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Bogoliubov- Tyablikov approximation for the ferro-
magnet, but the fact that this solution is consistent
with the decoupling of the Green's functions that
gives the self-energy of the conduction electrons
to second order in g allows us to find an expres-
sion for the resistivity, Eq. (39), valid for all
temperatures, and, in particular, the low-temper-
ature result of Eq. (40).

A detailed comparison with experiments would
require a precise knowledgment of the parameter
~, but an approximate plot of the resistivity
versus temperature is given in Fig. 2. It shows

the qualitative features of the resistivity of gado-
linium as measured by Colvin, Legvold, and
Spedding. " Gadolinium metal has localized spins
and approximates best the assumptions of the
theory.

ACKNOWLEDGMENT

We would like to thank Professor D. C. Mattis
for introducing us to the problem and for very
valuable correspondence and encouragement
throughout this work.

~S. Methfessel and D. C. Mattis, in Handbuch dew

Physik, edited by S. Flugge (Springer, Freiburg, 1968),
Vol. XVIIIj1, Chap. C.

2D. N. Zubarev, Usp. Fiz, Nauk 71, 71 (1960)
[Soviet Phys. Usp. 3, 320 (1960)].

SV. L. Bonch-Bruevich and S. V. Tyablikov, The
Green Function Method in Statistical Mechanics (North-
Holland, Amsterdam, 1962), Chap. VII.

4D. J. Kim, Phys. Rev. 167, 545 (1968).
L. C. Davis and S. H. Liu, Phys. Rev. 163, 503

(1967).
handbook of Mathematical Functions, edited by M.

Abramowitz and I. A. Stegun (Dover, New York, 1965).
~See, for instance, Ph. E. Bloomfield and D. R.

Hamann, Phys. Rev. 164, 856 (1967).
P. G. de Gennes and J. Friedel, J. Phys. Chem.

Solids 4, 71 (1958).
~T. van Peski-Tinbergen and A. J. Dekker, Physica

29, 917 (1963).
D. J. Kim, Progr. Theoret. Phys. (Kyoto) ~31 921

(1964).
~~R. V. Colvin, S. Legvold, and F. H. Spedding, Phys.

Rev. 120, 741 (1960).

PHYSICAL REVIE W B VOLUME 1, NUMBER 11 1 JUNE 1970
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The existence of a diso~de~ Point TD is established for some one- and two-dimensional
Ising lattices with antiferromagnetic next-nearest-neighbor interactions. Within the dis-
ordered phase, the decay of axial next-nearest-neighbor pair correlations with increasing
spin separation is positive monotonic exponential below TD and oscillatory with exponential
envelope above Tz. A general definition of a disorder point is formulated, and a method of
estimating T~ described.

This paper summarizes some exact calculations
performed recently to determine the nature of pair
correlations between two spins on an axis of an
Ising lattice when next-nearest-neighbor interac-
tions are present. The primary result concerns
the existence of a disorder point && in one- and
two-dimensional Ising lattices with ferromag-
netic nn and antiferromagnetic nnn' exchange.
The results also hold when the nn interaction is
antiferromagnetic, at least when the nn lattice, is
loose packed. A definition of && is framed and a

procedure indicated for its estimation on lattices
for which exact solutions are not yet available.
Figure 1 illustrates the lattices considered, and
Fig. 2 shows the dependence of the disorder point
TD and the critical point &c (Curie point) on the
ratio of nnn to nn interactions for the "union-jack"
lattice, ~

Consider an Ising model with spin variables oy
=+1 at lattice»tes r, and Hamiltonian
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b
Jp J2

dependent (second kind). Let K, =&,/k~T, l = 1, 2.
(g) Triangular lattice. We regard the triangu-

lar lattice as a square lattice with nn ferromagnet-
ic interaction J, and a single nnn antiferromagnetic

J2 along one set of diagonal bonds. The salient
features of the axial pair correlations' are a fer-
romagnetic short-range-order region above the Cu-

rie point Tc up to the disorder point TD which is
determined by

tanhK~+ (tanhK, ) = 0 or cosh 2K, = e (2)

