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The equations for 5' and 5"may be written in numerical
form:

Using these expressions and Eq. (A6b) we determine
for the Zn-II resonance a strain-induced frequency
shift of 18 MHz compared to the observed value of

10 MHz. Evidently these small impurity-induced
strains are more than sufficient to explain the observed
shifts, however, a more comprehensive theory which

properly includes the relaxation of the crystal and
F -F repulsion appears necessary.
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The magnetic phase diagram of MnFg, in the H-T plane, is determined in magnetic fields up to 200 kG
directed along the t 001] and L100] directions. The magnetic phase transitions appear as anomalies in the
ultrasonic attenuation and/or the differential magnetization. Near the various second-order phase transi-
tions, the attenuation of longitudinal sound waves exhibits X anomalies, whereas near the spin-Bop transi-
tion (which is a erst-order transition) the ultrasonic attenuation exhibits a sharp spike and/or an abrupt
increase, depending on the mode of propagation. The spin-Qop transition is accompanied by a spike in the
differential magnetic moment. The Neel temperature is Tft/= (67.33&0.03) K, and the triple point for
H~[L001] is at Ts= (64.9&0.1)'K and Ha 119&2kG. T——he 6eld at the spin-flop transition (for HE~[001j)
increases monotonically with temperature from 92+1.5 kG at 4.2'K to 119+2kG at the triple point. The
curvature, at 2'&, of the antiferromagnetic-paramagnetic boundary with H ~)L001] is d'T/dEP= —(3.2&0.2)
X10 'o 'K/G'. The curvature, at T~, for the antiferromagnetic-paramagnetic boundary with H~~(100j is
smaller by about an order of magnitude. The various phase boundaries are compared with the predictions
of the molecular-6eld theory and other theoretical models.

I. INTRODUCTION

HE magnetic phase diagrams of antiferromagnets
have been the subject of theoretical and experi-

mental investigation in the last two decades. The earlier
theoretical treatments, ' which were carried out within
the framework of the molecular-Geld approximation,
established the general features of such phase diagrams.
More recently, phase transitions in antiferromagnets
have been treated using more sophisticated theoretical
techniques. ' '

Experimental work on the phase diagrams of anti-
ferromagnets has been limited by the unavailability
of high magnetic fields. Notable exceptions are anti-
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be multiplied by 6.
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A. Bienenstock, J. Appl. Phys. 37, 1459 (1966).' J. Feder and E. Pytte, Phys. Rev. 168, 640 (1968).

ferromagnets with Neel temperatures in the liquid-
helium range. Representative examples of work on
antiferromagnets with relatively low Keel tempera-
tures can be found in Refs. 9—14. Previous work on the
phase diagrams of antiferromagnets with Neel tempera-
tures above IO'K was largely confined to the spin-
Aop transition, which was investigated in several ma-
terials jncludjng MnF 5 Cr203 s' 9 and n-Fep03 2o, 2

However, the antiferromagnetic to paramagnetic tran-
sitions in MnF2 were investigated by Heller in low fields
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52 (1969)."I.S. Jacobs, J. Appl. Phys. Suppl. 32, 61 (1961).' J. de Gunzbourg and J. P. Krebs, J. Phys. (Paris) 29, 42
(1968).

'7 Q. Shapira and J. Zak, Phys. Rev. 170, 503 (1968).
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using NMR, 4 and more recently such transitions were
investigated ultrasonically in FeF~ at high fields. "The
present work is devoted to the magnetic phase diagram
of MnF2, in fields up to 200 kG. A report on the pre-
liminary results of this work was published earlier. "

MnF& is ideally suited for a study of the magnetic
phase diagram. First, both the crystallographic and the
magnetic structures of MnF~ are comparatively simple.
Second, many of the magnetic properties of MnF2
have been investigated extensively in the past, which
facilitates the comparison of new experimental findings
with theory. Third, the temperatures between the
Neel point and the triple point lie in the liquid-nitrogen
range, which is an experimental convenience. Fourth,
the magnetic field at the triple point is accessible.
Fifth, single crystals of MnF& are readily available.

MnF& has a rutile structure (tetragonal symmetry)
and it is antiferromagnetic below the Neel temperature
T~——67.3'K. In the antiferromagnetic phase there are
two interpenetrating sublattices whose magnetizations,
at H =0, are antiparallel to each other and are directed
along the [001j direction (tetragonal axis, or c axis).
The anisotropy energy of MnF2 is uniaxial, with the
$001$ direction as the preferred axis, and it arises
mainly from Inagnetic dipole-dipole interaction. '4 The
exchange energy is much larger than the anisotropy
energy and it arises mainly from the antiferromagnetic
interaction of each Mn++ ion with 8 similar ions on the
opposite sublattice. There is also a weak ferromagnetic
exchange interaction of each Mn++ ion with the two
nearest ions on the same sublattice. 2'

Two experimental methods for observing the mag-
nectic phase transitions were used in this work. One
method involves the measurement of the differential
magnetic moment d3f/dH (hereafter DMM) in pulsed
magnetic fields. This technique for observing magnetic
phase transitions in high fields has been in use for the
last decade. The second method involves measurement
of the ultrasonic attenuation in steady magnetic fields.
The magnetic phase transitions appear as anomalies in
the attenuation coefficient. Until recently the study of
such anomalies was confined largely to measurements
near the Neel temperature of antiferromagnets (Curie
temperature of ferromagnets) at zero magnetic field. In
particular, the shape of the X anomaly in the attenua-
tion near T~ was the subject of detailed studies in
several materials including MnF2."More recently, we
have shown"" that such X anomalies also exist near

"Y. Shapira, Phys. Letters 30A, 388 (1969l; and unpub-
lished.

~' Y. Shapira, S. Foner, and A. Misetich, Phys. Rev. Letters23,
98 (1969).

'4 F. KeGer, Phys. Rev. 87, 608 (1952).
25 A. Okazaki, K. C. Turber6eld, and R. W. H. Stevenson, Phys.

Letters 8, 9 (1964); G. G. Low, A. Okazaki, R. W. H. Stevenson,
and K. C. Turberfield, J. Appl. Phys. 35; 998 (1964)."R. G. Evans, Phys. Letters 27A, 451 (1968);J.R. Neighbours
and R. W. Moss, Phys. Rev. 173, 542 (1968);A. Ikushima, Phys.
Letters 29A, 364 (1969);B. Luthi, T. J. Moran, and R. J. Pollina
(unpublished).

second-order transitions of antiferromagnets in the pres-
ence of an applied magnetic field H. Different types of
anomalies (a sharp spike and/or an a,brupt change) in
the ultrasonic attenuation occur in antiferromagnets
near the spin-Rop transition, which is a first-order
transition. '~ '9 "

The present work is devoted solely to the determina-
tion of the magnetic phase diagram of MnF2 ~ No
attempt is made to explore many other problems which
are associated with the magnetic phase transitions. One
such problem is the magnetic-field variation of the
critical exponent" " in the ultrasonic-attenuation co-
efficient. Another problem is the exact manner in which
the magnetization varies with II, or with T, near the
second-order phase transitions.

II. THEORY

As a background for the present experimental study
we review some theoretical results concerning the mag-
netic phase diagram of an antiferromagnet. The discus-
sion is confined to a simple uniaxial antiferromagnet
consisting of two identical sublattices, and for which
the anisotropy energy is very small compared to the
exchange energy. It is assumed that the antiferromagnet
is of the easy-axis type, i.e., the sublattice magnetiza-
tions at zero applied magnetic field are directed along
the axis of symmetry. A direction along the preferred
axis will be designated by the unit vector n.

