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Deviations from the expected temperature dependence of the weak magnetic moment m are
explained by considering the microscopic differences between the dipole-dipole and single-
ion contributions to the anisotropy energy.

m =((II )/H, )M (2)

Here (H~) = (D) M, M is the magnitude of one of the

INTRODUCTION

Hematite (n Fe20, ) is a well-known antiferro-
magnet with a rhombohedral crystal structure.
It also possesses a weak spontaneous magnetiza-
tion. With cooling it is found that there exists a
certain temperature T„, at which the spontaneous
magnetization suddenly disappears. ' Below T& the
antiferromagnetic axis coincides with the [111]
direction, while above T„the antiferromagnetic
axis is in the (111)plane. ~ The origin of the weak
ferromagnetic moment is due to the Dzialoshinskii-
Moriya (DM) interaction'4 which results in a
slight canting of the sublattice magnetizations to
produce a weak ferromagnetic moment. The ex-
pression for the Hamiltonian in the molecular field
(MF) approximation is usually written as'

» =XMq' M2-D ~ (MqxM2) —H ~ (Mq+M2)+e» (l)
where M, and M~ are the sublattice magnetizations,
X is the MF constant, D is the DM vector and is
parallel to the [111]direction, H is the applied
field, and &~ represents the anisotropy energy.

Searles has recently suggested, using symmetry
arguments, that once the spins have been labeled
according to their respective sublattices the sense
of D along the [111]direction is still undetermined.
This then leads to the possibility of observing fer-
romagnetic domains which would not be associated
with antiferromagnetic domains. This does not
rule out the existence of ferro- and antiferromag-
netic domains reported by Nathans et a/. It was
also stressed that D should be replaced by (D),
where ( ~ ~ ) means the appropriate statistical av-
erage. The expression for the weak magnetic mo-
ment m can then be written as

sublattice magnetizations, and II, = AM. Equation
(2) implies that the ratio m/M=(D)/X should de-
crease with increasing temperature. It was also
suggested that the field-induced transition, for
temperatures below T&, might be described better
using this statistical model than the usual MF ap-
proach where D is assumed to be constant (such as
in calculations by Cinader and Shtrikman ). The
purpose of this experiment was to look for some
of these effects using static magnetization mea-
surements.

RESULTS
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FIG. 1. Temperature dependence of the weak ferro-
magnetic moment of hematite. The upper curve rep-
resents the normalized temperature dependence of the
sublattice magnetization, M/Mp, the dots are the ex-
perimental data m/mp while the lower curve is calcu-
lated from Eq. (6).
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The upper curve in Fig. 1 indicates the temper-
ature dependence of the normalized sublattice mag-
netization, M/Mo. Values of M/Mo are taken from
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hyperfine field data obtained by van der Woude. '
It is assumed that the temperature dependence of
the measured hyperfine field and M are the same.
Experimental values of m/mp, where mp is a tem-
perature-independent scaling factor, were obtained
using a vibrating samyle magnetometer. No value
of pppp can provide agreement between m/mc and

M/Mc over the entire temperature range. The ex-
perimental points m/pptp are fitted to M/Mp at
T/T~= 0. 85 which emphasizes the difference in
their temperature dependence and tends to fit the
lower calculated curve.

The ratio (m/mc)/(M/Mp) is shown in Fig. 2. It
is apparent that this ratio increases with T for a
considerable range instead of decreasing. Thus
the expected statistical behavior is absent or
masked by some other effect. In fact, another ef-
fect must be present since if it were not this
ratio should decrease with T or at most be temper-
ature independent and equal to one as shown by
the upper curve in Fig. 2.

Data presented in Figs. 3 and 4 show the results
of the field-induced transition experiments. The
magnetic field was applied in the (ill) plane and
was varied in magnitude. The temperature was
maintained constant during each run, with a pos-
sible drift during the run of +0.06'. In Fig. 4 the
dots are data obtained for increasing H, while the
crosses are data obtained for decreasing H all
taken during the same run at the same tempera-
ture. It can be seen that the apylied field induces
a sudden transition at a certain critical value H„
where H, increases with decreasing T. There is
also no hysteresis associated with H, . These ex-
perimental results are in complete agreement
with those of Flanders and Shtrikman.
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FIG. 3. Field induced transitions where the external
magnetic field is applied in the (111) plane.

DISCUSSION

It appears that the experimental data can be de-
scribed by the microscopic differences between
the single-ion and dipole-dipole contributions to
the anisotropy energy. No attempt will be made to
solve this complicated problem but simplifying as-
sumptions will be used in order to stress the in-
teractions which are believed to be responsible for
the experimental effects.

