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Energy-Straggling Measurements of Heavy Charged Particles in Thick Absorbers
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Energy-straggling distributions of 20- and 49-MeV protons and 80-MeV helium ions have been measured
for energy losses of 10 to 92% of the initial kinetic energy. Aluminum and gold absorbers were used, and
the residual energy spectra were measured with lithium-drifted silicon semiconductor detectors. Experi-
mental results show very good agreement with the theories of Payne and Tschalar, provided that broadening
due to atomic binding is taken into account, and disagreement with the Bohr theory for energy losses
greater than 20'P&. In particular, as the particle beam slows down in the absorber, the variance of the energy
distribution increases faster than the absorber thickness traversed, and a degree of skewness (i.e., a low-

energy "tail") is introduced at very large energy losses.

I. INTRODUCTION

'HE energy loss of fast heavy charged particles in
matter is caused mainly by discrete, random

collisions with atomic electrons. The statistical nature
of the ionization and excitation processes results in
fluctuations of energy losses of an initially monoener-
getic particle beam as it passes through an absorber.
Consequently, the energy spectrum of the beam is
gradually widened as the particles penetrate the ab-
sorber. The resulting distribution of kinetic energies T
after a pathlength x in the absorber will be denoted by
f(T,x).

In this study we consider the problem of "thick"
absorbers, that is, cases in which energy losses are rot
small compared to the initial energy To. More specifi-
cally, we deal with cases where the change in the singje-
collision spectrum due to slowing down of the beam may
not be neglected in calculations of the energy-loss
distribution. The problem of thin absorbers has been
dealt with previously. '

The purpose of this study was to measure accurately
the energy distribution of protons and helium ions in
thick homogeneous absorbers, and to test the relevant
theories.

II. THEORY

Several authors have treated the problem of calculat-
ing f(T,x) for thick absorbers. ' ' Jn cases where particle
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losses due to complete stopping are insignificant, it has
been. shown' that the distributions f(T,x) may be well

described by their mean energy T, , their variance 0-2,

and their reduced third central moment y3, where

T..(x)=— f(T,x)TdT,

and

o (x)—= f(T,x) (T T, )"dT, —

(x)—=a (o.s) ' for integers n and m.

~(Q,T) = s(&/T)e '
=0 )

Q~ =4p(1+p) 'T—=eT,

Q--=l'/(eT)

f-e;.&Q&e ..
otherwise

where Q is the energy loss in the collision, k = 2s.e'ssZJV/p,

e is the electron charge, s is the particle charge number,
Z is the atomic number of the absorber, E is the number
of absorber atoms per unit volume, p is the ratio of
electron mass to particle mass, and l is the mean
excitation potential of the absorber.

The lower limit Q;„affects only the stopping power
K1 appreciably, where

K1= J (Q, T)ede
(2)

7 H. W. Lewis, Phys. Rev. 85, 20 (1952).

The standard deviation 0.—=02'" is a measure of the
width of f(T,x), and ys indicates its skewness (ys ——0 for
symmetric distributions).

A considerable number of calculations of f(T,x) are
based on a simplified, nonrelativistic, free-electron form
of the single-collision energy-loss probability per unit
thickness. This quantity P(Q, T) was described, e.g. , by
I.ewis7 and has the form



C. TSCHALAR AND H. D. MAC CAB EE

Therefore the potential I is, for this simplified spec-
trum, usually adjusted to give the best agreement
of zq ——(k/T) 1n(eT/I) with the experimental values

(d—T/dx).
In the following short review of the pertinent

straggling theories, we consider 6rst the earliest one, by
Bohr. ' The Central Limit Theorem of Statistics states
that the sum of a large number of independent stochastic
variables tends to be normally distributed, even for
arbitrary distributions of the individual variables. The
variances of the latter add up to the variance of the
sum distribution. This leads to Bohr's expression
fol 0'2

d02/dx= K2 g

where N~ is the variance of P(Q, T). In other words, if the
number of random collisions in every collision-energy
interval is large, the total energy-loss distribution is
expected to be Gaussian, with its variance given by

O-2 ——4ze4S'ZSX

if Eq. (1) is used. This theory breaks down at larger
thicknesses however, since P(Q, T) depends on the
residual particle energy T and thus on the energy
losses in previous collisions, i.e., individual collisions are
not truly independent as required by the Central Limit
Theorem.