The general features of the magnetic phase diagram
(in the H Tplane) of an-antiferromagnet can be ob-
tained from an analysis based on the molecular-field
approximation' 4 (hereafter MFA). When the external
magnetic field H is parallel to n, the magnetic phase
diagram consists of three phases: the paramagnetic (P)
phase, the antiferromagnetic (AF) phase, and the spin-
flop (SF) phase. In the P phase, the magnetizations
M~ and M~ of the two sublattices are equal in magnitude
and are parallel to each other and to H. In the AF phase
Mi and M, are parallel (or antiparallel) to n but they
a,re either unequal in magnitude and/or are antiparallel
to each other. In particular, at II=0 the sublattice
magnetizations in the AF phase are equal in magnitude
but are antiparallel to each other. Finally, in the SF
phase M~ and M2 make equal but nonzero angles with
H and are equal in magnitude. If H is much smaller than
the exchange field IIz then M& and M& are nearly per-
pendicular to H and are nearly antiparallel to each
other. The boundaries between the three phases are
sketched in Fig. 1(a). The three phases coexist at the
triple point (Ts, Hs).

In the MFA the AF-SF transition is a first-order
transition which is accompanied by discontinuous
changes in the total magnetization and the magnetic
entropy. These predictions are borne out by experi-

27 B.Luthi and R. J. Pollina, Phys. Rev. 167, 488 (1968).
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axis
H

(with HJ n) the orientation of Mi and Ms, relative to
each other and relative to H, is similar to the orienta-
tion of Mi and Ms in the SF phase when H~~n.

In the following paragraphs we list some formulas for
the magnetic phase boundaries.

A. AF-P Transitions

N

= axis

The AF-P boundaries near TN were calculated in the
MFA by Heller. ' In his calculations it was assumed that
the antiferromagnet consisted of two sublattices each of
which was coupled to the other by the intersublattice
exchange interaction and, in addition, each was coupled
internally by the intrasublattice exchange interaction.
The external magnetic field H was assumed to make an
arbitrary angle 0 with the preferred axis. The AF-P
boundary at temperatures just below T~ was found to
obey the relation

3 (2$'+2S+1) Xsr
T+ T—

40(S+1)' M(0,0)

&& TsrH'(1+2 cos'8) (1)

FIG. 1. Schematic phase diagram for a uniaxial antiferromagnet,
of the easy-axis type, with weak anisotropy: (a) H~~n, (b) H J n.
The arrows represent the magnetizations of the two sublattices.

ment ~ Accoiding to the MFA the AF-P and SF-P
transitions are second-order transitions in the Ehrenfest
sense, i.e., the magnetization and entropy are continuous
at the transition, but the differential magnetic moment
and the specific heat are discontinuous. It is well known,
however, that at T~ the specific heat at II=0 exhibits
a X-type anomaly rather than a discontinuity. ' '
Furthermore, at least in some antiferromagnets, the
AF-P transition in a finite magnetic field is also accom-
panied by a A-type singularity in the specific heat. "

When H is normal to the preferred axis of the anti-
ferromagnet, the phase diagram consists of only two
phases: paramagnetic and antiferromagnetic. In both
the P and the AF phases Mi and M2 have equal magni-
tudes. However, in the P phase M~ and M2 are both
parallel to H, whereas in the AF phase Mi and M~ are
not parallel to H. The magnetic phase diagram, and the
directions of Mi and Ms, are sketched in Fig. 1(b). In
the MFA the AF-P transition is a second-order transi-
tion in the Ehrenfest sense. Note that in the AF phase

28 In unpublished work by L. J. Neuringer and Q. Shapira, an
MnF2 sample was isolated thermally and a magnetic 6eld H was
applied along the L001) direction. In an increasing magnetic field
the temperature of the sample rose at the spin-flop transition,
whereas in a decreasing magnetic field the temperature of the
sample fell at the transition. These experiments were performed
near O'K.

' J. W. Stout and E. Catalano. J. Chem. Phys. 23, 2013 (1955).
'0 D. T. Teaney, in Critica/ Phenomena, Proceedings of a Confer-

ence, 8"cshington, D. C., 1965, edited by M. S. Green and J. V.
Sengers, National Bureau of Standards Miscellaneous Publication
No. 273 (U. S. Government Printing Once, Washington, D. C.,
1966),

where Xa is the susceptibility at Trr, M(0,0) is the
saturation value of the sublattice magnetization, and S
is the spin quantum number.

I.et us assume that the exchange interaction arises
from the coupling of each spin on sublattice No. 2 to si
spins on sublattice No. 1 and to s2 spins on sublattice
No. 2. Further, let the interaction Hamiltonian between
two spins, i and j, on opposite sublattices be —2J&S,"S;,
and let the interaction between the two spins on the
same sublattice be —2J~S; S;. Assuming that Ji&0
(antiferromagnetic interaction) and Js) 0 (ferromag-
netic interaction) one can rewrite Eq. (1) as

T+ T

gspii'(z, i Jii +zs ) Js i) (2S'+2S+1)(1+2 cos'8)EP

80kzrs JtsS (S+1)
(2)

where k is the Boltzmann constant, p~ is the Bohr
magneton, and g is the g factor.

In order to bring out the main physical features of
the molecular-field calculation we present in the Appen-
dix a calculation for a simplified model in which: (1)
the intrasublattice exchange interaction is negligible
compared to the intersublattice exchange interaction,
(2) the anisotropy energy is very small compared to the
exchange energy, and (3) H is either parallel or perpen-
dicular to n. The first two assumptions are reasonable
for MnF~ because the intrasublattice exchange energy
is about 5% of the intersublattice exchange energy, and
the anisotropy Geld is about 1% of the exchange field.
The third assumption describes the conditions in the
present experiments. Detailed analysis of the model
considered in the Appendix was carried out earlier by
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Garrett' for the special case 5= —,'. The calculations in
the Appendix are for an arbitrary S. These calculations
also serve as a convenient starting point for an analysis
of the inhuence of a single-ion anisotropy on the AF-P
phase boundaries. "

For H J n this simpli6ed model leads to the following
relations for the AF-P boundary near TN'.

contribution to the specific heat C (at H= 0) is related
to the low-field susceptibility x«(for Hlln) by the
equation

C„=A it[TX„(T)j/ctT, (10)

where A is a slowly varying function of T near TN. At
TN the coefficient A can be estimated from the relation

or

g'pii'(25'+25+1) H'

god's, le, ls(s+1)

gstJIis (2S'+25+1)H'
TN T

(3)

(4)

A =»i
I
Ii

I &fL1—(sv) j/g't e', (11)

where f is a factor of order unity, and y=o for an iso-
tropic Heisenberg interaction. Using a thermodynamic
argument, Skalyo et at. have shown that at TN the
AF-P boundary for Hlln obeys the relation

120k'TN O'T/dH'= —A ' (12)

Assuming the form
TN —T=DII'

3g'pe'(25'+25+1) H'
TN

gohs, lI, ls(s+1)
(5) for the AF-P boundary near T& one obtains

D= 1/(2A).ol

For Hlln the AF-P boundary near Trr satisfies the
relation (13)

(14)
g'pe'(25'+25+1) H'

TN T=
40k~ TN

(6)

Equations (3) and (5) are easily obtained from Eq. (2)
by setting J&——0.

