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where use has been made of. the fact that

F,, '(j) =o&'(j, q=0)8,,'=cop'(j)8, ;.. (A12)

where

l~ ""'(j)=(rt!) ' p w/ o(j)C e&"'(kit' q)
kn It."P

Xtt&&, t&"(j') . (A10)

Equation (9) is the familiar eigenvalue problem with
solutions given by

The acoustic eigenvectors at q=0 consist of the
uniform translations

tt&s.o(j.) =nte't'v. (j.), (A13)

where v(j,) is an arbitrary vector. There are thus three
linearly independent eigenvectors ws (j,) with eigen-
frequencies cos'(j, ) =0. The ws'(j, ) can be completely
defined by requiring in addition to wo(j,) w'( j,')
=8;.,;,' CEq. (A7)j, thatF;„;,"&=Oif j,&j,'. lf there
are other degeneracies in the optic branches at q=0
any arbitrariness in the eigenvectors w'(jc&) can also
be removed by requiring within the degenerate set that
Jt'. . . ( ) —0 for jo+ jo'
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The effect of dilute concentration of the Kramers ion, Yb+++, and the non-Kramers ion, Ni++, on the
thermal conductivity of CaF2 has been measured as a function of magnetic field at various temperatures
in the range 0.3—1.3'K. The results have been compared with a theory due to Elliott and Parkinson based
on the Jacobsen and Stevens dispersion relations. It has been found that it is possible to account for the
effect of temperature on the change in conductivity with magnetic field in both cases, for fields such that
gPH/hT &6. If the temperature dependence is factored out of the expression for the change in conductivity,
the remaining terms predict that at low fields it should increase as H'I' for the Kramers ions, and as H'" for
the non-Kramers ions, unless a zero-field splitting is present which dominates, and then the change in con-
ductivity should increase as H' increases. The Yb-doped crystal yielded an H"', and the Ki-doped yielded
an H3 dependence in agreement with the theory.

INTRODUCTION

HE first data on the thermal conductivity of a
system for which the spin-phonon interaction is

important were obtained by Morton et al.' for holmium
ethylsulphate. The characteristic behavior of these
systems lies in the variation of the conductivity E with
magnetic field at fixed temperature. Typically, E is ex-
pected to first decrease with field, then reach a mini-
mum, and recover finally to a value equal to the zero-
field value if the magnetic ion obeys framers's rule, or
an amount greater than this for the non-Kramers ions.

Qualitatively, this behavior is readily understood in
terms of a strong interaction between the spins and a
band of phonons whose frequencies are close to the
Larmor frequency of the spin system (see Fig. 1); at
low temperatures, the phonon carrier distribution is a
function which has a maximum. The interaction sup-
presses the contribution of those carriers close to the
J armor frequency (see Fig. 2). As the field is increased,

*Research supported by the U. S. Atomic Energy Commission
under contract with the Union Carbide Corporation.' I. P. Morton and H. M. Rosenberg, Phys. Rev. Letters 8, 200
(1968).

more important carriers are affected until the peak in
the distribution is reached, after this the interaction
occurs at less important frequencies until at very high
fields the interaction is with phonons whose contribution
is negligible.

Because the spin-phonon interaction affects the con-
ductivity by suppressing a relatively narrow band of
phonon frequencies, the variation of thermal conduc-
tivity with magnetic field forms a convenient phonon
spectrometer, '' which has been used4 to study the
resonant scattering by the Li ion in KCl. For this reason,
it is important to understand in some detail how the
spin-phonon interaction modifies the conductivity.

For those ions which do not obey Kramers's rule, an
interaction is possible at zero magnetic 6eld, which is
removed at very high fields and, as McClintock et al. '

2 R. Berman, J. C. F. Brock, and D. J. Huntley, Phys. Letters 3,
310 (1963).

3 D. Walton, Phys. Rev. 151, A267 (1966).
D. Walton, Phys. Rev. Letters 19, 305 (1967).

' P. V. E. McClintock, I. P. Morton, and H. M. Rosenberg, in
I'roceedings of the International Cotsference on Magnetism, Eotting-
ham, England, 1964 (The Institute of Physics and the Physical
Society, London, England, 1965), p. 455.
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Grst demonstrated, the high-Geld conductivity can be
considerably better than that at zero field. At low
temperatures, this fact has rather important conse-
quences because the interaction usually occurs with a
band of low-frequency phonons. Some ions of this class
are extremely strongly coupled; it has been found that as
little as O.i part per million of Fe++ in MgO can lead
to a reduction in conductivity at 1'K of about 10%.