An improvement was proposed by Symon, ' who
derived a series expansion for do.„/dx and solved for &r2,

using only the 6rst two terms

do 2/dx=x, +2o~(d&y/dT, v) .

The second term describes the broadening of f(T,x) due
to the variation of ~~ over the width of f Speaking.
qualitatively, the lower-energy particles in the distri-
bution lose, on average, more energy in each succeeding
collision than the higher-energy particles. This effect
becomes dominant for large energy losses.

Symon also solved the analogous equation for 0-3. Due
to cancellations, however, the first term that he dropped
from the expansion is the dominant contribution to the
"skewness" p3.4 Therefore, Symon's distributions erro-
neously remain practically Gaussian up to very large
energy losses.

Recently the equations for cr„were solved numerically4
using the single-collision spectrum (1).The results show
that the skewness p3 increases markedly for large energy
losses (e.g., over 80% of To for protons) in contrast to
Symon's prediction. However, the values for 02 are very
close indeed to those of Symon for the region of validity
of both theories. For the same region, it was also shown4

that a& is very nearly equal to dT, /dx. This allows us to
write the equation for the variance 02 as

do'2/dx =K gdO2/4 Tg~ =K2+ 20 2 (dKy/d 'Tg~) .

This equation has the analytic solution

and is valid for an arbitrary collision spectrum, if a
correct value of ~~ is used.

It has been known for some time' that the simple
single-collision spectrum (1) should be modified near the
low-energy cutoff Q; to include effects due to atomic
binding of the interacting electrons. Livingston and
Bethe' and Blunck and Leisegang' have studied the
increase in ~2 due to these binding effects. Using Ref. 8,
Sternheimer" gives some numerical values for the in-
creases. More recently, Shulek" et al. and Golovin"
et al. used a relativistic form of Livingston's expression
for ~2 in order to compute the broadening of the Vavilov
distributions" for small energy losses. Unfortunately
their values for ~2 are not available. However, by corn-

paring the widths of Golovin's distributions with those
of Vavilov in the limit of large a, where both are
practically Gaussian, the increase in ~2 due to binding
effects can be extracted. With Eq. (5) a correction
factor K to the variance of distributions at large energy
losses may be calculated numerically. The distributions
of Ref. 4 may then be corrected accordingly by multi-
plying their variances by E, assuming that binding
corrections to the skewness are negligible.

The theories discussed so far begin by generating the
moments of f(T,x), to which mathematical distribu-
tions are then Gtted. This procedure has been shown' to
break down as soon as the "tail" of f extends to T=0
and particles are lost by complete stopping. The failure
of the procedure results from the very critical depend-
ence of the skewness parameter y3 on the low-energy
tail. When this tail is cutoff at T=0 with a loss of as few
as 0.001% of the particles, the computed value of y, is
already about 10% too high. In order to overcome this

difhculty, it has been proposed' to propagate numeri-
cally the distribution f(T,x), rather than its moments,
along x from the point where the previous theory breaks
down. In this region statistical effects are largely
masked by bulk distortions of f(T,x) through the T
dependence of ~~, and thus computing times can be
reduced to acceptable levels by using a simplified form
of P(Q, T).

Most recently Payne' has proposed a new approach.
He computes the distributions h(R, x) of residual ranges
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The functions h(R, x) approach the near-Gaussian shape
of the actual range distributions at large energy losses
in contrast to f(T,x). They may be obtained by rela-
tively simple fits to their moments. The energy dis-
tribution is then given by

f(T,x)dT= h(R, x)dR= h(R,x)dT/~g.

The results agree with those of Tschalar's theory4' to
within &1%of the peak values of f(T,x) for the cases
considered below.

The problem of range straggling is intimately related
to that of energy straggling, and has been treated
theoretically by Lewis~ and others, but we do not deal
with it here.