It is interesting to note that for a given spin quantum
number S Eqs. (4) and (6) have the form of a "law of
corresponding states. "Defining a reduced temperature
t= T/T~ and a reduced field

h= gtjriPS(5+1)]'"H/kT~,

we can write Eq. (6), for example, in the form

t= 1—ah'
where

(7)

"J. Skalyo, Jr., A. F. Cohen, S. A. Friedberg, and R. B.
Griffiths, Phys. Rev. 164, 705 (1967)."M. K. Fisher, Phil. Mag. 7, 1731 (1962).

a = (2S'+25+ 1)/405 (S+1). (9)

fn casting Eq. (1) into the form of Eq. (2), we used
certain relations between XN, TN, and Ji and J2 which
are valid only in the MFA. Thus, while Eqs. (1) and
(2) are equivalentin the MFA, they may lead to some-
what different numerical results when experinMntat
values for XN, TN, Ji, and J2 are used, because these
experimental values are not interrelated according to
the MFA. A similar remark applies to the equivalence
of Eqs. (3) and (4) and of Eqs. (5) and (6).

The discussion thus far was based on the MFA. A
more general thermodynamic relation for the AF-P
boundary near Tz, with Hlln, was given by Skalyo et
al."This relation is based on a result, derived earlier
by Fisher, "for a simple (two sublattice) uniaxial anti-
ferromagnet (of the easy-axis type) in which the only
magnetic interaction is the intersublattice exchange
interaction. These assumptions are reasonable for MnF~.
Based on his model Fisher showed that the magnetic

Numerical calculations for the AF-P transition in an
Ising antiferromagnet with H along n were carried out
by Bienenstock. ~ Assuming two interpenetrating sub-
lattices and J2——0 the AF-P boundary was found to be
well described by the equation

T= T~$1 (II/H )']»— (15)

B. SF-P Transition

Consider the SF phase when Hlln. As mentioned
earlier, the orientation of M~ and M2, relative to each
other and relative to H, is similar to the orientation of
MI and M2 in the AF phase when HJ n. The difference
between the two cases arises from the anisotropy inter-
action. Assuming again that the anisotropy interaction
is small compared to the exchange interaction, the MFA
leads to a SF-P phase boundary (for Hlln) which is
nearly the same as the AF-P boundary with HJ n. '
The main difference is that when the SF-P boundary is
extrapolated to fields below Lta, it intersects the T axis
at a temperature TN* which is slightly lower than TN.
At temperatures near TN*, the SF-P boundary is given
approxima, tely by Eq. (2) with 8=90' Lwhich reduces
to Eqs. (3) or (4) if

l
Js l« l

Ji
l j, except that T~ is re-

placed by TN*. For more sophisticated treatments of
the SF-P phase boundary see Refs. 5, 6, and 8.

C. AF-SF Transition

The AF-SF transition, with Hlln and at T(Ts, has
been discussed extensively in the literature. '" This
transition is often referred to as the spin-Qop transition.

"J. Kananmri in 3/Iagnetism, edited by G. T. Rado and H. Suhl
(Academic Press, Inc. , New York, 1963), Vol. I, p. 12't.

where H. =2Ssil Jil/gtiii, and (=0.87, 0.35, and 036
for a square, a simple cubic, and a bcc lattice,
respectively.
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A standard formula for the spin-Bop transition field
Hgp is

of this con6guration by X&p. Then

Hsp= $2%/(X, —X„)jii' (16) C, (H)=Z — m(H)dH. (2o)
where E is the anisotropy energy per unit volume, and
X„and X, are the (low-field) susceptibilities per unit
volume for H parallel and perpendicular to n, respec-
tively. In order to expose the limitations of Eq. (16) we
present a derivation of this equation.

The equilibrium configuration of the sublattice mag-
netizations M~ and M2 at a given temperature T,
magnetic field H, and pressure E', is that con6guration
which has the lowest value for the thermodynamic po-
tential C (T,P,H). The thermodynamic potential C plays
a role similar to that which the Gibbs free energy G(T,P)
plays for a simple nonmagnetic system. Consider first
the equilibrium configuration at II=0, i.e., the con-
figuration in the AF phase with M~ and M~ pointing
along &n. In this configuration L=M~ —M2 is parallel
to n. Next consider a second configuration at H =0 (not
the equilibrium configuration) in which: (a) L is per-
pendicular to n, and (b) the thermodynamic potential
C is minimum relative to all configurations with LJ n.
Physically, the condition LJ n implies that the com-
ponent of M~ along n is equal both in magnitude used ie
sign to the component of M2 along n. The antiferro-
magnetic exchange interaction tends, in this case, to
align M~ and M2 normal to n. One then expects that
in the configuration which minimizes C under the
restriction LJ n (for weak anisotropy and at H=O),
M~ and M2 are perpendicular to n, are equal in mag-
nitude, and are antiparallel to each other. At H =0 the
thermodynamic potential of this con6guration should
be higher by AC than the thermodynamic potential
C ~p in the AF phase. We call AC the anisotropy energy
E.

The change of C (T,P,H) in a given phase can be ob-
tained by integrating the differential

ess(H) =Z —(-', X,H'). (22)

In general, X&&Xll for T& T~. Therefore 4gp decreases
faster with H than 4~p. Thus, while 4 qp is higher than
4&p at H=O, it becomes lower than Czp at sufficiently
high fields. The transition field H&p is obtained by
equating the right sides of Eqs. (19) and (22), which
leads to Eq. (16).

The most serious shortcoming of the above deriva-
tion, in the case of a uniaxial antiferromagnet with very
low anisotropy, is the assumption that Xl& is field-
independent. Using the MFA one can show that while
X& is field-independent, Xl 1 tends to increase with H. As
a result, the spin-Bop transition occurs at a higher
magnetic field than is calculated from Eq. (16) using
the low-field values of Xll and X&. The effect of the field
dependence of Xll on Hqp is small, however, except at
temperatures close to To (see Sec. V and. note added in
proof).

It is possible to relate Hsp to the antiferromagnetic-
resonance frequency orp at H=O. According to Kana-
mori and Tachiki"

~o= y(2E/Xi)'" (23)

where y=gpii/A is the gyromagnetic ratio. Combining
Eqs. (16) and (23) one obtains

Assuming that Xsp is 6eld-independent'one has

esi. (H) =Z —PXssH').

When the anisotropy energy is very small compared to
the exchange energy, X&p is very nearly equal to X&. In
this case

dC = SdT+ VdP 3IIdH—, —(17)
Hs F=~o/y(1 —~) '~', (24)

where 5, V, and M are the entropy, volume, and mag-
netization in that phase, respectively. Assuming that
T and P are fixed, and taking C =0 for the AF phase at
H=O, one has

Cgg(H) = — M (H')dH'.

For H~~n and assuming that X» is independent of H, one
obtains

(19)

Now consider the configuration which minimizes 4
under the restriction LJ n. At H&Hqp this configura-
tion is the equilibrium configuration (in the SF phase),
whereas at H &Hsp it is a nonequilibrium configuration.
We designate the thermodynamic potential of this con-
figuration (at all fields) by CsF and the susceptibility

where n= X„/X,. Since Eq. (24) is based on Eq. (16), it
suffers from the same limitations.

III. EXPERIMENTAL PROCEDURE

The experimental results reported below were ob-
tained on the same single crystal of MnF2 which had
been used in the earlier work on the spin-Qop transition
at 4.2'K.' Semiquantitative spectroscopic analysis per-
formed on a part of this crystal gave the following con-
centrations, in ppm (by weight), for the principal im-
purities: Al, from 10 to 100; Ca, from 10 to 100; Mg,
from 10 to 100; Si, from 10 to 100; Cu, 10; Fe, 10;
Ge, 10; Sn, 10; Cr, from 1 to 10. Some preliminary
data, less accurate than (but consistent with) those

34 J. Kanamori and M. Tachiki, J. Phys. Soc. Japan 17, 1384
(tw2).



presented below, were taken on a second single crystal
which was obtained from Optovac. "

Two types of experiments were performed: differen-
tial magnetization in pulsed magnetic fields, and ultra-
sonic attenuation in steady magnetic fields. The experi-
mental techniques used in these two types of measure-
ments were completely different. The ultrasonic
measurements are discussed first.

