed examination of Figs. 6 and 7 shows that
the largest differences are in the middle of the
d-band complex, rather than at either the top or
bottom ends. Thus, although the addition of spin-
orbit splitting lifts the degeneracy of the two lev-
els X5 and L3 of the nonrelativistic calculation
and alters Fermi-surface dimensions profoundly,
it does not greatly modify the calculated density
of states.

Recently, Eastman' has calculated an approxi-
mate optical density of states from our final N(E),
Fig. 7. He assumed that optical-excitation mat-
rix elements were constant and that elastic scat-
tering and lifetime-broadening effects could be
simulated by a term proportional to (E -EJ;). The
four resulting pieces of structure in his optical
density-of-states curve compared well with the
four pieces of structure in the photoemission data
except that the theoretical curve was narrower by
about 15/o. Eastman's work suggests two possibil-
ities: Our d band may be approximately 15% too
narrow, implying that our estimate of enhance-
ment effects must be increased by 15%. On the
other hand, systematic effects excluded in his
theoretical calculation may shift structure in the
optical density of states produced by photoemission
experiments away from single-particle results.
Both possibilities deserve further study.
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APPENDIX A: SPINARBIT COUPLING IN OPW BLOCKS

Here we discuss the spin-orbit coupling correc-
tions to the d-OP% and the OPW-OPW blocks.
The d-OPW block can be treated much more sim-
ply than the d-d block discussed above. Here the
terms of interest have the form O'T(k }where
T(k) is given by

T(k) =«l~i lk) -~~ «I ~l ld'& «'Ik& (»)
We assume that (dl L,= (-1) I m l(dl, where m is
the magnetic quantum number of d. Considering
the z component of Eq. (Al) and letting the I op-
erate to the left gives

T.(k) =(-1) l~l[«i~1k& -«I~id'&(d'Ik&] (A2)

Also, the m quantum number of d'=the m quantum
number of d; however, the states can have differ-
ent radial dependences. As before, Eq. (A2) can
be restricted to zeroth-neighbor terms alone. An

estimate for the size of 7.', is obtained by approxi-
mating both the band-radial d-wave function and
the effective potential in Eq. (A2) by atomic
values. The result is k dependent and its largest
value (0. 0043 Ry) occurs at k = 4. 16 atomic units.
This value is far outside the first Brillouin zone
of palladium; thus, the effects of Eq. (A2) occur
only in higher bands. The fact that the maximum
occurs at such a large 0 value merely reflects the
fact that the radial peak of the integrand of Eq.
(AS), R„(r)X(r), occurs at small r. In any event,
T,(k) is sufficiently small for all k that T, can be
set equal to zero.

In the OP W-OPW block occur terms similar to
Eq. (Al). In the Hamiltonian is an additional term
of the form o ~ P(k, k ), where P(k, k ) depends on
both the initial and final k vector of the OPVP s.
We write P(k, k ) as the sum of two terms

P(k, k ) = Q(k, k ) + R(k, k ), (AS)

where Q is given by

Q(k, k }= &kl ~L lk'&+ ~ &k
I

c& (c
I
~i" lc'&&c' lk )(A4)

Cy C

and by

R(k, k )

= ~. -&kl ~l
I
c)&clk')-&k

I
c& &c I

~i lk'&, (A5)

where the sum is over all the core states plus the
4d states. Again we examine the z component of
Eq. (AS). By symmetry the explicit double sum
over c and c' in Eq. (A4) may be reduced to a
single sum and the implicit sum over neighbors
may be reduced to zeroth neighbors alone. Then,
setting I, I c) = m lc),

Q.(» k ) =&kl ~.lk'&+~. ~&k I c) &c
I ~I c) (clk')

(As)
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and

R.(k, k') = -~.
m(&klan

I
c& &c lk'&+ &kl c& &cl &lk'&)

(A7)

A Rayleigh expansion of both &k
I

and Ik'& gives
A

I
k ) = 4v Z i 'j, (k x) Y", (k ) F, (r)

lg
(A8)

and
gA,

&kl =4m Z (-i)'j;(k~) I",. (k) F,* (r).
l' v'

(AS)

P,(k, k') = Q, P,'(k, k') (AI3)

To examine the symmetry properties, we list the
first few terms of Eq. (A13):

P (k, k')= 0,

p,'(k, k') = n(k, k')(9 xk'),

P', (k, k')= p(k, k')(kxk')(k k'),
(A14)

where n and P are radial form factors. The angu-
lar dependence of (A14) is governed entirely by
the cross- and dot-product terms of k and k'. The
cross product (k xk') enters all terms~' and makes
P,(k, k') a wholly nondiagonal interaction term.
Explicit wave functions and form for A. (x) again
show that the terms represented by Eq. (A14) are
sufficiently small that they can be replaced by
zero.

