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The Fermi surfaces of niobium and tantalum have been investigated experimentally utilizing the tech-
niques of the de Haas —van Alphen efFect at magnetic fields up to 31 kOe and magnetothermal oscillations
at magnetic Gelds up to 110 kOe. Oscillations associated with extremal orbits on two Fermi-surface sheets
of each element have been observed. The Fermi surface is found to have qualitatively the same topology
in both metals: a set of six closed surfaces substantially distorted from ellipsoidal shape and centered at
S in the bcc Brillouin zone; and a multiply connected jungle-gym surface consisting of interconnecting
arms along (100) directions with intersections at P and H. The agreement between these data and recent
augmented-plane-wave (APW) energy-band calculations is excellent The .minimum cross sections of the
(100) arms of the jungle gym have areas of 0.138 A~ in Nb and 0.263 A ' in Ta; and the principal cross
sections of the distorted ellipsoids are 0.636, 0.757, and 0.857 A in Nb, and 0.434, 0.580, and 0.59 i. in
Ta. A third surface of holes centered at F is predicted by band-structure calculations, but has not been
observed unambiguously in the present work. ER'ective masses have been measured at several orientations,
and comparison with the APW calculations yield average mass-enhancement factors of 1.75 for Nb and
1.85 for Ta, in fair agreement with predictions based on phonon enhancement.

I. INTRODUCTION

i 'HIS paper presents the results of a series of ex-
periments using the de Haas —van Alphen (dHvA)

effect and magnetothermal oscillations' (MTO) to
determine the Fermi surfaces of two transition metals,
niobium and tantalum. These belong to the vanadium
group (VB) of transition metals, have the bcc structure,
and are characterized by a large electronic heat capacity
and relatively high superconducting transition tem-
peratures. An early indication of the gross features of
the Fermi surface was given several years ago in a
paper by Mattheiss' primarily concerned with the
band structure of tungsten. Recently Deegan and
Twose' reported detailed results of a modified OP%
calculation of the band structure of Nb. Mattheiss4
has also recently completed detailed APW calculations
for both Nb and Ta, including the Fermi-surface
topology and band effective masses. Our results will
be compared to this latter model, and differences be-
tween calculated and measured masses will be compared
with estimates' of mass enhancement due to electron-
phonon interaction.

In the past, experimental results' in Nb and Ta
were limited by sample purity and the availability of
magnetic fields which are sufficiently high, homogene-
ous, and stable. More recently, Fawcett, Reed, and
Soden' have made single crystals with resistance ratios

' J. E. Kunzler, F. S. L. Hsu, and W. S. Boyle, Phys. Rev. 128,
1084 (1962).

~ L. F. Mattheiss, Phys. Rev. 139, A1893 (1965).
~ R. A. Deegan and W. D. Twose, Phys. Rev. 164, 993 (1967).
4 L. F. Mattheiss, following paper, Phys. Rev. B 1, 373 (1970).
5 W. L. McMillan, Phys. Rev. 167, 331 (1968).
'A. G. Thorsen and T. G. Berlincourt, Phys. Rev. Letters 7,

244 (1961).
E. Fawcett, W. A. Reed, and R. R. Soden, Phys. Rev. 159,

533 (1967); W. A. Reed and R. R. Soden, iMd. 173, 677 (1968).
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approaching 10 000 and have used them to determine
the high-field galvanomagnetic properties. Their results
verified that Nb and Ta are uncompensated with a
net carrier concentration of one hole per atom and
indicated a Fermi surface which includes a set of
interconnecting cylinders along the cube axes, as pre-
dicted by Mattheiss. ' 4 Samples from the same crystals
were used to obtain the first detailed Fermi-surface
results in Xb and Ta" and in the present work. - Scott,
Springford, and Stockton have recently studied the
dHvA effect in Nb, " and in general their results are
in agreement with the present work.