A. Ultrasonic Measurements

The attenuation of 10 to 50 MHz longitudinal and
shear ultrasonic waves was measured using pulse tech-
niques. The longitudinal and shear waves were gener-
ated by X-cut and V-cut quartz transducers, respec-
tively. The transducers were bonded to the sample using
Dow Corning 200 silicone Quid having a viscosity of
30 000 cS at 25'C. The attenuation was measured by
gating one of the acoustical echoes, integrating it, and
recording the output as a function of either T or H.
This technique is very convenient and accurate for
determining the position (in the H Tplane) of-a phase
transition, but is not always the most accurate method
for determining the detailed line shape of the anomaly
observed near the phase transition. In general, the
attenuation was measured either as a function of T at
constant H, or as a function of H at constant T.

The original sample used in the ultra, sonic experi-
ments was approximately cubic with an edge of 6 mm.
The faces of this sample, which were normal to the
L100], L010], and L001] directions, were lapped for
ultrasonic work. After taking all the data for acoustical
modes with propagation vector q along the I 100] direc-
tion, the sample was cut to obtain two parallel L110]
faces separated by 4 mm. Data for longitudinal
waves with q~~ L110]were then taken. The attenuation of
sound waves with q~~I 001] was investigated before and
after the sample was cut.

Most of the ultrasonic data were taken at 63&T
&78'K with the sample immersed in liquid nitrogen.
The temperature was measured with a calibrated plati-
num resistance thermometer, obtained from Rosemount
Engineering Co.,"which was placed near the sample.
To obtain higher accuracy, the calibration of this
platinum thermometer was checked at 77.6'K and at
67.3'K against another Rosemount platinum thermom-
eter which had been calibrated by the National Bureau
of Standards. The two calibrations differed by 0.05'K
at 77.6'K, and by 0.04 K at 67.3'K. The temperatures
given below were adjusted so as to agree with the NBS
calibration in which the NBS 1955 temperature scale
was used.

One difficulty encountered in measuring tempera-
tures in high magnetic fields was the magnetoresistance
of the platinum resistance thermometer. This magneto-
resistance depends on T, and on both the magnitude

3~ Optovac, Inc. , North Brook6eld, Mass.
' Rosemount Engineering Co., Minneapolis, Minn.

of the field H and its orientation relative to the ther-
mometer. To obtain the correct temperature, the
magnetoresistance must be subtracted from the mea-
sured resistance. The magnetoresistance itself was
measured by immersing the platinum thermometer in

liquid nitrogen, maintaining a constant temperature by
keeping the vapor pressure over the nitrogen bath con-

stant, and measuring the resistance of the thermometer
as a function of H. At 65 K and with a field of 200 kG
directed along the long axis of the thermometer, the
magnetoresistance was equivalent to a temperature
change of 2.5'K. The resistance E(H) was measured to
an a,ccuracy of 0.1%, which is equivalent to a tempera-
ture change of 0.04'K. Our results for the magneto-
resistance at 65'K are in excellent agreement with
independent measurements by Neuringer et al. who
used a different technique which involved gas thermom-
etry. "The estimated accuracy of the temperature mea-
surements in the ultrasonic experiments is 0.03'K at
H= 0, and 0.06'K at high magnetic 6elds.

Steady magnetic fields were produced by Bitter-type
solenoids. Most of these solenoids were capable of pro-
ducing fields up to 150 kG in a 54-mm bore. One sole-
noid produced fields up to 200 kG in a 32-mm bore. The
magnetic field was known to an accuracy of 0.5%.

B. DMM Measurements

DMM measurements were carried out in pulsed
fields generated in multilayer copper coils, which were
immersed in liquid nitrogen for efficient field generation.
Reproducible fields with a half-period of 10 msec were
generated in a 2-cm-i. d. coil using a 0.0125-F, 100-kJ
capacitor bank. The large i.d. permitted insertion of a
conventional glass Dewar which contained the pickup
coil assembly, sample, thermometer, and supporting
structure. Fields up to 450 kG could be generated. The
accuracy of the field measurements was &1% for all
the experimental results reported here.

The DMM measurements were made with an
arrangement similar to that discussed earlier. ' Im-
proved sensitivity was achieved by using two coaxial,
series-opposing, pickup coils which had a common cen-
ter. The area turns of these two coils were bala, need to
1%. The residual background signal, during the pulse
and with the sample in place, was reduced by bucking
it out using a portion of the emf generated in a third
coaxial pickup coil. With this technique any signal
which was both in phase with and proportional to the
time rate of change of the applied fieM, was balanced to
0.1%. When the temperature was varied over a large
interval, it was sometimes necessary to readjust the
balance. These refinements, additional filtering, and
the rather long pulse resulted in a sensitivity which was
about 100 times higher than that of the earlier system. '8

Some runs were performed over the range 4.2 K& T
3~ L. J. Neuringer, A. Perlman, L. G. Rubin, and Y. Shapira

(unpublished).
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&T~ while others were limited to the interval 64'K& T
& T~. To cover the range 4.2'K to T~, the sample was
placed in a Dewar which was filled with liquid helium.
As the level of the liquid helium dropped below the
position of the sample, the temperature of the sample
started to rise slowly (about 2 h from 4.2 to 77'K).
Data were taken as the sample warmed up gradually.
Runs in the interval 64'K& T& Tz were carried out by
placing the sample in a liquid-nitrogen bath and regulat-
ing the vapor pressure over the bath. In all runs, the
temperature was measured with a Cu-constantan ther-
mocouple which was in contact with the sample. The
accuracy of the temperature measurements was better
than 2'K. In those runs where the sample was in liquid
nitrogen, the differential accuracy was 0.1'K.

One difficulty with the thermometry in the pulsed-
6eld experiments arises from the fact that the tempera-
ture is measured at zero field before and after the pulse,
but not during the pulse. During the pulse the sample
may not be in thermal equilibrium with its surrounding
(e.g. , the nitrogen bath) because the thermal relaxation
time may not be short compared to the duration of the
pulse. Thus the temperature measured at H=O may
not be exactly the same as the temperature at the
instant when the phase transition occurs. Estimates
show that this error may become signi6cant when the
transition field varies strongly with temperature, e.g. ,
the AF-P boundaries near T~. For the AF-SF transi-
tion we expect that this error in the temperature does
not affect our results significantly.

Samples for the DMM measurements were cut from
the same single crystal which was used for the ultra-
sonic measurements. These samples were right circular
cylinders with diameters and lengths from 1 to 2 mm.
The length-to-diameter ratio varied from 1 to 2. The
axis of each cylinder was parallel, within about 2', to
either the [100]of the [001)direction.

Demagnetizing effects were small. The largest value
of AX in MnF~ is about 1.3)&10 ' so that the largest
possible demagnetizing field is 1.3% of the applied field.
The actual demagnetizing field in the present experi-
ments was estimated to be less than 1% of the external
field. No corrections for these effects were made in
either the DMM measurements or the ultrasonic
measurements.