The spin Hamiltonian for n-Fe&03 may be writ-
ten to second order in the spin components as
follows'2:

3.'= Z [&»(S& ~ Sp) + d»'(S& x Sp)

+Sf K»'Sp] —QD,Sf (3)
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The first term is the isotropic superexchange in-
teraction, the second term is the antisymmetrical
spin coupling, the third term is the magnetic dipole
interaction, and the fourth term is the single-ion
anisotropy energy. In the following argument the
second term is dropped (to be considered later),
Eq. (3) is rewritten in terms of the MF approxi-
mation, and only the jth ion is considered. This
yields

X~—- gpsS~, H,„D-)S~„+Da(S„)S-~„
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FIG. 2. Temperature dependence of (m/mp) (M/Mp).
The upper curve which is equal to 1 is the result of a
MF calculation. The dots are experimental values,
and the lower curve was calculated from the present
model.

Here H„ is the effective MF, the second term is
the single-ion anisotroyy energy, the last term is
the magnetic dipole interaction (using essentially
the same notation as Artman et al. 'P), and (S„) rep-
resents the average spin polarization per ion of one
sublattice in the x direction.

Figure 5 indicates the relation of the spin coor-
dinate system to the crystal structure.

It is further assumed that the temperature vari-
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FIG. 4. Comparison of the data obtained in the field-
induced transition experiment with a MF calculation.
Equation (9) was used to express the anisotropy energy.
T = —19.7'C.

gpsS~, H,„-—~D~(S~(,+S~,S~ +S( S~,+Sg )

ation of the anisotropy energy can be taken into
account by allowing D, and D2 to be temperature
dependent. This allows us to reach some impor-
tant conclusions from a consideration of the
ground-state spin function.

We consider the range T &T& where D&&D,. Ac-
cording to the MF approximation, the antiferro-
magnetic axis is in the (111)plane and we will as-
sume it is stabilized along the z direction by a
very small anisotropy field. Equation (4) is ex-
pressed in terms of raising and lowering operators
as follows:

Finally, we must have two possible antiferromag-
netic states, which are represented in Fig. 5 by
II, and II, and (S„),= —(Sg . These two states will
later be related to the two possible states suggest-
edinRef. 6andfor the rest of the argument we will
assume this to be true. We can now understand
why there is no statistical behavior associated with
m. This follows because we now have two possi-
ble antiferromagnetic states slightly tilted out of
the (111)plane by an angle +P (this differs from
Ref. 6, where it was assumed that only one anti-
ferromagnetic axis existed and then to explain why
D4 0 an additional interaction was postulated which
led to statistical effects). In a single domain the
configuration wiQ be either II, or II with no sta-
tistical mixing between them since they originate
because of a long-range cooperative effect. An
excitation from state II, to II will involve a large
number of spins and correspond to the creation of
a macroscopic domain. However, there is no rea-
son why adjacent domains can not simultaneously be
in the two different states.

Within the bounds of the approximation we can
estimate Q and therefore m since

m = DM, /X = (DM/X) cosy

This is done by calculating the value of (Sg re-
quired to produce no rotation of the antiferromag-
netic axis to first order in the perturbed spin func-
tions. This occurs when the gain of spin deviation
associated with a rotation toward the [111]direc-
tion is equal to the loss of spin deviation associated
with a rotation back toward the (111)plane or
(2 ——,')a =(2 ', )b which yi—el—ds

+ —'D (S„)(S,+Sg ) (5)
2a =5

where S&,= S&„+i S&„. It is obvious that IS~/ =
I 2)

is not the correct ground state for the following
reasons. First, let us assume that it is the cor-
rect ground state then (S„)must be zero, however,
the second term in Eq. (5) mixes in some of the
excited states I —,') which, because of the exchange
interaction, simply corresponds to a rotation of
the quantization axis toward the + x direction which
would reduce the single-ion energy. We note that
although neither the +x direction is favored each
sublattice must rotate as a unit to minimize the
exchange energy. This means that now (S„)
= + I (S„) I t 0. The third term in Eq. (5) is now dif-
ferent from zero and mixes in some of the excited
states I

—', ) which again will simply be a rotation of
the quantization axis, this time back toward the
(ill) plane, which reduces the dipole energy.

FIG. 5. Relation of the spin coordinate system to
the crystal structure.
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where

and (2 Ixgl-', &

(—', lÃql —',)-(—', lxqi —',)
'

From Eq. (5) we have

&-,'IX, I-,'&=--, D,(A0},
(-', II., I

5& =-,'D,(s„)K5,
(-,'lx I-,')= -gp, -', Jf,„
&-:I&&ll) = -r}slII.. .
&&Inc&l~& — gI &&H—,„

This then yields

IPg 5 , D,'(s„)'5
a =63 g~~ and 5=43 p~a

Substitution of these values into Eq. (V} results in

&s.&'= (D,/D. )' .

