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We have reexamined the recent theories by Caroli and Maki of the dynamic response of dirty super-
conductors and find them inconsistent and incomplete. Additional contributions, which were not included
by them, are calculated, and new expressions are presented for the microwave and Aux-flow resistance. In
particular, we find that the use of the time-dependent Ginzburg-Landau equation for the order parameter,
coupled with the static Ginzburg-Landau equation for the current, is not generally adequate to calculate
the leading superconducting contributions to the resistance. These results imply that the theory of Aslamazov
and Larkin for the extra conductivity due to fluctuations above the transition temperature is also incomplete
and that, in general, additional contributions of the type suggested by Maki must be included.

I. INTRODUCTION

ECENTLY, a very interesting series of articles has
appeared by Caroli and Maki in which the

microwave impedance' ' and the Aux-Row resistance'
of dirty type-II super conductors near the upper
critical field II.~ were calculated from the microscopic
theory of superconductivity. 4 The impedance was
calculated in the gauge in which the small time-varying
field was expressed entirely in terms of a spatially con-
stant, time-dependent vector potential A(t) =A„e—'"'.
The impedance was found to depend on the relative
orientation of the static magnetic field H and the rf
electric field E(t)= —c)A(t)/r)t, as had been found
earlier experimentally. ' The Aux-Row resistance was
calculated for a static field E, expressed entirely as a
static scalar potential y= Ex, perpendicular to H.

In principle, the results of these calculations should be
gauge-invariant and give the same result for the same
physical limit of a static field EJ II, which may be
obtained from the impedance calculation in the limit
co —+ 0. Taking this limit, we immediately see that the
impedance calculation is incorrect, since a prediction of
infinite conductivity is obtained contradicting the
experimentally established result that a finite resistance
results from the motion of the lines of flux. ' )The corre-
sponding calculations of Caroli and Maki' 7 in the pure
limit are also inconsistent. The leading corrections to the
normal-state resistance are given as proportional to
(H, s—H)'~s in the microwave case and to (H.s—H) in
the Aux-fiow case. However, at least they obtained a

*Work performed under the auspices of the U. S. Atomic
Energy Commission. A summary was presented earlier: R. S.
Thompson, Bull. Am. Phys. Soc. 14, 128 (1969).' K. Maki, Phys. Rev. 141, 331 (1966).' C. Caroli and K. Maki, Phys. Rev. 159, 306 (1967).' C. Caroli and K. Maki, Phys. Rev. 164, 591 (1967).

4 The earlier work of A. Schmid )Phys. Kondensierten Materie
5, 302 (1966)g obtained the same flux-flow resistance as Ref. 3 in
the limit 2' —+ T,.' M. Cardona and B. Resenblum, Phys. Letters 8, 308 (1964);
B. Rosenblum and M. Cardona, i'. 9, 220 (1964).' Y. 3. Kim, C. F. Hempstead, and A. R. Strnad, Phys. Rev.
139, A1163 (1965); A. R. Strnad, C. F. Hempstead, and Y. B.
Kim, Phys. Rev. Letters 13, 794 (1964).' C. Caroli and K. Maki, Phys. Rev. 159, 316 (1967).

j.

finite conductivity in the cv —& 0 limit, i.e., no Meisner
effect for electric fields perpendicular to the flux lines. 7

In Sec. II we reexamine Caroli and Maki's impedance
calculation and find important contributions which they
ignored which cancel their infinite contributions to the
conductivity. The finite value remaining is, however,
not the same as they obtained for the Aux-Row resistiv-
ity, except at zero temperature. As has recently been
pointed out by Gor'kov and Rliashberg (GE),' the
time-dependent response of a superconductor is rather
singular. Aided by their analysis, we find that additional
contributions arise when the scalar potential is given a
time dependence qe '"', and the limit co —+ 0 is taken.
When they are added to the results of Caroli and Maki,
we obtain the same resistivity as we got from the
impedance calculation, thus arriving at a consistent,
gauge-invariant answer. The initial slope of the resis-
tivity near H, &(T) is found to be twice as steep as
predicted by Caroli and Maki near the critical tempera-
ture, gradually reducing to their value as zero tempera-
ture is approached.

