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We propose an on-chip optical-power delivery system for dielectric laser accelerators based on a fractal
“tree-network” dielectric waveguide geometry. This system replaces experimentally demanding free-space
manipulations of the driving laser beam with chip-integrated techniques based on precise nanofabrication,
enabling access to orders-of-magnitude increases in the interaction length and total energy gain for these
miniature accelerators. Based on computational modeling, in the relativistic regime, our laser delivery
system is estimated to provide 21 keV of energy gain over an acceleration length of 192 ym with a single
laser input, corresponding to a 108-MV/m acceleration gradient. The system may achieve 1 MeV of energy
gain over a distance of less than 1 cm by sequentially illuminating 49 identical structures. These findings
are verified by detailed numerical simulation and modeling of the subcomponents, and we provide a
discussion of the main constraints, challenges, and relevant parameters with regard to on-chip laser

coupling for dielectric laser accelerators.
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I. INTRODUCTION

In recent years, dielectric laser accelerators (DL As) have
demonstrated acceleration gradients (energy gain per unit
length) approaching 1 GV/m [1-9], several orders of
magnitude higher than those attainable by conventional
linear accelerator systems based on microwave-driven
metallic waveguide structures [10]. This breakthrough is
made possible by the advent of advanced nanofabrication
techniques [11-15] combined with the fact that dielectric
materials may sustain electric fields close to 10 GV/m
when illuminated by ultrafast near-infrared laser pulses
[16-18]. High acceleration gradients may allow DLAs to
accomplish significant energy gains in very short lengths,
which would enable numerous opportunities in fields
where compact and low-cost accelerators would be useful,
such as medical imaging, radiation therapy, and industrial
applications [19-21].

Since DLA structures are already driven at their damage
thresholds, apart from finding methods to increase material
damage thresholds, achieving high total energy gain from
a DLA fundamentally requires extending the interaction
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length between the incoming laser pulse and the particle
beam. This interaction length is limited not only by the
longitudinal and transverse stability of the electron beam
[22,23] but also by the laser delivery system, which is the
focus of this work. Several proof-of-principle DLA experi-
ments [1,24] have demonstrated high acceleration gradients
using free-space manipulation of the laser pulse, including
lensing, pulse-front tilting [25-27], and multiple driving
lasers [28,29]. However, these techniques require extensive
experimental effort to perform and the system is exceed-
ingly sensitive to angular alignment, thermal fluctuations,
and mechanical noise. By replacing free-space manipula-
tion with precise nanofabrication techniques, an on-chip
laser-power delivery system would allow for orders-of-
magnitude increases in the achievable interaction lengths
and energy gains from a DLA.

In designing any laser-power delivery system for a
DLA, there are a few major requirements to consider.
(1) The optical-power spatial profile must have good
overlap with the electron-beam side profile. (2) The laser
pulses must be appropriately delayed along the length of
the accelerator to arrive at the same time as the moving
electron bunches. (3) The optical fields along each section
of the accelerator must, ideally, be of the correct phase to
avoid dephasing between the electrons and the incoming
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FIG. 1. Two stages of the DLA laser coupling tree-network
structure. The electron beam travels along the z axis through the
center of this structure. The laser pulses are side coupled with
optical power, shown in red. Black regions define the on-chip
waveguide network. Blue circles represent the optical phase
shifters used to tune the phase of the laser pulse. This geometry
serves to reproduce the pulse-front-tilt laser delivery system
outlined in Ref. [27] in an integrated optics platform (Supple-
mental Material Ref. [30]).

laser fields. To accomplish all three of these requirements,
we introduce a method for on-chip power delivery which
is based on the fractal “tree-network” geometry intro-
duced in Fig. 1. In this paper, we provide a systematic
study of the structure’s operating principles, the optimal
range of the operating parameters, and the fundamental
trade-offs that must be considered for any on-chip laser
coupling strategy of the same class. Through detailed
numerical modeling of this design, we estimate that the
proposed structure may achieve 1 MeV of energy gain
over a distance less than 1 cm by sequentially illuminating
49 identical structures.

The paper is organized as follows: In Sec. II, we introduce
the working principles and components of the proposed
laser coupling system. In Sec. III, we make an overview of
the main constraints facing this system. In Sec. I'V, we present
the findings of a parameter study investigating the structure.
In Sec. V, we discuss the limitations and benefits of the
proposed structure. In Sec. VI, we propose future directions
for this work before concluding in Sec. VIIL. The assumptions
and values used in the parameter study are validated by
discussion in the appendixes.

II. SYSTEM MODEL

We first introduce the proposed tree-network waveguide
geometry, which is diagramed in Fig. 1. The electron
beam to be accelerated is propagating along the z axis in
the central accelerator gap. We first couple the laser pulses
to the on-chip dielectric waveguides by use of input
couplers. The optical power is then split a series of times

and directed by waveguide bends to illuminate the entire
length of the accelerator gap. Integrated phase shifters are
used to tune the phase of each pulse upon exiting the
waveguides and may be optimized for maximum accel-
eration. The accelerating structures are placed adjacent to
the waveguide outputs. In this work, we choose to
investigate silicon dual-pillar accelerator structures similar
to those used in Ref. [3]. The entire device is mirrored
over the center plane and is driven by laser inputs on each
side. Two stages of the structure are shown in Fig. 1,
although several more may be implemented in series,
assuming the availability of several phase-locked laser
sources. Electron-beam focusing elements may be imple-
mented between stages as needed. For more information, a
detailed overview of the individual components, such as
input couplers, waveguide bends, phase shifters, and DLA
structures is given in Appendix A.

A fractal waveguide geometry is chosen as it evenly
illuminates the accelerator gap with minimal use of 50:50
beam splitters. Furthermore, the waveguide bends are
designed such that the laser pulse arrival at the accelerator
gap is delayed to coincide with the arrival of the electron
bunch as it propagates through the structure. This require-
ment sets strict conditions on the bending radius required at
each section, which is derived in Appendix B.

III. CONSTRAINTS

In the analysis of our system, we consider four main
factors that will ultimately limit the acceleration gradients
and make energy gains attainable.

(a) Laser-induced damage of the DLA and waveguide
materials. To avoid damage of the structure, the electric
fields in the system may never exceed the damage
thresholds of the dielectrics used. The laser damage
threshold for dielectric materials is highly favorable at
short pulse durations, with sustainable peak powers that
scale roughly as z~'/2 for z > 1 ps and approach 7!
scaling for femtosecond pulses [16,31]. Amongst the
materials considered in this work, SiO, has the highest
damage fluence threshold, 2.5 J/cm?, at a 800-nm
wavelength, followed by Si;N,, at 0.65 J/cm?, and
Si,at0.18 J/cm? [32]. Fora 100-fs pulse propagating in
vacuum, these damage fluence numbers correspond to
peak fields of 13.7, 7.0, and 3.7 GV/m, respectively.

