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The thermoelectric performance of a topological energy converter is analyzed. The H-shaped device is
based on a combination of transverse topological effects involving the spin: the inverse spin Hall effect and
the spin Nernst effect. The device can convert a temperature drop in one arm into an electric power output in
the other arm. Analytical expressions for the output voltage, the figure of merit (Z7), and energy-
converting efficiency are reported. We show that the output voltage and the ZT can be tuned by the
geometry of the device and the physical properties of the material. Importantly, contrary to a conventional
thermoelectric device, here a low electric conductivity may, in fact, enhance the ZT value, thereby opening

a path to strategies in optimizing the figure of merit.
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I. INTRODUCTION

Conventional thermoelectric (TE) energy converters can
be used for recycling waste heat through the Seebeck effect
converting the heat current into electric power, or, reversely,
be used for TE cooling through the Peltier effect [1,2]. The
efficiency of TE can be characterized by the dimensionless
figure of merit [3] ZT = (S?6T/x), where S is the Seebeck
coefficient, 7 indicates absolute temperature, and o(k) is
the electrical (thermal) conductivity. x has contributions
from both electrons and phonons. To optimize the effi-
ciency, S and ¢ should be maximized, and x has to be
minimized. However, ¢ usually has a similar dependence
on external parameters as k. For example, decreasing
disorder leads to a larger electrical conductivity, but also
k tends to increase at the same time. Increasing o by a
higher charge carrier concentration is usually counteracted
by a decreasing Seebeck coefficient S. The conventional
strategies to optimize the Z7T are based on an attempt to
control the electrical conductivity and thermal conductivity
separately: One tries to find a material in which electrical
conductivity is high but the thermal conductivity (mostly
due to phonons) is low. Owing to the mutual interdepend-
ence of the three coefficients (S, o, k), it is a daunting
challenge to achieve simultaneous optimization in a single
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material [4]. In the last 20 years, strategies have focused on
breaking this entanglement [5], giving a doubling of the
efficiency of the laboratory materials. By careful nano-
engineering, it is possible to design devices which have
a high electrical conductance and a low thermal con-
ductance (see, e.g., Ref. [6]), but the scalability of these
devices is challenging. In spite of the progress, the
efficiency of TE devices still remains too low for wide-
spread applications.

Spin caloritronics [4,7-12], which is an extension and
combination of spintronics and the conventional thermo-
electrics, has recently emerged as a research area. Here, a
particular focus is on the interplay between a temperature
gradient and spins, and effects are discovered which
provide a promising platform for improving the thermo-
electric performance. Energy converters based on spin
caloritronics are devised and have, conceptually, advan-
tages over the conventional TE devices. The spins, which
behave essentially as an angular momentum, can be
manipulated or affected by external magnetic field, ferro-
magnetic materials, and spin-orbit coupling (SOC). The
heat, on the other hand, is mainly carried by phonons which
do not carry angular momentum. Therefore, the two main
components of spin caloritronics can, in principle, be
controlled independently. This is a great advantage and
may lead to high efficiencies for an appropriately designed
energy converter.

The spin Seebeck effect has been investigated earlier as
the driving mechanism in an energy converter [13,14]. In

© 2017 American Physical Society


https://doi.org/10.1103/PhysRevApplied.8.054038
https://doi.org/10.1103/PhysRevApplied.8.054038
https://doi.org/10.1103/PhysRevApplied.8.054038
https://doi.org/10.1103/PhysRevApplied.8.054038

YU, ZHU, SU, and JAUHO

PHYS. REV. APPLIED 8, 054038 (2017)

Heat sink

(@) T.=T-A/2 Cold

|
T.=T+»/2 Hot
Heat source
A
(b) s ©

: QL3 QR} -

e |a

IL+' L2 R2 C‘D R~ Mﬂ:

. N o

: Qu QRI

A |‘ , | ‘(0 0)

FIG. 1. (a) A schematic of the spin Nernst effect generator

(H-shaped device) based on the ISHE. The spin current J;
generated in the right arm by a temperature gradient is injected
into the left arm through a horizontal bridge and then converted
into a charge current J,. in the x direction by the ISHE. (b) The
effective computational model. (c) The equivalent circuit for the
SNE-based generator: The electromotive force (emf) generated
by the combination of the ISHE and SNE in the device is
connected to a load resistance Ry,,q. The emf is equivalent to a
battery with output voltage (Ay/Gy)AT and internal resistance
Ry = 1/Gy. Here, Gy and Ay are the charge conductance and
the Nernst conductance of the system given in Eq. (D2).