Having obtained a consistent theory of the response
of a superconductor to electric fields, we turn our
attention in Sec. III to the paraconductivity 0 arising
from fluctuations in a superconductor above its transi-
tion temperature T,. We find two dominant contribu-
tions in the region not too close to the transition. The
first has been calculated by Aslamazov and Larkin
(AL), ' and for films gives a "Curie-Weiss" behavior
R./R = (1+Ts/r) ' for the ratio of the resistance R,
to the constant normal-state resistance E„,as a function
of the normalized difference of the temperature from
T„where r= (T T,)/T, . The sec—ond contribution,
which we call anomalous, is of the type proposed by
Maki" in the three-dimensional case, which for two
dimensions is logarithmically divergent o R = (2ro/r)

L. P. Gor'kov and G. M. Eliashberg, Zh. Eksperim. i Teor.
Fiz. 54, 612 (1968) LEnglish transl. : Soviet Phys. —JETP 27,
328 (1968)].

9 L. G. Aslamazov and A. I. Larkin, Phys. Letters 26A, 238
(1968); Fiz. Tverd. Tela 10, 1104 (1968) /English transl. : Soviet
Phys. —Solid State 10, 875 (1968)]."K. Maki, Progr. Theoret. Phys. (Kyoto) 39, 897 (1968);
40, 193 (1968).
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Xlnr/r„where r. is a cutoff proportional to the
shift in T, resulting from an assumed pair-breaking
interaction.

From a theoretical point of view, this divergence
may not be too surprising, since there are several
arguments which for other reasons say that fluctuations
should be logarithmically divergent in two-dimensional
systems. ""Experimentally, relatively sharp transitions
have been observed, "' with widths in good agreement
with the prediction of AL. One does not know how
much pair-breaking interaction was present in these
films, but it could conceivably have been large enough
to make the anomalous contributions insignificant. The
usual estimates of the shift of T, due to electron-phonon
or electron-electron scattering, T'/(Debye tempera-
ture)', and T'/Fermi temperature, appear to be too
small to account for the experimental results, but we
do not know how much pair breaking arises from the
imperfect 61m structure, looking, for example, like
paramagnetic impurities. On the other hand, it could
be that r, was small and the condition rp/r«r, we
derive for the validity of the expansion of the anomalous
contributions was violated, so that nonlinear eRects
became important, which damped out the anomalous
contributions to 0-'. Recently, Masker and Parks"
have observed transitions in less dirty aluminum films
far from the transitions and found values of 7 p about
ten times that predicted by AI, . The inhuence of an
additional pair-breaking interaction, such as the
application of a magnetic field parallel to the film, on
such films to see if the transitions then became narrower
would be a particularly interesting study.

II. MICROWAVE IMPEDANCE AND
FLUX-FLOW RESISTANCE

We will first turn our attention to the calculation of
the anisotropic electromagnetic conductivity for dirty,
bulk, type-II superconductors given in Sec. IV of the
paper by Caroli and Maki. ' As they noted, one must
consider two diferent geometrical arrangements. The
parallel orientation of the rf electric field E to the
static magnetic Geld HL=H, s(1)j may be calculated
more simply and is considered first. The response
function Q&&(cv) relating the current j to the rf vector
potential A„by j=—QA was originally calculated by
Maki, ' although he did not then realize its validity was
restricted only to the parallel case. In addition to the
normal-state response Q = —i~o, the first additional
term Q' in an expansion in powers of the order parameter
squared is evaluated. The sum over imaginary fre-
quencies which must be computed to obtain Q' is given

"T. M. Rice, Phys. Rev. 140, A1889 (1965); J. Math. Phys.
8, 1581 (1967)."P. C. Hohenberg, Phys. Rev. 158, 383 (1967)."R.E. Glover III, Phys. Letters 25A, 542 (1967).

'4 M. Strongin, O. F. Kammerer, J. Crow, R. S. Thompson, and
H. L. Fine, Phys. Rev. Letters 20, 922 (1968).