It has also been found that the high-Geld conductivity
can be greater than the zero-field value even if the
magnetic ions obey Kramers's rule. Briefly, this is due to
a diminished velocity of sound over the greater part of
the phonon spectrum, which is caused by the spin-
phonon interaction (see Fig. 1).At high fields, the slope
of the lower branch is reduced considerably.

The Kramers ions are simpler in principle because no
interactions are possible through an electric field, which
lead to a zero-field effect. In practice, however, at large
concentrations dipole and/or exchange interaction can
be expected to lead to internal magnetic fields with the
same result. Nevertheless, in a crystal with a sufficiently
small concentration of magnetic ions, it should be
possible to neglect any zero-field effect of the spin
system on E.The effect due to the change in velocity of
sound is usually small.

Unfortunately, the Kramers ions are usually weakly
coupled to the lattice; typical spin-lattice relaxation
times are of the order of a second at 1'K.To be useful at
concentrations for interionic interactions to be negli-
gible («0.1%%u~), the coupling has to be somewhat larger,
i.e., leading to a relaxation time of the order of 10 ' sec
or less at 1'K.

At the time of writing, most of the quantitative com-
parisons between theory and experiment have been for
the non-Kramers ions. ' 7 Some success using a simplified
model has been achieved by Brock and Huntley' for a
concentrated Kramers's system. Some of their results,
however, are difficult to understand, which suggests that
the situation is considerably more complex than they
assume. The most successful work is that of McClintock
et al.~ again on holmium ethylsulphate. Unfortunately,
this is far from a simple system, and the large number of
adjustable parameters necessary for the comparison
make it difficult to make generalizations on the basis of
their results.

Theoretically, the problem has received a good deal of
attention. The approaches fall into two classes. The Grst

group treats the problem from the scattering point of
view, computing the scattering cross section for a single
spin, summing the contributions of all spins, and calcu-
lating the thermal conductivity in the conventional
way. Using this viewpoint, Orbach' discussed the ex-

G. T. Fox, M. W. Wolfmayer, D. R. Dillinger, and D. L.
Huber, Phys. Rev. 165, 898 (1968).

7 P. V. E. McClintock, I. P. Morton, R. Orbach, and H. M.
Rosenberg, Proc. Roy. Soc. (London) A298, 359 (1967).

(1968).
8 J. C. F. Rrock and D. J. Huntley, Can. J. Phys. 46 2231

' R. Orhach, Phys. Rev. Letters 8, 393 (1962).
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FIG. 1. Calculated dispersion relations for a crystal containing
paramagnetic ious, assuming e'=0.033, and gPH/21rT=1. 8.
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D. L. Huber, Phys. Letters 20, 230 (1968).
~' E. H. Jacobsen and K. W. H. Stevens, Phys. Rev. 129, 2036

(1963).

perimental results of Morton and Rosenberg, ' and this
approach was employed in treating the more detailed
measurements of McClintock ef al.~ Huber" emphasized
the difficulties introduced by the unknown spin-phonon
line-shape'function.
IY. 'An alternative is to treat the spin system and lattice
together, following Jacobsen and Stevens. "The effect of
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the spin-phonon coupling is then included in the normal
modes. The important result is that an effective gap
appears in the phonon spectrum near the I.armor fre-
quency; carriers that originally contributed to the con-
duction are missing. The renormalization of the normal-
mode frequencies has shifted their contribution to other
frequencies (see Figs. 1 and 2). A conventional computa-
tion" of the thermal conductivity reveals that it is less
than it would have been in the absence of the inter-
action. This approach is preferable in concentrated
systems where multiple scattering would have to be
included in a scattering calculation. Of course, if the
wavelength of the important phonons is greater than the
mean separation between the spins, a scattering calcula-
tion becomes questionable. In the present case, the
highest frequency of interest is about 2&10" Hz,
corresponding to a phonon wavelength of approxi-
mately 200 A. This is about equal to the separation be-
tween paramagnetic ions, but the coupled-mode ap-
proach is probably safer. Finally, it should be emphasized
that this latter point of view avoids the difFiculties
introduced by ignorance of the precise line-shape func-
tion inherent in a scattering calculation.

