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We present a theory for ion and water transport through reverse-osmosis (RO) membranes based on
a Maxwell-Stefan framework combined with hydrodynamic theory for the reduced motion of particles in
thin pores. We take into account all driving forces and frictions both on the fluid (water) and on the ions
including ion-fluid friction and ion-wall friction. By including the acid-base characteristic of the carbonic
acid system, the boric acid system, H3Oþ=OH−, and the membrane charge, we locally determine pH, the
effective charge of the membrane, and the dissociation degree of carbonic acid and boric acid. We present
calculation results for an experiment with fixed feed concentration, where effluent composition is a self-
consistent function of fluxes through the membrane. A comparison with experimental results from
literature for fluid flow vs pressure, and for salt and boron rejection, shows that our theory agrees very well
with the available data. Our model is based on realistic assumptions for the effective size of the ions and
makes use of a typical pore size of a commercial RO membrane.
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I. INTRODUCTION

Reverse osmosis (RO) is one of the main technologies to
produce potable water by the desalination of seawater and
brackish water, and its application is expected to further
increase over the coming years [1,2]. The principle of RO is
to apply high pressure on an aqueous solution in contact
with a membrane that allows the passage of water but
hinders the transport of salt. If the pressure is high enough
to overcome the osmotic pressure of the solution, water will
pass the membrane, resulting in a low-in-salt permeate
stream. The possibility to desalinate water by the RO
principle was already shown in the 1850s [3], but it was not
until the 1960s when cellulose acetate membranes were
introduced that RO gained real industrial potential for the
production of desalinated water. Still, there were many
issues to be solved in order to make RO commercially
competitive and ultimately to become the preferred tech-
nology. One of the major issues at that time was the high
energy consumption required to operate an RO desalination
plant. Since the osmotic pressure of seawater is about
30 bar, the pressure that has to be applied to overcome the
osmotic pressure is “lost” with the brine. In the 1980s,
energy-recovery devices for RO were introduced to
recover this potential energy of the brine. Together with
the introduction of thin-film composite (TFC) polyamide
(PA) membranes that increased permeate flux and
improved rejection [4], RO energy consumption decreased
dramatically over the years to values that nowadays
are only 2 or 3 times above thermodynamic minimum,
making RO currently the most energy-efficient desalination

method [5]. In addition to the production of water for
human consumption and agriculture, RO is used in many
industries for the production and processing of food,
pharmaceuticals, textile, and paper [6].
While there has been immense progress in RO develop-

ment over the past decades, the mechanism of transport and
separation in RO membranes is not yet fully understood
[7–9]. To describe the physical-chemical phenomena that
govern ion and water transport in RO membranes, various
mathematical models were developed over the years.
Among these models are (1) the solution-diffusion model,
which assumes that pressure and concentration gradients
are the driving forces for the RO process, (2) pore-flow
models based on the pressure difference as the driving
force, and (3) molecular dynamics simulations that address
the molecular level, thereby taking membrane composition
into account. In addition, models based on irreversible
thermodynamics use a phenomenological approach to
describe membrane transport [6,10,11].
In the present work, we aim to describe the mechanisms

by which ions are transported in RO membranes with a
Maxwell-Stefan approach combined with information from
hydrodynamic theory of particles in thin pores. We restrict
our model to the very thin PA layer in a TFC membrane and
the concentration-polarization layer located in front of the
membrane, and focus on the desalination of artificial
seawater. We study the effect of applied pressure and
membrane charge on the composition of the permeate, such
as salt concentration and pH, and compare with literature
values.
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II. THEORETICAL BACKGROUND

A. RO membranes

Since development of RO membranes for seawater
desalination started in the 1960s, much progress has been
made. The first membranes were made of cellulose acetate
(CA) with the most significant improvement made by
Loeb and Sourirajan [12]. Their asymmetric membrane,
a 200-nm CA film on top of a porous support, laid the
foundation for industrial-scale seawater desalination by RO
[13]. Although the CA membranes allowed for at least an
order of magnitude higher water flux than other membranes
available at the time, these membranes were not durable
when exposed to pH changes, chlorine, and microbial
contamination. Since then, many types and forms of RO
membranes have been developed. Today the most common
RO membrane used in commercial installations is a TFC
membrane with a PA top layer. This material was intro-
duced in the 1970s [14] and provides better performance
than CA membranes in terms of flux, salt rejection, pH
tolerance, and the range of temperatures it can withstand
[14,15]. These membranes consist of a very thin layer of
aromatic PA (50–150 nm thickness) on top of a micro-
porous support (pores 2 nm [16], 40 μm thickness) and a
fabric layer (120–150 μm thickness) which supplies
mechanical strength [13,17,18]. The PA layer is created
on top of the supporting structure through on-surface
polymerization of diamine and tricarboxyl monomers.
The PA layer is a (highly) cross-linked polymer, and, thus,
one of the monomers contains at least three functional
groups, two for propagation and one for cross-linking. The
membrane can subsequently be coated with another poly-
mer layer (e.g., polyvinyl alcohol, polyethyleneimine), for
instance, to supply additional protection from fouling
[14,17,19], but this layer can also cause flux reduction [14].
Essential for the PA layer is obviously the presence of

pores. In RO, the pores in the membrane refer to the
percolated free volume that is present between the
polymer chains in the PA layer. The number of pores
and the pore size distribution depend on the polymeri-
zation process [11]. Compared to nanofiltration mem-
branes, RO membranes have a more narrow size
distribution, i.e., a more uniform pore size [20], typically
in the range of an average diameter between 0.66 and
0.78 nm [20–22]. Kim and Hoek [23] distinguished two
types of pores. The smaller type, “network pores,” are
defined as the gaps between polymer branches, while
“aggregate pores” relate to the spaces between polymer
aggregates. Network pores have a smaller size (approx-
imately 0.4–0.5 nm) and constitute about 70% of the
pore volume, while aggregate pores (approximately
0.7–0.9 nm) account for the remainder [23,24].
The chemical charge of the PA layer is a consequence

of the polymerization process. Carboxylic and amine func-
tional groups that did not participate in the cross-linking

process or in chain elongation reactions remain free and can
be protonated or deprotonated depending on the pH [24].
Protonated amine groups result in positive charge and
deprotonated carboxyl groups result in a charge of negative
sign. This means that dependent on pH the membrane can
have a positive or negative charge, as we discuss in more
detail in Sec. III E.