"W.E. Masker and R. D. Parks, Phys. Rev. (to be published),

The notation is identical to that of Ref. 2: (l 6 l') is the
spatial average of the order parameter squared, T is
the temperature, f is the digamma function, P is its
derivative, p= es/47r T, ep= 2eDH, where D is the
diGusion constant which equals —, of the product of the
Fermi velocity v and the electron mean free path /.
For low frequencies, or«7rT, s (T,s is the critical temper-
ature for H=O) and Eq. (1) may be expanded in
powers of o&/7rT, s. The results may be expressed in
terms of the magnetization M of the sample:

ReQ'~ i„—— 4e3f, —
24 "(s+p) (2)

ImQ'ii, =4eM
8~T,p tg'(-,'+p)

P" is the second derivative of P, and 1=T/T, s. The
magnetization is given by

~ (-:+p)(IAI')
AT

e H.s(1) H—
(3)

vr 1.16l 2sss(t) —1j+n

using Ir2(t) as calculated by Caroli et
to the Ginzburg-I. andau ~ at T.p.

the demagnetization coeKcient. '
The anomalous contribution to

ucts of retarded and advanced
t.~'(ro'+~s) &O] '

o(lAls) 1- (1 ice
I la

27r T 2 k2 27rT

al. ,"which reduces
The quantity e is

Q' contains prod-
Green's functions

+P)—0'(~+P)

27r T (1
—+p) —0(-', +p&—s(d+ss k2 27rT

(4)

The sum Qii ——Q +Q'»„+Q', i, is the same as Eq. (16)
of Ref. 1 and Eq. (29) of Ref. 2. It may be noted that
we have included in Q ~t, two additional diagrams, which
we illustrate in Fig. 1, to obtain this result. Maki also
must have included them in his calculation but without
explicitly showing them. Again for small frequencies

' C. Caroli, M. Cyrot, and P. G. de Gennes, Solid State
Commun. 4, 17 (1966)."J.A. Cape and J.M. Zimmerman, Phys. Rev. 153,416 (1967).

by Eq. (14) of Ref. 1, and the diagrams considered are
illustrated in his Fig. 1.

Following GE, ' we And it useful to divide the sum
into two parts, called regular and anomalous. The
regular part contains products of only retarded or only
advanced Green's functions I co'(&u'+&os) &07;

o(I~is) 1-
Q'ii. = —4' —— +p I+0'(s+p)

2s.T 2 2 27rT

2'T /1 ia&

+ ~l — +. l-~(-:+.)
&2 2~T
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we expand in powers of ru/~T, p.

CO

Reg''t, = —4eM—
2 GD+ep

~"(-:-+.)
Img'„, =4eM~ +—

(8 T., Al'(-', +p) 2a'+s, ')
alp oil -a +col0

If we require the additional condition (footnote 23,
Ref. 2) that the temperature not be too close to
T,p so that cv«m. (T,p

—T), Eqs. (5) may be expanded
in powers of a&/ep. Then the sum Qi t of Q, Eq. (2), and
Eq. (5) is the same as the expansion derived in Ref. 1,
Sec. 3 and Ref. 2, Eqs. (34) and (34'). However, they
could have noted in connection with the function
C'„defined as Img''i =4eM(a&/Sm. T,p)C't(i) and shown
on Fig. 2 of Ref. 2, that as T—+ T,o, the function Cll
onlyincreaseslike (T,p

—T) 'until'=~(T, p T).Th—en
Ct, reaches a maximum and decreases to 3P"(-', )/P'(-', )
at T,p. Also Reg'" goes from —4eM to s(—4eM)
atT o.

Because no explicit use has been made of the spatial
dependence of 6, we may compare our results with the
response calculated by GE in the limit T~ 0. We must
only change the pair-breaking interaction from a
magnetic field to spin-Qip scattering on magnetic
impurities by letting ep=2/r. , where r, is the time
between spin-reversal scatterings. In the limit T—+ 0,
f'(-', +p) -+ 1/p and/" (-', +p) —+ —1/p'. The anomalous
contributions to Q' cancel out as required to get the
simple form of the time-dependent Ginzberg-Landau
equations GE obtained. However, it is clear that, as
they stated, this cancellation occurs, and the simple
time-dependent Ginzburg-Landau theory is valid, only
when T(( the pair-breaking energy 60 T 0

—T. The
real part of Q~~„becomes 2or, I~)', which is the usual
static value. The imaginary part of Q'&&„becomes
~r,'~ ~~'cv, which was ignored by GE, since it is of order
r Go or cv/T, p with respect to the real part. However, it
gives the leading correction to the normal-state absorp-
tion and will sometimes be important. The presence of
this leading correction Reo,/o=1 —r's)A)s can easily
be seen on the co=0 axis of Fig. ii of Skalski eI al."
It is interesting to note from Figs. 2 of Refs. 1 and 2
that the leading absorptive correction changes sign at
t= 0.6 and is positive for higher temperatures.