(b) Optical nonlinearities in the materials. Optical non-
linear effects are encountered when the optical pulse
propagates through the waveguides and may cause
significant pulse distortion, resulting in either damage
or a dramatic reduction of the acceleration gradient.
Through a full treatment given in Appendix C, we find
that the most prominent nonlinear effect in our
structure is self-phase modulation (SPM). For a pulse
with a given peak power, the effects of SPM scale in
proportion to the lengths of the waveguide sections.
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(c) Power loss. The tree-network structure introduces
several sources of power loss: (1) input coupling loss,
(2) splitting loss, (3) bending loss, and (4) waveguide
scattering loss. Waveguide power loss due to scatter-
ing must be considered for structures with stage
lengths greater than the centimeter scale [33]. How-
ever, we neglect these effects in this work because we
focus on millimeter or shorter waveguide segments.

(d) DLA structure resonance characteristics versus input
pulse bandwidth. The DLA structures are designed to
resonantly enhance the optical fields. The field en-
hancement is proportional to the square root of the
quality factor of the DLA structures (similar to an
optical cavity), which can be approximated by a
Lorentzian spectrum. This resonance is used to in-
crease the acceleration gradient while avoiding dam-
age at the input facet. However, if the pulse bandwidth
is large with respect to the bandwidth of the accel-
erator, the pulse does not efficiently couple to the DLA
structure.

IV. PARAMETER STUDY

With the system components and constraints introduced,
we now present a parameter study to understand the
fundamental trade-offs and optimal working parameters
of an on-chip optical-power delivery system for a DLA
of this class. A software package [34] was written to
separately simulate each component and combine the
results to generate an estimate for the acceleration gradient
and energy gain assuming a set of parameters which are
outlined in Table I. The values of these parameters are
validated in Appendix A, where we go into detail about the
individual components of this design.

For a given pulse duration (r) and DLA quality factor
(Q), the minimum peak electric field of the input pulse (Ey)
required to encounter each damage or nonlinearity con-
straint is modeled using approximations, which are derived
fully in Appendix D and summarized below:

TABLE 1. Parameters assumed in the paper.

Parameter Symbol  Value  Units
Wavelength A 2 um
Electron speed/speed of light 3 1 e
DLA periods per waveguide M 3
Input-coupler efficiency e 0.6

Splitting efficiency 1 0.95
Bending efficiency np 0.95 e
Accelerating gradient at Q = 1 Go-i 0.0357 E,
Input coupler—First split length Ly 10 um
DLA pillar radius Ryjttar 981 nm
DLA acceleration gap d 400 nm
Material or gap field enhancement fm 2

factor

(1) The input electric-field amplitude must be smaller
than the damage threshold E;(z) of the input-coupler
material,

Ey < E4(7). (1)

(2) The input electric-field amplitude must be small
enough to not damage the accelerator structure, with
damage threshold E,(7),

IN,/2
EO < Ed(T) g _1/2. (2)

= (s )
fuV/Q

(3) The input electric-field amplitude must be small
enough to avoid SPM effects in the waveguides,

20 s 20\
Ey < < (eff) Z i i ) )
ny "NCoE, i=0 N5, Li

Here, f,, is the field enhancement factor in the DLA

structure, Q is the DLA quality factor, ngeff) is an effective

nonlinear refractive index that takes into account the
proportions of each material in the waveguide geometry,
as defined in Appendix D, L; values are the waveguide
segment lengths for the longest path from input coupler to
accelerator, and n is the refractive index of the waveguide
core. We model the input coupling simply by multiplying
the optical power by the input-coupler efficiency. After the
pulse is coupled and encounters losses from splitting and
losses at each section, the peak electric field that reaches the
accelerator structure (E,,) is given by

Eoul = EO (2_N"7c77]sv"7g")1/2- (4)

We note that the presence of power splits concentrates the
optical power at the input facet of the structure relative to
the output facet.

To model the DLA structures and estimate the accel-
eration gradient achievable in this geometry, we use a two-
dimensional finite-difference frequency-domain (FDFD)
method [35] to simulate a waveguide feeding Si dual-pillar
structures. The pillars are assumed to have infinite extent
out of the plane, neglecting fringing effects. The phase at
each output waveguide is assumed to be at its optimal value
for maximum acceleration through the entire section. To
compute the acceleration gradient, we must do the follow-
ing: (1) Use the FDFD method to compute the acceleration
gradient over a discrete range of frequencies. (2) Fit a
Lorentzian to the frequency response of the DLA structure,
following the discussion in Appendix E. (3) Using the
parameters extracted from this fit, scale the response to the
Q factor of interest. (4) Use the input pulse spectrum and fit
parameters to compute the acceleration gradient, following
the derivation in Appendix F.

We first examine a single “stage” with alength of 192 ym.
In this work, we define a stage as an accelerator section with
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FIG. 2. Results from the parameter study. A single stage of
the tree-network structure is simulated, with a stage length of
192 um, corresponding to five power splits and 2> = 32 output
ports. In (a) and (b), silicon-on-insulator (SOI) waveguides are
assumed. In (c) and (d), Si3N,/SiO, waveguides are assumed.
For each Q factor and pulse duration, we compute the maximum
input field achievable before damage or nonlinearity occurs. The
different-colored regimes in (a) and (c) correspond to different
limiting constraints, as labeled in the plots. The dotted line
corresponds to the minimum pulse duration before the pulse
bandwidth exceeds the DLA resonator bandwidth. The energy
gain from one section is plotted in (b) and (d).

a single input laser. This number is chosen as it gives a
reasonable balance between acceleration gradient and energy
gain. Over a range of pulse durations (z) and Q factors (Q),
we first compute the minimum peak electric field at input that
will cause either damage or nonlinear pulse distortion using
Egs. (1)—(4). Then, for relativistic electrons, we use the
assumed parameters to compute the achievable acceleration
gradient and energy gain. In Fig. 2, we show the limiting
constraints for each 7 and Q, as well as the energy gain from a
single stage. This information is presented separately for
waveguide core materials of Si and SizNy.

From Fig. 2, we see that, for a given geometry, there is an
optimal combination of 7 and Q where the energy gains and
acceleration gradients are maximized. For a structure with
a stage length of 192 um, this point is at 7 = 341/322 fs
and Q = 157/154 for waveguide cores made of Si/SizNy.
A full list of the results are displayed in Table II. Using a
SiN waveguide system, we may expect to achieve 1 MeV of
energy gain at 108 MV/m gradients by running 49 stages
in series. However, these are conservative values based
upon a few well-established waveguide approaches and
materials, and they therefore represent a lower bound on the
achievable gradient.

TABLE II. Optimal results from the parameter study, for
waveguides with material platforms of SOI and SiN.