B. Seawater characteristics

Seawater is the largest water body available on Earth—a
fact that makes it an attractive, inexhaustible source for
drinking water. Seawater is characterized by a high salinity
[“total dissolved solids” ðTDSÞ > 35 g=L] with sodium
and chloride being the major ions. Seawater is slightly basic
with a typical pH of approximately 8.0. With the develop-
ment and advances in RO technology over the years, the use
of seawater as a source of potable water has increased, at
present estimated at 60% of the global intake for RO
desalination [25]. Table I presents an example of a typical
composition of seawater.
Several acid-base reactions occur in (sea)water, which

must be included in the theory. In all cases, we assume that
the reaction is infinitely fast, and thus, locally, the ions
participating in the reaction are at chemical equilibrium with
one another. First of all, we must consider the autoprotolysis
reaction of water in which a proton is transferred from one
water molecule to an other according to

2H2O⇌H3OþþOH−; pKw¼14 at 25°C; purewater:

The value of pKw for pure water at 25 °C of pKw ∼ 14 drops
to lower values for more saline solutions [28,29].
Boron is an element present in natural water systems.

Seawater contains about 5 mg=L boron [28,30], which is
predominantly in one of two forms: boric acid BðOHÞ3
and the borate ion BðOHÞ−4 . For boron concentrations
higher than 22 mg=L, other species, mainly cyclic
forms, may be present as well, depending on pH [31].
The distribution between boric acid and borate is given by

TABLE I. Composition of Mediterranean seawater (most
common ions only) [26,27].

Species Concentration (mg=L)

Naþ 12 500
Mg2þ 1450
Ca2þ 450
Kþ 450
Cl− 22 100
SO2−

4 3410
HCO−

3 160
B 4–5
pH 8.1
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BðOHÞ3 þ H2O ⇌ Hþ þ BðOHÞ−4 ;
pK ¼ 9.23 at 25 °C; purewater:

It was shown in Ref. [31] that salinity affects pK, bringing
it down to pK ¼ 8.60 for 40-g=L TDS.
The degree of rejection of boron in seawater RO is of

considerable concern. At low concentrations, boron is
beneficial for human health such as for cell metabolism,
bone density, and the immune system [32,33], but high
boron intake can lead to illness [34,35]. The guideline of
the World Health Organization is 2.4-mg=L boron [36]
(2.0 mg=L according to Ref. [37]). However, this concen-
tration is too high when the water is used in agriculture for
irrigation purposes. In this case, a lower boron concen-
tration must be reached, the exact value depending on the
crop type [38]. Note that for proper growth of plants, a
certain (low) amount of boron is nevertheless required
because it participates in cell distribution, growth and
metabolism, respiration regulation, and photosynthesis.
In desalination by RO, it is argued that boron in the acid

(hydrated) form passes through the RO membrane quite
freely while the borate ion is rejected. The borate ion is
weakly hydrated and, thus, relatively small [39], and we
can assume that boric acid being a neutral species in water
will have an even smaller hydrated size [40]. Since boron
rejection depends on the distribution between the
uncharged and charged form determined by the equilibrium
constant, it is expected that pH and temperature influence
boron rejection. In addition, the membrane itself can
enhance borate ion rejection when it is negatively charged.
To facilitate rejection, pH of the feed has to be around 8.0
in order to achieve about 88%–93% rejection [41]. To
further reduce boron concentration in the effluent, RO
plants must use an additional RO step, boron selective
resins, and/or make pH adjustments to meet regulations on
boron concentration [42].
Also present in seawater are carbonate ions in several

ionic forms. The carbonate system functions as a buffer
system in natural water and is the main contributor to the
ability of seawater to buffer pH changes. The seawater
carbonate system is in equilibrium with CO2 in air, which
dissolves as H2CO3 (carbonic acid). For the carbonate
system, the equilibria in water are given by

CO2ðgÞ ⇌ CO2ðaqÞ;
CO2ðaqÞ þ H2O ⇌ H2CO3ðaqÞ;

H2CO3ðaqÞ ⇌ Hþ þ HCO−
3 ;

pKH2CO3
¼ 6.33 at 25 °C; purewater;

HCO−
3 ⇌ Hþ þ CO2−

3 ;

pKHCO−
3
¼ 10.33 at 25 °C; purewater:

Note that also for the carbonate system, it was shown that
pK is a function of salinity, resulting in pKH2CO3

¼ 5.98 and
pKHCO−

3
¼ 9.16 for a 30-g/L salt solution at 25 °C [43,44].

In RO, it is known that the permeate only contains very low
levels of HCO−

3 and CO2−
3 . The rejection of carbonate by RO

membranes, therefore, increases carbonate concentrations in
the retentate (brine), which can lead to “scaling,”which is the
precipitation of components such as CaCO3 and MgCO3 on
the membrane surface.
In our work, the above equilibria are combined with

the relevant transport equations which are set up for each
ion individually. The resulting coupled model has an
inherent complexity, which lies in the fact that in addition
to transport, species can form and react away due to the
various chemical equilibria.