A theoretical calculation of the thermal conductivity
using the modification of the phonon spectrum has been
accomplished by Muller and Tucker. "However, a later
treatment by Elliott and Parkinson'4 is more complete
and will be followed here.

The objective of this work, which has only been
partially achieved, is to compare theory and experiment
for a simple system. The theory refers to ions of
effective spin —,'. This does not mean, of course, that the
real spin is -„it simply requires that a doublet, well
separated from other levels, be the ground state of the
spin system. A simplification is introduced, if the direct
interaction between the spins is negligible. This, of
course, is best fulfilled in a dilute system. While the
theory to be used here was formulated for the concen-
trated case, it should apply just as well to the dilute
case, if the concentration of magnetic ions is included in
the expectation value of 5,.'4 The desired system should
have a strong enough lattice interaction that a measur-
able effect is present at small concentrations. This was
found to be the most difficult requirement to meet for
the Kramers ions, since they are generally weakly
coupled, i.e., their spin-lattice relaxation times at 1 K
are typically 1 sec or longer.

The Kramers system chosen was the Yb+++ ion in
CaF2. The majority of the magnetic ions are in cubic
sites with most of the remainder in sites of tetragonal
symmetry. " While the g value for the cubic sites is
isotropic, that for the tetragonal ones is not. However,

"P.A. Carruthers, Advan. Mod. Phys. 33, 92 (1961)."E.R. Muller and J. W. Tucker, Proc. Phys. Soc. (I ondon)
88, 693 (1966).

'4 R. J. Elliott and J. B. Parkinson, Proc. Phys. Soc. (London)
92, 1024 (1967).

'5M. J. Weber and R. W. Bierig, Phys. Rev. 134, A1492
(1964).

in the L1117directions, the g value for all the tetragonal
sites becomes equal and is close enough to that for the
cubic that the difference is less than the resolution of
this technique. In this way, the effect of the anisotropy
can be minimized.

The rare-earth Kramers ions in CaF2 display fast
relaxation times. "However„ it appears likely that these
are not the intrinsic times but are the result of cross
relaxation. " In fact, recent measurements on Tm by
Sabisky and Anderson reveal that the. intrinsic times are
of the order of seconds at 1'K.'" Since Tm is isoelectronic
with Yb, it seems likely that the intrinsic times for Yb
will also be of this order. "The result of cross relaxation
will be to complicate the interaction in at least two
ways: (a) The spin damping due to the direct process is
no longer directly related to the coupling constant and
(h) additional levels may appear which couple to pho-
nons of different energy, and the coupling can occur at
more than one frequency.

Since Kramers's theorem forces the spin-lattice cou-

pling to be so small, it is difficult to find a large enough
effect (i.e., 10%%u~ change in thermal conductivity) at
suKciently small concentrations for the effects of
interionic interactions to be neglected.

For the non-Kramers ion, Ni++ was chosen. Para-
magnetic resonance due to Ni++ in CaF2 has been
observed by Zaripov et al."at 77 K. They observed a
Anz= 2 transition with symmetry axes directed along the
C3 axes with gled=5. 2 and g&=0. The ground state of
Ni++ in CaF~ is an orbital singlet which splits into a
doublet and a singlet. If the singlet is lowest, it is
questionable whether or not the doublet responsible for
the observed transition is populated at He' tempera-
tures. However, a resonance similar to that observed by
Zaripov et a/. has been observed at ~1'K."Xo reso-
nances were observed corresponding to the Am= 1

transitions between the singlet and the doublet levels,
although these should be considerably stronger than the
Dm= 2 transition observed.

The unique advantage of this system, of course, lies
in the fact that it appears that only one transition need
be considered. Since phonons couple with about equal
strength to both the Dm= 2 and Dm = 1 transitions, the
thermal conductivities of crystals containing non-
Kramers ions normally reveal the effect of two
transitions. ~

Finally, for the purpose of simplifying the effect of
phonon scattering and minimizing the effect of normal
processes, the experiments were conducted at 'He
temperatures.