2015, we studied the spin Nernst effect (SNE) and proposed
an H-shaped device [Fig. 1(a)] based on monolayer group-
VI dichalcogenides (TMDCs) [15] to generate pure spin
currents. Because of the SOC in the material and the SNE, a
pure transverse spin current can be produced when applying
a temperature gradient in the right arm of the device. The
spin current can be injected into the left arm through the
horizontal bridge. The injected spin current can be converted
into a voltage drop along the left arm due to the inverse spin
Hall effect ISHE). We show that the voltage drop can be
expressed as AVigyg = —(osu/0%)(2e/h)a’" AT, where
osy 1s spin Hall conductivity. In this paper, we show that this
device can also function as a two-dimensional thermal
battery, where the temperature difference is converted into
an electrical power output. In contrast to the conventional
TE devices, the mechanisms involved here are two spin-
dependent effects, i.e., the SNE and ISHE, rather than the
conventional Seebeck effect. We evaluate the expected
device performance, the energy-converting efficiency, and

the figure of merit Z7. We show that the output voltage and
the ZT can be tuned by the geometrical shape and material
parameters. We believe that this flexibility in controlling the
ZT can be utilized in realistic applications.

II. SYSTEM AND COMPUTATIONAL DETAILS

For a temperature gradient along the right arm
[x direction in Fig. 1(a)], the spin current density j; along
the y direction and the charge- (heat-) current density j¢

<) along the x direction in the right arm are given in the
linear-response regime as [7,16—19]

.])Lc Oy QSHrGr Srar
sz.]f = _QSHrGr O %afy
i S,0,T —%2a5T «,+ S, T
- x/ur/e
X | =0y /2e |, (1)
~9,T

113 ”

where the subscript refers to the right arm, Ogy, =
osyy/o, is the spin Hall angle, and ogy, is the spin Hall
conductivity. «,, S,, and afy are the thermal conductivity,
Seebeck coefficient, and spin Nernst coefficient, respec-
tively. In an open circuit, there is no charge-current density
in the x direction, i.e., j{ = 0. Therefore, the electrochemi-
cal potential difference J,u¢ is determined by the spin
electrochemical potential difference 8)#5 and the temper-
ature gradient 0, T, leading to

{ 2he]§ ] 02,0, + o, Osy,0,S, + 2e S
]x B (HSHrGrS + 3 axy)T Ky
_8\'ﬂr
X 2e } (2)
| o

The spin electrochemical potential x5 is determined by
the spin-diffusion equation [20,21] V?u3 = (u3/12),
where A, = /D, 7,gF is the spin-diffusion length, 7, gf is
the spin-flip relaxation time [20], and D, = um*v%/2
is the charge diffusion constant determined by mobility u,
the effective mass m*, and the Fermi velocity vy =
5.336 x 10° m/s. The spin-flip relaxation time in MoS, is
found to be larger than nanoseconds (10-100 ns) from both
theory [22] and experiments [23-25]. We use u =
400 cm? V-1s7! [26] and m* = 0.54 m [27] for the hole.
Thus, the spin-diffusion length of monolayer MoS, is found
to be in the range of 6-60 ym. Since s, is a good quantum
number [28], arelatively longer spin-relaxation length can be
expected coinciding with the experimental observations.
As shown in Fig. 1(b), we divide the right (left) arm
into three regions. Owing to different boundary conditions
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along the y direction for regions Qg, and Qg (Qg3), the
temperature gradient in each region instead of the entire
right arm is assumed uniform in the linear-response regime.
The total temperature difference between the ends of the
rlght arm is AT = (L - L1/2)(axlT =+ 8X3T) =+ L]asz,
where 0, T is derived to be the same as 037 (see
Appendix A for a detailed discussion). For fixed bounda-
ries in the open-circuit case, the spin current flowing in one
direction will be balanced by a backflow of spin current in
the opposite direction, which leads to zero spin current and
spin accumulation at these boundaries. The heat current

Jg = f?w jgdy is uniform in the entire right arm. Thus, the
boundary conditions are

Bly=-w)=0, i=1.23,

jiz(y =0)= J'ib’

jgj(y:O):o, i=1,3,
TA=I5=7% (3)

where jfh is the spin current density in the bridge region
and is determined below. The bridge is assumed to be
shorter than the spin-flip length so that the spin current
density can be viewed as spatially independent. With these
conditions, the spin accumulation x5, and the temperature
gradients d,;T in each region are linear functions of the
temperature difference AT and the spin current jfb in the
bridge (see Appendix A for a detailed discussion). The heat
current becomes

AT
J¢ = (—K,w, +2¢,.8, tanhzw—/{) T

2L, A, tanh 5~

4i ICr »lan 2/1er ’ (4)
n LOo, yb

where ©=03,.+1, {,=—{[0sn,0,5,+ (2¢/h)as,|T/2e},
and fr - {[QSHrGrSr + (Ze/h)afy]Zﬁre/G)ar}'