C. Concentration polarization

Every membrane separation process promotes the pas-
sage of some species over others. This selective permeation
leads to gradients in concentration in the boundary layer in
front of the membrane. For RO, if the species is rejected by
the membrane, it will accumulate on the surface, resulting
in a higher concentration [Fig. 1(a)], and if the membrane
favors its passage, the ion will deplete [Fig. 1(b)]. In RO,
typically the salt concentration on the membrane surface is
increased, creating concentration gradients in a boundary
layer between bulk solution and membrane surface. This
phenomenon of concentration polarization (CP) is of
importance in RO systems because it leads to a larger salt
concentration difference across the membrane and an
increase in osmotic pressure of the solution on the surface
of the membrane. In addition, it promotes scaling and
“cake-layer” development on the membrane surface. These
combined effects eventually result in a reduction of
performance of the RO system.

FIG. 1. Sketch of concentration polariza-
tion in reverse osmosis for the case when
(a) a component is enriched at the membrane
surface and (b) when a component is de-
pleted. Situation (a) is the typical situation
in RO when ionic species are rejected by the
membrane, but for some species, the opposite
behavior is possible.
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III. MODEL EQUATIONS

To model ion rejection and water recovery by RO
membranes, appropriate transport models must be set up.
Traditionally, two important mechanistic models have been
used which are the solution-diffusion (SD) model and the
fine capillary pore (FCP) model [45]. In the SD model, the
three transport steps of adsorption, diffusion, and desorp-
tion are each considered. The case of separating water from
dissolved salts results in simplified transport equations due
to additional assumptions such as a constant water (solvent)
concentration in the membrane and an equal total pressure
on the boundary between the membrane and feed side. The
SD model provides two membrane parameters which can
be determined experimentally, and, thus, the SD approach
offers a method to estimate and plan an RO process. Yet this
model simplifies the actual transport mechanisms exten-
sively and does not describe the complexity of the system
and acting forces in detail. Instead, the FCP model
describes the film layer as a porous layer with pores of
a certain size through which the hydrated ions move. The
support layer can also be included in this way, only with
much larger pores, but it is usually neglected in the theory.
A general description of our modeling framework is

presented in Fig. 2. Like in the FCP model, in the present
work we describe the active layer (III) as a porous material
with tortuous pores of a uniform size. This size is only
somewhat larger than that of the ions and thus hinders their
movement. We describe transport using a Maxwell-Stefan
approach, considering three contributions to ion transport:
concentration gradients (diffusion), potential gradients
(electromigration), and advection of ions with the flow
of water. For uncharged species, such as boric acid and
carbonic acid, there is no migration term involved, and their
transport is governed by diffusion and advection only. We
neglect the friction between ions, but for all ions, we
include their friction with the fluid (the “free” water) as
well as with the membrane. Steric partitioning and the
Donnan effect are included at both membrane-solution

interfaces (β,γ). The phenomenon of concentration polari-
zation in a layer in front of the membrane is included on the
membrane-feed side (II).

A. Molecular flux of ions

We aim to describe the simultaneous flow of the
components in the water matrix through a realistic mem-
brane with a certain porosity and tortuosity of the pores.
The derivation starts with a description of a single pore, one
which not necessarily follows the shortest distance across
the membrane (the “direct direction”) but instead follows a
tortuous path (with a coordinate along the pore x0) that is
longer by a factor of τ. Inside such a pore, Maxwell-Stefan
theory results in a relationship between the driving forces
acting on an ion and the frictions that it encounters given by

−∇μi ¼ RgT
X
j

ζi−jðv0i − v0jÞ; ð1Þ

where μi is the electrochemical potential of the ion, ζi−j is a
factor describing the friction between species i and j, Rg is
the gas constant, T is temperature, and v0i and v0j are the
velocities of the ions in the pore, following the path of the
pore. We neglect the friction between different ionic species
and consider only the friction of ions with the membrane
(m) and with the free water in between the hydrated ions
(which has velocity v0f, where subscript “f” is for fluid). In
that case, Eq. (1) can be written in the x0 direction as

−
1

RgT
∂μi
∂x0 ¼ ζi−mðv0i − v0mÞ þ ζi−fðv0i − v0fÞ; ð2Þ

where since the membrane is static, we have v0m ¼ 0.
We assume ideal thermodynamic behavior for the ions
(i.e., we neglect the volumetric interactions discussed in
Ref. [46]), and, thus, the electrochemical potential μi is
given by

I
Feed

X

II
CP layer

vf

Diffusion/migration

III
Membrane

IV
Permeate

FIG. 2. Description of the reverse-osmosis
model used in this work. α, β, and γ represent
the three boundaries in the system: feed-CP
layer, CP-layer membrane, and membrane
permeate.
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μi ¼ μi;0 þ RgTðln ci þ ziϕÞ; ð3Þ

where ci and zi are the concentration and valency of species
i, and ϕ is the dimensionless electric potential. We can
insert Eq. (3) in Eq. (2) which results after rearrangement in

v0i ¼
�

ζi−f
ζi−f þ ζi−m

�
v0f −

1

ζi−f þ ζi−m

�∂ ln ci
∂x0 þ zi

∂ϕ
∂x0

�
:

ð4Þ

Equation (4) shows a striking similarity to expressions
from hydrodynamic theory for hindered transport of
spherical particles in cylindrical pores [47,48],

v0i ¼ Kc;iv0f − Kd;iD∞;i

�∂ ln ci
∂x0 þ zi

∂ϕ
∂x0

�
; ð5Þ

where Kc;i and Kd;i are called hindrance factors for
convection and diffusion. These factors are only a function
of the ratio between the diameter of the ion and the
pore [47,49]. Comparing Eqs. (4) and (5) shows that Kc;i ¼
ζi−fKd;iD∞;i.
Up to this point, transport is considered within a single

pore, along a pore coordinate x0. However, we need to
develop a model for fluxes in an actual membrane where
part of the structure is not accessible to ions and water and
where the paths of the pores are tortuous and longer than
the shortest direction across the membrane. To account for
this, we first implement dx0 ¼ τdx, with τ tortuosity, where
x is the coordinate following the shortest distance across the
membrane (which we call the “direct direction”). This
modification corrects for the fact that in a real pore, the
average driving force is lower than what it would have been
when oriented straight across the membrane. Velocities v0
used above, which are defined along x0, the direction of the
tortuous pore, relate to a superficial velocity v (per unit total
membrane area, in the direct direction) by v ¼ v0ϵ=τ where
ϵ is the membrane porosity. Inserting these relations
between x0 and x and between v0 and v in Eq. (5) leads to

vi ¼ Kc;ivf − Kd;iεeD∞;i

�∂ ln ci
∂x þ zi

∂ϕ
∂x

�
; ð6Þ

where εe ¼ ϵ=τ2, and multiplying Eq. (6) with ci results in
(for the flux of ion type i)

Ji ¼ Kc;icivf − Kd;iεeD∞;i

�∂ci
∂x þ zici

∂ϕ
∂x

�
: ð7Þ

B. Water flow

Also, for the water (fluid) in the pore, we must set up a
Maxwell-Stefan-based expression relating the fluid veloc-
ity vf to the velocities of ions and driving forces acting on

the water. For the water, the required expression is closely
related to Eq. (1), which in the above section is used to
describe the flux of ions. Equation (1) is a force balance
on one ion (1 mole of ions), which has friction with the
water (filling all space between the ions), pore walls,
and other ions. For water, we set up a balance per pore
volume V; thus, the left-hand side of Eq. (1) becomes
−∇μwcwð1 − ηÞV, where cw is the concentration of water
(in water), which is given by cw ¼ 1=Vw, where Vw is the
molar volume of a water molecule, and where η is the
volume fraction of all (hydrated) ions in the pore (i.e.,
the volume excluded for free water), which we set to zero
from this point onward.
For the friction exerted on the water that is in a volume

V, we start with the expression on the right-hand side
of Eq. (1), multiplied again by V and for the water-ion
frictions multiplied by the concentration of ions, not of the
water. This difference can be understood from the fact that
the right-hand side of Eq. (1) describes the friction of
one ion (or 1 mole of ions) with the continuum phase of
water (and pore walls, and other ions), but we are now
interested in the friction of all water that is in a volume V
with all ions present in that volume. Next, we implement
in the resulting equation, that the chemical potential for
the water molecules is given by

∇μw ¼ VwRgT∇Pt; ð8Þ

where the total pressure Pt is given by [50]

Pt ¼ Ph − Π; ð9Þ

where Ph and Π are the hydraulic and osmotic pressure,
both in units of mol=m3 (meaning, pressure in pascals
divided by RgT). For ideal molecules, i.e., without
volume effects, the osmotic pressure is a summation of
species concentrations (excluding water molecules),
Π ¼ P

ici [50–52]. Finally, we include a term for
friction between the water and pore walls and then arrive
at [51]

∂Pt

∂x0 ¼ −f0f−mv0f þ
X
i

ζi−fciðv0i − v0fÞ; ð10Þ

where the first term on the right-hand side relates to the
friction of water (fluid) with the pore walls (which have
zero velocity), and the summation in the second term runs
over all ions (not water).
In the above derivations for transport of ions and free

water in the pore, an assumption is that the ions occupy
no volume when we equate velocity v0f in Eq. (2) with that
in Eq. (5) and when we neglect the effect of ion volume
in Eq. (3) and in the derivation of Eq. (10). Note,
however, that in the calculation of partition coefficients
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and hydrodynamic hindrance functions, ion volume does
play a role.
Inserting Eq. (6) in Eq. (10) and making the conversions

from x0 to x and v0 to v results in

−
∂Pt

∂x ¼ 1

εe

�
f0f−m þ

X
i

ciζi−fð1 − Kc;iÞ
�
vf

þ Kc;i

� ∂
∂x

X
i

ci − ωX
∂ϕ
∂x

�
; ð11Þ

where we implemented the local electroneutrality condition
in the membrane

X
i

zici þ ωX ¼ 0; ð12Þ

where ωX is the membrane charge density to be discussed
in detail in the next section. By setting Kc;i ¼ 1 (i.e.,
no ion-wall friction), Eq. (11) results in the classical
expression [53]

∂Ph

∂x þ ff−mvf ¼ ωX
∂ϕ
∂x ; ð13Þ

where ff−m ¼ f0f−m=εe. In the model, Eq. (11) is used to
describe the change in Pt across the membrane, while at
the membrane edges, Pt is continuous (i.e., it does not
change).
In the following sections, we describe further elements

of the model relating to pore and ion sizes, partitioning
at membrane edges, hindrance factors, and membrane
charge.

C. Effective ion and pore sizes in PA membrane

In our model, we assume that the main resistance to
transport in the membrane derives from the PA layer, and,
therefore, the membrane description is of that layer alone.
The layer is considered to be a rigid structure [11,20,54],
and, thus, we choose a defined (average) pore size. We use
for the pore size a value of 0.76 nm [20,55] and for the film
thickness δm ¼ 100 nm. These values are within the range
of numbers reported in the literature [11,18,20,22,24,55,56].
Owing to the aqueous environment in the membrane, the
species are described with their solvation shell included.
However, since the hydrated size of the carbonate and
bicarbonate ions exceeds the chosen value for pore size,
we must assume that they have to at least partially shed their
hydration shell to fit in the pore. The reduced sizes
for these two ions are still significantly larger than for the
neutral carbon acid [40]. All ion sizes used in the model are
summarized in Table II.