"R. W. Sierig, M. J. Weber, and S. I. Warshaw, Phys. Rev.
134, A1504 (1964)."E.S. Sabisky and C. H. Anderson, RCA Technical Report
PTR-2504 (unpublished).

The author is indebted to Professor R. Orbach and Dr. C. H.
Anderson for emphasizing this fact to him.' M. M. Zaripov, V. S. Kropov, I.. D. Livanova, and V. G.
Stepanov, Fiz. Tverd. Tela 9, 3291 (1968) LEnglish transl. : Soviet
Phys. —Solid State 9, 2344 (1968)j."S.H. Choh and C. V. Stager (private communication).
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THEORETICAL BACKGROUND

The Hamiltonian for the crystal can be written as the
sum of three contributions, one from the phonons,
another from the spins, and a third due to the spin-
phonon interaction. It can be diagonalized with the
result that the frequencies of the normal modes for the
system can be obtained from the following expression,
due to Elliott and Parkinson'4:

(res rg 2) (rg2 ~ 2) ~2~ 2e2~ —0

where too gpH——is the Larmor frequency, rg&
——Vrk is the

unperturbed phonon frequency, and Vo is the velocity of
sound. e is the spin-phonon coupling constant, which is
proportional to coo for Kramers ions and inversely pro-
portional to coo for non-Kramers ions.

The expectation value of the 2' component of spin is
a, and in a dilute system it is multiplied by the fraction
of occupied unit cells. '4

The solutions to this expression are sketched in Fig. 1,
and consist of two branches corresponding to the
two possible solutions for each unperturbed phonon
frequency.

The thermal conductivity can be obtained in the
conventional way by summing the contributions of each
of the normal modes.

The starting point is the expression for the thermal
conductivity obtained from a Boltzmann equation":

L';(k)/k=-,'f„'(g,(k) cothLipo~, (k)j
(g 1—e—sg)oi, '+(g +1)oi,(k)'

+f
4o~, (k)

ycotht ~ptg, (k)j—-', (1+g)res, (4)

where f„'and f,' are quantities which measure the
phonon and spin character of the mode.

For dilute systems o-&(1, as discussed previously, and
the contribution of the second term can be shown to be
of order ~'0. less than that of the first.

Subtracting the zero-point energy, it is found that to
order e 0,

BX(oi) 8
— =f„'—cothx;,

BT BT
where

gz= ~ CO '.

The mean free path, again following Elliott and
Parkinson, is given by

A'(k) = v, (k)/y, (k),

where y;(k) is the total damping of the mode. This will
be the sum of the contributions of the boundaries and
those processes which damp the phonon and spin part
of the modes.

BX(k)
K=g s v(k)A(k) hrg (k)

BT
(2) Therefore,

v'(k) = v'(k)L '+f.*v.+f''v''

~n

ho~, ',f„* (cothe,-)
8T

where v(k) is the group velocity, 1V(k) is the distribution
function for the carriers, and A(k) is the mean free path
of carriers of wave vector k. If rg(k) is independent of
temperature, Arg(k) fBX(k)/BT) will just be the specific
heat. Here, o&(k) depends on temperature and the more
general expression must be employed. In a magnetic
field, these three quantities will generally depend on k
in a complicated way because of the modification of the
dispersion relations by the spin-phonon coupling. It
will be assumed that this coupling exists for the trans-
verse as well as the longitudinal branches of the phonon
spectrum, the only difference between them being the
magnitude of the coupling constant so that the contribu-
tions are additive.

Transforming the sum to an integral, assuming
isotropy, and averaging over all the angles between k
and the heat-flow direction, Eq. (2) becomes, for each
branch,

6vr2

v;(k)k'(o), )dM;
X . (6)

v, (k)L '+f„'y„+f.'y,

As Elliott and Parkinson have observed, ~; is a
function of T, and this cornplicates the computation of
the derivative in (6). However, the temperature de-
pendence of cv; occurs through the quantity e'0- in Eq.
(1).For the dilute systems considered here, e'g is small
compared with unity and the dependence of cv; on
temperature may be safely neglected. With this ap-
proximation, and using (Ref. 21)

v r=vofv'~~/~i,

~m f s ' cscll s roy ZCg '

EJI= , (8)
67r'vs e [vsL '+ (ar, /rgI )y„][1+—nf,'/f 'j

1 "" 8$ (rv)
XII= ko~ A (ro)k'(o~)d(u.