When a spin current is injected into the left arm through
the bridge, a charge current j¢ is induced along the x
direction owing to the ISHE, which, in turn, reduces the
spin current jf due to the spin Hall effect (SHE). In the
linear-response regime,

J% 1 Ost —0.pi/e
2¢ s | = 01 s . (5
A —Osy 1 —ayﬂz /2e

where o, is the electrical conductivity of the left arm, uf =
(ur;+my1)/2 is the electrochemical potential, and
means the spin electrochemical potential of the left arm.
In the linear-response regime, the induced voltage drop in
each region can be assumed to be uniform, which yields
AV = (Ly — L/2e)(0yu5; + Ouuy) — (Ly/e)Opj,, where

AV =V|,_y— V|,_.. Analogously, the spin accumulation
uy, also obeys the spin-diffusion equation, i.e.,
V2u$ =S /22, where 27 is the spin-diffusion length
of the left arm. By using the boundary condition
Jy(y=d+w;)=0 (all regions Q;,Q,Qp), j3(y=d)=0
(regions Q;; and Qp), j3(y = d) = j},, (region Q), and
the uniform charge current J$ = [ +d jédy in the entire
left arm, ,ufz /Ouf; can be expressed as linear functions of
AV and ji »- The relation between the charge current J§ and
the voltage drop along the left arm becomes (details can be
found in Appendix B)

wy+d . AVU[ w;
Jé = / jédy = <w +20%,,4 tanh—)
4 L / SHIM 2/11

L, w 2e .
+ IGSHM'I tanh <2_ﬂ,l> %]fb (6)

To obtain an optimal output, spin coherence should be
preserved in the bridge. The SOC is the main source of spin
relaxation in a material. Nevertheless, the s, is a good
quantum number in the TMDCs. In addition, owing to the
strong spin and valley coupling at the valence-band edges,
only atomic scale magnetic scatters lead to spin flip [28]. In
the case of a short bridge operating in the ballistic regime,
the spins are expected to be conserved. We also assume that
the spin-diffusion length is larger than the length of the
bridge such that there is no spin accumulation in the
bridge’ M‘v‘y:O = ﬂs'y:d'

With known g, (4,|,—,), the spin current jf,b can be
determined as a function of the temperature gradient AT of
the right arm and the voltage drop AV generated in the left
arm [see Eq. (C1)]. Then, the relation between various
currents and effective forces can be summarized as

A
J, 1 o AV
(72) =%y 52 emy ) () @
JQ 1_[H G_:+G_:HH _AT

Gy = (J./AV)ar_o is the effective charge conductance
of the system, Ky = —(Jo/AT), _, is the effective
heat conductance for an open electric circuit, Ay =
—(J./AT),y_, represents nonlocal Nernst conductance,
Iy = (Jo/J:)ar—o is a nonlocal Peltier coefficient, and
Sw = (AV/AT), _, denotes a nonlocal Seebeck coeffi-
cient of the system. Here, “nonlocal” is used because of the
spatial decoupling of the heat current J, in the right arm
and charge current J . in the left arm. For an ordinary Peltier
coefficient and Seebeck coefficient, the four parameters
(g, Je» AT, AV) are defined in the same spatial region.
Explicit expressions for the various coefficients (Gy, Ky,
Ap, Iy, Sy) are given in Eq. (D2).
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III. RESULTS AND DISCUSSION
A. The voltage output

In the open-circuit case, J. = 0 and the voltage drop is
Vopen = (AH/Gu)AT. Vyper, depends on the widths of the
arms of the device, as shown in Figs. 2(a) and 2(b).
A maximum value is attained for a certain range of the
geometric parameters (the dark red regions). In the two
limits of w; = 0 or w; — oo, V., tends to zero, as
expected. In the latter case, spin coherence is not preserved.
At a fixed w;/4;, Vopen varies monotonically with w,/4,
tending to a constant value [see Fig. 2(a)]. There is no
explicit and severe restriction on the width of right arm (w,.)
for optimizing V o, by constraining only the ratio of w,./4,.