II. EXPEMMENTAL DETAILS

The experimental work was performed in three
phases. First, the dHvA effect of Ta was studied with
a torsion balance in magnetic fields up to 31 kOe using
an iron core electromagnet. Secondly, ' MTO of both
elements were studied in a 60-kOe superconducting
solenoid using an apparatus which provided for the
adiabatic rotation of the sample in the magnetic field
that is described elsewhere. "Finally, further measure-
ments were carried out with the same apparatus in a
Nb3Sn superconducting solenoid which was capable of
producing magnetic fields up to 110 kOe. In the last
stage of the work, computer calculation of the Fourier

J. H. Condon, Bull. Am. Phys. Soc. 11, 170 {1966).' M. H. Halloran, F. S. L. Hsu, and J. E. Kunzler, Bull. Am.
Phys. Soc. 13, 59 (1968).' G. B. Scott, M. Springford, and J. R. Stockton, Phys.
Letters 27A, 655 (1968); also G. B. Scott, M. Springford, and
J. R. Stockton, in I'roceeChngs of the Eleventh International Con-
ference on Low Temperature Physics, St. Andrews, lP6S {Uni-
versity of St. Andrews Printing Department, Edinburgh, 1969),
p. 1129.

"M. H. Halloran and J. E. Kunzler, Rev. Sci. Instr. 39, 1501
(1968).
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transform of some of the data provided improved
resolution and sensitivity.

The 60-kOe solenoid calibration was provided by the
manufacturer as a Geld-versus-current relationship with
quoted accuracy of &0.3'%%uo. The field was also measured
using a cryogenic Hall probe" with a constant current
source. At a current of 1 mA this probe had an average
sensitivity of approximately 0.5 fiV/G at 1.2 K with a
very slight temperature dependence in that range.
Higher currents tended to warm the sample as well as
the Hall probe, since the Hall probe was mounted in
the evacuated sample chamber as near as possible to
the sample. Sample temperature changes were detected
with carbon resistance thermometers having tempera-
ture sensitivities of 10'—10' 0/'K at T= 1.2 K.

Since the 110-kOe solenoid was energized by a Qux

pump there was no way of measuring the current
through the solenoid. Therefore a copper wire magneto-
resistance probe" was used to measure the 6eld. It had
been previously calibrated with the nuclear magnetic
resonance of '"Cs located at the sample site. '4

Field modulation in both solenoids was provided by
auxiliary solenoids made of a few layers of fine super-
conducting wire which were inserted between the main
solenoid and the Dewar containing the experimental
apparatus. This permitted direct measurement of
BT/BH with phase-sensitive detection techniques en-

hancing the sensitivity of the experiments, and all
MTO data presented here were obtained in this manner.

The samples were sections 10 mm long spark cut
from rods of 3 mm diam which had resistance ratios
AzsK/E4. sK of 3000 for Nb and 10000 for Ta.z

They were oriented to within 2' using standard Laue
x-ray techniques.

All experiments were performed at temperatures in
the range of 1.1—2.0 K, as determined by the vapor
pressure of the helium bath measured with a McLeod
gauge.

III. APW MODEL OF FERMI SURFACE

The Fermi surfaces obtained by Mattheiss4 for Nb
and Ta are qualitatively very similar and therefore
only the one for Nb is shown in Fig. 1; Fig. 1(a) shows
the closed second-zone hole surface centered at F,
which is in the form of a distorted sphere and calculated
to have a rather large band mass ((1.4—2.0) msj. Orbits
attributed to this surface will be designated y~ orbits.
Figure 1(b) shows the open surface of holes in the third
zone which is characterized by arms along the (100)
directions intersecting at both F and H and referred
to as the jungle-gym surface. Orbits around the arms
will be designated n orbits and are expected to have
relatively small band masses L(0.7—0.8) moj, but orbits
about the intersections (designated zf orbits if centered
at H and ys if centered at F) should have appreciably

"Siemens Hall probe, model SV210T.
n F.S.L. Hsu and J. E. Kunzler, Rev. Sci. Instr. 34, 297 (1963).
r4 L. W. Rupp, Jr., Rev. Sci. Instr. 37, 1039 (1966).
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larger band masses t (1.2—1.5) ms for zf orbits and
(1.9—2.2) m& for y& orbits]. The jungle-gym surface
and the second-zone surface at I' are distorted from
the shape shown in Fig. 1, thus permitting noncentral