6~' p BT
2' It should be noted that v; for ar; -+ 0 and k ~ 0 is vga;/cup but

co;/orI, —+ (1+a'0-) "~1—~2~'0-. Thus, the effect of the dispersion
introduced by the spin-phonon interaction is felt over the whole
phonon spectrum. For the Kramer ions, e2 is proportional to theThe distribution function may be computed from magnetic Geld, thus, at very high Ge]ds the conductivity at ]ow

Elliott and Parkinson s expression for the energy, temperatures should be larger than at zero Geld.
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where
(o1~/to ~)7

and o1'(1+n) '
e/o( Lt!s'+y~) over the important range

of values for x will be small. Thus, the change may be
approximated by

AK=
6x2vp

where

10sxs cschsx xos(1+n) esodx
(9)

(»L '+v.)L(x' —»')'+I'j

and
x1——(-,'ho1s/2kT) (1 12o!e'o)=x—s(-1 ',o!e'o)——

I' = xos (1+a)e'o. .

The major contribution to Ak comes from values of x
close to xy, and this fact can be exploited to obtain an
analytic form for Ak; if ~'0- is small, then the change in o,

The integration is to be performed separately for each
of the two branches. However, the lower branch has
values of or only between 0 and ohio, and the higher branch
from ado(1+e'o) to n1 . Thus, it is possible to simply
allow or to go from 0 to or, and the contributions of both
branches will be included in a single integral. In doing
this, a contribution of order (e'o)' has been neglected,
which comes from integrating between o& s and o10(1+e'o) .

If the difference between or; and or I, is neglected, it can
be seen that the integrand in Eq. (6) is the expression
for the phonon conductivity (i.e., the conductivity in
the absence of the spin. -phonon interaction) multiplied
by f„'/(1+nf,'/f„') If the p.honon conductivity is
subtracted, an expression for the change in conductivity
due to the spin-phonon interaction may be obtained.
Thus, on substituting Klliott and Parkinson's expres-
sions for

s'= or;2—I, ~ or,~—or~~,

f '= Pn1
s—o1ss(1+esg)g/(o1 s—n1 s)

and neglecting quantities in (e'o.)' compared with (e'o.),
the change in conductivity is

k/1(1+el!)E 0'(ds xs x cscll gdg

6s-'vp(vpL, '+y~) (x2 x 2)2+@2
~ (10)

The integral may be evaluated by contour integration,
and the final result is, letting x~=xo,

k&(1+&)llseglt2n1 8( g 2

~z=-
12vs(t!sL, '+y„)(stnh'x, l

This displays the important result that to a first ap-
proximation the phonon scattering function multiplied
by the carrier distribution function is being scanned, as
the magnetic 6eld is varied, with a resolution of
s L(1+~)"~3'".

It should be observed that this procedure depends for
its validity on the fact that the main contribution to the
integral comes from the region about xp. At large values
of xp this contribution is diminished by csch xt), i.e.,
csch'xs/(1+u)e'o. . As long as this is large compared to
the contribution to the integral from other values of x,
far from xo, the procedure outlined here is valid. As a
very crude rule of thumb, this can be compared with the
value of the integrand at x= xs/v2, which is csch'(xo/V2),
i.e., csch'go/(1+n) e'o))csch'(xo/v2).

For a typical value of (1+a)e'o. of say 10 ' (which
would amount to a half-width for the Lorentzian of
10—'xs), this would limit the approximate procedure
outlined here to values of xp less than about 4 or 5. In
any case, the contribution of phonons for which x is 4
(i.e., Ao1= SkT) is sufficiently small to be uninteresting.
Nevertheless, Ak may still be appreciable at values of xp

larger than this because the contribution of the tails of
the Lorentzian-like term becon1e important.
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The term (1+rr) clearly demonstrates that there will

be a nonzero effect in the absence of any spin damping,
i.e., when n= 0. Since the spin-lattice contribution to the
total damping is proportional to H4 for the framers ions,
it is expected that at low fields n will reAect the magni-
tude of the spin-spin contribution T~. This T~, however,
refers to scattering by fluctuations in the spin system. '4

If the frequencies are low enough for the phonon
damping to be solely due to the boundaries, a simple
size-effect experiment determines the magnitude of

(1+rr), and hence T2. LM as a function of field is de-
termined for a single crystal of relatively large cross
section, then a thin slice is cut from the crystal and the
experiment repeated. The values of Ak at low fields
should be in the ratio of the crystal widths multiplied

by (1+~)"'

EXPERIMENTAL DETAILS
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The thermal conductivity was measured in the con-
ventional potentiometric fashion in a 'He cryostat
capable of attaining 0.2'K." The magnetic field was
provided by a superconducting solenoid, and the field
direction was parallel to the heat-Row direction.