FIG. 1. (a) Triangular lattice, {b) union-jack lattice,
{c) linear chain with both nnn interactions, (d) decorated
chain with alternate nnn interactions.

where the first sum is over all nn pairs of spins,
and the second sum over all nnn pairs of spins.
The nn interaction J, is chosen to be positive so
that the nn lattice is coupled ferromagnetically.
The nnn interaction J2 is chosen to be negative, so
nnn spins are coupled antiferromagnetically. J,
is supposed to be sufficiently strong relative to J2
so that the ground state of the lattice is that of the
ferromagnetic nn lattice. The notion "sufficiently
strong" may be made precise for the lattice struc-
ture in question. The choice of a negative J, is
deliberately designed to introduce a nnn interac-
tion which inhibits the ferromagnetic ordering pro-
cess. In this sense the lattice is less stable when

an antiferromagnetic nnn interaction is present. 4

The pair correlation between spins at sites o and
r is defined by A@2(r) = (a';o';) in which we assume
translational symmetry of an infinite lattice. For
lattices which exhibit an ordered phase, the situa-
tion will, as we argue below, be as follows:

(i) At temperatures below the critical point Tc
there is ferromagnetic long-range order and
lim I r I -~

I +2(r) I & 0.
(ii) For a certain range of temperatures above

the critical point there is ferromagnetic short-
range order, and the pair correlation decays
monotonical/y to zero as the spin separation in-
creases.

(iii) The ferromagnetic short-range order
breaks down at the disorder point TD above which
pair correlations in the nnn direction decay in an

oscillatory manner.
For the one-dimensional systems we consider

there is no ordered phase, but (ii) and (iii) continue
to be valid. The existence of an ordered phase for
the two-dimensional systems is evident from the
exact solutions. The nature of the oscillation in
(iii) above the TD point depends on lattice structure.
Thus we are led to distinguish two kinds of dis-
order point according as the wavelength of oscil-
lation is temperature dependent' (first kind) or in-

provided —
] J~ I

& J2 & 0. The dependence of T, and

Tn on the ratio J2/ I Jq I is qualitatively similar to

that indicated in Fig. 2, for the union-jack lat-
tice. ~ ' The monotonic decay of the axial pair cor-
relations below T~ changes over to oscillatory de-

cay with exponential envelope above T&, the wave-

length of oscillation being temPexature dePendent.

We shall call this a TD point of the first kind.
Above TD the axial pair correlation between spins
separated by asymptotically large distance x =

I r I

is

co&(r)-(2msin8, )
' v", k ' cos(k8, + —,'8, ——,'m —p, ),(3)

where l = 1 and r = (k, 0) or (0, k) for nn axial direc-
tions, and / =2 and r= (k, k) for the nnn direction.
Here v, = tanhK„and P, and 8, are temperature-
dependent angles, explicit expressions for which
are given in Ref. 5. The oscillation is determined
by the cosine factor. 8& is zero at T~ and at T
= ~, and rises to a maxirnurn value, which must
be less than ~3 in between. Also 0&82&m, 8,
being m at TD and decaying monotonically to zero
as T increases without bound. At TD the nn-axis
pair correlations are exactly ur, (k, 0) = ~,(0, k)

-1.0 -0.5 0.0 0.5 lg
)

qp"p/L'C%)~() +(qg"g3 1 &

FIG. 2. Graphs of Curie point T~, disorder point TD,
and second critical temperature T~z, suitably scaled,
versus the nnn interaction, also scaled, for the union-jack
lattice. q&

——4 is the nn coordination number. q2
——2 is

the effective nnn coordination number. The dotted line
is the locus m&=0.
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cosh 4K, =e

or tanh2K2+(tanh2K, ) =0 .
(4)