Metric Value (SOI) Value (SiN) Units
Acceleration gradient 453 107.5 MV/m
Energy gain per stage 8.7 20.6 keV
Input peak electric field 1.0 24 GV/m
Pulse duration 341 322 fs
DLA Q factor 156.7 154.0
Pulse energy at input coupler 0.36 11.3 nJ
Number of stages for 1 MeV 116 49
Stage length 192 192 pm
Waveguide core width 0.78 2 pm
Waveguide core height 220 400 nm

V. DISCUSSION

There are several competing effects that lead to the
existence of this optimal point. First, for a given pulse peak
power, shorter pulse durations generally lead to higher
acceleration gradients because the materials exhibit higher
electric-field damage thresholds. However, this effect is
limited by the occurrence of SPM at a certain input field.
Furthermore, if the pulse is too short with respect to the O
factor of the DLA structures, the pulse does not couple
efficiently to the accelerator gap due to the pulse bandwidth
being larger than the structural bandwidth. Second, higher
Q factors lead to resonantly enhanced fields inside of the
DLA structure and higher acceleration gradients as a result
[36]. However, if the Q factor is too high, these enhanced
fields cause the accelerator structures to damage.

To investigate how these results depend on the stage
length, we run several of these simulations over a range of
structures with different numbers of splits, keeping track
of the optimal 7z, Q, acceleration gradient, and energy gain
of each structure. The results are presented in Fig. 3.

From Fig. 3(a), we note that, as the stage lengths become
longer, the achievable acceleration gradients decrease due
to the increased losses introduced by the greater number
of splits, combined with the increased nonlinearities and
concentration of optical power at the input facet. On the
other hand, the energy gain increases with greater stage
length. Thus, there is an intrinsic trade-off between having
a high acceleration gradient and a large energy gain per
laser input, suggesting that the choice of stage length
should be determined by the acceleration gradients and
energy gains required by the application. For instances
where a high acceleration gradient is preferred, a smaller
stage length per laser is optimal, meaning fewer splits.
However, for applications where high total energy gain is a
more important figure of merit, it may be beneficial to use a
coupling structure with many splits and long stage length,
but a lower acceleration gradient. These metrics will also
depend on the availability of several phase-locked laser
sources and the experimental difficulties associated with
coupling them to several input couplers. Because of the
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FIG. 3. Scaling of optimal parameters as a function of the stage
length. The red dotted line corresponds to a stage length of
192 pum, which is the length used in Fig. 2. (a) The optimal
energy gains and acceleration gradients as a function of stage
length for both SOI and SiN structures. (b) The optimal set of
pulse duration and the Q factor corresponding to the highest
energy gain and acceleration gradient at each stage length.
The curves for the SOI and SiN materials are overlaid.
(c) The number of stages required to reach 1 MeV of total
energy gain as a function of individual stage length.

challenges introduced by concentrating the optical power at
a single input facet, there would be a significant improve-
ment on these results by considering input schemes that
may couple a single beam directly to several waveguides.
While this is outside of the scope of this paper, it is a
promising avenue to explore for these systems.

From inspecting Fig. 3(b), we see that the optimal 7 and
Q increases as the structure becomes larger. Thus, the
longer the stage length we wish to supply with this tree-
network geometry, the more resonance we require in the
DLA structures. For a longer stage length, more splits must
be performed, which puts an additional burden on the input
facet relative to the DLA structure. This fact, in turn,
requires greater resonant enhancement at the accelerator
gap to offset, and a subsequently larger 7 to match the
structural bandwidth.

VI. OUTLOOK

We now discuss the outlook of the results of this
parameter study and present some methods for improving
on the findings. First, we notice that SiN waveguide
systems may supply much higher acceleration gradients
than SOI systems. This observation is due to the favorable

FIG. 4. Schematic of a hybrid structure for DLA laser coupling.
(Center) A SOI tree-network—DLA geometry optimized for tight
bends and compact waveguides. This section is fed by a
Si3N,/SiO, waveguide section with a relatively higher damage
threshold, and lower nonlinearities. This section is then fed by an
all-SiO, power delivery section, as described in the discussion
section. Coarse and fine phase shifters are used in different
splitting sections.

damage and nonlinear properties of Si3N, compared to Si.
However, as we show in Appendix A, SiN waveguides
have high bending loss at bend radii below 50 ym due to
the low refractive index of Si3N, compared to Si.
Therefore, to mitigate the effects of damage and non-
linearities in our waveguide system while maintaining the
bending radii required for pulse delay, one solution is to
implement a hybrid system comprising a laser-power
delivery system optimized for high power handling to feed
a series of smaller tree-network structures optimized for
tight bends. A diagram of this setup is given in Fig. 4.

Waveguiding systems for this high-power-handling
region may be based on hollow-core photonic crystals,
high-damage-threshold materials, such as silica or silicon
nitride, or weakly guided waveguide modes. The section
closer to the DLA can then be implemented in silicon-on-
insulator (SOI) structures, allowing for tight bending radii,
compact waveguide networks, and fine phase control. The
DLA structures may also be integrated directly on the same
chip as the inner power delivery system. Multiple of these
hybrid systems may be driven in series, each with an
individual driving laser. The relative merits of large-stage-
length power delivery systems vs multiple driving lasers
depends on their respective engineering challenges, such as
chip-to-chip coupling [37,38], the alignment and stability
of input coupling multiple lasers, and the availability of
these sources.

Furthermore, based on the presented geometry, there is a
clear need for resonant DLA structures to enhance the fields
at the accelerator gap. For the parameters discussed, the
optimal Q factors are shown to be around 150. Previous
work on optimizing DLA structures for a high acceleration
gradient has shown that periodic dielectric mirrors may be
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useful in raising quality factors and field enhancement in
DLA structures [39-42]. However, achieving DLA struc-
tures with these Q factors may be difficult with current
fabrication tolerances. Furthermore, even slight deforma-
tion due to both electron collision with the DLA structure
and the presence of high-power optical pulses would
degrade the Q factors of fabricated structures. Therefore,
experimental verification is required to determine whether
such resonant structures can survive operation in a DLA.

One final set of attractive options for further improving
the acceleration gradients and energy gains achievable
with an on-chip waveguide power delivery system involve
engineering the group-velocity dispersion (GVD) of the
waveguides. One strategy involves prechirping the input
pulse to compensate for the GVD. Then, the optical power
may be initially spread in the temporal domain, mitigating
damage bottlenecks near the input facet. Later, with the
presence of the GVD, the structure may be designed such
that the pulse recompresses at the accelerator structure.
Additionally, we may use the GVD to balance out SPM
effects in our waveguides. With the proper amount of
GVD, a temporal soliton may be formed for a given power,
which propagates without distortion, potentially allowing
for higher operating powers and acceleration gradients.
A similar technique was recently demonstrated to com-
pensate for the SPM effects in short DLA structures [7].

These are promising avenues for exploration, but they are
not considered in this work with the intention of establishing
a conservative baseline for the merits of on-chip laser
coupling. The next stage of this work will involve exper-
imentally verifying the parameters assumed, including the
waveguide damage thresholds, input coupling loss, splitting
loss, bending loss, and acceleration gradients. An additional
exploration of other material systems, such as Ta,Os [43] and
Ga, 05, may offer waveguides and components with loss,
nonlinearity, and damage-threshold characteristics superior
to the material systems assumed in this work. With these
issues investigated, a proof-of-principle optical test will be
performed on a simple system before acceleration experi-
ments with electron beams are performed.