g and y~ orbits over certain ranges in angle as dis-
cussed in Sec. IU. Electron orbits are also possible
around the closed path formed by four arms of the
jungle gym in and near f100} planes. These will be
designated as 6 orbits and are expected to have a
large band mass L(1.3—1.7) ms). Figure 1(b) also shows
the closed hole surfaces centered at N in the third
zone which have more or less the shape of ellipsoids
but with large bulges toward I'. These surfaces support
orbits which will be designated as s; orbits, where the
subscript ~ defines the particular ellipsoid following the
convention of Mattheiss, 4 and have masses comparable
to or slightly larger than n orbits. (There was some
uncertainty in the early calculations' concerning the
possibility of the warped ellipsoids joining together at
I' or joining with the jungle gym along the I'N line.
These possibilities were more probable for Nb, which
has larger ellipsoids, although the later galvanomag-
netic measurements~ and band calculations4 indicate
that no contact occurs in either material. ) A sumniary
of the calculated cross-sectional areas and effective
masses for specific symmetry directions is given in
Table II of Ref. 4.

In the absence of spin-orbit coupling, there is an
accidental degeneracy between the second-zone hole
surface and third-zone jungle gym, the former lying
within the latter but touching at several points in the
(100}and (110}planes. Although spin orbit coupling
removes these degeneracies, the splittings may be
small, especially in niobium, thereby permitting mag-
netic breakdown to occur for certain 6eld directions.

The band calculations are suKciently precise to
place some confidence in the calculated band mass.
This enables comparison of observed cyclotron masses
with the band masses to determine the mass enhance-
ment factor. This factor due to electron-phonon inter-
actions has been estimated by McMillan' to be 1.82
and 1.65 for Nb and Ta, respectively. McMillan has
also suggested that these enhancement factors for

Fro. 1. Calculated Fermi surface of niobium; (a) closed second-
zone hole surface centered at I', (b) third-zone hole surfaces
including the open jungle-gym surface and the set of six distorted
ellipsoids which are indexed according to the numbers in the
Ggure.
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FIG. 2. Extremal Fermi-sur-
face areas in niobium as a
function of angle in (110) and
(001) planes for ellipsoids and
jungle-gym arms. Vertical ar-
rows indicate positions of rela-
tive minima in area as deter-
mined from rotation data, and
horizontal arrows indicate the
calculated minimum area of
the jungle-gym arms. Circles
around data points indicate
computer reduction of the data.
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individual orbits may be anisotropic and evidence
favoring this possibility in other transition metals has
been obtained recently. "

IV. RESULTS

A. General Features

The dependence on crystallographic orientation of
the frequencies observed in the (110) and (001) planes
are shown in Figs. 2 and 3 for Nb and Ta, respectively.
These include torsion balance dHvA results in Ta as
well as the MTO results in both Nb and Ta. Torsion
balance dHvA oscillations were observed in Nb also,
but with very small amplitude. Additional frequencies
that were found near the (111)directions are shown in
Figs. 4 and 5. The predictions of the APW calculation4
are also indicated in the figures. In these figures, we
have plotted the extremal Fermi-surface areas corre-
sponding to the observed frequencies, rather than the
frequencies themselves.

It is clear from Figs. 2—5 that the results in Ta and
Xb are qualitatively similar. This similarity makes it
possible to discuss the results in both materials at the

'~ J. S. Ketterson and L. R. YVindmiller, Phys. Rev. Letters
20, 321 (1968).

same time. The v; branches due to the distorted
ellipsoids centered at E dominate the data in most
regions. Near the L100j axis the o. orbits about the
jungle-gym arms are observed in both symmetry planes
over a range of approximately 25 in Ta and 35' in
Nb. In addition there are other frequencies, 0.', ob-
served in Nb near the L100] axis of nearly the same
frequency as the o. oscillations. Another set of fre-
quencies again very nearly equal in frequency to the
n orbits is observed in Nb about 15' away from the
L1007 axis in the (100) plane. These frequencies are
designated o." and have an angular range of approxi-
mately 6'. No oscillations analogous to o.' or n" were
observed in Ta. Finally, larger frequencies observed
with MTO near the [111jaxis at fields near 100 kOe
in both Nb and Ta are attributed to g orbits about the
H intersection of the jungle gym.