Thus TD for the union-jack lattice is exactly twice
TD for the triangular lattice. (Between Tc and TD,
—1 & n2 & 0 & o. , & 1 and I o.21 & I o., I . ) In a range of
temperatures above T~ there is antiferromagnetic
short-range order along an axis containing the nnn

bonds, the sign of the correlation +2(k, k) being
( —)", independent of temperature. We shall call
this a TD point of the second kind. (Above T~,

n2 & 0 & I o., I & 1 and l o., I & I n2 I . ) If the interac-
tion J2 satisfies —0. 907 lJ& l «, &0, the antiferro-
magnetic short-range-order region extends to
T = ~( —1 & o.2 & 0). But if —IJ

&
I & J2 & —0. 907 IZ~ I,

there is an intervening antiferromagnetic long-
range-order phase between lower and upper crit-
ical points Tp (n2 & —1). At TD the nnn axis corre
lations are zero (exactly) if k is odd, and decay

= (tanhK, )", and the nnn-axis pair correlations
&o2(k, k)= (-tanhK2) .

(b) Union jac-k lattice. The union-jack lattice
is constructed out of a square lattice by introduc-
ing nnn bonds along alternate diagonals. The av-
erage coordination number is 6, the same as that
of the triangular lattice. The basic square lattice
will be taken as the nn lattice with ferromagnetic
interaction J,. The diagonal bonds, which them-
selves form a square lattice, will have antiferro-
magnetic interaction J2. Vaks, Larkin, and

Ovchinnikov have constructed a generating func-
tion for the elements of the Toeylitz determinant
representing pair correlations along the diagonal
direction containing nnn bonds. They showed that
the form of the correlation is determined by two

parameters o. , and a2, the relevant mathematical
properties of which are given in parentheses in the
following:

o., =e 2(cosh4K, -e- 2)/(1+e 2),

n2=e 2(1-e-2 2)/(cosh4K, +e «2) .
The usual critical temperature Tc is determined
by a, =1, or cosh4K, =e 4~~+2e ~~&, which has
solutions when —

l J, l
& J,. A second critical tem-

perature Tg is determined by n2= —1 or cosh 4K,
=e 2-2e 2, which ha, s solutions when J2

& —0. 907 I J, I (see Fig. 2). Analysis of the formu-
las given by Vaks et al. for correlations along the
diagonals with nnn interaction only, when —l Jg l

& J2&0, shows that below T& there is ferromagnet-
ic long-range order (n, & 1 and —1 & n2 & 0). Above

T& there is ferromagnetic short-range order up to
a disorder temperature T~ determined by n, = —a2
or

cosh2R, —e-
GJ2(k) h2K - 2«, k evencosh2Ã, +e- (7)

from which it is clear that there is ferromagnetic
short-range order below T~, and antiferromagnet-
ic short-range order above T&, between nnn syins.
The pair correlations vanish at TD. More details
of the calculations on the one-dimensional lattices
will be presented elsewhere. '

(e) General definition of Tn Point. Consider the
class of Ising lattices with ferromagnetic nn inter-
action J& and antiferromagnetic nnn interaction Jz,
i. e. , J2& 0&J&. Suppose that J~ is sufficiently
strong to ensure that the ground state is ferromag-
netic, so all pair correlations are positive at suf-
ficiently low temperatures. Ne shall show that
some pair correlations are negative at sufficiently
high temperatures, and thence construct the
highest temperature below which spins that are
far apart cannot have a vanishing pair correlation.
This will be the disorder point. From the Kac-
Nard graphical interpretation of the Ising model,
it follows that the leading term in the power-series
expansion of the pair correlation between two
spine separated by k nnn links (along a nnn axis
with interaction J2) is proportional to (tanhK2) .

for even k as &u2(k, k)-(22'k) ' (tanhK2) . The pair
correlations in the nnn direction remain antiferro-
magnetic above T~. It is also feasible to construct
a determinant representation for the nn axial cor-
relations, though Vaks et al. did not do so.