VII. CONCLUSION

In this paper, we present a method for accomplishing
chip-based, optical laser-power delivery for DLA applica-
tions along with a systematic study investigating the
damage and nonlinearity constraints and the trade-off
between pulse characteristics and DLA resonance. For a
stage length of 192 pum, our method predicts acceleration
gradients greater than 100 MV/m, and 1 MeV of energy
gain in less than 1 cm with 49 structures integrated in series.

We conclude that an on-chip laser coupling system is a
promising avenue of exploration for DLA technology.
Using the known parameters of existing waveguide tech-
nology, we may couple laser sources to an accelerator on a
chip with a reasonable acceleration gradient. Additionally,

our proposal has a major advantage over free-space laser
coupling techniques in that it provides an on-chip solution
for scalable stage length, which enables access to longer
interaction lengths, better integration with DLA structures,
and greater total energy gains. These findings are a crucial
and necessary step towards bringing DLA from the proof-
of-principle to the application stage.
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APPENDIX A: STRUCTURE COMPONENTS

To validate the assumptions made in the parameter study,
we now discuss the individual components involved in the
on-chip laser coupling system.

1. Input coupling

The proposed structure first requires a strategy to couple
light from the pump laser to the on-chip optical waveguides.
We focus on free-space coupling to the input facet via a
surface grating, eliminating the need for single-mode-fiber
delivery. Our laser and macroscopic optical components are
capable of handling pulse energies far beyond that which
would cause damage to the structure. Bare single-mode
fibers also have damage thresholds high enough to withstand
these laser pulses, but the large amount of dispersion
introduced (associated with the relatively long length of
>1 mm) makes them unsuitable for delivery to the chip.

In general, couplers must have (1) high coupling
efficiency, (2) a bandwidth large enough to couple to the
entire pulse spectrum, and (3) high power handling and
minimized hot spots. Input coupling may be accomplished
by the use of end coupling, focusing the laser beam directly
onto the waveguide cross section, or vertical coupling
schemes, such as grating couplers. In SOI systems, end
coupling can achieve insertion losses as low as 0.66 dB
(85.9%) over a bandwidth of roughly 10 THz [44], but it is
cumbersome to perform experimentally for a large number
of inputs and constrains the input and output coupling ports
to be located on the edges of the chip. Vertical couplers
provide the benefit of relative flexibility in alignment and
positioning on chip. The coupling efficiency of these
devices varies drastically depending on the complexity
of the grating-coupler design, from an efficiency of >30%
to >90% [45]. However, highly efficient broadband cou-
plers capable of sustaining large bandwidths still provide
design challenges, with the state-of-the-art fully etched
structures able to provide 67% coupling efficiency with a
3-dB bandwidth of 60 nm at 1550 nm [46]. In this paper,
we assume a coupling power efficiency of 60% with a
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substantially wide bandwidth to accommodate that of our
pulse (up to about 117 nm for a 50-fs pulse), which is
reasonably achievable with end coupling. Additional inves-
tigation into the design of ultrabroadband vertical couplers
must be considered to guarantee coupling of the femto-
second pulsed lasers.

2. Waveguides

Waveguides are a critical component of laser coupling.
Schematics of the waveguide cross sections and their
field distributions are shown in Fig. 5. We explore two
general classes of waveguiding systems: (1) tightly con-
fined systems and (2) weakly confined systems. Weakly
confined waveguide modes have a small difference
between mode effective index and cladding index, which
results in the optical power being spread over a larger area
and into the cladding material, which generally has
preferable damage and nonlinearity properties. However,
as we discuss in the next section, our simulations show that
weakly confined modes, with ng; — 1., values of about
0.1, have almost 0% power transmission for bend radii less
than 10 ym. In our tree-network structure, we require bend
radii of this order to achieve the required pulse delay to
matching to the electron bunch; therefore, weakly guided
waveguides are not considered for the particular tree-
network structure in this parameter study.

We explore material systems of SOI and SizN,/SiO,
structures due to their common use as waveguide core
materials. SOI-based waveguides would be simpler to

SiN — strongly guided
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y position (zm)
o

-06 -03 0
Zz position (zm)

SOl — weakly guided

03 0.6 -1 -05 0 05 1

z position (um)

SiN — weakly guided

g€ 15
E 1.5 3
S s
@ £
S S_
2—1.5 N 1.5

-2 -1 0 1 2
z position (um)

-05 0
z position (um)

0.5 1

FIG. 5. Waveguide geometries and corresponding horizontal
electric-field components [47]. (a),(b) Strongly confined modes.
(c),(d) Weakly confined modes. (a) and (c) are SOI material
platforms, whereas (b) and (d) are SizN,;/SiO, materials. Wave-
guide core heights in (a)—(d) are given by 220, 400, 60, and
100 nm, respectively. Waveguide core widths are given by 0.78,
1.6, 2, and 4 um, respectively.

integrate with the silicon DLA structure and electron
gun and there exists a much larger body of previous work
on fabrication of silicon material systems for applications
such as phase control, especially in the LIDAR community
[48,49]. However, Si3N,/SiO, waveguides have favorable
nonlinear and damage properties compared to those made
from SOI. As mentioned, there are several other material
systems that could also be explored for low loss, low
nonlinearity, and high damage thresholds. Ta,O5 [43] and
Ga, 05 are promising candidates that will be investigated in
future studies.

3. Splitters

After the initial input coupling step, splitters are used to
distribute the laser power along the DLA structure. Splitters
further contribute to insertion loss. An experimental char-
acterization of Y splitters indicates losses on the order of
1 dB [50]. However, recent advances in topology optimi-
zation techniques have allowed for alternative designs with
much higher efficiencies. Using “particle swarm optimi-
zation” [51], devices have been produced with theoretical
insertion losses of 0.13 dB and an experimentally deter-
mined value of 0.28 £0.02 dB [50]. As even more
sophisticated techniques of optimization have been devel-
oped, the insertion loss of simulated designs has reached
0.07 dB [52]. Adjoint-based optimization methods have
been further expanded to enforce fabrication constraints on
the permitted designs, thus allowing one to expect greater
agreement between simulated and fabricated structures
[53]. As a consequence of the rapid progress made in this
field and the efforts to ensure robustness of the device to
fabrication tolerance, we use an insertion loss per splitter of
0.22 dB, or 95% efficiency, for the parameter study.