III. EXPERIMENTAL METHOD

A. Basic Design

The basic experimental method was to let nearly
monoenergetic beams of heavy charged particles impinge
normally on plane absorbers of several thicknesses. The
energies of the emerging particles were measured by
stopping the particles in lithium-drifted silicon-semi-
conductor detectors, amplifying the output charge
pulses due to ionization in the detector, and measuring
the magnitude of the pulse from each particle with a
multichannel pulse-height analyzer (PHA). Calibration
of PHA channel numbers in terms of particle energy is
done with standard radioactive sources and a linear test
pulse generator by the usual method. There are slight
differences in detector response to protons, o, particles,
and electrons, due to variations of the average energy
required to produce an electron-hole pair in the de-
tector. These differences are small enough" to be in-
cluded in the estimated uncertainty of the energy
calibration. The print-out information in the form of
counts per channel versus channel number may thus be
processed to yield a plot of relative frequency versus
particle energy, i.e., the energy-straggling distribution.
The block diagram of the basic scheme and associated
electronics is shown in Fig. 1.

B. 49.10-MeV Protons

The primary beam of the Proton Linear Accelerator
at the Rutherford Laboratory was focused onto an
aluminum target of thickness 0.025 mm. Protons scat-
tered at 20' were momentum analyzed in a double-
focusing magnetic spectrometer. Any extended low-
energy tail in the energy distribution of the incident
beam was thus eliminated. Such tails arise very easily
I ' R. H. Pehl, F. S. Goulding, D. A. Landis, and M. Lenzlinger,
Nucl. instr. Methods 59, 45 (1968).
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Fro. 1. Schematic diagram of the experimental systems and
associated electronics. (Spectrometer used for 49-MeV protons
only. )

from slit-edge scattering in the beam transport system.
Even if they are of small amplitude they could cause
"false" low-energy tails in the measured energy strag-
gling distributions.

At the image plane of the spectrometer, an acoustic
spark chamber was mounted in order to measure the
radial width of the defiected beam. Sy using a target in
the shape of a strip 0.5 mm high which presented a
sharp object line to the spectrometer, the energy spread
of the scattered beam was measured to be 50-keV
FTHM. With a disk-shaped target the beam was
observed to be 2.5 mm wide.

After replacing the spark chamber with a semicon-
ductor detector, a "pin-hole" collimator was scanned
across the detector and its sensitive diameter deter-
mined to be 8 mm. Subsequently a collimator of 6-mm
diameter placed over the detector prevented protons
from entering the insensitive region. The depletion
depth of the detector was 2 mm.

The detector system was then calibrated with a ThC
a-particle source (6.05 and 8.78 MeV). Pulses from a
stable (&0.1%) and linear (&0.1%) test-pulse gener-
ator were fed to the preamplifier input to provide a
reference scale in the recorded pulse-height spectra.

Finally, eight different aluminum and two gold ab-
sorbers were consecutively inserted 4 cm in front of the
detector and the resulting energy distributions were
recorded on the PHA. Since the detector noise equiva-
lent to about 50-keV FWHM was not a limiting factor,
the signal pulses were doubly clipped by 1-psec delay
lines in order to avoid problems of base-line shift and
pulse pileup. In this way, average counting rates of
about 400 protons per sec could be handled corre-
sponding to an instantaneous rate of 4&&10'/sec at 1%
duty cycle. About 5)&10' counts were accumulated for
each straggling spectrum.
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FIG. 2. Energy distributions of 49.10-MeV protons after traversing an aluminum absorber. Curves fz are theoretical predictions of
Bohr (Ref. 2), fz of Symon (Ref. 3), and fr of Payne (Ref. 6) and Tschalar (Refs. 4 and 5).

The absorbers were machined from rolled stock to
thicknesses uniform within &5 mg/cms (Au) and &1
mg/cm' (Al). The surface roughness was less than
+0.1 mg/cm'. In addition, the aluminum absorbers
were tested ultrasonically for inhomogeneities.

C. 19.08-MeV Protons and /9. 8-MeV Helium tons

The 88-in. isochronous (sector-focused) cyclotron of
the Lawrence Radiation Laboratory, Berkeley was used
to produce the incident beams, which were then scat-
tered at a lab angle of 14.1' from a gold target of 200
pg/cm', and collimated through a 2)&5-mm tantalum
aperture. Slit-scattering eGects were small, so that no
spectrometer energy selection of the initial beam was
necessary, but measurements were taken of the initial
proton-beam-energy distribution.