The specimen used to investigate the effect of the
K.ramers ions was a single crystal of CaF2 with 0.025
mole'Po Yb+++, oriented such that the heat flow and
magnetic field were parallel to the t 111$ direction.
Initially, it was of square cross section, approximately
0.5 cm on the side. After a series of measurements were
obtained on this sample, a thin slice was then cut from it
and used for the bulk of the work. A single crystal of
CaF2 with 0.05% Ni++, oriented with a L100] direc-
tion parallel to the heat Qow and magnetic field, was
used to obtain the data on the non-framers ions.
Analysis of both specimens revealed no other para-
magnetic impurities present in large enough concen-
trations to be of any importance.

Temperatures were obtained from Speer carbon re-
sistors whose nominal room-temperature resistance was
510 Q. These were calibrated against the vapor pressure
of He, and the susceptibility of iron ammonium alum.
Instead of using the Clement Quinnel equation, the
following expression which gives significantly better
results has been used as an interpolation formula":

1/T =A+ BR+CRiI'.

The resistors were located about 5 cm above the
magnet and supported by lengths of No. 14 copper wire
attached to the thermometer clamps on the crystal.
This minimized magnetoresistance effects. By judi-
ciously adjusting the position of the two resistors in the
residual field at the top of the magnet, magnetoresist-
ance effects could be reduced to an undetectable level.
There was, however, a small error introduced by the

' D. Walton, Rev. Sci. Instr. 37, 734 (1966)."M. C. Hetzler and D. Walton, Rev. Sci. Instr. 39, 1656 (1968).
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FIG. 4. The reduced change in conductivity as a function of phonon
frequency for CaF2+0.025%%uz Yb+++.

magnetoresistance of the crystal heater which was
located in the main magnetic field.

For this reason, and due to the unfortunately long
time it took to sweep the magnetic field with the
solenoid used, which prevented the effect of long term
drifts from being eliminated, the over-all accuracy was
limited to about 1 jo of the thermal conductivity. The
relative accuracy of any two successive measurements
is, however, much better than this.

RESULTS AND DISCUSSION

The results are shown in Figs. 3 and 4. In analyzing
the experimental data it will be assumed that the
coupling constant responsible for the direct-process spin-
lattice relaxation time is the same as the one responsible
for the effect on the conductivity, i.e., the simplification
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will be made that the only effect of cross relaxation will
be to increase the effective coupling constant.

In the scattering picture, this is easily justified; a
phonon is absorbed or emitted at the center with the
strongest coupling. As long as the time for cross
relaxation is short compared with the spin-lattice time,
all the spins linked by cross-relaxation should effectively
be linked to the lattice through the strongly coupled
center.

From Eq. (11), we note that all the temperature
dependence of AE should be contained in the term
xo' tanh'~'xo/sinh'xo. Thus, the results have been divided
by this quantity and replotted in Fig. 4. The results for
values of xp&3 were not used, since the approximation
involved in deriving (11) is invalid for large xo.

If boundary scattering is the only damping mechanism,
Eq. (11)predicts a &worl' dependence for AE (sinh'xo/xo')
Figure 4 reveals that this is approximately true. If the
effects of all damping other than boundary scattering
are ignored, the only parameter in Eq. (11)is e, since the
velocity of sound is known. It is possible to obtain a
value for the spin-lattice coupling constant from the
data of Bierig et al." It is interesting that this value
agrees well with a coupling constant deduced from our
data. This provides, at least, a phenomenological
justification for including the cross relaxation effects in
an increased coupling constant.

Our neglect of spin damping, at least at low fre-
quencies, is borne out by a size-effect experiment; a
slice was cut from the crystal changing its thickness
from 6 to 0.77 mm which changed AJ by a factor of 7.