IV. EXPERIMENTAL RESULTS

The experimenta1. results near each phase-boundary
line are presented separately. We start with the deter-
mination of the Neel temperature and then present the
data for transitions in fields parallel and perpendicular
to the [0017 direction, which is the preferred axis.

A. Neel Temyerature

The attenuation of 10- to 50-MHz longitudinal ultra-
sonic waves propagating along the [100), [110), and
[001] directions was measured at II=0 as a function

of temperature. A X-type anomaly in the attenuation,
similar to the one reported earlier by other workers, "
was observed near the Neel temperature. For a 30-MHz
longitudinal wave with a propagation vector q, the
magnitude of the attenuation anomaly was 3 dB/crn
for q [100], 1.5 dB/cm for q~~[110], and 5 dB/cm
for q [001].The ternparature of the attenuation maxi-
rnum did not change by more than 0.03'K as the ultra-
sonic frequency was varied from 10 to 50 MHz. The
Neel temperature, determined from the position of the
attenuation maximum, is Tz= (67.33+0.03)'K, in very
good agreement with the value given by Heller. 4

Experiments were made with 30-MHz shear waves
propagating along the [001]direction. No anomaly was
observed near T~, to within the experimental resolution
of 0.04 dB/cm. A similar result was obtained by Evans
and by Neighbours and Moss."

& Hll[001]
Results for the three phase boundaries: AF-P, SF-P,

and AF-SF are discussed separately.

/. AE—8 Transition

The attenuation of longitudinal ultrasonic waves
propagating along the [100), [110],and [001] direc-
tions exhibits a X-type anomaly at the AF-P boundary
in 6nite magnetic 6elds. This anomaly was observed
by measuring the attenuation either as a function of H
at constant T, or as a function of T at constant H. Fig-
ure 2 shows a trace of the A.-anomaly in the attenuation
at the AF-P boundary. The maximum value of the
attenuation in this trace is ~5 dB/cm above the value
at the highest 6elds. In the H-T plane, the position of
the attenuation maximum was independent (within ex-
perimental accuracy) of both the direction of propaga-
tion of the longitudinal wave and its frequency. The
AF-P boundary obtained from these measurements is
shown in Fig. 3. Most of these data were obtained by
measuring the attenuation of 30-MHz longitudinal
ultrasonic waves, with q~~[0017, as a function of T at
constant H.

For a given longitudinal mode of propagation and
frequency, the magnitude of the attenuation anomaly
was roughly the same along the entire AF-P boundary.
We also performed experiments with 30-MHz shear
waves propagating along the [001]direction. Near the
AF-P boundary at 76 kG, no anomaly in the attenua-
tion was found to within the experimental resolution of
0.04 dB/cm.

A plot of log(T~ T) versus logII —for the AF-P
boundary with H~~[001) showed that T& T DII", — —
where D is a constant and e—2.0. A plot of T~—T
versus H' is shown in Fig. 4. The data for the AF-P
boundary were fitted to the equations

(25a)

(25b)
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T= T~ Dr—H' Ds—H4 Ds—Ho, (25c)

using the least-squares method and treating T~ and D;
as adjustable parameters. For Eq. (25a) we obtained
T~= (67.346&0.005)'K and Dt = (1.690+0.006)X 10 'o

'K/G', with an rms residual of 0.032'K. A similar fit by
Heller' to his low-fteld results gave Dr (1.9——5&0.3)
X10 " 'K/G'. For Eq. (25b) we obtained TN= (67.324
~0 003) K, Dr= (1 508~0 014)X10—o oK/Gs and Ds
= (1.485&0.11)X10" 'K/G', with an rms residual
of 0.020'K. For Eq. (25c) we obtained Tsr= (67.327
&0.004) 'K,

t = (1.588~0.033)X10 'o 'K/G

Ds= —(2 43+6.6) X10 "'K/G',

IOO

H ( K ILOGAUSS)

g FIG. 2. Recorder tracing of the attenuation of 30-MHz longi-
tudinal ultrasonic waves near the AF-P boundary with HII [001].
The trace was obtained by maintaining T at 65.32'K and varying
H.

Da = (8 95&3 4) X10 ss K/Gs

with an rms residue of 0.019'K. The best fits to Eqs.
(25a) and (25b) are shown in Fig. 4 as a solid line and
as a broken line, respectively. From the results above
we estimated that

(doT/dHs) T = —(3.2&0 2) X 10 ~o K/G

Note that the values of T~ obtained from these fits
are in excellent agreement with the value T~ (67.33——
&0.03)'K obtained from the zero-Geld data.

The AF-P transition was also observed in the DMM
measurements which were carried out in pulsed fields.
At temperatures near T~ the DMM had a step at the

200—1
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140—

Mn F&
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100—
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ANTIFERRO
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FIG. 3. Magnetic phase diagram at 63&T&67.5'K and with
HEI[001]. The data points were obtained from ultrasonic attenu-
ation measurements.

'65.0 65.5 66.0
T( K)

66.5

Fro. 4. A plot of H' versus T for the AF-P boundary with
H II [001].The data points are from ultrasonic attenuation measure-
ments. The solid and broken lines represent best 6ts to Kqs.
(25a) and (25b), respectively.
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transition. As T approached T3, however, the character
of the transition changed smoothly from a step to a
spike. The AF-P boundary obtained from the DMM
measurements was in agreement with the ultrasonic
data. "However, as mentioned in Sec. III, the DMM
data may contain errors in the temperature since the
temperature, which is measured only at H =0, may vary
during the pulse. For this reason we shall not present
the DMM data here.

Mn F&

30 MHz SHEAR

q II H II [001]
T= 65.14 K

Z. SF—I' TraesitiorI,

The ultrasonic measurements near the SF-P boundary
were carried out with 10- and 30-MHz longitudinal
waves propagating along the L001] direction. With
I~I [001],the attenuation, measured as a function of T at
constant H, exhibited a X-type anomaly. Figure 5 shows
a recorder tracing of this anomaly at H=133.4kG. The
magnitude of the anomaly in this trace is 4 dB/cm.

The SF-P boundary deduced from the ultrasonic data
is shown in Fig. 3. Because the boundary line is very
steep, it is difficult to ascertain whether T varies
linearly with IP. If one assumes that T= —DHs+ const
then D= (7%3))&10 " 'K/G'

The SF-P boundary was not detected in the DMM
measurements with fields up to 220 kG. One possible
reason is that the boundary line is very steep. For such
a boundary it is easier to observe a transition by varying

80 100 120
H ( K ILOGAUSS)

140

FIG. 6. Recorder tracing of the attenuation of 30-MHz shear
ultrasonic waves (with |lIIL0017) near the spin-flop transition with
HIIL0017. The trace was obtained by maintaining 7 at 63.14'K
and varying H.

Mn Fz

50 MHz LONG.

q II Hll OOI

H= 155.4 kG

65 66
TEMPERATURE ( K)

FrG. 5. Recorder tracing of the attenuation of 30-MHz longi-
tudinal ultrasonic waves near the SF-P boundary with HIIL0017.
The trace was obtained by keeping H at 133.4 kG and varying T.

T at constant H rather than to observe it by fixing T
and varying H.

3. AF SF Transition—(Spin Ftop)-
The spin-flop transition was previously studied ultra-

sonically at 4.2'K and the results have been discussed
in detail. '~ It was found that for several modes of propa-
gation either a sharp spike in the attenuation occurs at
the spin-flop transition and/or the attenuation increases
abruptly at the transition. These phenomena were
observed only when H was aligned very accurately along
the L001] direction. The spin-flop transition was also
observed ultrasonically at 20.3'K."