Finally, we can write

sin (p) = (S„& /(-', )'= (D /D ) 0. 16

The calculated curve in Fig. 1 is Eq. (6) where

p was calculated according to the procedure above

and D,/Dm is the ratio of the anisotropy energies. '~

The lower curve in Fig. 2 is calculated by forming
the ratio of m/mo, calculated from Eq. (6), to
M/Mo. It can be seen that the calculation provides
a result which is the correct order of magnitude

and also has the correct temperature dependence.
Figure 2 indicates that the calculated curve agrees
with the experimental data much better than the

upper curve independent of any scaling factor and

provides support for the interpretation outlined

above.
The calculated curve in Fig. 4 is the result of

adding a second-order term to the phenomenologi-
cal expression for the anisotropy energy. We

found this was the most reasonable way to describe
the experimental results in agreement with Cinader
et a/. In this model ez in Eq. (1) is written as

&&=K,cos 8 -K2cos 82 (6)

Here X, and K2 are the first- and second-order
coefficients for the expansion of the anisotropy
energy and 8 is the angle between the antiferromag-
netic axis and the [III]direction. (It should be
noted that this phenomenological description does
not include the effects which were discussed
earlier. } The transition was taken to be the point
of equal energy between the ferromagnetic phase
and the antiferromagnetic phase. This model does,

&sg = &s,&

(S„) = —(S„)', and

s& = -&s&

s,.„= -s,„, (9)

Because of the spin-orbit coupling and assuming the
the ground orbital state is nondegenerate' we may
also write

however, predict a hysteresis effect' as indicated
by the dashed curves in Fig. 4.

The reason no hysteresis was found is most
likely due to imperfections such as impurities or
dislocations (which are always present at finite
temperatures). Associated with any dislocation
will be regions of effective positive and negative
pressures. It is well known that positive pres-
sures shift T~ up and negative pressures shift T&
down. " ' This means that when we approach the
equal energy point (P either increasing or de-
creasing) some regions of the crystal will already
be through the transition. These regions will then
act as nucleating points which allow the entire
crystal to go through the transition at the equal
energy points and we expect no hysteresis to be
associated with the transition.

The microscopic origin of K2 is probably also
related to quantum -mechanical effects. Kanamori
and Minatono have shown that representing the
single-ion energy as it appears in Eq. (4) by a
term equivalent to the first term in Eq. (6) is only
valid for small 8. In fact, they point out that, for
large 8, K is complicated and depends upon the

direction and magnitude of the applied field in the
second- (and higher-) order perturbation terms.
Therefore, we expect second- and higher-order
terms in the expansion of the anisotropy energy.
Although they will in general be small, theybecome
important in the region where the first-order terms
in the expansion of the anisotropy energy, arising
from single-ion and dipole contributions, tend to
cancel. This fact became very clear in the first
part of this discussion where we found the phenom-
enological expansion of the anisotropy energy could
not be used near T„. This also tends to support
the interpretation that microscopic differences in
the contributions to the anisotropy energy lead to
different temperature dependencies for m/mo and

M/Mo.
Finally, we want to relate the two antiferromag-

netic states discussed here to the two states sug-
gested in Ref. 6. We note that the states II, and
II are related by a rotation of the angular mo-
mentum coordinate system through 180' around
the z axis or we can write the following relation
between the two states:

II, II
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( 'll „I ')Z(nn'nm')

m' n'

~ (n ILL~ S~ lm)2 J'(mn'nn')S&' S2

m En-Em
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E E
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m' E„.-E
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I &L, ~ S, In' )+

En -E ~

(12)

where n, n' represent the ground orbital states,
m, m' represent the excited orbital states of the
two ions 1 and 2, and J'(nn'mm') is an exchange
integral. We see that (Z2&, =(Zz& by using Eqs.
(9) and (10) so we finally see the two states are
degenerate even when one includes the interaction
which leads to canting. According to Moriya's
calculation'

I I

d» = 2iX 2 (nlL, lm)
m n m

+I(am'nm') (,g I,
))

m En -Em

Symmetry arguments show d is parallel to the

[ill] direction'3 which means we can rewrite the

expression for d,2 as

This means we should be able to obtain the spin
Hamiltonian for state II from the spin Hamiltonian
for state II, by replacing the II, operators and aver-
age values wherever they appear in the original
Hamiltonian with II average values and operators.
Then the average value of the energy associated
with an individual ionic spin [from E(l. (4)] can be
shown to be

&Eg&.=(Eg& = g&-a&Sydffs.