More recently Rliashberg" has extended the GE
theory to the case of small magnetic impurity concentra-
tions and found singular behavior in the time-dependent
equation for the order parameter in the terms of order

similar to those we find here for the current.
Although such terms are very important in the case of
magnetic impurities, they are not important in the case
of external magnetic 6elds which we are interested in

S. Skalski, O. Betbeder™atibet, and P. R. Weiss, Phys. Rev.
136, A1500 (1964).

G. M. Eliashberg, Zh. Eksperim. i Teor. Fiz. 55, 2443 (1968)
/English transl. : Soviet Phys. —JETP 28, 1298 (1969)g.

here. A typical denominator in the time-dependent
perturbation theory for 6 involves the inverse of this
time-dependent equation, P ira+8E+—O(A') $ '. Unlike-
Rliashberg's case, here the excited states have energies
which are separated by a finite interval SE=4eDH
from the ground-state energy. We can ignore the higher-
order terms in 6, subject to the restriction on the size
of 6 necessary for the validity of the theory, which we
give at the end of this section, A((2eDII.

If the rf electric 6eld is oriented perpendicular to the
static magnetic field, the response Qt is composed of
the response for parallel orientation Q", which we have
already given, plus additional contributions of two
types. The first type Q', i arises from the changes in
the order parameter induced by the rf field and was
calculated in Ref. 2, Eq. (31).Again as in the case of
Q'&&„when expanding Q'it in powers of the frequency co

one must specify whether the condition ao«n. (T,p
—T)

is satis6ed. If so, the results of the expansion are given
by their Eq. (35);

4 (s+3p) N(s+p)—
Reg'ri ——4eM

28"(a+p)

O'(-:+3p))
Img'» —4.M

g~T.p pi 0'(s+p) &

(6)

If only the condition cv«~T, p is satisfied, Eqs. (6) will
not be valid as T—+ T p and a different expansion should
be used in this limit;

4«'+F4"'(s)/4'(s) jp(4eP+3"')
Reg'it =4eM

4ep+(i0

2e~(1—2pL&" (-')/0'(l) 3)
Img'it =4eM

4ep+M

Thus the function C&, de6ned analogously to Cli, also
will not diverge indefinitely as (T,p

—T) ' in the limit
T~ T 0 for any 6nite frequency, but will reach a peak

p A~0

FIG. 1. Two additional diagrams contributing to the response
Q'", in the anomalous regime (cop)m'&0). The solid lines are
propagating electrons, while the dotted lines represent impurity
scattering. Where two dashed lines are shown crossing a vertex, a
summation over all possible numbers of such dashed lines is
implied. Where only a single dashed line is shown, such a summa-
tion is not possible because the two poles lie in the same half-plane.
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, (ql qq 4OA)

~(ql-q+ 4OA)

P A~o

FIG. 2. A typical diagram giving additional contributions Q p2
to the response when EJ H. Other diagrams of this class are
obtained by interchanging the positions of the order parameter
A~, the rf vector potential A„„and the gauge-invariant deriva-
tive (g+2eA) of A~. A vertex correction as shown across the center
of the diagram would vanish when the angular average over the
momenta p at the top and bottom is taken separately, if we
had not expanded the electron propagators in the momentum
change g occurring at d,~.

The sum over frequencies is obtained in terms of the P
functions by separating the various types of denom-
inators into partial fractions:

x2 &p

6p

~ (!+p)
7rT 2 oo+Mo

~o
+ 4" —+ +pl-

2oo —coo 2 2m T ) (2oo+oro)'

1 Mo ) 4rrT
x y -+ +3p

I
t(l+—»—

2 4ir T / (2oo—~o)'

(1x P -+ +3p
I PI -+ +p I

. (10)
2 47rT J k2 21rT /

The analytic continuation to real frequencies may now
be made simply by replacing rdo by —m. Then Eq. (10)
may be expanded in powers of co/T, (owith no modi6ca-
tions in the limit T~ T, for oi/0),

oi o lhl'
Img'go= 24 "(l+p)

near o=oi(rTo —T) and go to the same limit as C~&

at T,p.