The term n(k, k') has a maximum value of 0. 0013
Ry at ) k ) =

I
k'

[ = 3.4 a. u. and the term P(k, k') has
a maximum value of 0.0004 Ry at )k) = )k' ) =11.3
a.u. As before the effective integrands of Eq.

Placing Eqs. (A8) and (AS) in Eqs. (A6) and (AV),

e.(k, k')=I«'Z mr"i(k') yi*(k) (&kl&lk )
ltm

+ &k
I
c& &c

I
~

I
c) &c lk &) (A10)

and B,(k, k)= —16v Z mY", (k) F", (k)
lcm

x(&klan lc) &clk')+&klc) &cl&lk'&) (»I)
where all of the integrals of Eqs. (A10) and (All)
are wholly radial and both Ik) and

I
c& carry quan-

tum numbers l and m implicity. Adding Eqs. (A10)
and (A11) gives

ch

PN(k, k ) = 16m' Q mF,"(k ) Y", *(k)
lfm

+(&klan Ik'&+ «Ic) &cl&lc& &clk'&

c& &c
I

k'& &k
I

c& &c

The inclusion of the factor nz inside the sum dra-
matically changes the symmetry properties of Eq.
(A12) from those usual in the interpolation scheme.
In particular Eq. (A12) is factorizable into com-
ponents of constant l,

(A14) are steeply peaked for small x so that both n
and P have their peak value at large k, k'.

APPENDIX 8: TECHNIQUE USED TO FIND PARAMETERS

The combined interpolation scheme uses 12
parameters given in Table III. At least two of
these parameters (Ro and 8,) enter into the band-

energy eigenvalues in a distinctly nonlinear fash-
ion. Thus, a method was needed quickly to find a
relatively large and unique set of parameters.

For a given set of values for the parameters,
the model Hamiltonian can be diagonalized at any
given point k of the Brillouin zone. The diagonali-
zation yields a set of band-energy eigenvalues
E~(k), where the subscript indicates that the
eigenvalues come from the interpolation scheme
with a set of parameters y, a vector whose com-
ponents label the various parameters. At this
same point k, APW band levels E"„(k)also exist.
The average or rms deviation of our results from
the APW results at the point k is given by

D (k, p) = (1/N)Q„[E"(k) —E,"(k)]

where D is written as a function of our vector of
yarameters and the total number of levels fit is
K These results are for one k point. However,
a measure of the deviation of the two-band struc-
tures over the whole Brillouin zone is needed.
Ideally this measure could be produced by inte-
grating Eq. (1) over the Brillouin zone to define

D'(p) =( I/~) Jdk D'(k, p),
where v is the volume of the first Brillouin zone.
Placing Eq. (B1) into Eq. (B2) gives the zone-aver-
aged deviation

D (p) = (1/N7') Z„fdk [E"„(k)—Ep (k)] . (B3)

The best parameter set p would fulfill the equation
D (p) =0. Since fits achieved with the interpola-
tion scheme are never perfect, the condition D (p)
= 0 is never fulfilled. Thus the best sets of param-
eters are those which make Eq. (B3) minimal.
These parameters fulfill the condition that

&~D'(p) =0, (B4)

i. e. , that the gradient of the deviation taken with
respect to the parameter space is zero. If D'(p)
had no minima, if D(p) had a saddle point, or if
several different minima [perhaps related by the
partial inversion D~(p) =D2(-p)] existed, a set of
12 unique parameters would be impossible to ob-
tain.