In the present work. the spin-Qop transition was
investigated ultrasonically at 63'K& T(T3. Two
modes of propagation were studied: longitudinal waves
with c[~I[100], and shear waves with qII[001]. The
attenuation of either mode was measured as a function
of H at constant T. %ith H accurately aligned along
the [001]direction, the attenuation of the longitudinal
mode increased abruptly (like a step function) at the
spin-Qop transition. In an increasing H, the attenuation
of the shear mode exhibited a sharp spike at the transi-
tion and then remained higher at H&Hqp than at
H(Hqp. Figure 6 illustrates some of the results ob-
tained with the shear mode. The magnitude of the spik. e
in this figure was 0.5 dB/cm. The spik. e decreased in
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magnitude as T increased toward T3. The AF-SF
boundary obtained from the ultrasonic measurements
at 63'K&T(T3 is shown in Fig. 3.

The spin-Qop transition was observed in the DMM
measurements in pulsed magnetic fields. A sharp spike
( 2.5 kG wide at 4.2'K, and 3.5 kG wide at 64'K)
in the DMM marked the transition. At 4.2'K the DMM
measurements gave HSF ——91&1 kG as compared to
Hsp ——92.4~0.5 kG obtained from the ultrasonic data.
At the triple point the DMM results gave H3 ——119 ~2
kG, in agreement with the ultrasonic data. The tem-
perature variation of Hsp is shown in Fig. 7.

l60
I I I I I I I

!40—

120—
SF

IOO—
o o

80—
0 60—

20—

Mn F&

H II [OOI]
o-DMM
X-UA

4. TriPle Poitsl

The triple point (Ts, Hs) is obtained from the inter-
section of the three boundary lines: AF-I', AF-SF,
SF-P. Our da. ta give Ts= (64.9&0.1)'K, Hs= 119+2
kG.

C. Hll[100j

Ultrasonic measurements with H~~[100j were carried
out using 10- and 30-MHz longitudinal waves propagat-
ing along either the [100$ or the [001j direction. A X-

type anomaly in the attenuation was observed at the
AF-P transition. The position (in the H Tplane) of the-
attenuation maximum was independent of the frequency
and direction of propagation of the sound wave, within
the experimental accuracy. For a given mode of prop-
agation and frequency, the magnitude of the X anomaly
was roughly the same along the entire AF-P boundary.
The AF-P boundary obtained from the ultrasonic mea-
surements is shown in Fig. 8. Most of these data were
obtained by studying the attenuation of 30-MEIz longi-

tudinal waves with q~~H~~[100$ as a function of T at
constant H.

A plot of log(Trr —T) versus logH for the AF-P
boundary showed that T&—T—DH', where D is a
constant and m=2. The data for the AF-P boundary
were also fitted to Eqs. (25a) and (25b). The best
fit to Eq. (25a), shown as a solid line in Fig. 8,
gave Tsr = (67.346&0.003)'K and Di (1.6——3+0.01)
X 10 "'K/G', with an rms residual of 0.026'K.
The best fit to Eq. (25b), shown as a broken line in
Fig. 8, gave Tsr (67.3——33+0.003)'K, Di (1.31——&0.04)
X 10 "'K/G' and D s= (8.9&1.1)X 10 ss 'K/G4, with
an rms residual of 0.023 K. The above values for
Di are substantially lower than the value (7.5+3)
X10 "'K/G' obtained by Hellers from his low-field
results.

Attempts to observe the AF-P transition, for
H~~[100j, by DMM measurements in pulsed fields up
to 220 kG were unsuccessful. As in the case of the SF-P
transition with H~~[001j, the difficulty may be related
to the very rapid variation of the transition field with T.

V. DISCUSSION

Previous experiments have shown that when H=O a
X anomaly in the attenuation of longitudinal sound
waves occurs at T~. The present experiments demon-
strate that such X anomalies also occur at the AF-P
transitions with both H~~n and H J n, as well as at the
SF-P transition. Thus, X anomalies in the attenuation
of longitudinal sound waves occur near all the transi-
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40—
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20 40 60
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Fro. 7. AF-SF phase boundary (with HII[001]}as determined
from DMM and ultrasonic attenuation (UA) measurements. The
broken line was calculated from Eq. (24) using data of Refs. 38,
39, and 41. The limitations of Eq. (24} at temperatures near T3
are discussed in the text.

20—

66.6 66.8 67.0 67.2
TEMPERATURE ( K)

67;4

Fio. 8. Magnetic phase diagram near Trr and with HII[100j.
The data points are from ultrasonic-attenuation measurements.
The solid and broken lines represent best 6ts to Eqs. (25a} and
(25b), respectively.



MAGNETI C PHASE D IAGRAM OF M nF2

tions which according to the MFA are second-order
transitions.

In MnF2 the magnetic interaction is predominantly
an isotropic exchange interaction. The spin-phonon
coupling mechanism in this case is expected to be the
volume rnagnetostrictive coupling which does not lead
to X anomalies in the attenuation of shear waves prop-
agating along a symmetry direction. '~ The data for
shear waves, obtained near T~ (at H =0) and near the
AF-P transition with H~~ [001), are consistent with this
prediction.

The physical mechanisms which may lead to the
observed ultrasonic behavior near the AF-SF transition
(spin-flop transition) were discussed in Refs. 17, 19, and
21.The most likely explanation of this behavior is based
on the interaction of sound waves with antiferromag-
netic domains. The fact that the attenuation peak
(spike) at HsF is very sharp even at temperatures close
to T3 (see Fig. 6) is consistent with this explanation. An
alternative explanation of the spike is based on a
phonon-magnon resonance. However, the magnon life-
time at temperatures near T3 is very short, '8 so that the
observed width of the spike at IIgp is much narrower
than that expected for a phonon-magnon resonance.

The sharp spike ie the DMJt/I at the spin-Rop transi-
tion indicates an abrupt magnetization change. This
agrees with the theoretical prediction (Sec. II) and with
earlier observations. ""

The qlulitutive features of the magnetic phase dia-
gram of MnF2 are correctly predicted by the MFA. As
we shall see, however, the MFA leads to incorrect
quuntitutive predictions. Consider first the AF-P bound-
ary with H~~ [001).According to the MFA, at tempera-
tures just below T& this phase boundary should obey
Eq. (25a) with Di ——const, as is observed. The value for
Di given by the MFA is: Di 0.7X10—" 'K——/G' from
Eq. (1), and the susceptibility data of Trapp's; D,
=1.06X10 " 'K/G' from Eq. (2) using the neutron
diffraction results of Okazaki ei al.s5 (Jr/k= —1.76'K,
js/k=0. 32'K) and the values S=s, zr ——8, ss ——2;
D&=1.02X10 O'K/G' from Eq. (5); and Di 1.24——
X 10 "'K/G' from Eq. (6). All these values for Di are
lower than the experimental value Di ——(1.6+0.1)
X10-" 'K/G' obtained from fits to Eqs. (25).

To compare the experimental results with Bienen-
stock's calculations for an Ising antiferromagnet, we
expanded the right side of Eq. (15) letting )=0.36.
This gave Di 0.88X 10 " 'K/G', whi——ch is much lower
than the experimental value.