Even when we ignore the 6nite-frequency difficulty
associated with the limit T—+ T,p, there are more
serious difhculties with the results of Ref. 2. Adding
expressions (6) for Q'&i to the results for Q'», they
obtained

8xT mT

1—-8"(-'+3p) —k'(-'+p) j (11)
P

Reg'& = —4eMA (t),
A(~) =1—8 (-'+3 )—0'(l+ )j/2A" (-'+ ),

Img'i = 4e3I (oi/Srr T,o)C, (1),
1 /&'(-'+3p)

C,(t) =c„(t)—I

— -2 I,
pf k f'( +p)—

1(»t"(-:+p))
c~~(&)=-I -+

t (p P'(o+p) 2

A (t) vanishes only at the point T= T,o, as illustrated in
their Fig. 1. This result contradicts the well-known
results of Qux-Qow experiments, which show that the
conductivity

2yu(1+p)
Ci(~) =C~~(~)+ ——

pr, 4'( +o)p
(12)

~"(!+p)
C, (t) = —+

~4'(o+p)

When these new contributions are added to those given
in Eqs. (8), we obtain the necessary cancellation of the

(S) real part so that Reg', = 0 and a corrected value for Ci;

R g'. = — — A'(-'+ )A (~),
mT

0 g =11m
~p —ice

is Gnite for EJ H. Furthermore, the difficulty with their
results is not concerned so much with incorrect handling
of the time dependence but with the co=0 limit.

They left out of their calculation certain important
contributions, which we call Q'&o and illustrate in Fig. 2.
This type of diagram contributes only when EJ H,
because if EIIH then A„oJ (q+2eA) and the average
over angles gives zero. As usual, the real or is replaced
by an imaginary discrete frequency icop=i2e~T during
the calculation. Before analytic continuation, the sum
of the additional contributions is

g "(-.)=--I~l s-T( Z +Z)
co'(—cup a) ')p

9+, I, (~)
&2l~'I+«2I~'+»I+«& I2~'+~ol+3«

From this value of C&, the film conductivity 0-, is
obtained

o.,=o —(4'/Svr T,o)C,(t),
4~io(0)Lo (&) H ~ (13)

o.,=a 1+ — 1—
1.16L2~oo(t) —1j+I H, .(t))

where lri(0) = 1.20ir and Lo(t) =ptC, is plotted in Fig. 1
of Ref. 3. For finite cu((~T, o, Eqs. (2), (5), (7), and (11)
Inay be summed to obtain the correct frequency-
dependent expressions in the limit T + T p.

Unfortunately, the value of the Aux-Qow resistivity
we have obtained by correcting Ref. 2 differs from that
obtained in Ref. 3 by the factor Lii(t). The reason is
that the anomalous contributions given by the small
co limit of Eqs. (5) were left out of the calculation in
Ref. 3. The calculation in Ref. 3 was performed in the
gauge p=Eor. The anomalous contributions in this
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gauge arise from diagrams of the type shown in Fig. 3.
One might think such diagrams, which contribute only
in the range 0(co'&cop could be ignored as being of
order iosP if g was assumed to be time-independent
(res-+ 0).However, GE showed that due to the singular
vertex corrections a factor of 1/coo arises from the sum
of all corrections on the lower end of the diagram,
resulting in a 6nite cop —+ 0 limit. The Coulomb force
has been included by requiring there to be no Ructua-
tions in the density of electrons. Terms of order 5' of
the type shown in Fig. 3 were not explicitly included in
GE because they vanish in the T=0 limit. The addition
of these anomalous terms to the results of Ref. 3 gives
exactly Eq. (13)."'

The revised prediction for the initial slope of the Qux-
Qow resistance is shown in Fig. 4. It is the same as
given in Ref. 3 at T= 0, and twice as steep near T= T,p.