The detector had a depletion depth of 3 mm and a
noise contribution of less than 25-keV FWHM. The
main experimental difhculty was the use of 0.2-psec
clipping time in the case of one of the absorbers, re-
sulting in inadequate charge collection, and causing a
shift in the absolute energy scale which was corrected
for in the anomalous case by using range-energy tables
to place the peak of the distribution. A Bi-207 electron
source (0.48-, 0.98-, and 1.05-MeV) was used in addition
to the ThC source for calibration. Six different sets of
aluminum absorbers, whose total thicknesses were
known to &0.5 mg/cm' and whose surface roughnesses
were less than +0.1 mg/cm', were used consecutively,
placed 1 cm in front of the detector. Energy calibration
and system resolution were rechecked at the end of the
runs. At least 10' counts were accumulated per spec-
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Fra. 3. Energy distributions of 19.68-MeV protons after traversing an aluminum absorber. Curves fz are theoretical predictions of
Bohr, fp of Symon, and fz of Payne and Tschalar.
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FIG. 4. Energy distributions of 79.8-MeV helium ions after traversing an aluminum absorber. Curves fz are theoretical predictions of
Bohr, fz of Symon, and fz of Payne and Tschalar.

trum. Other experimental details were similar to the
previous description.

IV. RESULTS

The experimental distributions were normalized to
unit peak height rather than unit area, because the area
depends somewhat on the experimentally less reliable
tails of the distributions. These tails contain, e.g.,
particles which have lost energy in a nuclear collision or
have been scattered into the insensitive region of the
detector. As an example, we considered the recorded
spectrum of 49.1-MeV protons having traversed 2.675
g/cm' of aluminum (cf. Fig. 2). In this case, 1.8%%u~ of the
events were contained in the two tail regions extending
over 3 MeV from those energies at which the distribu-
tion has fallen to 2%%uo of its peak height. The contribu-
tion of these regions to the variance 0-2 of the distribu-
tion was 15.6%%uo.

The data are shown in Figs. 2—5. The indicated error
bars are purely statistical and are calculated as the

square root of the number of counts in each channel.
Since the peak height of the distribution was taken as
the average over a few channels near the peak, the
relative error of the normalization is smaller than the
relative statistical error of the peak channels. The
relative accuracy of the energy scale was estimated from
several test-pulse spectra which were accumulated in
regular intervals. The test-pulse pattern was linear,
stable, and consistent with the known energies of the
simultaneously recorded n and P spectra to within +0.5
channels over the entire measuring period. The absolute
energy calibration was estimated to be accurate within
+0.5%%u~, including effects of source thickness, window
thickness of the detectors, and differences in the de-
tector response to diRerent particles. The resolution of
the system was measured as 30 keV (FWHM of the
Bi-207 lines) in the 20-MeV proton case and not more
than 50-keV FTHM in the other cases. The resolution
correction to the measured spectra was therefore negli-
gible for every absorber case.
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Fro. 5. Energy distributions of 49.10-MeV protons after traversing a gold absorber. Dashed curves fp are uncorrected theoretical
predictions of Tschalar (Refs. 4 and 5). Solid curves fg are theoretical distributions corrected for resonance broadening and multiple
scattering.
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FIG. 6. Ratios of the theoretical distribution widths (Refs. 4 and 5) (FWHM) to the width from Bohr s theory (Ref. 2), as a function of
absorber mass thickness. Plotted points are experimental values.

For the aluminum absorbers in Figs. 2—4, the theo-
retical predictions of Tschalar4' are shomn as solid
lines (fz), those of Symon' are shown as dashed lines

(fs), and those of Bohr' as dashed-dotted lines (f~). In
all cases the predictions of Payne' deviate from those of
Tschalar by less than 1% of the peak value and are not
shown separately. For simplicity the curves fz are
dramn as Gaussians, disregarding the slight skewness of
the actual Symon distributions.