'

This implies that o. is small at low frequencies. From
Eq. (11),hE is proportional to the crystal thickness in
the boundary scattering limit. We observe that since n
is small, this implies that the damping due to spin-spin
relaxation T2 is small compared with that due to
boundary scattering. This may not seem to be entirely
reasonable at erst sight, since accepted values for T2 are
usually an order of magnitude or more faster than 7- for
boundary scattering. It should be emphasized, there-
fore, that this T2 refers to the scattering by fluctuations
in the spin system. "

At this point, moderately satisfactory agreement has
been obtained between theory and experiment. It is
clear, however, that the neglect of spin damping is not
justified at the higher frequencies. It is possible to
include this without introducing any additional parame-
ters by using Klliott and Parkinson's expression for the
spin-lattice relaxation time, but this will result in an
cop"" dependence at high frequencies. Better agreement
results if a Rayleigh law for phonon scattering is also
introduced; the solid line in Fig. 4 then is the result of
including the direct process damping for the spins, and a
Rayleigh term b orp for the phonons where 5=3X10 ".
There is no justification for doing this if the relaxation
occurs via exchange-coupled pairs. It would be expected
that the e for the damping corresponds to the coupling
of the pairs, whereas the e leading to the coupled modes
should correspond to the single ions. However, in
keeping with the simplified approach used here these
have been considered to be equal.
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Finally, two features of the experimental data are
incompletely understood. The 6rst is the unusually

large value of xp at which hE/Ep reaches its peak,
namely, 5—6 at the lowest temperature. The maximum
in the function xp "/sinh'xp occurs at xp= e/2, thus the
anticipated position of the maximum is at 2.'/5(xp
&3.75. The second feature is the initial improvement of
E with 6eld as the 6eld is first turned on. These effects

may be understood if the interaction between the spins,
which is undoubtedly present in our crystals, is taken
into account explicitly. The large value of xo at which
the maximum in AE/Ep occurs can be caused by
transitions to additional levels in the spectrum of
exchange-coupled pairs.

If there are effective internal fields due to interactions
between ions these will be random at zero field because
of the random orientation of the dipoles. The internal
6eld then would vary between zero and that due to the
strongest possible interaction at different sites. The
effect would be to suppress the contributions of all

phonons whose frequency is less than the Larmor fre-

quency corresponding to the maximum possible 6eld.
When a magnetic 6eld is applied which is great enough
to orient most of the dipoles along the field direction the
interaction will only be with phonons at a single Larmor
frequency, and fewer carriers will be suppressed. Thus,
the conductivity should improve until gPH/kT 1,
which agrees with the observed behavior.

If internal fields are responsible, then at very high
external magnetic fields the unperturbed phonon con-
ductivity should be better than that at zero Geld. This
is, in fact, observed at the lowest temperature investi-
gated; the high-Geld conductivity is 3% better than the
zero-field conductivity. (However, because of the large
differences in magnetic field at which the measurements
were made, the accuracy is only a little better than the
3% change observed. )

A change in E of this magnitude would require an
internal field of the order of a few kOe. At a concentra-
tion of 0.025%, dipole interactions cannot possibly lead
to internal 6elds that are this large unless some clus-
tering is present.

However, it is also possible that the improvement in
conductivity is caused by an increase in the number of
carriers available for thermal transport at high fields, as
discussed in the Introduction and Theoretical Back-
ground sections of this paper.

The results are shown in Figs. 5 and 6. Since this ion
is not a Kramers ion, some spin-phonon interaction is
expected at zero 6eld. If this is due to static strains, the
shift in the Larmor frequency is directly proportional to
the strain. Thus, if this shift is co„then &op=gjSH/0+M, .
Klliott and Parkinson include the effect of a zero-field
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FIG. 6.The reduced change in conductivity as a function of phonon
frequency for CaFp+0.05% Ni++.

splitting by taking cop=t'(AH/Ii) +op j'~ however,
this cannot be used if the zero-field splitting is due to
internal strain. In fact spin-lattice coupling constants
are measured directly by observing the shift in resonant
frequency with stress. In the analysis of our results, co,

was obtained as follows: It can be seen from Fig. 5 that
the minimum in the conductivity occurs at a lower value
of x=gPH/2kT at the lower temperatures. In the
boundary scattering limit, the minimum shouM be
independent of temperature, and if other sources of
phonon scattering are present, the frequencies should
move to higher values of x~ as the temperature decreases.
The zero-6eld spin-phonon coupling, however, will lead
to an observed decrease in the value of gPH/2kT for
minimum conductivity. Ignoring all sources of phonon
scattering except the boundaries, the minimum should
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occur at the same value of (gPH+App, )/2kT at all

temperatures, and co, may be calculated from the data.
The value of co, obtained in this way is 6)&10"sec '.