However, it is necessary to note that this expansion has
a very narrow range of validity as T—+ T,p. The static
calculation of the penetration depth (ReQ) is valid in
the range h&&mT. p. However, the dynamic calculation
of the conductivity (ImQ') is only valid in the range
6«so=~(T.o

—T) (or A&&co for finite frequencies when
co) es). This restriction on expansions in powers of 6
can be inferred from the observation that if all fre-
quencies co~0 in the expressions for the Green's
functions, the only remaining parameter for expansions
for small 6 is 6/ee, as is verified by direct calculation of
the anomalous terms of order A4. The restriction on

magnetic field thus becomes increased from H, s(t) —H
«H, s(0) to H.s(t) —H«H. 2'(t)/H, s(0). We illustrate
the different regions of validity in Fig. 5. When account
is taken of the large Auctuations near the transition, "
one would expect experimental comparison with this
theory to be quantitative only for intermediate and low
reduced temperatures t. The data of Kim et a/. ' indicate
approximate agreement with the theory, showing slopes
of the resistance of the order of 2—4. However, we can-
not determine very precisely the temperature depen-
dence of the slope near the transition from their
published curves.

Fre. 3. A typical diagram giving
anomalous contributions to the cur-
rent in the gauge @=Ex. The only
nonvanishing regular contributions in
this gauge come from the time
dependence of 6 induced by E.

4s~p

'~' H. Ebisawa and H. Takayama (unpublished) have found the
time-dependent Ginzburg-Landau equation used in Ref. 3 in-
correct at low temperatures owing to the noncommutivity of the
momentum operator with the scalar potential. However, they
found that due to a cancellation of errors the current derived in
Ref. 3 is the correct regular part, as we stated.

~ K. Maki, Phys. Letters 27A, 481 (1968).

x

g/r
x igg

I

0
I

0.2 0.4
t = ~/~co

I

0.6
I

0.8 l.0

Fio. 4. Slope oi the Qux-flow resistance at H.2(t) as a function
of the reduced temperature t = 7'/7', 0 for dirty materials with K))1.

As Maki has pointed out" these calculations are
easily extended to a semi-in6nite superconductor with
a magnetic field near II,3 parallel to its surface. One
simply uses the appropriate static value for 6' given by
Maki and replaces the ground-state energy t.p

——2eBB,&

by 0.59(2eDH, s) and the first-excited-state energy 3ep

by 5.62cp. In addition, in the EJ II orientation the
matrix element squared of A between the ground and
excited states

III. FLUCTUATION RESISTANCE

Recently, a great deal of attention has been paid to
the rounding of the resistive transition due to Quctua-
tions. The most popular theory has been that of AL,

"K. Maki, Progr. Theoret. Phys. (Kyoto) 39, 1165 (1968);
G. Fischer and K. Maki, Phys. Rev. 176, 581 (1968).

22 H. J. Fink, Phys. Rev. 177, 732 (1969).
~E. Guyon, F. Meunier, and R. S. Thompson, Phys. Rev.

156, 452 (1967).

(0 i Hx i
1)'= (0 i

H'x'|0) —(0 )
Hx i 0)'

which gives a contribution —,'II.~ to the numerator of
Q', , must be replaced by approximately -', (0.59H.s).
Higher-order excited states, which make no contribu-
tions in the bulk type-two case, do contribute here,
but computer solutions show that the error involved in
neglecting them is small &7'Po (see also Fink" ). ReQ',
no longer vanishes in the small co limit for EJ H. The
ratio of ReQ' for EJ H to its value for EiiH, which is a
measure of the anisotropy, becomes 0.586 (independent
of temperature). We have made detailed calculations
of the response for all film thicknesses, including the
regime of Aux entry" for 6lms of thickness approxi-
mately equal to the coherence length, and will present
our results in a separate paper.
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I.O

0.8

film of thickness d($(t) = (/I r
I
'1', the momentum

element is

d'q 1 "dq' ' d9

d (2s-)' d p 4~ p 4s-

The AL result follows integration:
0.6

o', (2D) = e'/16dr. (15)
H

Ht:g(t)

0.4

For bulk samples the three-dimensional momentum
element is

0.2

d'q ~ g'dq 1

(2m-)' p 2pr' 2
d cos8.