Five parameters affect only the d bands. At a
general point k a given d energy level can be a
rather complicated function of these parameters.
However, the matrix elements of the d block of
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the Hamiltonian may be viewed as appropriately
symmetrized Fourier series. A deviation func-
tion was chosen which was defined, not as an aver-
age over all points as in Eq. (BS), but only over

points on symmetry lines. Many of the d-block
matrix elements are then zero by symmetry, and
for such points the energy levels become simyle
linear combination of the parameters. If only such
points and levels are used,

ddo(Pd) = o. ddo(Cu),

ddt(Pd) = ot ddt(Cu),

dd5(Pd) = n dd5(Cu),

(87)

band width in palladium is about twice that of cop-
per. For this reason a width parameter n was
defined which rescaled the copper d-band parame-
ters by means of the relations

Ey (k,) =Z)Ag(k, )P) (85)
Rnd by dd 'F

g
= dd 7l'2 )

where k, is a special symmetry point. The A";(k)
are complicated functions of sines, cosines, and
band indices, but are independent of the parame-
ters P&. The sum on i is restricted to only the
five parameters which are involved in the d-d
block of the Hamiltonian. A sufficient number of
such special points k, and levels n (total 5) allows
us to invert Eq. (85) to find unique values for the
parameters.

However, both the original APW energy levels
on the left-hand side of Eq. (85) and the expansion
coefficients on the right-hand side of Eq. (85) con-
tain various errors. Moreover, the d-d block of
the model Hamiltonian has been truncated to in-
clude only first-neighbor terms. Thus, the set of
parameters p, which satisfies Eq. (85) alone
would probably not best minimize Eq. (83). To
obtain the best over-all fit, Eq. (85) must be aug-
mented by further points and levels.

After some trial and error the following proce-
dure emerged:

(I,) From all of the possible points in the Bril-
louin zone a special set of 10 were selected whose
eigenvalues lie within an energy range given by
1', to X4. . The 10 points were five principal sym-
metry points I', X, L, 8', and K; three midpoints
on the three principal symmetry lines —,

' (I'+X),
—,'(I"+L), and —,'(I" +K); and two midpoints on the
symmetry lines of the edges of the Brillouin zone

~ (X+ W) and 2 (L+ W).
(2) The point deviation [Eq. (Bl)] was used to

define the total deviation

&,'(p) = (I/I0) Z „-,D'(k;, p), (86)

where the sum is taken over the special set of 10
points.

(3) Initially all the parameters P, were set
equal to their copper values" except for dp the
zero of energy of the d-band complex relative to
the plane-wave bands. The zero of energy of the
plane waves had been fixed so that I', (scheme)
= I", (APW). The parameter do was adjusted until
the deviation, as calculated by Eq. (86), was
minimal.

(4) The shape of all the APW d bands is similar
to the sha, pe of those of copper except that the d

where ddt, and ddt~ are the two new parameters
in Table III. The parameter n was then adjusted
to make the deviation Eq. (86}minimal.

(5) The effects of hybridization and orthogonal-
ity were also exyected to scale roughly. A param-
eter P was defined such that

A(Pd) = P A(Cu),

B(Pd) =P B(Cu) . (88}

Again the P parameter was adjusted until the de-
viation of Eq. (86) was minimal.

(6) From these values of do, a, and P, and from
the parameters of copper the initial set of palla-
dium parameters p; were defined. The parame-
ters p; were varied individually by the amount v,
in Table III and in each case the minimum was
found by computing one component of the gradient,
Eq. (84), and using a quadratic approximation to
define D.

The order of the parameters for the variational
routine was R» J3, Rpr A, V~ii~ ~sop~ 'y, ddt, ddgz,
ddmj, dda, dp. This routine was continued until no
significant (0. 0001 Ry) further improvement could
be achieved in minimizing D.

This parameter procedure rapidly gave one
unique set Q, } for each APW band structure de-
fined at the 10 special points. To further test for
uniqueness the parameters A. and J3 were replaced
by -A and —B, respectively, since the sign of
these parameters is unknown. In this test the
variational procedure given above reversed the ini-
tial signs to correspond to those given in Table
IG. To test the sign of the rest of the parameters
the d-band parameters were inverted. The shape
of the d band also inverted showing that the initial
sign was correct. Two of the parameters, Rp and

R„donot have a unique sign. Since the even-or-
der spherical Bessel functions are even, the hy-
bridization and orthogonality terms are invariant
to reversal of the signs of their arguments. We
arbitrarily chose the positive sign for these pa-
rameters.