It is also clear from Figs. 2—5 that the experimental
data and the APW calculation agree well, generally
within a few percent. The region of largest percentage
deviation between experiment and theory is for the o.

orbits about the minimum area of the jungle-gym
arms in Nb, which is a relatively small area and very
sensitive to slight shifts in the Fermi energy. Other
deviations indicate that the EVE area of each ellipsoid
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in Nh is 10% larger than calculated, and the lVI'H
area of each ellipsoid in Ta is 10% larger than cal-
culated. Some other orbits predicted by the calculation
but not observed in the data are all predicted to have
larger effective masses and are assumed to be unob-
servable within the 6eld and temperature range of the
present experiments.

The early and quite limited data of Thorsen and
Berlincourt' agree well with ours in Ta but poorly in Nb.

The recent dnvA frequency data of Scott, Spring-
ford, and Stockton' substantially confirm our data in

Nb with the exception of some of the details of the n,
n', and 0." branches. One discrepancy is the absence
in the present data of an area near L1001 of 0.08 A '.

B. Syeci6c Aspects of Results

l. v Brari,ches

The v orbits dominate the data at most orientations
in both niobium and~tantalum. The splitting of the
branches v~ and v2 in both symmetry planes indicates
that thos'e parts of the Fermi surface on which these

I [
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FIG. 4. Extremal Fermi-
surface areas in niobium as
a function of angle in the
(110) plane for the H inter-
section of the jungle gym.
Discontinuities in rotation
data are real and probably
result from protrusions on
the surface.
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orbits lie are not figures of revolution; and the off-axis
absolute minimum for v~ indicates that the actual shape
is severely distorted from that of an ellipsoid, bulging
out along the SF line. This is consistent with the
calculated Fermi surface for both Ta and Nb. In fact,
early band-structure calculations' indicated that there
was the possibility that the distorted'ellipsoids at E
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Fra. 6. Amplitude variation of dT/dH with angle in the (110)
and (001) planes for n, n', 0." frequencies. The lines connecting
the points serve only to distinguish the o., u', and a."data.

might have necks along the EF line, thereby joining
them with the jungle gym. If these necks existed, then
the v~ orbits would not exist in the (110) plane and the
vs g orbits would not exist near the $111$ direction.
The data in Fig. 2 and 3 clearly indicate the existence
of v& and thereby absence of EF necks.

Z. e Braeches

The arms on the third-zone jungle-gym hole surface
of the APW Fermi surface support minimum area
orbits, a orbits, for fields near (100) directions. In both
Ta and Nb, sets of frequencies were observed near
(100) axes, with frequency variation more rapid than
that of a cylindrical surface, consistent with the
hyperboloidal type surface of the model. In Nb these
arm cross sections are about one-fourth the ellipsoid
cross sections, whereas in Ta they are about two-thirds
the ellipsoids. Assuming the arm orbits to be circular,
the (100) areas of 0.138 and 0.263 A ' yield diameters
of 0.22 (FH) and 0.30 (I'H) for Nb and Ta, respec-
tively. These diameters are in excellent agreement with
galvanomagnetic results. ~

In Ta the exact range of the o, oscillations is some-
what uncertain because of the complexity of the data,
but they were observed at least 25' from the (100)
axes. In Nb the angular range of the n branch seems to
be 35' in the (110) plane and 30' in the (001) plane,
and an anomalous amplitude dependence as a function
of angle was observed. Other frequencies of approxi-
mately the same magnitude were observed over narrow
ranges, and are labeled e' and n" in Fig. 2. Still another
frequency was observed within 20' of L100j but is not
shown in Fig. 2 because it was not possible to determine
whether it was 21% larger or 21% smaller than the a
frequency.
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The 0,
" branch was also studied in the plane that

passes through the (010] axis and 15' from the L100j
axis, and was found to extend 3' from the (010) plane.
An additional feature of the data is that the amplitude
of both the o.' and o.

" frequencies exhibits a strong
correlation with the unusual amplitude variation of
the n frequencies as shown in Fig. 6. That is, the n'

and o." amplitudes were large near regions for which
the amplitude of the n frequencies was at a minimum.