In agreement with Schmidt" we obtain

o', (3D)= es/32$ri&s (16)
0 0.2 0.4

t =T/Tco

0.6 0.8 I.O

FrG. 5. Static generalized Ginzburg-Landau theory for the
penetration depth (ReQ) is expected to be valid to better than
about 20'P& accuracy in the entire region above and to the right
of curve S. The dynamic theory for the resistance {ImQ') in the
small frequency limit applies only in that part of the erst region
which lies above the curve D.

which, as has been emphasized by Abrahams and Woo,"
is based on the addition of a time derivative of the order
parameter to the Ginzburg-Landau equation with the
proper sign to restore deviations from equilibrium.
When an electric field is applied an extra current
arises from the time derivative of the fluctuations of
the order parameter, giving rise to a "Curie-Weiss"
form of the conductivity o,=o(1+rp/r) . in . a two-
dimensional film. AL obtained r p

= rise'R ti = (1.52&(10 '
0 ')Ea, where Eg is the film resistance per square area.
The response calculated by AL is similar to the Q', i
part of the calculation in Sec. II.

Maki" has proposed a diGerent theory of the Quctua-
tion resistance based on the anomalous terms Q'~~, of
Sec. II. Maki applied his theory only to the three-
dimensional case, perhaps because it is divergent in
lower dimensions. Even so, we now understand that
these anomalous terms appear in all dynamic calcula-
tions near T,o, so we must deal with these divergences
for films and wires. We agree with Maki's note added
in proof to Ref. 10 that the two types of fluctuation
conductivity must be summed.

Introducing the temperature-independent coherence
length /=0 85(leap)'Is= I p'( ')D/4rrT, p7ij' the AL resu—lt
for a fluctuation of momentum q is given in a simple
form. We may call this contribution the regular one 0.„".

o'„(q) = m.e'$'q' cos'f) {1/I r+ Pq'7') . (14)

|II is the angle between q and E.To sum over all Quctua-
tions, this expression must be intergrated over an
appropriate momentum element. For a two-dimensional

'4K. Abrahams and J. W. F. Woo, Phys. Letters 27A, 117
(1968).

o'„(1D)= ere'(/165r". (18)

The anomalous response may be calculated similarly
from the most singular part of Eqs. (4) and (5);

~'-= ~'(si)
I
~ I'/2~2'« (19)

by replacing ep by Dq' and IDI' by the fluctuation
probability given by Maki"

I
~ I'= P'/&(0)71/I: + (kq)'7

~'.= s~"(1/q') 1/(r+Pq').

(20)

(21)

Only the zero-frequency part of
I
6

I
' has been included

here. A careful consideration of the analytic continua-
tion, including the frequency dependence of

I
6 I

', shows
that the leading singular contribution to 0.', is correctly
obtained in this simple way in this particular case. ~

"H. Schmidt, Z. Physik 216, 336 (1968).' J. I. Gittleman, R. W. Cohen, and J.J. Hanak, Phys. Letters
29A, 56 (1969). These authors did not determine the coherence
length precisely from the critical fields and could only compare
their results roughly with theory."We wish to thank A. I. Larkin for discussions of the analytic
continuations involved here. AL now agree that these additional
Maki contributions must in general be added to their previous
theory.

"Recently, E. Abrahams, M. Redi, and J. W. F. Woo (unpub-
lished) have shown that taking only the zero-frequency part of
~n ~' gives the wrong answer for the fluctuation contribution to
the density of states Nice) LPhys. Rev. 8 I, 208 (1970)].

In practical units e'=2.43&(10 4 0 '. The coherence
length may be obtained by measuring H, &= IrI/2eP
or H, 3

——1.698,& for precise comparison with theory. "
The general result which interpolates between Eqs. (15)
and (16) for any film thickness may easily be obtained
by summing discrete prependicular momenta trs-/d,

corresponding to the allowed eigenvalues of the cosine
function, which satisfies the boundary condition of
vanishing derivative;

o', (2—3D) = (e'/32(r"')I coth(dr'"/$)+$/dr"7. (17)

In one dimension, the momentum element is (1/S)
X 1'„"(dq/2s) where 5 is the cross-sectional area of
the wire;
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The same momentum elements apply as before. In
agreement with Maki, we obtain

o! (3D) e2/8)Tll2 (22)

The divergence problem is unaffected by the presence
of the third dimension when d(P/(r+r, )tl'.

r. may arise from the change in T, due to a pair-
breaking interaction. For example, if a magnetic field
is applied parallel to the fil r, =8= LT, (0)—T,(H)]/T,