Figures 2(c) and 2(d) show the variation of V., with
different material quantities. A larger V., can be obtained
by increasing the a3, of the right arm and the spin Hall
angle Ogy;. Consider now a varying dilute nonmagnetic
disorder in the left arm, which strongly affects the longi-
tudinal conductivity, while the spin Hall conductivity ogy;
is essentially unchanged (because the spin Hall effect is
of topological origin and is protected against such disorder,
as long as spin coherence is maintained). Changing the
doping, thus, provides a technologically viable way to
optimize the output voltage in the device. The spin-
diffusion length of the left arm, however, will also be
reduced with increasing doping level owing to the decreas-
ing mobility. Thus, one should ensure w; is of the order of

Vopen (V) 6 6 Vopen (uV)
20 160
IGO 4 /l 4 I120
w.
R 1”1 )
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20 I
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ax_)’ (@ 0) QSHI( csx—u/ o)

FIG. 2. (a) The voltage drop Ve, as a function of w;/4; and
w,/ . (b) The voltage drop Vo, as a function of w;4; and 4,./4;.
(¢) Vopen versus the spin Nernst coefficient afy at two different
thermal conductivities. Inset: Ve, versus thermal conductivity.
(d) Vgpen versus the spin Hall angle Ogyy; of the left arm at different
temperature differences at the two ends of the right arm. Here,
Osy, = 0.83, S, =250 uVK [29], (L,/L)=0.5, T =300 K,
and AT=4K. Parameters w,/4,=6, A,/4,=1.0, a3, =0.18a;
[ag =kg/87] [15], k, =20 W/mK [30], Osgy; = 0.83, and ogpy; =
1.167 x 1072e2h~" [31] are fixed in the other three figures. Here,
all material parameters are taken for a monolayer MoS,.

the spin-relaxation length when optimizing the output
voltage through doping dilute nonmagnetic disorder into
the left arm. This demand of the length of left arm can be
guaranteed since the lithography resolution can already
reach 25 nm [32].

On the other hand, the impact of varying the thermal
conductivity k, is insignificant [inset in Fig. 2(c)]. We also
observe that even in the absence of the SNE, there is still
nonzero V.., [Fig. 2(c)], which can be ascribed to the
combination of the SHE and Seebeck effect (the extra term
Osy,0,S,) in Eq. (2) in the right arm. The extra term has the
following meaning. When a temperature gradient is applied
to the right arm, an electric field is induced along the
direction of the temperature gradient owing to the conven-
tional Seebeck effect. The generated electric field will
induced a transverse spin current through the SHE, which is
superpositioned to the one generated via the SNE. This
superposition explains the finite V., even at zero aﬁy.
Finally, the spin current injected into the left arm induces
Vopen along the arm direction. From this perspective, the

combined effect can be viewed as a generalized SNE.

B. The figure of merit ZTH of the H-shaped device

Figure 1(c) shows the equivalent circuit for the proposed
device. The output power P of the device is

Ay
P = (Vopen — RuJ )] = JCG—H |AT| - J?Ry, (8)

where Ry is the internal resistance of the SNE-based
device, and RyJ? is the Joule heating produced by the
electric current flowing through the internal resistance.
Based on Eq. (7), the averaged heat current J, in the right
arm can be given as a function of J,

A
Jop = G—:ch + Ky|AT

.= eqTJ, + KAT|.  (9)

Compared to the formula for the conventional TE generator
(the charge Seebeck effect) [3], the term due to the Joule
heating is absent in Eq. (9). This makes sense since there is
no charge current flowing along the right arm. Thus, the
power-conversion efficiency nsyg can be obtained as a
function of J,:

P J.GH|AT| - J2Ry

J)=—= . 10
NsnE( ) To é—:TJC+KH|AT| ( )

The maximum efficiency is reached at the optimal Jo*

given by

A
|AT| A

opt _

c - opt *
Ry + Rload

Riga = Ru/1+ (ZT)y (1)
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and has the value

l,lmax _ |AT| \Y 1+ (ZT)H -1 (12)
SNETT T+ (2T + 1

This is a monotonically increasing function of the figure of
merit (ZT)y. The ZT value for the present device is

2 2
(ZT)y = 1(;,:HG)H T = (SHI;HGH T, (13)

where Sy is the effective Seebeck coefficient of the
H-shaped device. The ZT has a similar expression as that
of a conventional energy converter. Using the explicit
expressions for (ZT)y given in Eq. (D14), we can find
the optimal dimensions of the device, which are described
by the relation of w; and w, and derived from the solutions
of the following transcendental equations

wi Wi Wi
cosh </11) - 2(@) coth <%> =203 — 1,
w w w
h(—L)] -2 th( —L ) =262 -1 14
. (A) (A) “ (2@) F-L (4