-D,&S,'„&+a,&S„)&S„,),
which means that although the two states have

slightly different spin configurations they are de-
generate. To complete the model we must show

that d»&,&=-d»& ), where 1 and 2 designate two

ionic positions and d» is the vector leading to the

antisymmetric interaction between them. Follow-
ing Moriya's notation' the second-order perturba-
tion energy which is bilinear in the spin-orbit cou-
pling and the exchange interaction is written as
follows:

Use of E(ls. (10) and (13) immediately leads us to
the conclusion that d»&,&

= -d»&, as suggested in
Ref. 6.

CONCLUSIONS

All our experimental data can be described in
terms of the microscopic differences between the
single-ion and magnetic dipole contributions to the
anisotropy energy. It is also suggested that near
T„(where the first-order contributions to the
anisotropy energy from the two effects tend to can-
cel) higher-order terms in the phenomenological
expression for the anisotropy energy should be
there and are seen. Flanders' has recently added
a third-order term, and more can be expected if
the experiment is refined and repeated.

It should also be mentioned that the model sug-
gested in this paper is consistent with a recent ex-
perimental observation of Ozhogin et al. They
found that the sign of D ~ 1 was conserved, where
f= (S, —S2) describes the direction of the antiferro-
magnetic axis after labeling the spins. The sign of

D 1 is not conserved when D is required to be
uniquely determined in direction and magnitude
after labeling the spins (the current view), unless
O, Fe,O, is not basically a uniaxial antiferromagnet.

An alternate model which should be considered
would stress the fact that nFe203 is actually a
four-sublattice antiferromagnet (see Herbert ').
For temperatures T & T& the pairs of sublattices
which tend to be parallel may split into two dis-
tinct sublattices each canting slightly toward the
[ill] direction with opposite senses. This possi-
bility would also be consistent with our earlier
arguments based on the microscopic differences
between the dipole-dipole and single-ion contribu-
tions to the anisotropy energy, thus leading to a
result similar to Eq. (6). This effect then could
also describe our experimental results. It is also
suggested that a microscopic calculation based on
this four-sublattice approach might possibly lead to
the current view that D is uniquely determined in
direction and magnitude after labeling the spins.
It is concluded that a precise experiment is needed
which can show whether our experiment indicates
a slight inclination of the antiferromagnetic axis
with respect to the (111)plane, or indicates four
distinct sublattices.
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Second-harmonic generation and ferromagnetic resonance have been investigated in spheres
of yttrium iron garnet (YIG) as a function of incident power above the threshold for excitation
of z-directed spin waves by the second-order Suhl instability. The fundamental frequency
was 8.42 GHz and the temperature 300'K. The second-harmonic power output P2„has the
following features above threshold: (a) P2„goes through a minimum and then a maximum as
a function of incident power; (b) the line profile of P2„versus dc field & shows two and then
three peaks; (c) sufficiently far above threshold, P2„ initially increases after the pulse of
incident power is turned off. None of these effects is correlated with unusual behavior of the
transverse magnetization, which always increases with power above threshold, has a single
resonance line, and begins to decay as soon as incident power is turned off. The results are
explained in terms of parametric coupling between the initially excited z-directed spin waves
and other spin waves, with explicit account taken of the ensuing phase relations. These tend
to make the other spin waves interfere destructively with the uniform mode (k =0) in their
contribution to P2„. In this way, quantitative agreement betwet. n theory and experiment is
obtained with reasonable values for two adjustable parameters. Coherent phase relations be-
tween the interacting spin waves are essential for an understanding of the results. If all k & 0
magnon interactions are lumped into effective relaxation rates, it is possible to explain the
transverse resonance data, but not the second-harmonic effects.

I. INTRODUCTION

Since the explanation by Suhl' of the premature
saturation of ferromagnetic resonance observed
by Bloembergen and Wang, it has been known that
spin waves of nonzero wave vector are excited in
conventional (transverse pumping) ferromagnetic
resonance experiments. This excitation occurs
through parametric coupling of the uniform mode
to a pair of spin waves with wave vectors k and

—k. When the uniform mode reaches a critical
amplitude determined by the coupling strength and
spin-wave relaxation rate, the pair k and —k is
excited to a very large amplitude. Further growth
of the uniform mode amplitude is inhibited, thus
causing the observed saturation.

In its original and most elementary form, theory
predicts the uniform-mode amplitude to stay con-
stant above threshold which results in the rf sus-
ceptibility declining as 1/h, where h is the driv-