D. Donnan-steric partitioning

As a result of the membrane charge, an electrochemical
potential develops on both membrane edges (denoted as β
and γ in Fig. 2). This phenomenon is known as the Gibbs-
Donnan effect, and the electric potential difference is
known as the Donnan potential. Based on the calculated
value of the Donnan potential, we can relate the concen-
tration of the ions on both sides of the boundary. In
addition, we also account for a steric hindrance of the
ion in the pore by introducing a partitioning coefficient at
the membrane-solution interface described by

Φi ¼ ð1 − λiÞ2; ð14Þ

where λ is the ratio between ion size and pore size.
Combining partitioning and electrostatic effects, we obtain

ci;m ¼ ci;∞Φi expð−ziΔϕDÞ; ð15Þ

whereΔϕD is the dimensionless Donnan potential (Donnan
potential divided by RgT=F), and subscript m refers to a
point just within the membrane and ∞ to just on the
outside. It has been suggested that for the ions to enter the
pores, they must (partially) dehydrate, which leads to an
energy barrier [24,63]. This energy can easily be included
in the Donnan balance, leading to an extra constant factor
that we can combine with the termΦi above. Thus, when an
ion size is chosen empirically, smaller than the fully
hydrated size (as we do for the carbonate ions), then this
automatically includes a desolvation energy.

E. Membrane charge

Coronell et al. quantified the charged functional groups
in a FT30ROmembrane [24]. They found that while ionized
amine groups can be described by one dissociation constant
pKNH2

, two values were required for the carboxylic groups,
which we denote by pKCOOH1

, pKCOOH2
. The equilibrium

constant KCOOH of the deprotonation of the carboxylic acid
½RCOOH� ⇌ ½Hþ� þ ½RCOO−� (where R represents the
polymer backbone) is given by

KCOOH ¼ ½Hþ�½RCOO−�
½RCOOH� ; ð16Þ

and due to the fixed number of carboxylic groups
XCOOH ¼ ½RCOO−� þ ½RCOOH�, we arrive at

½RCOO−� ¼ XCOOH

��
1þ ½Hþ�

KCOOH

�
: ð17Þ

Similarly, for the amine groups, the equilibrium ½RNHþ
3 �⇌

½Hþ�þ ½RNH2� leads to
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½RNHþ
3 � ¼ XNH2

��
1þ KNH2

½Hþ�
�
: ð18Þ

Thus, for the membrane charge ωX at any position in the
PA layer (as a function of local pH), we arrive at

ωX ¼ XNH2

��
1þ KNH2

½Hþ�
�
− XCOOH1

��
1þ ½Hþ�

KCOOH1

�

− XCOOH2

��
1þ ½Hþ�

KCOOH2

�
; ð19Þ

TABLE II. Input values used in all calculations.

Parameter Value Parameter Value

Constituents Naþfeed 553 mM pKCOOH1
5.23 [24]

Cl−feed 550 mM pKCOOH2
8.97 [24]

Btotfeed 0.5 mM [27,57] pKNH3
4.74 [24]

Ctotfeed 2.48 mM [26,58] pKBðOHÞ3 8.60 [44]
pHfeed 8.0 [26,27] pKH2CO3

5.98 [28]
pKHCO−

3
9.16 [28]

pKw 13.3 [28]

Properties dNaþ 7.16 Å [59] dCl− 6.64 Å [59]
dH3Oþ 5.64 Å [59] dOH− 6.00 Å [59]
dBðOHÞ3 3.84 Åa dBðOHÞ−

4
5.22 Å [39]

dH2CO3
3.64 Åa dHCO−

3
7.16 Åb

dCO2−
3

7.30 Åb dpore 7.60 Å [20,55]
DH3Oþ 8.24 × 10−9 m2=s [19] DOH− 4.51 × 10−9 m2=s [19]
DNaþ 1.33 × 10−9 m2=s [60] DCl− 2.00 × 10−9 m2=s [60]
DBðOHÞ3 1.28 × 10−9 m2=s [61] DBðOHÞ−

4
1.18 × 10−9 m2=s

DH2CO3
1.92 × 10−9 m2=s [62] DHCO−

3
1.18 × 10−9 m2=s [62]

DCO2−
3

9.8 × 10−10 m2=s [62]

Membrane δm 100 nm [18,24,55] δCP 20 μm [3]
εe 0.05 [55] ff−m 1.3 × 1014 mol s=m5 c

XCOOH1
82 mM [24] XCOOH2

350 mM [24]
XNH3

36 mM [24]

Partitioning (calculated) λNaþ 0.942 λCl− 0.874
λH3Oþ 0.742 λOH− 0.790
λBðOHÞ3 0.505 λBðOHÞ−

4
0.687

λH2CO3
0.479 λHCO−

3
0.942

λCO2−
3

0.961
ΦNaþ 0.003 35 ΦCl− 0.0156
ΦH3Oþ 0.0665 ΦOH− 0.0443
ΦBðOHÞ3 0.245 ΦBðOHÞ−

4
0.0981

ΦH2CO3
0.272 ΦHCO−

3
0.003 35

ΦCO2−
3

0.001 56

Hindrance (calculated) Kc;Naþ 0.287 Kd;Naþ 0.005 54
Kc;Cl− 0.519 Kd;Cl− 0.0102
Kc;H3Oþ 0.676 Kd;H3Oþ 0.0202
Kc;OH− 0.644 Kd;OH− 0.0137
Kc;BðOHÞ3 0.832 Kd;BðOHÞ3 0.161
Kc;BðOHÞ−