b, = ©2((2¢/n) /(a3 T /o k) +

(5262, T/0,x,)]. The optimal ZT}' of the device
can be enhanced by increasing Osy; = (osy;/0;) and b,
[Fig. 3(a)], which can be realized by increasing the
parameters (a3, ogy) and decreasing the parameters
(., 07,). With b,, Ogy;, and Ogy, fixed, there exists an
optimal value of the ratio (4,0;/4,0,) ~ 1, which yields
the largest ZT}" [see Fig. 3(b)]. For the case A, = 4;, the
conductivity of the right arm should be close to that of the
left arm to optimize the device. When examining the ZT
value, the present device is not superior to the best
traditional devices. The ZT of the proposed device can
be larger than 0.008, which is larger than that of a spin
Seebeck power generator based on the ISHE (ZT ~ 107%)

where

zr,™ 0.012
(a) 9 wo (b) S e
0.08 SHI . (12,0.8)
I oo (2,08)
~ 6 006 z 0087 ¢ e
& LI / e
o .0.04 N P72~
0.0041:/ Ss ol
Io.oz b
0 0 0.000 .
0 3 b 6 9 0 2 4
r Ao)(o)

FIG. 3. (a) ZT}" as a function of Ogy; and b,. (b) ZT)" as a
function of the ratio A,0;/4;0, for different gy, and b,, for
Osy, = 0.15, and (L,/L) = 0.8. In (a), 4,06;/46, = 1.0

[14]. With the optimized structure and load resistance, ZT
can still be enhanced either by increasing the spin Nernst
coefficient of the right arm and spin Hall conductivity of the
left arm or by decreasing the charge conductivity and
thermal conductivity. It should be mentioned here that the
present ZT and that in Ref. [14] are both derived in a
conventional way by considering the energy conversion
from heat to electric power, which differs from the
proposed spin analog of ZT.

IV. CONCLUSION

In summary, we study the performance of a two-
dimensional energy generator based on the concerted effect
of the SNE and ISHE. We find that the performance
depends not only on the properties of the materials and
the geometry but also on the matching of the load
resistance. It is remarkable that the thermal properties
(i.e., thermal conductivity) have little impact on the output
voltage. It is interesting to note that contrary to the
conventional TE energy converter, a low charge conduc-
tivity enhances the ZT here. This makes it possible to
optimize the electrical conductivity, thermal conductivity,
and Seebeck coefficient simultaneously in a single material.
In addition, the heat current in the right arm and the charge
current in the left arm are spatially decoupled, which
excels the conventional TE. The properties of the material
in different arms can be manipulated independently.
We also speculate that through the inverse effect (spin
Ettingshausen effect), the device can also function as a
spin-based thermoelectric refrigerator when the applied
temperature gradient is replaced by an external applied
voltage.
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APPENDIX A: LINEAR TRANSPORT
PROPERTIES IN THE RIGHT ARM

The linear equation in the right arm of the H-shape is
given in Eq. (1). Because there is no charge-current density
in the x direction, i.e., j¢ = 0, the charge electrochemical
potential difference O,u,. in the x direction is found to be
—0yuc/e = Osp,Oypig/2e + S,0, T, which produces
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2e INTH 2e
h.]x = Oo r<_ 5(3 ) <95HrGS fl )8 T
_ 2e OyHy
j¢= <93Hr5 o, T +=— Pl T)( ;e ) -x,0,T, (Al)

where © = 02, + 1. After arrangement, one can get

()= (5 0
,]X -YT K,

where T = 6sy,0,S, + (2¢/h)a;,. This is Eq. (2) in the
main text, except here using ® 024, + 1. The spin
electrochemical potential x4 in the y direction obeys the
spin-diffusion equation 07y = (u¥/47), which gives
S = A,e/%) 1 B e0/4) where A, is the spin-diffusion

length of the right arm. Thus, the heat current J¢ is found
to be

0
ﬁz/j%y
—W,

_ Cr (w,/4,)
TR (-Ae + B,) + k,w,(=0,T),

ay/"x/ze

_@T>,(M)

(A3)

where ¢, = —{[(0su,S,0, + (2¢/h)a3,)T]/2e}. The right
arm is divided into three regions Qg , 3 (see the main text),
and the temperature gradient of each region is assumed to
be uniform (namely, V>T = 0) and labeled as d,;T, where
i =1, 2, 3 indicates the corresponding region. Hence, one
can find

Ty —T,=%10,T.
T2 - T3 = LlaxZTv (A4)
T, — T, =5510,4T,

where T4, T5, T,, T, represent the temperatures for
x=0,L-Ly/2),(L+L/2),L, respectively. In addi-
tion, AT =T — Ty (or = Tyq — Tho) 18 the temperature
difference of the two ends of the right arm. It is intuitive to
obtain

L-L
2

AT = L@yT + 03T) + L10,T.  (A5)
For the bound boundaries in the open-circuit case, the spin
current-density conservation at the boundaries y = 0(—w,.)
gives jy(y =-w,) =0 (all regions) and jj(y =0) =0
(regions Qg 3) but j3(y = 0) = j§, in region Qgy. j§ is an
undetermined parameter (the concrete formula is deter-
mined following) denoting the spin current density of the
bridge region in the y direction. Thus, we obtain

