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Kondo effect is drastically reduced.
Very recently, Theumanne has published a study

of the Anderson model which employed an essen-
tially identical decoupling scheme to that used by
AP for the%olff model. Theumann treated the
case where v was infinite and the Anderson mixing
term V was small compared to the deep impurity
level ED. She first specialized to the case of a
very deep impurity level. In this case, she found
behavior quite similar to that found by Bloomfield
and Hamann' for the s-d model, if the results for

the resistivity were expressed in terms of T//Tr,
where T~, the Kondo temperature, was T~

-E / pv2=De ~a~'v /v, where D was the bandwidth, p was
the density of conduction electrons, and V was the
mixing term.

Our result essentially complements Theumann's
by considering the strong-coupling Vfolff -model
case. It also contains the difficulty briefly dis-
cussed by Theumann, that not all the Kondo-like
"leading logarithmic terms" are contained in the
decoupling scheme.
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The magnon-coupled nuclear spin-phonon interaction first proposed by Silverstein is dis-
cussed on the basis of a classical model. In addition to being conceptually quite simple, the
model points out several interesting new features of this coupling mechanism.

The magnon-coupled nuclear spin-phonon inter-
action first proposed by Silverstein' has been ob-
served in at least one antiferromagnet and prob-
ably in several others. 3 5 The purpose of this
paper is to discuss this coupling rnechanisrn from
a point of view different from that of Silverstein.

Following Silverstein' we consider a uniaxial
two-sublattice antiferromagnet in which the nuclear
spin system is coupled to the electronic spins via
an isotropic hyperfine interaction. (A good exam-
ple is the Mn~~ nuclear spin system in MnFz. ) The
Hamiltonian of such a system consists of the fol-
lowing terms:

R —Rp+~+Req+RA+RzM+~+RzN . (1)

The individual terms correspond to the phonon, the
magnon-phonon, the exchange, the magnetic an-
isotropy, the electronic Zeeman, the hyperfine,
and the nuclear Zeeman contributions to the total
Hamiltonian. Silverstein's solution to the problem
involved expressing each term of Eq. (1) in terms

of phonon and spin-wave operators, performing an
average over the intermediate electronic spin sys-
tern, and thus deriving an effective nuclear spin-
phonon interaction, which is then used to calculate
an ultrasonic absorption coefficient. This two-
step process is described as follows: An acoustic
phonon interacts with the electronic spin system
(via RM ) creating a virtual magnon; the magnon is
then coupled to the nuclear spin system and pro-
duces a nuclear spin transition via the hyperfine
interaction X„~. The calculation is clearly re-
stricted to low temperatures (T«T~= Noel tem-
perature) and, because of the average over the
electronic spin states, any time correlation exist-
ing between the electronic and nuclear spins is
lost.

An alternative approach to the problem is to
calculate the elementary excitation spectrum of
the complete system represented by the Hamil-
tonian of Eq. (1). Since the average over the elec-
tronic spin states is then unnecessary, time cor-
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8u, 8u
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The equations of motion for the elastic displace-
ments~ are

82 82E 82E 82E

8t 8x8e„„8y8e 8see„

with cyclic permutations of x, y, s, for u„and u, .
The equations for the magnetization components
are

8I)~ —8E
BI,

(6)

withi=1, 2 and j=x, y. Here y, and y„are the
gyromagnetic ratios for the electronic and nuclear
spin systems, respectively. After linearizing
these equations and assuming harmonic variation
in space and time, we obtain a secular equation,
the solutions of which are the dispersion relations
for the coupled phonon-magnon nuclear spin
modes. Those solutions, which in the absence of
magnetoelastic coupling correspond to purely elas-
tic modes, can be written as effective or measured
elastic constants. For- the case of HO=0 we find

b~ AbMOc 44= c44 —2 ——2 ' yp(T)
(7)

relation effects between the two spin systems are
automatically included. The rest of this paper is
devoted to a completely classical calculation of
this alternative approach.

The free-energy density of the system described
by Eq. (1), given in terms of t:he macroscopic
electronic sublattice magnetization vectors M& and

Mp ( I Mt I
=

I Mp I
=—Mp) and the nuclear sublat tice

magnetization vectors I, and I„may be written

E = Ep + M p' b[(M,„—Mp„)e„,+ Mq —Mp„)e, ]
1 -P 2 2~My 'Mp p M p K[Mg4 +Mp+] Hp' (M~+Mp)

+A(Mf Ig + Mp Ip) —Hp ~ (I, + Ip) (2)

The phonon term E~ is a function of the adiabatic
ela,stic constants c;& and the elastic strains e,&.