4
0.714 Kd;BðOHÞ−

4
0.0373

Kc;H2CO3
0.848 Kd;H2CO3

0.188
Kc;HCO−

3
0.287 Kd;HCO−

3
0.005 54

Kc;CO2−
3

0.205 Kd;CO2−
3

0.003 93

Rg 8.3144 J=K=mol T 25 °C
F 96 485 C=mol

aBased on Stokes-Einstein relation using μw ¼ 8.9 × 10−4 Pa s [61].
bPartial loss of hydration shell is assumed.
cBased on ff−m ¼ ðAδmRgTÞ−1 [51], with A ¼ 3.0 μm=bar=s [18].
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which is also applicable in our model when these acid-base
reactions are relatively slow, because we assume steady-
state operation of the process. The result of Eq. (19) is
plotted as a function of pH in Fig. 3 based on the data in
Ref. [24]. Though the membrane charge as measured in
Ref. [24] is a concentration per unit total volume of the PA
layer, we will use their result as if it is the membrane charge
per unit pore volume.

F. Hindered transport

Since the pore size is not much larger than the ion sizes,
it is important to include both sizes in the transport model.
Here, we rely on hydrodynamic theory for hindered trans-
port [47,49], which results in expressions for the steric
hindrance coefficients. These expressions depend on the
size ratio: for 0 < λi < 0.8, the expression is adapted from
Bowen et al. [64], and for 0.8 < λi < 1, it is based on
Bandini and Vezzani [65]. They are given by

Kc;i ¼
�
1.0þ 0.054λi − 0.988λ2i þ 0.441λ3i ; 0< λi < 0.8;

−6.83þ 19.348λi − 12.518λ2i ; 0.8< λi < 1;

Kd;i ¼
�
1.0− 2.30λiþ 1.154λ2i þ 0.224λ3i ; 0< λi < 0.8;

−0.105þ 0.318λi − 0.213λ2i ; 0.8< λi < 1.

ð20Þ

For each of the ions, the input values for λi and the
calculated values for Kc;i and Kd;i are presented in Table II.

G. Concentration-polarization layer

For the description of the CP layer in front of the
membrane, the same transport equations are used as
presented above for the PA layer but now excluding
hindered transport and the porosity and tortuosity effects.
Thus, in the CP layer, the ionic flux is described by the
Nernst-Planck equation

Ji ¼ civf −D∞;i

�∂ci
∂x þ zici

∂ϕ
∂x

�
; ð21Þ

while Eq. (13) results in the fact that in the CP layer the
hydrostatic pressure gradient is zero. Electroneutrality in
the CP layer is described by Eq. (12) with ωX ¼ 0.

H. Auxiliary relations for ionic fluxes

Several additional relations are required to obtain a
complete model. First of all, in RO, the ionic current Jch
is zero, and, thus, the summation of all ion fluxes (times
valency) must be zero at each point in the CP layer, as
well as at each point in the membrane. Thus, at each point
we have

Jch ¼
X
i

ziJi ¼ 0: ð22Þ

Until now, we have not yet explicitly described how the
acid or base reactions play a role in the structure of the
model. As we mentioned in Sec. II B, transport of weak
acid systems, such as boric acid and carbonic acid, is more
complicated to describe than transport of “inert” ions
because of the local chemical equilibria that are affecting
concentrations. In our model, we take into consideration
that all species, except for sodium and chloride, relate to
other ions through one or more chemical equilibria. This
means that a change in the concentration of one ion, for
instance, HCO−

3 , will actuate a change in concentration of
other ions, such as H2CO3, HCO−

3 , H3Oþ, and OH−, and
also indirectly have an influence on the concentration of
yet other ions, BðOHÞ3 and BðOHÞ−4 in our case. As a
consequence of these equilibria, it is not the flux of an
individual ion, like HCO−

3 , that is invariant across the
membrane but only the flux of certain groups of ions, such
as the group formed of the three carbonate species [62].
The same holds for the group of the two boron species.
Note that it is not necessary to set up an ion mass balance
in H3Oþ and OH− [62], but these species enter the code
via the chemical equilibria and via the zero-current
condition of Eq. (22).
Finally, we need to relate the concentration in the

permeate to the fluxes through the membrane. When on
the permeate side there is no fluid flow along the mem-
brane, we have

ci;permeate ¼ Ji=vf: ð23Þ

It is important to note that in this form, Eq. (23) can be
used only for Naþ and Cl−. For the carbonate and borate
groups, Eq. (23) is used for the flux and concentration of
the entire group. Equation (23) should not be used for
H3Oþ and OH−.
All flux equations are discretized and solved in the

steady state by methods similar to those in Ref. [62] for a
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FIG. 3. Membrane charge in the RO polyamide layer as
function of pH, based on Ref. [24].
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given feed composition and fluid flow rate vf. The hydro-
static pressure difference ΔPh required to achieve
a given flow rate is calculated afterward. Rejection by
the membrane of an ion or group of ions is defined as
Ri ¼ 1 − ci;permeate=ci;feed. This definition is used for Naþ,
for the group of the three carbonate species, and for the
group of the two boron species. For Naþ and for Cl−, the
rejection is almost the same, and in the next section, it is
denoted as RNaCl.

IV. RESULTS AND DISCUSSION

A. Input parameters in the model

In this section, we present calculation results for one
seawater composition and one set of input parameters for
ion size, diffusion coefficients, etc. The only parameters
that are changed are the water flow rate through the
membrane vf, membrane charge, and seawater feed pH.
All input parameters used in the model are listed in Table II.
Note that from here on, the word membrane refers to the PA
top layer in a commercial RO membrane, while “(free)
water” and “fluid” both refer to the water molecules that fill
the space around the solvated ions.