The data was then divided by the factor xp (tanhxp) 'i'/

sink'xp, where xp ——(gPH+Acu, )/2kT, with the results

shown in Fig. 6. There is adequate agreement except for
the data obtained at 1.32'K and low fields. This de-
parture is believed due to the effects of normal processes
in extending the strongly damped region to other modes
which otherwise would not be affected as strongly. A
more detailed treatment of this question is in progress
and will be the subject of a future publication.

Equation (11) predicts that, for a non-Krarners ion
and small o, , DE should vary as co05", since e is pro-
portional to coo ' '. It can be seen that the data agrees
best with a ~0' dependence. This can be understood if
the width of the effective band of phonons removed is
independent of frequency. In fact the levels of a non-
Kramers ion should be split by internal strains, and since
these are of different magnitudes, there should also be a
distribution of splittings. The result should be that the
strong interaction between the phonon and the spin
system also occur over a range of frequencies, and if this
range is broad enough and the interaction strong
enough, the stop-band will be determined by the in-
ternal strains. If the width of the band is large compared
to (1+n)"'p'O~pp, the effective stop-band would be
independent of applied field. Of course, if this is true the
change in conductivity would also be insensitive to the
phonon and spin damping.

By treating the spread in the zero-field splittings,
their average value, and e as adjustable parameters, it
has been possible to fit a computer calculation of E~
from Eq. (8) to the data in Fig. 5 with moderate success.
The solid lines are the calculated values of (Klr —Ep)/Ep,
where Eo is the thermal conductivity in zero external
field. Again the poor agreement at 1.32'K is believed to
be due to the neglect of normal processes.

Of course, the average spread in zero-field splitting
corresponds to or, above. The value obtained in this way
is SX10"sec ', and the spread Ace, is 3X10"sec—'.

SUMMARY AND CONCLUSION

Equation (11) indicates that for temperature-inde-
pendent phonon scattering, the temperature depen-
dence of the change in thermal conductivity DE with
magnetic field for fields such that gPH/kT&6 is con-
tained in the term xP tanh'~'xp/sinh'xp. If d,E is divided

by this quantity the result should be proportional to
B ~' for the Kramers ions, B ~'for the non-Kramers ions,
and H' if the levels are strongly broadened or split by a
field-independent interaction.

It is found that the temperature dependence is, in
fact, as predicted, and for the Kramers ions AE varies as
O'". The latter result is, however, weakened by the
neglect of cross relaxation effects in these crystals. For
the non-Kramers ion investigated, it appears that field-
independent broadening mechanisms are important and
the reduced AE varies as 83.

A numerical integration of Eq. (8) yields the result
that at very high fields and in the absence of any zero-
field interaction, the conductivity is higher than the
zero-held conductivity for both the Kramers and non-
Kramers ions. This result is easy to understand. Equa-
tion (7) shows that the group velocity of modes of p~(p~p

will be approximately wpt 1—ppPp'0/(pP —p&P)j'I', which
for pp((p~p is approximately vp(1 —

p p'0). Therefore, since
the group velocity is less, the conductivity is greater.
An equivalent statement is that for co&coo the energy of
the coupled mode for a given k is less than that of the
uncoupled phonon mode, and at a given temperature a
greater number are excited.

It is possible that this is the reason for the improved
high-Geld conductivity observed in the Yb-doped crys-
tal. Unfortunately, as indicated above, coupled pairs
can also lead to a diminished conductivity at zero field.

In conclusion, it is obvious from the foregoing that the
idealized system to which the theory applies has not
found its experimental counterpart as yet. Nevertheless,
it is clear that the main features of the theory are cor-
rect, and that it provides a sound basis for under-
standing the effect of the spin-phonon interaction on the
thermal conductivity.