4. Bends

The bending radius is uniquely chosen to give enough
extra propagation distance to provide a delay of the pulse
between different output ports, which is matched to the
electron velocity. We derive conditions on the radius of
curvature required for each bend for the particular tree-
network structure in Appendix B. The required radius
depends on the electron velocity (fcg) and group index of
the waveguide mode (n,), and it becomes smaller as the
waveguides approach the DLA structure. Assuming the tree-
network geometry used in this work, there is a condition on
the group index of the waveguide system that may achieve
the required delay given an electron speed,

ngf > 1. (A1)

Thus, for subrelativistic electrons (f < 1), higher-index
materials are required for the waveguides. For example,
for a § value of 1/3, a group index of n, > 3 is required,
which may not be satisfied by a standard SiN waveguide
geometry. Thus, in subrelativistic regimes, SOI waveguides
are the optimal choice.
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FIG. 6. (a) Electric-field amplitude for a strongly guiding SOI
waveguide. (b) Electric-field amplitude for a weakly guiding SOI
waveguide. (c¢) Comparison of bending loss as a function of bend
radius for the four waveguides from Fig. 5.

Figure 6 shows the optical-power transmission through a
series of bends and waveguide geometries using the FDFD
method [35] and an established two-dimensional approxi-
mation to the three-dimensional structure [54]. For tightly
confined SOI waveguide modes, the bending radius can
reach as low as 2 um before there is significant loss.
However, for weakly confined SOI modes and strongly
confined SiN modes, the power transmission is less than
50% until the radius exceeds 20 um. For our purposes, this
kind of bending loss is unacceptable, as radii on the order of
10 pm are required close to the DLA structure to perfectly
match the electron velocity. However, if we relax the delay
requirement in favor of larger bend radii, we may still use
strongly confined SiN modes. Based on a calculation
following Appendix B, if we wish to keep all SiN waveguides
above a 40-um radius of curvature, we will experience a
25-fs mismatch in peak pulse arrival to electron arrival. For a
pulse duration of 250 fs, this mismatch has a negligible effect
on the acceleration gradient. Therefore, in our parameter
study, we assume strongly confined waveguide modes and
bends that are large enough to achieve a transmission of 95%.
Many of these issues may be reconciled by choosing a hybrid
waveguide system, as shown in Fig. 4, in which different
materials and waveguide modes are used at different dis-
tances from the central DLA structure. We do not consider
these options directly in our parameter study.

5. Phase shifters

Phase shifters are an essential component in the DLA
system for ensuring proper phase matching between the
electrons and photons. While it is simple to do phase tuning
in free space for a single-stage DLA with macroscopic
delay stages, waveguide-integrated phase shifters for long
interaction or multistage DLAs will be experimentally

e
oNO
of)O =~
’/Ix‘\“ ) Lighsteeg:cr)a;ction O O

—p
Temporal delay

’\\
Controller _/',}K \
—

w

Frequency shift

Phase shifters

FIG. 7. Idealized schematic of a feedback system for automatic
phase control. A dedicated light extraction section is added to the
accelerator. Light is radiated from the electron beam that is
transverse to the DLA structures, and the frequency content and/
or timing of the light is sent to a controller. The phase shifts of
each waveguide are optimized with respect to either the fre-
quency or the delay of the signal.

complicated. To achieve a sizable energy gain and gradient
over a given interaction length, high levels of precision and
stability in the phase of each section are required.

To illuminate the importance of precision phase shifters, a
Monte Carlo simulation is performed in which the output
phase of each waveguide is perturbed from its optimal value
by a random amount. This work finds that, for a stage length
of 1 mm, phase stability and precision of greater than 1/100
of a radian (0.16% of a cycle) is required to achieve a
sustained energy gain within 90% of the maximum achiev-
able amount.

There are a few strategies to implement integrated
phase shifters, including the use of (1) the thermal or
thermal-optic effect [49,55], (2) the electro-optic effect,
and (3) mechanical techniques, such as piezoelectric
controlled elements [56]. For this application, we require
a full 2z range of phase control of each output port with
a resolution of 1/100 of a radian, and a modulation
bandwidth of approximately 1 kHz to correct for envi-
ronmental perturbations.

Rather than supplying each waveguide output port with
a phase shifter with these properties, it may be possible to
have dedicated “fine” and “coarse” phase shifters as we move
through the splitting structure. Furthermore, some degree of
a relatively fixed phase between output ports may be
accomplished by precision fabrication.

To further mitigate the challenges associated with
operating these multiple phase shifters during acceleration,
we may implement a feedback control loop, which is
described in Fig. 7. In this setup, the quantity of interest,
such as electron energy gain, can be measured at the end
of a section and optimized with respect to the individual
phase shifters in the power delivery system without explicit
knowledge of the electron-beam dynamics.
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6. DLA structures

We assume silicon dual-pillar DLA structures in the
parameter study, but the choice is arbitrary and can be
changed to other materials or designs depending on the
fabrication constraints. In Fig. 8, we show an example of
the setup considered in the parameter study, simulated with
the FDFD method. The pillar radius is 981 nm and the gap
width is 400 nm. Three periods of DLA are powered by a
single waveguide and periodic boundary conditions are
used in the z direction. Wakefields and transverse deflec-
tions are ignored for simplicity, as these simulations are
intended to provide an estimate of the resonant enhance-
ment, acceleration gradient, and accelerator damage thresh-
old. The waveguide refractive index is approximated using
Ref. [54]. To model the frequency response of our structure,
following the discussion in Appendix E, a frequency scan is
performed and fit to a Lorentzian.

Resonant enhancement in the dual pillars is clearly
visible and can be accomplished by optimizing the spacing
and radius parameters. It is also clear that the two
surrounding DLA cells are slightly out of phase with the
center cell. This effect is caused by the lack of translational
symmetry in the input optical beam in the z direction and
will lower the acceleration gradient. From our Lorentzian
fit, a Q value of 152 £ 29 is determined.

Coupling efficiently from waveguides to DLA structures
may be done by optimizing the structure parameters. For an
optimized structure, back reflection may be minimized.
It will be of great importance in future experiments to
integrate the waveguide system and the DLA structure on
the same chip. Thus, the height of the pillar structure may
be constrained to be equal to that of the waveguide core,
and 500-nm-thick SOI platforms may be a good starting
point for testing these integrated systems.

" @0
o0

w

z position (um)
o

Air 5 Radius
i 981 nm
-3 :
-8 -4 0 8
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z position (um)

X position (¢m)

FIG. 8.

One waveguide is able to serve multiple DLA periods.
However, simulations suggest that additional periods of
the DLA per waveguide do not significantly increase the
total energy gain achievable from a single waveguide.
Thus, the spacing between waveguides must be large
enough to eliminate cross talk, but small enough to ensure
high acceleration gradients.