—A,;+ B, =&.(-0,T), wherei=1,3,
A,jer/4) — B e=w/h) = £.5, where j = 1,2,3,
A .
Ap =By =& (0.T) = G- 4%1517’
2e
0 2
fr _ ( SHrOr S ;‘6 ) l e (A6)

Meanwhile, the heat current (J€ = J? Ow Jx dy) conserva-
= (L~ L/2)[x, = (L +L/2)],
giving Jg|xl+ = J?|XI_ and JXQ|X2+ = JXQ|X;. Combining with
Eq. (A3) yields

tion at the boundaries x;

(Arl _ArZ)(l - e(wr//lr)) + (Brl - BrZ)(l - e—(w,/ﬂ,))

C (asz axlT)?
(Arz - r3)(1 - e(Wr/ﬂr)) + (Br2 - Br3)(1 - e—(w,/ﬂ,))
C (8x3T axZT)' (A7)

The coefficients A,;, B,;, 0,; T can be proved to be equal to
A3, B3, 03T, namely, the spin electrochemical potential
distribution and temperature gradient in the region Qp; is
equal to that in region Qp;. The following is the detail.
Based on Eq. (A6), we can have

OuT), B, :Wew/l (=0uT).

Hfi/m (03T), By = We(w’/’“)(—axﬂ)-
(A8)

_ ¢
Arl = Tt/ (

Ar3 =

The relations in Eq. (A7) give rise to

(A = Ap)(1 = /%)) 4 (B = Bg) (1 — e~ /%))
(ax3T a)clT)‘

=7 (A9)

Taking Ay, By, A3, B; in Eq. (A8) into the above equation,
we get

28,4, (/)

l> (ax3T

( (w r/1>+1) —aX]T) :K,wr(8x3T—ax|T).
(AIO)
Owing to [2&,,(e/*) —1)/(e™/*) + 1)] # k,w,, we
can obtain
A=A,
8X3T:8X1T:> (All)
B,i = B,s.

After some algebra, one obtains six equations with six
independent coefficients:
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& 7 & (w,/4,) 7
An =Ty 0T =0 Bud s et 00T =0,
A, 4e? L-L
Ay =B,y —E(0,T) =5 !
2 = &(00T) O, h Jyb 3

K,W,(asz - axlT) = élr[(Arl - Ar2>(1 - e(w,/i,)) + (Brl -

Finally, we obtain the parameters

_e(w,//lr)Arz + e_(wr/'lr)Brz = —frasz,

(8x1T + 8x3T) — AT - Llasz,

B)(1 = el)] (A12)

o 7 AT _LiP, 5 TﬁAT_i_(L—Ll)Pr W GAT P,L,
S 2T LE, T A e AL T (14 e AL
5 EAT P,L, A GAT +2e2 (1 -coth7)i, . P(L-L)
1= (1 + e_(wr/lr))L (1 + e_(wr/lr)>L ’ L (1 + e(wr/lr))L h ®r6r Jyh <1 _|_ e(wr/ir))L ’
AT 2¢2 (1 + coth )4, P (L-L
By - AT 2 (lteomih, PAL-Ly) (A13)
(14+eW/2NL  h Qo, (1 + /AL

where P, = (4¢*/1){(2.4,£,)/ (@0, (k,w, coth(w,/24,) = 2£,¢,)]} j;,- Thus, the solutions of the spin-diffusion equation

for the region Qg (Qg3) and (Qp) are

. w,+2y
&sinh 2 g2

4., Ly (sinh - — sinh W;ﬁ)

S — .5 —
Hrp = Hp = —

L coshf—r" L O, [(1 + cosh 'I—:)x,w, —2&.L, sinh %]L ’
s £, sinh%rzyv A e coshwa—yﬂ Craf,(cosh%— cosh wfy)(L - L) (AL4)
2 = " L cosh 3 ©c, # 7| Tsinh%e (1 + coshlo)x,w, — 26,¢, sinh L)
Thus,
¢, tanh 5~ coth 3 4, 4,8,&.(L — Ly) tanh 5 42
/’lf2|y=0 =—-——FAT+ |- —+ W, - _J;S:b‘ (AIS)
Oo, O(—k,w, coth5;+2£.{,)o,L] h
Taking A, By, 0,; T into Eq. (A3), we can determine the c Oepj 8>/415
0 Jx = 01 — 01UsHi ’
heat current J¥, e 2e
h oS h O
S = —6,0gy ——t — —o, 2L B2
Jy 3 01UsHI o e 9] 2e ( )