For D4„' symmetry (e.g. , for MnF, ) we have

p =
p Cyy(e„„+e„)+ —,Cppe„+ —,C44(e„, + e„)2 2 & 2

1 2+ 2 cpp 8~ + cgp C„„ey~+cyp(8„„884.+ eye 8') .

b is the magnetoelastic coupling constant, X is the
exchange constant, K is the magnetic anisotropy
constant, A is the dimensionless hyperfine con-
stant, and HO is the applied dc magnetic field. The
strains e,&

are defined in terms of the elastic dis-
placement field u(r, f) by

The second term on the right-hand side of this
equation (discussed more completely in Ref. 6) is
the result of magnetoelastic coupling to the magnon
modes in the limit that the lowest-frequency mag-
non mode is much higher than the acoustic fre-
quency. The last term is the dispersion associated
with the magnon-coupled nuclear spin-phonon in-
teraction. y„(T) is the nuclear spin susceptibility,
&o is the frequency, and &os = yp IAMp I is the nuclear
Larmor precession frequency in the hyperfine
field H»~ =CAMO of the electronic spins acting on
the nuclear spins. If one introduces losses by al-
lowing the frequency a to become complex, the
real and imaginary parts of c 44 can be associated
with elastic dispersion and absorption, respec-
tively. The absorption coefficient derived in this
way can be compared to Silverstein's result. ' Note
that the present result [Eq. (7)] is va)id at all tem-
peratures and includes time correlation between
the spin systems.

In order to illustrate the effect of time correla-
tion, we now outline the classical analog of Silver-
stein's calculation. By considering a vector mod-
el, the following effective nuclear spin-phonon in-
teraction can be derived:

E„p = (AbMp/K) [(I,„—Ip„)e„g+(I„—Ip„)e„,] . (8)

Using this interaction to couple the elastic and nu-
clear spin modes and ignoring the electronic spins
(except as they produce the dc hyperfine field H~~, ),
the effective elastic constant is found to be

c 44
= c44 2 (AbMp/K) y~(T)[(pH/(tip (0 ] (9)

This result is similar to Eq. (7) with the exception
that the coupling to the magnon modes ( —2b'/K) is
omitted and that the ~ in the numerator of the nuclear
spin coupling term is replaced here by +~. The
latter is the result of the exclusion of time cor-
relation when using an effective interaction [Eq.
(8)]. Clearly, near resonance (i. e. , 4p = &p„), this
exclusion gives a negligible effect. However, in
the limit co «co~ or co» co~, there is.a marked dif-
ference; the effective interaction predicts a con-
tribution from the nuclear spin coupling even for
4p-0 [Eq. (9)], whereas the mode coupling calcu-
lation [Eq. (7)] predicts the nuclear coupling term
to go to zero as (&p/4p„)'.

On physical grounds, it becomes obvious that
the nuclear coupling term must go to zero as or-0. The electronic sublattices can be treated as
rigid vectors which oscillate under the influence
of the magnetoelastic interaction at the frequency
of the elastic strain e,z. At low frequencies (4p

«v„), the nuclear spine seek a configuration of
minimum energy. Because of the isotropic hyper-
fine interaction, this configuration is collinear
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with electronic magnetization and therefore oscil-
lating at the frequency ~. There exists between
the two types of spin systems a phase lag Q de-
termined by the frequency + such that as co-0,
P -0. Therefore, as ~-0, the nuclei are aligned
collinear with the electronic sublattices; no torques
are then exerted on or by the nuclear spine. Con-
sequently, the nuclear spin contribution to c&4 must
vanish as &o- 0, in agreement with Eq. (7) but not
Eq. (9).

On the other hand, when using an effective in-
teraction [e.g. , Eq. (8)], the fallacious assumption
is made that the effect of the hyperfine interaction on
the nuclei can be separated into two independent
parts: (a) a dc magnetic fieldactingintheequilib-
rium direction (taken to be the z aixs) of the elec-
tronic sublattices, and (b) a magnetic field acting
in the gy plane oscillating at the frequency ~. Re-
gardless of the frequency, the dc component of the
hyperfine field exerts a torque on the nuclear spins
whenever they deviate from the 2 axis. Therefore,
even as ar -0, the calculation gives a nuclear spin
contribution to c 44 [Eq. (9)]. This erroneous re-
sult is obtained by ignoring the fact that the nuclei
seek a configuration collinear with the instanta-
neols position of the electronic sublattices.

Similar arguments can be used in the limit ~
» or~ to demonstrate that time correlative effects
are not properly taken into account when an effec-
tive interaction is used. The question of the exis-
tence of elastic dispersion at low frequencies aris-
ing from the nuclear spin system appears to be
academic for the case of Mn"F„since the effect
is probably not observable. However, in a mate-
rial such as RbMnF3 with a very low magnetic
anistroyy, the effect should be observable at low

temperatures (T &4 K). (See, however, Ref. 10. )
Application of a dc magnetic field has two main

effects. First, it causes a tuning of the magnon
modes which can produce an increase or decrease
in the strength of the magnetoelastic coupling,
and second, it serves to tune the nuclear spins

which now experience a resultant dc field which is
the vector sum of the applied and hyperfine fields.
The algebra is quite tedious and we only quote the
result here for Ho ~~[001] where [001] is the axis of
easy magnetization,

C44 =C44 —2 p 3 —
p

~ +~0~F0 ~o/tdy)

)&sr (~o 'tea)

+ ].+ ~97 Q7 —(d o(ds (1 + (00 ~(d H )
( +,)'- (10)

where &oo = y~Ho, H, = (2 IX IK—)'I is the spin-flop
field (H, = 93 kG in MnFo) and Eq. (10) is valid for
&o « l y, l (H, —Ho). For Ho= 50 kG in MnFs the fac-
tor [H, /(H, —Ho)]'= 2. This rather significant
field dependence of the nuclear spin-phonon cou-
pling strength contrasts with Silverstein's state-
ment that the applied field in this configuration has
no appreciable effect. Indeed, it is difficult to see
how to properly include the effect of the. tuning of
the magnon modes in a calculation based on an ef-
fective interaction.