', (eHd))'. T-hen the total conductivity due to fluctua-
tions is

o'(2D) = rp/(v+5)+ (2rp/r)lnL(r+5)/5]. (25)

Near the transition this result tends to AL, but far
away it has values typically an order of magnitude
larger. A perpendicular field also has a pair-breaking
inhuence. Because of the discrete nature of the excita-
tion spectrum, q'= (2ri+ 1)2eH, the results are different.
Far from the transition (r))r,), the limiting value is

o.'(2D) = (rp/r) (1+2 ln2yr/8), (26)

where 8=2eHP and Euler's constant lny=0. 5772.
The cutoff of the divergence may also be obtained

from the frequency cp if ~/T, &r.. In this case by
referring to Eq. (5), we see that the denominator q

'
in Eq. (21) is replaced by P/P(7rtp/8T, )'+ ($q)'].
Following Schmidt s' we introduce the notation tp= ~a&/

16T,r. Then the frequency-dependent anomalous
response which should be added to Schmidt's result
for the AL contribution is

o.', (2D) = (2rp/r)t ppvr —ln(2tp)]. (27)

Both contributions 0-'„and 0-' are always positive, so it
is somewhat puzzling that significant changes in the
conductivity were not observed in one reported micro-
wave experiment, " especially since corrections to the

'P R. V. D'Aiello and S. J. Freedman, Phys. Rev. Letters 22»
515 {1969).

although for the total o'(3D) we get 5/4 o' (3D) and
not the factor 7/4 mentioned by Maki.

In two dimensions 0-, is logarithmically singular.
In terms of a low-momentum cutoff q, =$ tr.tI', we
obtain

o.' (2D) = (e'/8dr)lnL(r+r, )/r, ]. (23)

The interpolation formula between Eqs. (22) and (23)
is obtained by again summing over discrete momenta
em/d;

d(r+r, )t~')
o', (2 —3D) = ln sinh

8Td — dT 1/2

fr+r,
+,' ln~ -. (24)

4 r,

static conductivity were expected only very near the
transition. A more recent experiment by another
group" shows good agreement with Schmidt's theory,
as expected for lead 61ms, in which the static conduc-
tivity is dominated by the AL contribution.

For wires the divergence is much stronger, going as

g
—1 ~

cr', (1D)= (e'(/25) (1/rr, '~ rr/2—r'i') . (28)

If the cutoff is due to a pair-breaking interaction like
that resulting from the application of an external
magnetic field, the total conductivity due to fluctuations
may be expressed in terms of 8= $T, (0)—T,(H)]/T„

1
(29)

(r+fi)t~s)

The answers we have obtained for the first corrections
to the conductivity are valid only as long as they are
small compared with higher-order corrections. For the
regular terms the requirement is met simply if 0-'((|T.
However, the anomalous terms are more badly behaved.
As we noted at the end of Sec. II the expansion of the
anomalous terms goes as (A/Dq')'. Substituting Eq. (20)
for

~

d ~' and integrating over the appropriate momen-
tum element, we obtain the requirement 0.'((O.v., in
one and two dimensions. Even in the three-dimensional
case, the higher-order dynamic response is singular,
requiring o'((o(rr.)"' These re. sults may be verified
by examining a typical anomalous term of order 64.

In general, we do not know how large z, is, nor do we
have a rigorous calculation of the response to all orders
in 6, which would be important if r, is small. However,
starting from any small 7-, we can increase it by applying
an additional pair-breaking interaction. Therefore, it
would be particularly interesting to study the effects
of magnetic 6elds on those 61ms which show fluctuation
conductivities larger than AL.

The results given in this section are valid for not too
large shifts of T 5+ yp& and for perpendicular 6elds
only if w))8. We have also calculated more general
results not subject to these limitations and will present
them in a separate publication. "

IU. CONCLUSION

We have recalculated the dynamic response of super-
conductors to electric 6elds, removing some incon-
sistencies and obtaining signi6cantly different results
from previous calculations. Further experimental work
might test the validity of the details of the theory in
the microwave, Aux-Row, and fluctuation regimes.

"S.I.. (A.) I.echoczky and C. V. Briscoe, Phys. Rev. I.etters
23, 695 (1969)."International Conference on the Science of Superconductivity,
Stanford, 1969, Physica (to be published).