(c) Linear chain with both nnn interactions.
The lattice is illustrated in Fig. 1(c). Using the
techniques developed by Kramers and Nannier,
and Marsh, and Dobson, it is straightforward,
though tedious, to calculate pair correlations on
the infinite chain with all nnn interactions present.
The essential result is that a TD point of the first
kind is located by

tanh K, + (tanh-,'K, ) = 0,
provided —2 IJ, l & J~ &0. For temperatures below
T& the pair correlations decay exponentially with
temperature-dependent oscillatory envelope. At

TD, &u2(k) const x k(p, /&. ), with 0& p, /&. & 1.
(d) Decorated chain with alternate nnn inter

actions. The lattice is illustrated in Fig. 1(d).
There are two types of spins: those coupled by
nnn interactions and those with nn coupling only.
The split-bond decoration transformation of Syozi
may be adapted for calculation of pair correla-
tions. The essential result is that a TD point of the
second kind is located by

tanhK2+(tanhK, ) =0

provided —l J& l & J& & 0. In fact, nnn correlations
are given by
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So for fixed k as T- ~, ~2 const x (tanh &q),
which is negative for odd k when J& &0. Therefore
&o~ vanishes at some finite temperature. Let (u(r )
vanish at some temperature T(r) for general r.
[Note that for some r, T(r ) may be infinite, and
for some other r, &u, (r) may vanish at more than
one temperature. ] Let To (r) be the lowest of the
temperatures at which &uz(r) vanishes ("lowest"-
one may need to take an infimum). Now we are
interested in the breakdown of the ferromagnetic
(probably short-range) order at large spin separa-
tion. To(r ), as a function of r, is bounded below,
and so has an infimum (greatest lower bound) for
all values of r = Ir I greater than some fixed value
R. Let this infimum be T*(R). Then T*(R) is a
monotonic increasing function of R. So as R
either T*(R)-~or T~(R) tends to a finite limit
temperature. In either case we set limR- ~ T*(R)
=T~. Formally, T nli mi fn}r I-~ [T: urz(r)=0].

(i) It is probably sufficient to consider only nnn

axis correlations. Then it is clear that our defini-
tion of TD works for the disorder points of the sec-
ond kind on the union-jack lattice and on the deco-
rated chain with alternate nnn interactions consid-
ered previously.

(ii) For the triangular lattice, consideration
shows that, for any fixed k, the argument of the
cosine in the expression (3) for pair correlations
along the nnn axis can always be set equal to an
odd multiple of &m by appropriate choice of 82, 0
& 82& m. Take the value of 8~ closest to m which
does this to obtain the lowest temperature To(r)
at which ~z(r) vanishes for a given r =(k, k). Then
as k- ~, Oz- v and To(r)- T~ as located previously.

(iii) Our definition of a disorder point does not
immediately provide an easy means of calculating
TD. To calculate T*(R) one would need to know the
properties of all pair correlations. In practice,
for three-dimensional lattices, information is usu-
ally available only for pair correlations between
spins separated by a few (e. g. , 12) lattice spac-
ings. " As a practical method of estimating T&,
one may proceed as in (ii) for the triangular lat-
tice. For fixed spin separation r, estimate the
lowest temperature To(r ) at which the pair corre-
lation vanishes. Then extrapolate the sequence
[To(r)] for large x= Ir I to estimate TD. For ex-
ample, in the triangular lattice, one finds a stead-
ily decreasing sequence [Tp(r)] from pair correla-
tions along the nnn axis when r = (k, k), which may
be extrapolated for large k, by plotting To versus
I/k~, to yield estimates of TD in close agreement
(0. 1%) with the exact values.

(iv) The preceding discussion shows that the
pair correlation between two nnn spins separated
by one nnn lattice vector must vanish at some
(lowest) temperature TJ., which we will call the en-

ergy temperature, because at T~ the contribution
to the internal energy from the nnn interaction will
change sign, being positive below T& and negative
above. Intuitively one would expect that T~ ~ T~ & T~
(if present) &0. In the soluble examples Tz ——TD for
T~ points of the second kind. For the triangular
lattice T~= 2T~ and for the linear chain with both
nnn interactions 2T& & T~ & 4T~. For these TD points
of the first kind, the first change of sign of each of
the pair correlations along the nnn axis occurs be-
tween TD and T& as the temperature rises.