The curvature of the AF-P boundary with H~~[001)
is related in Eq. (12) to the coefficient A. To test this
equation one needs the value of A at T~. This value is
obtained by analyzing specific-heat data together with

38 J. C. Hurgiel and M. W. P. Strandberg, J. Phys. Chem. Solids
26, 865, 877 (1965)."C. Trapp, Ph. D. thesis, University of Chicago, 1963 (un-
published). See also C. Trapp and J. W. Stout, Phys. Rev. Letters
10, 157 (1963).

susceptibility data using Eq. (10).The specific heat of
MnF2 was measured by Stout and Catalano, and more
recently by Teaney. "The susceptibility was measured

by Foner4' and by Trapp. "To obtain A (at T&) we

analyzed all four combinations of specific-heat and
susceptibility data. The four values for A were approxi-
mately the same, ranging from (3.0&0.3)X10' G'/'K
to (3.2+0.2) X 10' G'/'K. Using Eq. (12) these two ex-
treme values for A lead to d'T/dH'= —(3.3&0.3)
X10 "'K/G'andd'T/dH'= —(3.1&0.2) X10 ' 'K/G'
for the AF-P phase boundary at Tz. The experimental
value d'T/dH'= —(3.2+0.2)X10 " 'K/G' at T& is in

very good agreement with these predictions.
It is also interesting to compare the experimental

value of A at T~ with Fisher's theoretical estimate,
which is given by Eq. (11).Setting f= 1 and y=0 in
this equation we obtain the estimate A = 2.4X 10' G'/'K
which is within 30% of the experimental value.

The results for the AF-P boundary in MnF2, with

H~~[001), were compared to similar data for MnBr2
~ 4HsO(T~= 2.13'K), MnC1, 4H~O(T~= 1.63'K), and
MnC12 4D20(T~= 1.59'K), all of which contain Mn++.
Using reduced temperatures and fields and setting
g=2.00, the present work gives for the parameter u in
Eq. (8) a=0.068&0.004. The data of Schelleng and
Friedberg" for MnBr2 482O give u=0.076. The reso-
nance results of Gijsman et ul. ' for MnCl2 4H&O give
u—0.063, whereas their magnetization data give
u—0.073. The recent results of Forstat et ul." for
MnC12 4D&O give u—0.071. Thus, in spite of the large
variation in TN, the parameter u is fairly constant for
all these materials. Such a "law of corresponding states"
is not unexpected. Assuming that z~~ Js~ &&sr~ Ji~ the
MFA [Eq. (9)) gives a= 0.053 for Mn++ (5=—', ).

Near T&, the MFA predicts that the AF-P boundary
with H~~[100) is described by Eq. (25a), where the
coefficient Di is calculated from either of Eqs. (1)
through (4). Experimentally, this boundary obeys Eq.
(25a) near T~ (at least approximately), but the experi-
mental value Di (1.3 to 1.6)X10 "——'K/G' is sub-
stantially lower than the values Di (2.4 to 4.1)X 10 "——
'K/G' calculated from Eqs. (1) through (4). For the
SF-P boundary with H~~[001), the experimental value
of d'T/dHs is also smaller than that predicted by the
MFA.

The disagreement with the MFA can also be seen in
another way. According to the MFA, the coefficient D&

for the AF-P boundary [hereafter Dpxp(0)) varies as
(1+2 cos'8), where 8 is the angle between H and n [see
Eq. (1)).In particular, DP~ (90')= (s)Di"FP(0). Also,
for the SF-P boundary with H~(n the coefficient Di F

should be approximately equal to sDi"~P(0). Experi-
mentally, however& Di" (90') and Di FP are less than—'DP (0). For MnCls 4H,O and MnBr, 4H, O
the available data' " for D,"F (90')/Di"F (0) and

40 S. Foner, in Magnetism, edited by G. T. Rado and H. Suhl
1Academic Press Inc. , New York, 19631, VoL I, p. 383.
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Disap/DPFP(0) are in better agreement with the
MFA.

Turning to the AF-SF transition (spin-flop transition)
with Hii L0011we find that the results of our DMM mea-
surements are in rough agreement with similar measure-
ments performed eariler by de Gunzbourg and Krebs. "
There are, however, two differences between the two
sets of data. First, our values for H&F are systematically
lower than their values by 5—

9'%%uo. In particular, our
DMM measurements at 4.2'K give Hgp ——91&1 kG
whereas their value at the same temperature is HqF
=96+3 kG. From our ultrasonic measurements, Hgp
= 92.4&0.5 kG at 4.2'K. Magnetization measure-
ments by Jacobs" gave HsF=93&2 kG at 4.2'K. A
second difference between our DMM data and those of
de Gunzbourg and Krebs is that their results for
H s s (T)/Hs z(0) increase slightly faster with tem-
perature than ours.

We have compared our results for Hsr. (T) with those
predicted by Eq. (24). Values for ~0 were taken from
the antiferromagnetic resonance data of Johnson and
Nethercot" and from those of Burgiel and Strandberg. "
Data for X& and Xi t were taken from Trapp. "The broken
line in Fig. 6 shows the curve obtained from Eq. (24).
As can be seen, there is a fairly good agreement between
Eq. (24) and the experimental values, except at tem-
peratures close to T3 where the calculated values are
significantly lower than the experimental ones. At 60'K
the calculated value is 12%%uo lower than the experi-
mental value, whereas at 64'K the calculated value is

I.O ~x—

O

04—

0.2—
0 PRESENT WORK

x de GUNZBOURG

and KREBS

0.2
t

0.4
i=Tl TN

0.6 0.8 I.O

Fro. 9. The ratio X(T)/E(0) deduced from our DMM data for
HSF, the low-field susceptibilities obtained by Trapp (Ref. 39) and
Eq. (16). Also shown are the results of de Gunzbourg and Krebs
(Ref. 16). The solid line represents the predictions of the MFA.
A discussion of the limitations of Eq. (16) at temperatures close
to Ta is given in the text.

4' F. M. Johnson and A. H. Nethercot, Jr., Phys. Rev. 104, 84tt'

(1956); 114, 705 (1959).

22'%%uo lower than the experimental value. It is possible
that this discrepancy is due to the neglect of the
field dependence of X, i in the derivation of Eq. (24).
Numerical calculations based on the MFA show that
the field dependence of X„should increase HsF by 5%
at 60'K, and by 13%%uo at 64'K, over and above the
value given by Eq. (24).4' )Note added irt proof Th. e
temperature variation of the spin-wave energy gap in
MnF2 was recently obtained from neutron diffraction
measurements by M. Schulhof, P. Belier, and R.
Nathans (private communication). When their pre-
liminary values for coo and Trapp's values for X&t and
Xi are substituted into Eq. (24) one obtains good agree-
ment with experimental values of Hgp, even at tem-
peratures near T3. Thus, the experimental evidence for
the effect of the H dependence of X» on HgF is incon-
clusive at present. ]

The temperature variation of the anisotropy energy
E was deduced from the values of Hqp and the suscepti-
bility data of Trapp" using Eq. (16).Figure 9 shows our
results for E(T)/E(0) together with the results of
de Gunzbourg and Krebs. According to the MFA, ' E
should be proportional to the square of the sublattice
magnetization at H=0. The sublattice magnetization
is obtained by solving Eqs. (A4) and (A5) self-consist-
ently. The predictions of the MFA for E(T)/E(0) are
shown in Fig. 9 as a solid line. As can be seen, there is a
fairly good agreement with experiment except at tem-
peratures close to T3 where Eq. (16) Lused in deducing
E(T) from experimental dataj should fail because it
neglects the field dependence of X&t. The agreement of
the temperature variation of E(T)/E(0) with the
MFA may, however, be completely fortuitous. In cal-
culating K(T) from the MFA: (a) one lets E be pro-
portional to the square of the sublattice magnetization
at H =0 and (b) one solves for the sublattice magnetiza-
tion using Eqs. (A4) and (A5). However, the sublattice
magnetization, as inferred from NMR measurements in
MnF2, does not obey the predictions of the MFA. 4

de Gunzbourg and Krebs compared the experimental
values of E(T)/E(0) with Yosida's calculations" and
were unable to obtain good agreement. However, their
comparison is unjustihed because Vosida's calculations
apply to the case of a single-ion anisotropy (of the form
DS,2) and not to the anisotropy in MnF2, which arises
mainly from magnetic dipole-dipole interaction. '4