7. Beam loading and longitudinal wakes

The fundamental unit cell of the proposed accelerator
design, depicted in Fig. 8, consists of a structure segment
of three periods Az = 31 fed by a single laser pulse of the
multibranch network with the duration 7 = 250 fs. It is
shown in Ref. [6] that the coupling efficiency of the laser
field to a point charge ¢ for the side-coupled geometry used
here is analogous to Eq. (7) of Ref. [57], which considers a
traveling-wave mode in a cylindrical structure with group
velocity f3,c, under the substitution g,/(1 — f,) — Az/zc,
which gives a coupling efficiency n, = gGAz/Pz. Here, P
is the laser mode power and G = G, — Gy is the loaded
gradient, where G, is the unloaded value and Gy is a
retarding field that accounts for the longitudinal wake
induced in the structure by the beam. These quantities may

be written
|Z-P
GO — —/12 y

where Z is the characteristic impedance and Zj is the
Cherenkov wake impedance. A conservative approxima-
tion for the latter, Zy ~ nZyA*/(16a%), is provided by
Ref. [58] for the case of a flat (2D) geometry with a beam
charge ¢ in a narrow channel, where Z is the impedance of

qcZy
GH — /12 )

(A2)

w

Z position (um)
o

(d) — FDFD simulation
Lorentzian fit

Acc. gradient / Eo

140
Input frequency (THz)

150

(a) A schematic of the waveguide to DLA connection. Silicon dual pillars with an optimized radius of 981 nm and a gap size of

400 nm are used. (b) The accelerating electric field during one time step. (c) Absolute value of the transverse magnetic field. (d) Absolute
value of the acceleration gradient as a function of frequency, normalized by the peak electric field in the waveguide. A Lorentzian line
shape is fit to the square of this plot. The square root of this fit is shown in red. Based on the Lorentzian fit, a Q factor of 152 £ 29 is
determined. As computed following the derivation in Ref. [6], but with the waveguide mode impedance and effective area in place of the
plane-wave values, this structure has a shunt impedance, Zg, of 449.1 Q over three periods and a Zg/Q value of 2.95 Q.
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free space and we take a = 200 nm to be the half-width of
the accelerating channel. The resulting efficiency 7, is then
quadratic in the charge ¢g. Solving for the maximal value
gives optimal bunch charge and efficiency,

GoA2

]AZ ZC
9opt :E7 = -

=———. A3
rlqom 4 CcT ZH ( )

For the present case, with Z- = 149 Q, Zy = 7402 Q, and
Gy =108 MV /m, we obtain g, ~0.1fC and Ngo & 0.04%,
corresponding to a retarding gradient Gy = 54 MV/m
and thus a beam-loaded gradient G = G)/2. The optimal
charge corresponds to 608 electrons, which is consistent
with achieved laser-triggered emission from nanotip elec-
tron sources. As shown in Ref. [59], under multibunch
operation with structures designed for higher gradients,
efficiencies can theoretically be in the tens of percent. The
structure design considered here is intended to illustrate the
basic principles of constructing a multiguided wave system
and is not optimized for efficient beam coupling. Even so,
efficiencies of this order are still acceptable for possible
near-term applications, such as a 1-MeV to 10-MeV
medical linear accelerator, where the requisite beam powers
are less than 1 W.

8. Heat dissipation

The laser input pulse energy at each stage of length
L =192 ym is E, = 11 nJ for the SiN case in Table II.
We assume a repetition rate [y, = 10 MHz, which is
consistent with commercially available solid-state fiber
lasers at microjoule pulse energies. Given that there are
two input laser couplings per stage of length L in the
configuration of Fig. 1, the average laser power per unit
length of accelerator is dP/dz~ 11 W/cm. Making a
conservative assumption that all of this power passes
through solid silicon, which has an absorption coefficient
of ag; =0.027 cm™' at A =2 um, the corresponding
absorbed power is on the order of 6 mW /cm?. This power
is more than 5 orders of magnitude lower than the
technological limit for heat dissipation from planar surfaces,
where 1 kW/cm? is typical [60,61]. Prior work has shown
that near-critical coupling to silicon dielectric accelerator
structures using SOI waveguides is possible with the
appropriate phase adjustment to produce a traveling-wave
match between the input and output couplers [62]. The last
work was for a structure design based on a 3D photonic
crystal, but it illustrates the principle that more sophisticated
power-handling techniques can potentially be employed in
future designs to remove laser power from the wafer and
safely dump it away from the accelerator.

APPENDIX B: TREE-NETWORK STRUCTURE—
VELOCITY MATCHING TO ELECTRON BEAM

Using the circular bending geometry as described in
Fig. 9, we calculate a delay to the pulse to match the

FIG. 9. Diagram of a single bend in the tree-network structure
with an optical pulse incident from the left. The bend has radius R
and accomplishes a vertical climb of /& over a horizontal distance
d. The total length of the bent section is L. The electron travels
from bottom to top in this configuration. We wish to find an R
such that an optical pulse traveling through the bent section is
delayed by the same amount of time for the electron to travel the
vertical distance h.

electron velocity in the DLA structure. For a given vertical
distance /1 and waveguide group index n,, we seek to set a
condition on R to accomplish this delay. First, we may
establish the value of the bend angle 6 as

(B1)

{cos‘l(l —h/2R) if h <2R
7/2 if h>2R

When 4 > 2R, we use two 90° bends and extend the
intermittent length with a vertical waveguide section. From
this expression, we can express the horizontal distance d as

d = 2Rsin(0), (B2)
and the total length of the bent waveguide as
2RO if h <2R
L= . . (B3)
h+ (z—2)R if h>2R

To now set a condition on R, we insist that the pulse
timing delay between the curved waveguide and the straight
waveguide is equal to the time needed for the electron to
travel a distance h. The difference in length between the
curved waveguide and the straight waveguide is simply
L — d; thus, the timing delay of the pulse is given by

n
Al‘puls@ = C_Z (L - d)

_ ny [ 2R[0 —sin(0)]
__{h+RM—®

if h <2R
if h>2R’

(B4)

€o

The electron has a velocity of fcg, so its timing delay is
given by
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h
At,- =—.
Peo

Setting these two expressions equal and solving for R, we
find that

(BS)

if h < 2R

ho(2[0—sin(9)]™!
k= { fnsor 29

Thus, for extended interaction lengths where i > 2R, we
require that fin, > 1 for a positive (and physical) solution for
R. Equivalently, for low /3 values, we require large n, values
in order to sufficiently delay the pulse in order to match the
low electron velocity.

APPENDIX C: WAVEGUIDE NONLINEARITIES

To study waveguide nonlinearity, we solve a version of
the nonlinear Schrodinger equation (NLSE), which is
typically used for describing nonlinear propagation of a
pulse with a duration between 10 fs and 10 ns. In this
particular treatment, the solution for the electric field is
assumed to be of the form of Eq. (C1), where the slowly
varying envelope approximation and separation of varia-
bles of the modal distribution F(x,y) and envelope A(z, 1)
are used [63].

E(r,7) = 5{F(x,y)A(z, 1) expli(foz — wot)] +c.c.},

(C1)

where x and y are the transverse directions, z is the
propagation direction, f, is the propagation constant,
and @, is the optical frequency.