(v) The disorder point TD and energy point Tz,
defined above for interacting spin systems confined
to a lattice, characterize the change in the nature
of the short-range order, which must occur within
the disordered phase when certain antiferromagnet-
ic interactions are present. Now many recent de-
velopments in the theory of phase transitions have
revealed a close analogy between magnetic and
fluid systems, particularly in the neighborhood of
the critical point. ' '3 Accordingly, it is of some
interest to see whether there is any feature of a
fluid system which corresponds to the disorder
point in the magnetic system. In a recent article
Fisher and Widom' have argued that the pair-cor-
relation function in a fluid should have different
asymptotic behavior on either side of a definite
line in the phase diagram. On the high-tempera-
ture side of this line, the decay is monotonic for
large intermolecular separations, whereas on the
low-temperature side the decay is oscillatory.
Such a behavior is to be expected, because at suf-
ficiently high temperatures the fluid behaves as an
ideal gas, and at sufficiently low temperatures it
undergoes transition to the solid state, in general,
with oscillatory long-range order. Insofar that
the Fisher-Nidom line borders regions of the dis-
ordered phase in which the fluid pair-correlation
function has different modes of decay, it is analo-
gous to a locus of disorder points, which would be
in the magnetic field temperature diagram of the
corresponding magnetic system. (The existence
of such a locus follows by an argument similar to
that for the phase boundary of an antiferromag-
net. ") However, the modes of decay are opposite
at temperatures above and below the relevant line
in the fluid and magnetic systems, which may be
attributed to the differences in the physical mech-
anisms responsible. Most models of fluids use a
pair potential with a strongly repulsive core (cf.
antiferromagnetic interactions) with a weakly at-
tractive tail (cf. ferromagnetic interactions),
whereas in the magnetic systems considered
above, the sign of the nn interaction is unimpor-
tant on loose-packed lattices, but the nnn interac-
tions must be antiferromagnetic.
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Landau's theory of second-order phase transitions and the theory of lattice dynamics are
combined in a presentation of an approach to the understanding of the crystallographic phase
transitions of complex fcc crystals. The approach is applied to the antifluorite-type crystal
K2ReC16, which exhibits four phase transitions. The results of a series of crystallographic
and spectrographic experiments are described, and are interpreted in light of the developed
theory. Finally, a model based on the theory is constructed and is shown to describe the
spectral observations. The resultant model leads to the conclusion that two of the phase
transitions are driven by a single branch of a "soft" phonon.

INTRODUCTION

This paper attempts to provide a single consis-
tent theoretical picture for the understanding of all
the experimental results related to the lattice dy-
namics and crystallographic phase transitions of
crystals possessing the antifluorite (R,MX6) struc-
ture. This theoretical picture centers around the
establishment that these materials exhibit phase
transitions that are driven by a new type ot soft
mode. In fact, most of the observed transitions
can be described in terms of the temperature de-
pendence of a single branch of the phonon spec-
trum, the longitudinal rotary mode which involves
librational motion of the MX6 octahedron as a solid
body. This mode is unique in the respect that it is
a geode phonon unlike the ung evade transverse
optic mode that is responsible for the BaTi03 fer-
roelectric transition. ' The system RPMX6 is
singular in that a single branch of the spectrum
can describe transitions involving no change in the
number of molecules per unit cell and also transi-
tions involving doubling or quadrupling of the num-

ber of molecules per cell.
In developing a model for this system, we were

spurred on by the belief that it is possible to obtain
a rather detailed understanding of the lattice dy-
namics and phonon spectrum of a relatively com-
plicated structure via imaginative use of traditional
and readily available experimental techniques. In
order to glean the maximum amount of information
from these techniques, however, it is necessary
to utilize a combined theoretical and experimental
approach. We will be attempting to show here that
a description of such a system is possible when a
theoretical calculation is carried out in close con-
nection with experiment. Thus, theoretical and
experimental results will be interspersed in an
attempt to demonstrate the close relationship be-
tween the two that is all important in such an un-
dertaking.

The particular antifluorite structure that we are
concerned with here is essentially the same as
CaFP, except for the replacement of the F= by a
positive ion R', and the Ca" by the octahedral an-
ion MX6, indicated in Fig. 1. The extra degrees