B. Results as a function of the permeate flow rate

Before investigating the influence of water flow rate, we
first present calculation results for a permeate flow rate
(water flow rate through the membrane) of vf ¼ 10 μm=s,
which is a typical value in seawater reverse osmosis, and
which recalculates to 36 L=m2=h [3]. The performance
of the membrane at this condition in terms of rejection of
salt and boron is summarized in Table III and compared
with values from literature. As shown in Table III, we
obtain a very good match for all three properties.
The model gives a somewhat too optimistic prediction of
salt and boron rejection, which can be resolved by using
a slightly larger pore size in the calculation (for a pore
size of 0.78 nm, RNaCl ¼ 99.7%, RB ¼ 91.1%, and
pHpermeate ¼ 8.51). The calculated pHpermeate is within
the range of data reported in Ref. [66]. An elevation in
pHpermeate compared with pHfeed was also observed in
Ref. [67] with a feed (seawater) pH of 9.0 resulting in a
permeate pH of 9.1–9.5. According to Eq. (11), for this
water flow rate, the required applied pressure is
ΔPh ¼ 35.6 bar. Based on this value and the osmotic

TABLE III. Summary of model output compared with exper-
imental values for seawater reverse osmosis reported in the
literature.

Parameter Our model Literature Reference

pHpermeate 8.75 8.6–8.8 [66]
RNaCl 99.9% 96.6%–99.8% [69]
RB 93.5% 87%–93% [69]

0 10 20 30
10−8

10−6

10−4

10−2

100

II CP

B(OH)3

B(OH)3

B(OH)−
4

B(OH) −
4

B(OH)−
4

IV

[B
(O

H
) 3

],
[B

(O
H

)− 4]
(m

M
)

III—— Membrane

B(OH)3

I
10−6

10−5

10−4

10−3

10−2

H3O
+

H3O
+

OH−

OH −

OH−

[H
3O

+
],

[O
H

− ](
m

M
)

H3O
+
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pressure of the feed solution, the thermodynamic efficiency
of this process can be calculated as η ¼ 77% based on
η ¼ ΔΠ=ΔPh where the osmotic pressure difference is that
across the membrane. Note that this relation is valid only
for a very low water recovery and a very dilute permeate,
see Eq. (3) in Ref. [68].
The calculation shows that the CP layer increases the salt

concentration from csalt;feed ¼ 550 mM in the feed to about
csalt;β ¼ 620 mM on the membrane surface. This is roughly
a 10% increase, which is less than a typical value reported
for RO of around 30% [3]. Thus, in our calculation, the CP
layer increases the osmotic pressure of the salt solution
directly near the membrane surface by only approximately
4 bar. As observed in the calculations at different values of
vf, for all species but H3Oþ, increasing vf always results in
an increase in ion concentration at the membrane surface.
As an example, we show in Fig. 4 the concentration

profiles in the CP layer and in the membrane for the

boric acid and the borate ion, as well as for H3Oþ and
OH−. For H3Oþ and OH−, the product of their concen-
trations is always the same, and, therefore, their profiles are
mirror images. Acid or base neutrality pH 6.65 (because
pKw ¼ 13.3) is reached at a point around one-third into the
membrane. The pH decreases by about 2 points when we
move from the very left to the very right of the membrane,
whilepH increases by 3 points when we exit the membrane.
In the membrane, the neutral boric acid molecule is about an
order of magnitude more prevalent than the borate anion.
Next, we examine the effect of the fluid flow rate

(through the membrane) on system performance both for
much lower and much higher flow rates than the standard
situation just discussed. Salt rejection remains almost
constant throughout the examined range at a value between
99.0% and 99.9% [see Fig. 5(a)], while boron rejection
increases from 93.5% at vf ¼ 10 μm=s to RB ¼ 98.6%
at vf ¼ 60 μm=s. Lower flow rates reduce boron rejection
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significantly. Increasing the flow rate from 10 to 40 μm=s,
the permeate pH decreases from 8.8 to approximately 8.6,
after which it increases again to reach a pH of 9.5 at a flow
rate of 100 μm=s (results not shown). Thus, for all flow
rates, pHpermeate is higher than the feed pH.
Figure 6 shows concentration profiles of the different

ionic species in the membrane for different water flow rates
vf. Such a representation of calculation output is not found
in the surveyed literature and highlights the complex
characteristic of multicomponent transport in membrane
processes. In general, it can be seen that when vf increases,
so does the ion concentration at the feed side of the
membrane (left in Fig. 6), except for the hydronium ion.
When we look at two neutral compounds, boric acid

(Fig. 6) and carbonic acid (Fig. 7), we see that as vf

increases, so does the concentration at the feed side of the
membrane until the trend reverses for vf > 20 μm=s. With
higher vf, the concentration profile for boric acid becomes
paraboliclike. For carbonic acid and bicarbonate, their
concentration profiles become nonmonotonic, and at some
position the concentration is at a maximum. This position
shifts away from the feed side when the water flow rate
increases.
pH profiles in the membrane are shown in Fig. 8.

At low water flow rates (vf ≲ 36 μm=s), pH on the feed
side of the membrane is lower than pHfeed ¼ 8, while for
higher water flow rates, the solution is more basic here. On
the permeate side, pH always remains more acidic than in
the feed. At the same time, pHpermeate is always higher than
in the feed.