Je= <—Krw, 2.8, tanh o

AT 462 L 1 Cr’lr tanh;},{; .5
20,

LT Les, v
(A16)

APPENDIX B: THE TRANSPORT
EQUATION FOR THE LEFT ARM
IN THE LINEAR-RESPONSE REGIME

When reaching equilibrium, the charge- and spin current
densities in the left arm can be written as

J5 1 Osmy —3xptf/e
(1) =g 1) Copiae) @
7y —0Osmy 1 —ay,“z /2e

leading to

Similarly, the left arm can be divided into three regions
€71, as the right arm (for details, see the main text). The
voltage drop difference in each region is assumed to be
uniform, which leads to

L—Ly (04
AV == 1<_xfll>,

a c
AV, = —L, <ﬂ)
e

L—L, (0.u
AV3:—TI(#>,

(B3)

where AV, AV,, and AV; represent the voltage drops
developed in each corresponding region, respectively.
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AV =V|_o—Vl|._, =AV,+ AV, + AV; is the total
voltage drop induced in the left arm and is found to be

L -L

AV =
2e

. i L .
(Outy + Opily) — ;1 Ous.  (B4)

Analogously, the spin electrochemical potential ,ufi
(i=1, 2, 3 is the region index) also obeys the spin-
diffusion equation (92u3; = (u3;/47)), which yields

|

295]{1118)(/1?[ + Alie_(wl‘*‘d/l/)

= Blie(wl""d/il)

:“zSi = Alie—(y/iz) 4 Bh.g(y/lz),

~Aii -2 4 Bit i),

BS

NTS

Similarly, the spin current density conservation at the

boundaries y = w; + d, d produce j)S,(y =d+w;) =0 (all

regions Q;1, Qp, Q) and j3(y = d) = 0 (for regions

and Q) but j3(y =d) = jf,h (for region Q). Thus, we
obtain

where i = 1,2, 3;

205405 + A YH) = Beld/h) where i = 1, 3;
Osyy 0 2e .
S lax Hi +2 A(Azze (/) — Bzze(d/l’)) = gjgb- (B6)

Meanwhile, owing to the charge-current (J§ = dW’+d 1

J)Lc|xl+ = J)Lc|xl’ and J}Hx?r = va'xz’

Jsdy) conservation at the boundaries x; and x,, we can have
Therefore, the charge current is

Je, = /wl+d o dy — /w,+d [—Glaxﬂfi 010sy; O,us | dy = wlaza e — 010su; /wl+d <—Al, e=O/h) 4 Blie(y//b)>dy
d d e 2e 2e d A’l /11
0
_ _W;"I 16 — UL (A o=/ (o(wif3) — 1)1 Be(d/h) (ebn/h) — 1)) (B7)
and
w0 Wii 5 010sm 41 Wio; Wioi 010sm +
MG+ e [ApnEX™ + B EXT] = MGy + % [ApEX™ + BpEX™]
_wio 0,0
’ lax iz + 7 AREX” + BREX'], (BS)
|
where EX* = e*(d/4) (gEm/h) _ 1), 20O Ay
The coefficients A, By, O,uf; can be proved to be equal Ap = - 1+ O/ Hirs
to Apj, Bpj, Ouuj;. Namely, the spin electrochemical (=d/h)
. . . . . . 2e t HSHM’I
potential distribution and temperature gradient in the region B, = i MG
€, is similar to that in region €;;. We show the details 1+ etm/a
below. According to Eq. (B6), we have 260/ Ogpyi A, ¢
A = =g O
2 MG, .
@&c §‘+21,1 (Ayye-rHali) _ B, ekt By == Oxpis- (B10)
e e

0.

0 1
SHlax 11+ﬁ(A11€ (/) — By et/

Ane—Witd/d) _ B owitd/A)) —
( 3 3 ) ’

0 1
%5}/4% +——(Ape” 4 — Beldt)) =0. (B9)

2el,

This leads us to

From Eq. (BS), we obtain

2W[

O —Ouufy) = (Ap —Ap)EX™ + (B — Bj3) EX™.
SHI

(Oufs

(B11)