Theoretically, the single-ion anisotropy has a different
temperature dependence than that of the magnetic
dipole-dipole anisotropy. '44
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APPENDIX: AF-P BOUNDARIES
CALCULATED FROM MFA

We consider a uniaxial antiferromagnet, of the easy-
axis type, with an anisotropy interaction which is very
small compared to the exchange interaction. We assume
that there are two sublattices and that the intrasub-
lattice exchange interaction is negligible compared to
the intersublattice exchange interaction. 0X'IS axis

1. H Normal to Preferred Axis
FIG. 10. The equilibrium orientations of the sublattice magneti-

zations M~ and M2 in the AF phase when H is normal to n. Also
shown are the various 6elds which act on sublattice No. 1.

The effective field H, f g
&') on sublattice No. 1 is given

by
(A1) Using Eq. (A6) the AF-P boundary is given byH, f f(') =H —XM ~,

(AS)H= 2liMi(O, T).where X is the intersublattice exchange constant which
is related to J~ by the expression4'

Equation (AS) applies at any temperature below T&.
For T just below T~, Mi(O, T) is given by"

A2
Sg'pg'

Here X is the number of spins per sublattice per cm'.
The equilibrium position of the sublattice magnetiza-
tions in the AF phase is determined by the condition
that H, «&') is parallel to M&, and similarly for H, f f ('&.

The equilibrium configuration of M& and M& is shown
in Fig. 10. Geometric considerations lead to the relations

The Neel temperature is given by

kT~= —,'S(S+1)siIJ'iI.

Combining Eqs. (AS)—(A10) we obtain

(A10)

M, (0,T)= 1VgtseS [10(S+1)'/3 (2S'
+2S+1)y'(1 —T/T~)'t'. (A9)

sin8 =H/2XMi,

a„,(»=II.„() =~M, =Xm, .
(A3)

(A4)

Mi ——3II(0,0)Be(gtseSH, i r~"/k T), (A5)

The magnitude of Mi (or M2) is determined by the
relation

(2S'j2S+1)g'ts 'H'
T+ T

SOS(S+1)k.,
~
I,

~

Using Eq. (A10), Eq. (A11) can be rewritten as

(A11)

Mi(H, T)= Mi(O, T), (A6)

and similarly for M2.
As B increases M~ and M~ rotate, without a change

in their magnitude, until 5 is equal to 90'. When 6= 90',
M & and M 2 are equal to each other which is the char-
acteristic of the paramagnetic phase. The field at the
AF-P transition is determined therefore by the condition
sin 8= 1, or

where Bs(oo) is the Brillouin function for the spin S, and
H, «&" is given by Eq. (A4). Since Eqs. (A4) and (AS)
also determine 3IIi (or M2) at H= 0, it follows that the
magnitude of the sublattice magnetization Mi(H, T)
does not vary with H in the AF state, i.e.,

(2S'+2S+1)g'tee'H'
Tpf T

120k'T~
(A12)

To derive Eq. (A12) for the AF-P transition we used
the solution for Mi (H, T) in the AF phase LEqs. (A6) and
(A9)j and imposed the condition (A7) for the transi-
tion. It is instructive to rederive Eq. (A12) by consider-
ing 3IIi (H, T) in the F phase and then imposing condition
(A7) for the transition. In the P phase Mi ——M2 so that

H.„(& =H —XM, . (A13)

M& is then given by the self-consistent solution of the
equation

II= 2P Mg. (A7)
Mi EgtseSBe(gtseS (H X3fi)/——k Tj. (A14)—

4' J. S. Smart, Etfectiee Field Theories of Magmetism (W. 3.
Saunders Co., Philadelphia, 1966). We now impose condition (A7) for the transition and
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use the expansion

(5+1)
B8(*)= x—

(5+1)(25'+25+1)
x'+0(x')

905'
(A15)

where we have neglected terms of order x' or higher in
the expansion (A15). Using Eqs. (A2) and (A10) one
then obtains

(25s+25+1)gstt H (TN/T)'
T+ T- (A17)

120/2 T~

ln solving for T~—T we have been retaining terms up
to order T~(gtjttSH/kT~)s. Within this approximation
we may replace the ratio (Tz/T) orat the right side of Eq.
(A17) by unity and obtain Eq. (A12).

2. H Parallel to Preferred Axis

We assume that H~~n and that Ts(T(T~. In the
AF phase the magnetizations of the two sublattices are
parallel or antiparallel to n and are determined by the
self-consistent solution to the pair of equations

for x((1.This gives

1Vg'tt '5(5+1))~M i (25'+25+1)g'tttt'Hs
3fg=

120k'T'
(A16)

and

n M, (H, T)
+gttBSBS)gttBS (H —» Mi)/k T]. (A18b)

This pair of equations can be solved numerically using
a computer. A typical variation of n M~ and n M2
with B at a temperature just below T~ is shown in
Fig. 11.'2

To obtain an analytical solution for the AF-P bound-
ary we note that in fields near the transition field
n Mi ——Mi and n Ms ——M& (see Fig. 11). When H is
lower than the transition 6eld by an infinitesimal
amount, the difference MI —M~ is obtained from Eqs.
(A18), viz. ,

M, —M, = (~gstjssSs),/kT)
X (M, Ms)—fdBB(x)/dx] (A1. 9)

In Eq. (A19), the derivative dBs(x)/dx is evaluated at
that value which the argument of the Srillouin func-
tion in Eqs. (A18) takes at the transition. Using Eq.
(A15) one then obtains for T just below Tz

1= $1Vg'tie'5(S+1)) /3k T]
X[1—(25'+25+1)g'tttt'(H —XM )'/10k'T'] (A20)

where Sf' is the sublattice magnetization at the AF-P
transition. Using Eqs. (A2) and (A10) one obtains

(25'+25+1)g'p, '(H —)M,)'T~
T+ T- (A21)

10k'T'
n Mi(H, T)

At the AF-P transition Mi ——Ms ——M, and M, satisfies
the equation

A

nM,
and

nM~

M ( AgttItSBB[g pt35——(H )M,)/k T], —(A22)

which for T near T~ and for gp~SII«kT~ has the
approximate solution"

M g H/2) . —— (A23)

Substituting Eq. (A23) into Eq. (A21) and replacing T
on the right of Eq. (A21) by T&, we obtain

(2S'+2S+1)g'ttttsH'
T+ T-

40k'TN
(A24)

=H

FIG. 11.The solid curves show a typical variation of n M& and
n M~ with H, at T~ &T & TN and with H

~ ~

n. The broken and solid
arrows represent M& and M2, respectively, with n pointing up-
ward. The AF-P transition occurs at the lowest field for which M1
is equal to M2.

for the AF-P boundary at T just below TN. Using Eq.
(A10), Eq. (A24) can be rewritten in the form

3 (25'+2S+1)g'tt H ttss
T+ T-

80S(5+1)ksi
j Jii

(A25)

"Equation (A23) holds approximately throughout the P phase
provided that T is near T~ and that gpgSII&&kT~. When H J n
Eq. (A23) holds exactly at the AF-P transition /see Eq. (A7) j.