The slowly varying envelop A(z,t) obeys the form of
the NLSE given in Eq. (C2), which can be solved by the
split-step method [64],

N =

aA a lﬁzazA ﬂ363A
T T T sor

. ) i 0 oo OAP

= ir(1APA+ (P - Tea ZE). ()

where T =t —z/ v, is the time in the retarded frame, with
v, being the group velocity, y = 2zn,/(AA.) is the non-
linear parameter per unit length and power, and A is the
effective modal area. T is the Raman time constant and
has an approximated value of 3 fs [65]. On the left-hand
side of this equation, the loss is incorporated into the
second term, with a being the loss of the waveguide in units
of m~!. The third and fourth terms indicate second- and
third-order dispersion, with 3, and f; being the respective
dispersion coefficients. On the right-hand side of the
equation, the first term is SPM, the second term is self-
steepening, and the third term is Raman scattering.

For our proposed structure, the overall length of the
waveguide is short (<« 1 m); hence, material loss a can be

neglected. The dispersion terms come from both the material
dispersion and the waveguide dispersion. These terms, £, o
and f; ., can be obtained by numerically solving for the
effective refractive index as a function of wavelength n.g (1),
and they are explicitly given as

/13 dzneff
= L Gl C3
Pawe 2rc? di? (©3)
- 3/14 Jzneff ﬂs d3l’leff C4
Prve =~ 3p53 a7 ~ (C4)

dr*c di*

We note that the contribution of dispersion and SPM is
generally compared through the N? parameter [63]:

2 L_D _ yPy7?
Ly 172

where 7 is the pulse duration. When the dispersion length,
Lp, is larger than the nonlinear length, Ly;, SPM is
dominant over dispersion and N?> > 1. SPM is typically
large in strongly guiding and high n, materials, such as the
strongly guiding SOI waveguide. For the weakly guiding,
lower n, SiN waveguides, SPM is less prominent, yet still
larger than dispersive effects for the range of peak powers
we consider. Using typical experimental parameters and
examining the material considered in this paper with
the lowest nonlinearity (SiO,), we have n,(SiO,) =
2.6 m*/W, Ay ~7 um?, |B,| = 76 fs?/mm, and a peak
power of P, = 80 kW, with the corresponding N> = 758,
indicating that SPM is highly dominant over dispersion.

Alternatively, by turning on and off each term in Eq. (C2)
to investigate its contribution, we find that, for both the SOI
and SiN cases, SPM is indeed the dominant contribution to
the nonlinearity; other terms do not yield a significant
difference to the results for a propagation distance on the
order of hundreds of micrometers. Hence, our choice of
SPM as the dominant nonlinearity in the parameter study is
justified.

(C5)

APPENDIX D: DERIVATION OF MINIMUM
INPUT FIELD BEFORE DAMAGE OR
NONLINEARITIES

In this section, we give expressions for the maximum peak
electric fields, denoted by E, that we may inject into our
waveguide system before each constraint becomes relevant.

1. Input damage
Fields at the input are damaged if they exceed the damage
threshold of the coupling material. Thus, we enforce the
condition that

Ey < Ey(7). (D1)
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2. Accelerator damage

With a given tree-network structure, we introduce a
total of N, separate 1 — 2 power splits for an input
pulse. Furthermore, we introduce some optical-power
loss characterized by the power efficiencies of the input
coupler (5.), splitters (5,), and bends (#,). Thus, the field
at the output port of the laser coupling structure, E,
is given by

12
_ N, N,
Eow = Ey (2 N“’?cﬂs My > : (DZ)

As we show in Appendix E, resonance in the DLA
structures with quality factor Q will lead to a field
enhancement in the accelerator gap that scales as /0.
Since our damage will be caused by the maximum field in
the DLA materials, we assume there is another constant
factor, f,,, relating the maximum field in the DL A material
to the average field in the accelerator gap. From simu-
lations, we estimate the value of f,, to be 2. Thus, the
maximum field in the DLA material is

Emat = Eoutfm\/a

1/2
=Eofm\fQ<2‘N‘ncr1iv“nﬁ,v“) . (D3)

We require the maximum field in the DLA material to be
lower than the damage threshold, giving the constraint that

oNs/2 -1/2
Ey < Ey() (ncnﬁ“nﬁ‘) . (o

f"l\/@

3. Self-phase modulation

For a wave of power P, and wavelength A traveling a
distance L in a material with cross-section area A and
nonlinear refractive index n,, the accumulated SPM phase
is given by [66]

}’lzPL
AL

Agspy = 27 (D5)

Since the optical power in our waveguides is traveling in
several materials, each with a different nonlinear refractive
index, we define an effective n, value for modeling that is
given by

1
P(tot)

num mat
' = —is > PO, (D6)
j=1

where PV

is the total optical power carried by the
waveguide and PU) is the amount of power traveling in

material ;.

Furthermore, the optical power is split in half at each
bend, so we must take this fact into account in our SPM
calculation. Taking into account the losses in our system,
the final expression for the amount of the SPM phase is
A¢SPM =2 nge“)POrlC s Wé’lsz

Aeffj, —0 2’

(D7)

Once the SPM phase reaches a value of 2z, we notice
pulse deformation leading to degradation of the accel-
eration gradient. This approximation is confirmed by full
simulations with our NLSE solver, as described in
Appendix C. Thus, the constraint on our input field to
avoid SPM effects is given by

20 UL o2\
E, < ( — ) .
néeff)ncoeom. ; nsipLi

(D8)

APPENDIX E: DLA RESONANCES

In this appendix, we derive the analytical form of the
resonant field enhancement in the accelerator gap and
verify that it is approximately proportional to \/Q. The
resonant nature of the acceleration structure can by
described by coupled-mode theory [67,68]. We denote
the amplitude of the resonant mode as s, where |s|?
represents the energy stored in the resonant mode, and
the amplitudes of incoming and outgoing waves as a and b,
respectively, where a’a and b'b represent the power of the
incoming and outgoing waves. The dynamics of the
resonant mode can be described as

d
® = (iwg —v)s +¥'a,

i (Ela)

b=Ba+sd, (Elb)
where @, is the resonant frequency of the acceleration
mode, y, is the leakage rate resulting from the coupling to
outgoing waves, and B is the background scattering matrix
including direct pathways. k and d are coupling coefficients
for the incoming and outgoing waves. In a reciprocal
system with lossless materials [68], which is the case for a
DLA,

K =d, (E2a)

d'd = 2y,. (E2b)

The periodic acceleration structure has two channels for
incoming and outgoing propagation waves to couple to the
resonant mode. As the acceleration mode is an even mode
which has a nonvanishing longitudinal electric field at the
mirror plane, the incident waves from the left and the right
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should have equal amplitude and phase to efficiently excite
the acceleration mode. Thus, a = [1, 1]7a,, where |a,|?
represents the power of the incoming waves from the left
channel. The even mode also couples equally to the left and
the right channel. As aresult,d = [1, 1]7d,, where d| is the
coupling coefficient for the outgoing waves in the left
channel and |d, |> = y,, according to Eq. (E2).