C. Sensitivity analysis

An interesting question is, what is the relative contri-
bution of the three mechanisms that transport ions through
the membrane (diffusion, migration, and advection). To
analyze that question, the magnitudes of the three terms in
Eq. (6) are separately calculated and compared. The results
in Fig. 9 are based on the standard condition described in
Table II with water flow rate vf ¼ 10 μm=s. We present
here only the diagrams for selected species. For the other
species, the behavior is as follows. For Naþ, the contribu-
tion of each mechanism is invariant across the membrane
with 23% diffusion, 50% migration, and 27% advection.
For OH−, diffusion and migration are approximately the
same as for H3Oþ, and advection is slightly higher. The
profiles for HCO−

3 and CO2−
3 are similar to BðOHÞ−4 . For

BðOHÞ3, there is no migration, and diffusion linearly
increases from 90% at the feed side to 100% at the
permeate side of the membrane.
As Fig. 9 shows, transport of all species that are present

at low concentration is dominated by diffusion. This
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contribution of diffusion was also discussed for H3Oþ and
OH− in Ref. [9]. Other than that, the relative contribution of
each term is not directly intuitive, for instance, for Cl−
changing strongly across the membrane, while for carbonic
acid, an extremely sharp change is observed at some point,
due to the fact that at that point the diffusional contribution
is zero, and only advection plays a role. Clearly, the study
of the relative importance of the various mechanisms
driving an ion is nontrivial and may lead to interesting
insights. Furthermore, three of the four ions discussed in
Fig. 9 are part of an acid or base equilibrium, and, thus, they
can react away or be formed within the membrane. This
implies that their flux J changes with position because of
the production of ions P, as shown in Fig. 9. Because we
consider the steady state, the production term P is equal to
the gradient in J.

D. Effect of membrane charge

Finally, we investigate the effect of the chemical charge
of the membrane. To that end, the standard values of the

three functional groups’ concentrations Xk are multiplied
by a certain factor α, thus keeping their relative concen-
trations the same. We calculate the rejection of boron [see
Fig. 5(b)] and interestingly, for the current value of
membrane charge, boron rejection is almost at a maximum,
which we locate at α ¼ 1.5 to be RB ¼ 93.6%. Even
reducing membrane charge dramatically, there is not much
of a reduction in the ability of the membrane to reject
boron, with RB ¼ 92% at a 100 times reduced membrane
charge. The independence of boron retention on membrane
charge can be explained by the fact that the neutral boron in
the form of boric acid passes the membrane while not being
affected by charge. For all values of α considered, salt
rejection remains very high, at values above 99.5%.
Calculation results for different values of pH of seawater

(keeping the total carbonate concentration the same) are that
for a 50× reduced membrane charge RB is not affected much
by pHfeed in the entire range studied of 4 < pHfeed < 10
(not shown). However, for the standard value of membrane
charge and one with 10× more charge, though RB is not
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changed for pHfeed less than 8.0, for pHfeed beyond 8.0,
boron rejection goes up significantly, up to 99% at
pHfeed ¼ 10. Though this calculation result is interesting,
it is probably not of much practical relevance because
increasing the pH of seawater will lead to severe scaling
of the system.
Finally, we present our results for the effect of pHfeed on

pHpermeate for three different values of membrane charge
(Fig. 10). Except for very extreme pHfeed, in all cases
pHpermeate is higher than pHfeed. For pHfeed ∼ 8.0, the
increase is around 1 pH point, but this increase is less
at higher pHfeed. For lower pHfeed, down to pH 4, for the
membranes with the original charge or larger, permeate pH
can be higher by around 3 pH points, while for the (almost)
uncharged membrane, effluent pH is not more than 1 pH
point higher than that of the feed. Our calculation
results can also be compared to two literature sources with
experimental data. For the standard value of membrane
charge (α ¼ 1), the measurements for seawater reverse
osmosis are well reproduced by our model: for
pHfeed ¼ 8.0, we predict pHpermeate ¼ 8.75, while exper-
imentally a value of pHpermeate ¼ 8.6–8.8 is reported [66],
and for pHfeed ¼ 9.0, we predict pHpermeate ¼ 9.1, while
the experimental value is pHpermeate ¼ 9.1–9.5 [67].

V. CONCLUSIONS

In this work, we develop and apply a theoretical transport
model to describe the desalination of seawater using a
membrane with a very thin polyamide top layer. The feed
water is chosen to mimic seawater and, thus, contains high
concentrations of NaCl, which is in contrast to some other
theoretical studies which focus on more dilute systems. We

investigate the influence of water flow rate (related to
applied pressure), membrane charge, and seawater pH. The
water equilibrium and two weak acid systems—boric and
carbonic acid—are considered additionally to the major
ionic constituents. In the model, the membrane is described
as a tortuous-porous polymeric structure that holds a fixed
amount of pH-dependent charge. The transport in the
membrane is described by a Maxwell-Stefan approach
including three driving forces contributing to transport:
diffusion, migration, and advection. Ions are considered to
travel through the membrane while retaining their hydra-
tion shell, except for carbonate and bicarbonate for which
we assume a reduction in the hydrated size to make them fit
into the pores. The ion distribution at the membrane-
solution interfaces considers the partitioning factor which
is based on the size of the ions. Hindered transport of the
ions in the pores of the membrane is accounted for by
hydrodynamic correction factors, one for diffusion and
migration and one for convection.
The model shows that, in general, diffusion is the

dominant driving force for the transport of ions in the
membrane, while as the water velocity increases, ion
concentration profiles become steeper. For all fluid veloc-
ities, pH is lower in the membrane than in the feed, but on
the permeate side, it is higher than feed pH. An increase in
membrane charge does not improve boron rejection, but a
lower membrane charge increases permeate pH, which
might be helpful if second-stage RO is employed for boron
removal. Neither changes in pH nor membrane charge
affect salt rejection significantly, which always remains
above 99%.
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