Two possible explanations of both the o.
' and 0."

branches exist that are consistent with the APW Fermi
surface. One assumes noncentral orbits on one or the
other of the second- and third-zone hole surfaces and
the other involves magnetic breakdown between these
surfaces. The second-zone hole surface shown in Fig.
2(a) lies just within the third-zone jungle-gym inter-
section at F. In the absence of spin-orbit interactions
there are points of accidental degeneracy between the
two surfaces in the (110}and (100}planes (see Fig. 4
of Ref. 4). This degeneracy is lifted by spin-orbit
effects so there is no actual contact, but the surfaces
remain distorted near those points. Since the APW
closed second-zone hole surface bulges appreciably
along the (100) axes, especially in Nb, these distortions
could be sufhcient to provide extremal orbits for fields
near (100) axes. If so, the question arises as to why
only one additional frequency is observed, since the
occurrence of a relative maximum due to such a dis-
tortion normally would necessitate the simultaneous
occurrence of a relative minimum, and conversely.
However, the amplitudes could be quite different and/or
the two orbits could be nearly identical in frequency
and therefore dif6cult to resolve. Similar possibilities
arises for extremal orbits on the jungle gym near (100)
directions due to the corresponding distortions, and the
same arguments apply. The amplitude dependence of
other o. frequencies is not understood.

Another possibility for the existence of the o.' and o."
branches is offered by magnetic breakdown between
the second- and third-zone surfaces at those points
where the absence of spin-orbit effects would allow the
accidental degeneracies. The region where n" frequen-
cies are observed just corresponds to a region where
three breakdown points are coplanar, and the correla-
tion of amplitudes of the n, o.', and o." frequencies is
suggestive of breakdown.

We conclude that either explanation or a combina-
tion of both can account for the experimental data for
Nb. In Ta the larger spin-orbit splitting could eliminate
the possibility of magnetic breakdown and/or smooth
out the distortions of the Fermi surface so that the
subsidiary extrema would not exist.

3. y Brarlches

With fields near 100 kOe, a set of faster frequencies
were observed in the (110) plane with a minimum
occurring at the [111)axis, as shown in Figs. 4 and 5
for Nb and Ta, respectively.

[I I 0]

Fxo. 7. Three-dimensional sketch of the H intersection of the
jungle-gym surface with an indication of some of the orbits which
may be the source of multiplicities shown in Pigs. 4 and 5.

Both the y2 orbits about the I"-centered intersection
of the jungle gym, and the p orbits about the H-
centered intersection show the required minimum area
in the (1111direction, but the quantitative agreement
between the APW Fermi surface and the experimental
data is 1% if we assign these higher frequencies to
the g orbits. The discrepancy would be 35% for Ta
and 75% for Nb of the experimental frequency if the
p2 orbit is assumed. Also the calculated masses of the y2
orbit are so high that their observation is not expected.

The results shown in Figs. 4 and 5 exhibit a multi-
plicity of frequencies over certain ranges for this branch
in both Nb and Ta. These are compatible with the
APW calculations, which has lumps on the jungle-gym
surface such as to allow noncentral extremal orbits.
The three-dimensional sketch of the B intersection in
Fig. 7 illustrates the point by showing the calculated
protrusions along the (100) directed arms and some
typical orbits. In particular, for Gelds near (111)central
orbits such as A in Fig. 7 exist. As the Geld is tilted
toward (100) in a (110} plane, at some angle the
central orbit must traverse the tops of four of these
protrusions, such as 8 in Fig. 'I, and it is quite probable
that for some angular range the central orbit will be
due to a relatively maximum area, and smaller non-
central minimum areas will also exist. The latter are
indicated in Fig. 7 by the two equivalent dotted line
orbits on either side of the 8 orbit. A similar situation
occurs when the field is rotated toward a (110) direc-
tion in a (110}plane, for which the central orbit is
indicated by the t" orbit in Fig. 7. In this case, the
central orbit traverses only two protrusions. The non-
central orbits are not shown but again are expected
to be relatively minimum areas.
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TAaLE I. Effective mass summary.