All theoretical calculations mere based on the free-
electron single-collision spectrum P(Q, T) of Eq. (1).
However, broadening of the distributions by atomic
binding effects was calculated from Golovin's tables" as
described in Sec. II and is included in the theoretical
predictions fr and fs These corr. ections in width
amount to about 2% for 49.1-MeV protons in Al, 3%
for 19.68-MeV protons and 79.8-MeV o. particles in Al,
and 9% for 49.1-MeV protons in Au. Furthermore,
small relativistic effects mere included by replacing the
energy T with an energy T' dehned as

T'= T(1+T/2Mc')/(1+ T—/Mc')

as proposed in Ref. 15 (DE= incident particle mass).
The ratios of the theoretical and experimental dis-

tribution widths (FWHM) to the width from Bohr's
theory are plotted in Fig. 6 as functions of the mass
thickness px. The accuracy of the experimental widths
was estimated from the energy and amplitude uncer-
tainties of the distributions. In all cases, uncertainties of
1 to 2% were found for the FWHM considering that the

'5 C. Tschalar, Rutherford Laboratory Report No. RHEL/R
146, 1967 (unpublished}.

midths were measured between two lines drawn through
several data points near the half-heights of the
distributions.

The I values used were 175 eV for Al, and 930 eV for
Au; these values were found to provide classical range
functions R, as de6ned in Eqs. (1), (2), and (6) which
best reproduced our mean energies (T) determined from
the measured distributions according to Ref. 5. They
are larger than the true mean excitation potentials be-
cause they have to compensate for the omission of
shell corrections from the theory. Figure / shows R,(T)
for I~~= 175 eV and I~,——930 eV, as well as two previ-
ously calculated ~ pathlength functions.

Since multiple scattering will increase individual
pathlengths, especially in gold absorbers, the experi-
mental mean energies were corrected for the mean in-
crease in pathlength according to Ref. 18. In Fig. 5 the
dashed curves fu represent the theoretical distributions
taken from Refs. 4 and 5, uncorrected for multiple
scattering and widening by atomic binding. Both these
corrections are included in the solid curves fc In the.
case of 20-MeV protons the incident beam energy
spread of 40-keV FWHM was taken into account by
folding a Gaussian of width 40 keVXLa~(T, )/~~(TO) j
FWHM into the theoretical straggling distributions.
The same was done for the 160-keV FWHM spread of
the 80-MeV helium ion beam. Corresponding correc-
tions for the 49-MeV proton data were negligible.

"C.Tschalar, Ph. D. thesis, University of Southern California,
1967 (unpublished).

17 J. F. Janni, Air Force Weapons Laboratory Report No.
AFWL-65-150, 1966 (unpublished).

'8 C. Tschalar and H. Bichsel, Nucl. Instr. Methods 62, 208
(1968}.
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V. CONCLUSIONS

Figures 2—6 show that Bohr's theory' does not apply
for energy losses greater than about 20% of the initial
energy. The deviation from the data is quite dramatic at
large energy losses. Symon's theory' seems to apply
down to the region where the straggling distributions
become skew. Apart from the skewness, Symon's dis-
tributions appear to be too wide for very large energy
losses. The predictions of Payne' and Tschalar' appear
to 6t all the aluminum data very well. Widening by
atomic binding is quite small in these cases (&3%%u~). In
particular, the predicted increase in skewness (i.e., low-

energy tail) for proton energy losses above 80%%u~ of Ts is
confirmed by the experimental data. Small low-energy
deviations in the thickest absorber eases for 19.68-MeV
protons and 79.8-MeV helium ions are unexplained, but
believed to be due to experimental effects.

The fact that experimental distributions in gold are
somewhat wider than predicted by Refs. 4-6 is reason-
ably well explained by atomic binding of the absorber
electrons. Still, the corrected distributions fc appear to
be about 2 /~ too wide, which is not surprising in view of
the discrepancies between the numerical values of
binding corrections from different theories (e.g., Refs.
9—11). Additional widening due to the spreading of
pathlengths by multiple scattering could not be
detected.

The general agreement indicates that the energy loss
of heavy particles in collisions with atomic electrons is
suKciently well described by the free-electron collision-
spectrurn P(Q, T') of Eqs. (1) and (7) with an atomic-
binding correction to its variance, provided that the
particle energies are in the region of 0 005& T/Mes&005
and mean energy losses are larger than 10'f/o. The only
quantity sensitive to further refinements such as shell
corrections, is the mean energy T, of the distributions.

We conclude that the Tschalar' ' and Payne' theo-
ries, corrected for atomic binding, are valid in the cases
we have studied.
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