From Eq. (El), we obtain s(w) = {[k'a(w)]/
[-i(w — wy) + y,]} for each frequency component.
Based on the preceding analysis, we determine the spec-
trum of energy stored in the resonant mode as

4ylai (o)
(0 —wo)* + 72

|s(@)]? = (E3)

To give an explicit expression about the field enhance-
ment, we denote the maximum electric-field amplitude at the
output port of the power delivery waveguide as E, and the
maximum amplitude of the electric field inside the accel-
eration structure as E,,,. We introduce the effective incident
spot area (S) such that the incident power from, say, the left
channel is [1/(270)]|Eou/?S, and define the mode volume
(V) of the resonant mode so that the energy stored in the
resonant mode is 1 €,€y| Epy|*V [69], where ¢, is the relative
permittivity of the dielectric accelerator. Thus,

|Emat(w)|_< ) )1/2 [( y%zﬂg} 1/2 JBIEw(®).

e,wyV ®— )

(E4)

where the quality factor Q is inversely proportional to
the resonant-mode leakage rate, ie., Q = [wy/(2y,)].
Equation (E4) shows that the field enhancement in the
resonant accelerator structure is proportional to 1/Q and has
a bandwidth that decreases with an increasing Q value,
where the frequency dependence is the square root of a
Lorentzian line shape.

APPENDIX F: CALCULATION OF THE
ACCELERATION GRADIENT

Here, we formalize the calculation of the acceleration
gradient used in the parameter study. In the two following
subsections, we show how to deal with both arbitrary, finite-
duration input pulses and finite-stage-length structures. In
both derivations, we assume an input pulse Ey(¢), which
leads to the creation of an accelerating field in the gap of a
unit cell E,(z,¢) through the convolution with the corre-
sponding impulse response function f(z, ). In the frequency
domain, this operation is done via multiplication of the pulse
spectrum E(w) by the transfer function F(z, w):

E.(z.1) = Eo(t)of (2. 1), (F1)

E.(z,w) = Eo(0)F(z, ). (F2)

1. Finite pulse duration

We wish to derive the correspondence between the time-
domain description of the acceleration gradient, given an
arbitrary input pulse, and the frequency-domain approach
that is used in this work and others [6,39].

In the time domain, the acceleration gradient is expressed
as an integral over the accelerating electric field over the
particle’s trajectory:

G= %/_ZZ dz E_[z,1(z2)]. (F3)

If the electron moves uniformly in Z with speed fc, then
7(f) = zo + et and we may express the acceleration
gradient as a function of the starting time, ¢, as

1 L/2
G(to) = z/L , dZEZ(Z’ o + Z/ﬁCO)

/
1 L/2 ©
= Z/_ dz /_oo dtE.(z,1)5(t — tg — 2/ Pco)-

L)2
(F4)

In previous works, such as Ref. [6], the acceleration
gradient is computed by first performing a finite-difference
time-domain simulation to record E_(z, 7) along the gap for
a series of time, then maximizing the integral in Eq. (F4)
with respect to ¢,. However, we may, equivalently, do the
computation in the frequency domain by Fourier trans-
forming this equation with respect to #,, which yields

1 L/2 ) )
G(a)) = L/ dZ/ thZ(Z’ t)elru(t—z//”co)
1

L/2
L/2 X [« .
——/ dxe"“’z/ﬂ“o/ dtE (z,1)e"™"
L -L/2 -0
1 [L/2 .
= —/ dze ™/POE (@) F(z, ®)
L J_ 1)
= g(w) Eg(w). (F5)

Here, g(w) is the gradient normalized by the incident
electric field at that frequency, Ey(w), which is also
described in the following subsection. Now, by performing
a series of FDFD simulations at discrete frequencies, we
may estimate F(z,®). Then, using the known pulse
amplitude spectrum and phase information in Ey(w), we
can compute G(w) as described. Finally, G(zy) can be
determined by applying an inverse discrete Fourier trans-
form on G(w), and the acceleration gradient can then be
found by taking the maximum of the absolute value of this
quantity. Explicitly,

G = max|F “H{y(w)Eo(w)}]. (Fo)
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2. Finite stage length

Now, let us assume that we have a DLA with a stage
length of L along Z with an incident laser pulse of the form
Ey(r) with spectrum Ey(w). The laser is assumed to be
spatially uniform along the entire interaction length. We use
the same transfer-function formalism as was introduced at
the beginning of this section.

The DLA structure is further assumed to be periodic in Z
with a periodicity of A, = A = 2zcy/w,. Thus, the fields
can be expressed as a Fourier series,

E.(e.0) = Eo@) 3 To(w)em i, (FT)

m=—0o0

where the T,,(®) terms are the spatial Fourier amplitudes of
the transfer function F(z,w). See Ref. [70] for a similar
discussion.

The acceleration gradient at frequency w, G(w), can be
written as the average E, felt by the particle as it moves
with velocity fcyZz through the entire interaction length of
the structure from z = —-L/2 to z = L/2:

G(w) = l/L/2 dzE.(z, w)e'@/Peo
N

1 [L/2 - .
:/ dZE()(CU) Z Tm(w)ez(mmoer)z//}c(,.

LJrp o

(F8)

Rearranging the integral and defining the normalized
gradient g(w) = G(w)/Ey(w),

1 & L2 )
g(w) = — Tm w / dzet(mmoer)z//}c“
(@) Lm;m (@) s
o0 2fcq sin ( ﬁ% (mwy + ))

= > Tul)
= L(mwy + ®)

= 3 T (@)sine (=2 (may + ) ). (F9)
m=—o0o 2ﬁc0

We reasonably assume that the input pulse power is
centered around @,. In this case, then, only the m = —1
value will contribute to the accelerating mode. We could
also choose a higher order, m = -2, -3, ..., for the accel-
erating mode, as was demonstrated previously [5,71], but
m = —1 is chosen for simplicity. Thus, as the interaction
length increases, the sinc(---) function becomes more
tightly centered around @ = @, limiting the available
bandwidth of the input pulse.

Under this assumption, the final form of the normalized
gradient becomes

g(w) = T_;(w)sinc <%

Assuming that T_;(w) is relatively constant over a
bandwidth larger than our input pulse, we see that the
gradient falls to zero at w = w £ [(27fcy)/L]. For a
Gaussian pulse of duration z with a time-bandwidth
product of 0.44, the gradient falls to zero at

@-o0).  (F10

o 4ﬂﬂC0
~ 044

(F11)

For a 7 value of 250 fs and a f value of 1, this expression
corresponds to a stage length of 2.14 mm. Thus, to satisfy
the bandwidth requirement, L must be much less than
2.14 mm if no pulse-delay techniques are used.

This result can be compared to the following back-of-
the-envelope calculation: An electron traveling over a
length L with speed fc, will spend At,- = [L/(fcy)] of
time in the channel. The input pulse will spend approx-
imately 7 seconds in the gap. Thus, for the fields to be
present during the whole duration,

L < zfcy. (F12)
This length scales with z, 3, and ¢, in the same fashion as
Eq. (F11), which serves as a sanity check. However, the full
expression in Eq. (F10) can be used to rigorously compute
the effect that a finite-stage-length structure will have on the
acceleration gradient.
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