Although it is difficult to generalize these re-
sults to materials of different magnetic symmetry
without actually carrying out the calculation for
each symmetry, ' it should be clear that in all
cases the coupling strength and its temperature
dependence wi11 be determined by the factor
(Abm(JK)sx„(T).

In conclusion, the main motivation for the pres-
ent work was to achieve a better understanding of
the magnon-coupled nuclear spin-phonon interac-
tion. The proper inclusion of both time correlation
effects and magnetic field dependence has been
achieved and in addition the present results are
valid (to within the validity of the molecular field
model) at all temperatures
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~Magnetic body force terms such as M&
' (BtE/Bx&M~)

are neglected here because they are negligible.
It is readily seen from Eqs. (2) and (B) or by explicit

calculation that c44 is the only elastic constant affected
by the magnetoelastic coupling and therefore also by the
nuclear spin coupling. In crystals of D4z tetragonal sym-
metry, c44 is obtained directly from measurements of
the transverse elastic phase velocity for propagation
along the [001]axis with arbitrary polarization or from
propagation perpendicular to and with polarization along
the [001]axis.

~This effective interaction results from a slight gen
eralization of the calculation outlined in Appendix B of



4496 R. L. ME Lt" HER

Ref. 1.
Note that Eqs. (7) and (10) are valid only to first

order in the ryxsntity q = IA Moyz(T)]/K. Considering
the coupling to (say) the Mn5~ spin system at low tem-

peratures in a material with an anomalously low mag-
netic anisotropy such as RbMnF3 one finds that g =1.
The expansion is no longer valid and a more complete
solution is required.
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The orbit-lattice interaction theory describing the temperature dependence of the hyperfine
coupling constant of iron-group S-state ions in cubic crystals is generalized by means of the
same k-space averaging method employed in the generalization of the theory for rare-earth
S-state ions. This generalized theory provides a good qualitative fit to experimental data on

the temperature behavior of the hyperfine constant of Mn ' in CaF2, SrF2, and BaF2, but the
calculated magnitude of the decrease in the hyperfine constant with temperature is consider-
ably smaller (with respect to its observed value) than is the corresponding magnitude calcu-
lated from the long-wavelength theory. This disagreement between theory and experiment
increases with increasing interionic distance in the host lattice. In addition, the generalized
theory for iron-group S-state ions confirms our previous finding that optical phonons make
a significant contribution to both the thermal and rigid-lattice values of the hyperfine coupling
constant, and enables us to determine the range of validity of the long- and short-wavelength
treatments.

In an earlier paper, ' the orbit-lattice interac-
tion theory for the temperature dependence of the
hyperfine coupling constant of rare-earth S-state
ions in cubic crystals was generalized by employ-
ing an expansion technique which enabled us to
treat the wavelength of the lattice vibrations ex-
actly over the entire phonon spectrum. By means
of this expansion the use of the long- or the short-
wavelength approximation was avoided. In this
paper, we present the generalized theory for the
temperature dependence of the hyperfine coupling
constant of iron-group S-state ions in cubic crys-
tals and apply it to the A(T) data on Mn ' in the
alkaline earth fluorides.

It is important to note that an isotropic lattice
is assumed in our generalized treatment of the
k-space averaging, that is, we assume that each
phonon branch can be decomposed into one longi-
tudinal and two degenerate transverse modes,
whereas this is true in a real lattice only at cer-
tain symmetry points in the reduced zone. Never-
theless, this is a common assumption which has
been employed in orbit-lattice interaction theory
since it was originally introduced, and without
which it would be difficult to proceed.

The expression for the orbit-lattice interaction
V„given in Eq. (l) of Ref. 3 can be used as a
starting point in formulating the generalized theo-

ry, with the following important exception: There
are three modes transforming like I'~ which van-
ish in the long-wavelength approximation and
therefore could be ignored in Ref. 3, but they
must be included in the present generalized treat-
ment. It should also be noted that the equation
derived for either the rare-earth or the iron-
group ions are applicable to both the XY6 and XYS
molecular clusters under the relationship

V, ) (XYs) = —Qs V,i (XYs) .

The calculation of the perturbed hyperfine field
for iron-group S-state ions proceeds in a manner
analogous to the calculation for the rare-earth
S-state ions presented in Refs. 1 and 3. The final
generalized expression for the temperature-de-
pendent hyperfine constant is

n-1
A(T) A (0){1-D„F„(T)—+~ [D„F„(T)]„), (2)

where the summation is taken over all optical
branches of the spectrum. The constant D is
given by

Sm gp, (S,) (se''t~+ 8lh ks