Orienta-
tion Surface

Niobium {1+X)=1.82
Area Area
(exp) (AP&)
(A

—
2) (A 2) ÃZ*(exp) 1Q (APAV) 1R /'P'PZ (APTV)

L100g
L100$

$110)

Ellipsoid
Jungle gym
Ellipsoid
Ellipsoid

0.815
0.138
0.647
0.657

0.855 1.60
0.117 1.12
0.663 1.28
0.677 1.22

0.97
0.57
O.73
0.70

1.65
1.97
1.75
1.74

Tantalum (1+)) =1.65

)100j
p100j

P110]
71101

Ellipsoid
Jungle gym
Ellipsoid
Ellipsoid
Ellipsoid

0.436
0.279
0.472
0.472
0.580

0.395 1.09
0.292 1 ~ 35
0.448 1.06
0.442 1.18
0.562 1 ~ 35

0.60
0.84
0.60
0.61
0.75

1.82
1.61
1.77
1.94
1.80

The data shown in Figs. 4 and 5 do not exhibit all
the features required to be completely consistent with
the above interpretation. In particular, in some regions
the central orbit is not observed, e.g. , in Nb, Fig. 4,
for 8 less than 39' and between 65 and 68', and in

Ta, Fig. 5, for 0 between 40' and 45' and again between
63 and 66 . Similarly, noncentral orbit frequencies are
missing in Nb, Fig. 4, between 39' and 42 . These
negative results can be attributed to any of a variety
of reasons which are considerations of relative ampli-
tudes and are not considered significant. A puzzling
feature about this interpretation of the data is the
way which the noncentral orbit near 8=66' in Ta
(Fig. 5) appears to merge with the supposedly central
orbit observable at larger angles, since the noncentral
should always be smaller than the central one. This
point has not yet been reconciled, but because of the
complexity of the calculated surface, it is not con-
sidered of great import, and the conclusion remains
that all the g frequencies arise from orbits about the
H intersection of the jungle-gym surface.

C. Cyclotron Mass Results —Mass Enhancement

Cyclotron masses have been determined from the
temperature dependence of the oscillation amplitudes
at a number of orientations for Nb and Ta. The results
from the MTO experiments are summarized in Table I
which also includes the masses obtained in the AI'K

4. y1, P2, gad 5 BrGRCh8$

The APW surface supports a number of other orbits,
namely hole orbits (yq) about the second-zone closed
hole surface at P, hole orbits (y2) about the P-centered
intersection of the third-zone jungle-gym surface, and
electron orbits (6) within the square ring formed by
four connecting jungle-gym arms. None of these have
been observed, and all are estimated4 to have higher
masses than the orbits which have been observed.

calculation. It is clear from the table that the experi-
mental masses are substantially larger than the calcu-
lated masses. This "mass enhancement" can be due to
a number of influences —e.g. , electron-phonon interac-
tion, electron-electron interaction, paramagnon eBects,
and perhaps others. The first of these, phonon en-
hancement, is likely to be the most important and has
been calculated by McMillan5 for a variety of ma-
terials. McMillan's results for the phonon enhancement
are expressed in terms of a constant A. such that

m*...= (1+X)m*„),.
Therefore, in the table we have listed the ratio of
(m*, ~/m*, ~,) for comparison with (1+X). In Nb the
measured enhancements are about 7%%u~ less than
McMillan's value of 1.82, and in Ta the measured
values are about 10/o higher than the calculated value
of 1.65. The masses as determined from the torsion
balance studies of Ta at 30 kOe are 10'Po higher than
the values in the table. In view of the uncertainty of
the cyclotron mass measurements no statement can
be made about possible anisotropy of the mass-enhance-
ment factor.

V. SUMMARY

Several sections of the Fermi surfaces of Nb and Ta
have been determined, and appear to be qualitatively
almost identical for the two materials. Comparison
with the APW Fermi surface obtained by Mattheiss
gives good agreement with the present data. The
sections observed are identified as a set of six third-zone
closed hole surfaces (warped ellipsoids) centered a.t A"

in the bcc Brillouin zone, and a multiply connected
third-zone hole surface (jungle gym) with arms along
(100) directions intersecting at I' and H. The second-
zone closed hole surface centered at j. , predicted by
the APW model, and several possible orbits on the
jungle-gym surface have not been observed, probably
because of their expected higher effective masses. Mea-
sured effective masses are consistently larger than the
calculated masses, and the enhancement is found to be
in reasonable agreement with the values derived from
the superconducting transition temperatures.
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