Table III lists the value of the deviation from the
APW results of the fitted bands calculated at the
10 selected points. The parameters found from
the 10 selected points were used to calculate the
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deviation over all 89 points of the 4d' 5s (HFS)
calculation. The rms error calculated this way
was 0. 0061 for the 89 points. The similarity of
this value to that of the 10-point deviation function
(0. 0048) suggests that the parameters produced by
minimizing the deviation at the 10 selected points
are representative of the values which would be
found from minimizing Eq. (B3). The combined
interpolation scheme can therefore accurately in-
terpolate band structure found from first a few
points on the special symmetry lines into the bulk
of the Brillouin zone.

As a final test of the accuracy of the fitted band
structure, Fig. 1 compares the APW results for
the 4d' 5s' (HFS) potential and the interpolated
bands. As expected from the small over-all de-
viation (0. 005 Ry), the fitted bands follow the APW
results closely. The largest consistent errors in
the fitted bands occur in the second and third
bands along &, in the second band along Z, and in
the fourth and sixth band along Z. In the regions
where the first two errors occur, the states are
wholly d-like so that these errors are probably
caused by the truncation of the d-d block overlap
parameters at first-neighbor terms alone. In-
clusion of higher-neighbor terms should reduce
these deviations.

The deviations along Z are probably caused by
the simple approximations used for the radial
parts of the terms ( d ~H) 0) and ( d ~ k), namely,

Ajq(ARs) and Bj s(kR, ), respectively, and trunca-
tion of the d-d block. Both the form of the
Hamiltonian and the typical energy eigenvalues
plotted in Fig. 2 of Ref. 11 indicate that the ener-
gy of the sixth band depends on the sum and the
difference of the hybridization and orthogonality
terms. The errors appear largest along Z since
there are two d states with g symmetry, the same
symmetry as the lowest plane-wave state. Since
each OPW-d interaction has about the same effec-
tive error, two such interactions would have about
twice this average error. In all three of the fitted
band structures, the error was, in fact, about
double. The fit along Z could probably be improved
by using more sophisticated representations for
(dlHl k) and(dlk) and further d-d overlap terms.

Both of the corrections indicated above could
be included within the scheme without great diffi-
culty. However, more parameters would be
needed and much of the scheme's simplicity would
be lost. The results achieved within the simple
framework are sufficiently accurate for present
needs.
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The Gruneisen parameters of alkali metals, noble metals, and aluminum have been calcu-
lated at different temperatures from available pressure derivatives of elastic constants, using
the Chdveau model for their lattice dynamics. The calculation is carried out by a modified
Houston's method. The calculated Gruneisen parameters show reasonably satisfactory agree-
ment with experimental measurements.

I. INTRODUCTION

The lattice dyna, mics of metals has been the sub-

ject of considerable theoretical and experimental
literature. Early theoretical workers completely

neglected the influence of conduction electrons.
In the past few years, several models' ' have been

worked out for studying the lattice vibrations in

metals by introducing the influence of conduction

electrons in Born-Von Karman theory. Many of

them, however, do not satisfy the periodic sym-

metry properties of the lattice. Lax has attrib-
uted this inadequacy to the neglect of translational
invariance of the lattice. Recently, Krebs' has

propounded a model by incorporating the sugges-
tion of Lax which meets the symmetry require-
ments of the lattice. However, this model suffers
from a serious drawback of internal equilibrium.
The derivative of long-range screened Coulomb

interaction energy does not vanish in the equili-
brium configuration. Quite recently, CMveaue

has proposed a simple model for the lattice dy-

namics of cubic metals which satisfies the sym-

metry properties and preserves internal equilib-
rium without recourse to any external force. In
this model, the ion-ion interaction is described by
the first two terms in the Taylor expansion of the
potential energy, as in the model of Bhatia. The
electronic contribution is, however, calculated
from linearized Thomas-Fermi theory for the
whole crystal.

In the present paper, we have utilized the Che-
veau model to calculate the Gruneisen parameters
of alkali metals, noble metals, and aluminum at
different temperatures. The stimulus for this
study was dictated by the recent appearance of
thermal expansion and pressure derivative of elas-
tic constants for these metals. '

II. THEORY

The temperature variation of the thermal ex-
pansion is most conveniently represented by the
dimensionless Gruneisen parameter y(T), defined
by