Taking A, B;,A;, Bz in Eq. (B10) into the above
equation leads to
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d w
(asmzl cosh-- tanhz—il KI’”) (0u5; — Dypitsy) =0, (B12)
Because of the inequality 20gy;4,cosh(d/A))tanh(w;/22;) # —(2w;/Osy; ), we have
. . Ap =Ap,
Oufy = O iy = B — B (B13)
n=>bp.
After rearrangement, we obtain six equations with six independent coefficients,
0 2 0 1
SHI% 5 e +2 p (Ape@/h) — Bpeld/a) :g Py LT + 5o 7 (Ape~twrtdih) — B, etvitd/h)) = 0,
2eMwitd/) g 2, 2e(=4/4) Qg
Ay = T oA Ok et WMy = B, (Ly = L)O,ufy — L1Oypjy = €AV,
2w
?H; (Oxhfy = Oupif)) = (A = Ap) e (elih) — 1) = (Bii = Bpp)el /M) (elm/t) — 1), (B14)
I
hich prod AV
WhIEH produce JS = o wy + 2044 tanh L
2
L 2e
20t s GSHM[ tanh( > 7 fb’ (BlS)
ou — — eAV a %Jyhgsm/lle
. L L(we COth% +205wki01)” 2e sinh (22 O, cosh &=y
- 2, 4
" - : A
D, = — eAV %jfbﬁsw/ll(L -Ly) i L coshm [ s.inhm
xHp =
L L(WIUZ COth —|— ZHSHIAIJI) (COShd Y _ cosh d+wl y)(L L )65H1 46211 .
Ay = 2eWitd/)gg 1 e Lle(W/er/’“)P; (3 + ’/IVI’ cosh}! + ZQSHZ sinh?)L | o) n’
- (wi/4) ’
L(1 + e/4) L (B16)
B — — 2€<_d/}”)95H1/1[€ _ j’lle e(_d/’”)Pl
n L(1+ e(Wf//h)) L ’
L eI ggy e (L = Ly)elrtd/ip, APPENDIX C: THE SPIN CURRENT
L(1 4 et/4) L DENSITY j5 IN THE BRIDGE
yb
(— 1+Cothw’)/1 eldt2wi/h) 5 2 As we illustrate in the main text, it is reasonable to
T o h v assume that the spin current in the bridge regime is
iform, and there is not spin electrochemcial potential
(~d/a) —L)e-4m) untorm, p P
Bj = _261—25%’?6 (L —L,)e™""P, accumulation, i.e., Au® = 0, leading to p’|,_o = u%|
w,
L(1 +e™/™) L Taking the expression of 45|, _o (u5],_) in Eqs. (A15) and
(=1 + coth 2* )/1 e(=d/%) 2e2 (B16) into this equation, we can determine the spin current
o ALk density jf ,» as the function of temperature difference AT in
the right arm and the voltage drop AV in the left arm,
S h QSHIJ’Z tanhz%’[ fr tanh wr
where = (4 /M{ (B BL)/(1 + /W) 5 Iy ==5_ ( LAV )/
[wiaicoth(w;/24)) + 205,40/} 13- 2 coth™ 7, coth™
Owing to d < wy, here we can approximate w; + d ~ w,. y reothzs Ajcothzs (L—Ly)A, (L—Ly)4
The charge current J¢; in Eq. (B7) and the spin electro- Oo, oy Ln,B®c, Ltio; |
chemical potential y3, are given by, respectively, (C1)
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where

—K,w, coth 3=
n, = ® coth (%) (Tﬂr -+ 2) s

W, chothzw—ﬂ’
—coth( 2L} (M= 244 5,
o= o) (5 g+

(HSHrO-rSr + %aﬁ ')2

y
=- A T. 2
§rCr (E‘)Gr r ( )
For simplicity, we introduce a parameter E as
H_ﬂ,coth”;—:+/1,coth‘;—’; (L—L))A, (L—=L)A
~ Oo, o} n,.Lo, 7,Lo;
(C3)
Hence, spin current jfb can be written as
wr Wy
%jsb _ HSHI/II tilnh 2, _ 5, tanhﬁmr AT <C4)
nY LE 2LeE

APPENDIX D: THE FORMULAS OF FIGURE
OF MERIT ZTy IN THE H-SHAPED DEVICE

The heat current J, [i.e., J? in Eq. (A16)] in the right
arm and charge current J,. [namely, J¢ in Eq. (B15)] in the
left arm are found to be expressed as a linear function
temperature difference AT (voltage drop AV) in the right
(left) arm and spin current density ij, , in the bridge region,
respectively, whereas j‘f,b can be given as a linear function
of AT and AV in Eq: (C4). Hence, the Jy (J,) is also
written as the linear function of AT and AV,

J —K Wy + 2€rCr tanhgw_,{r Llé:rér/lrtanhz zv‘;:y
e~ L L*@¢,E
W, W
< AT LIQSHI/,{ISI’ tarlllﬁtanh 211, TAV7
2el"E
61(w; + 203, tanh ) L 025,/ tanh? %
Je= L B L=
L0, tanh 22 tanh 22
< AV — 1UsHiMS 2_% 2 (D1)
2eL°E

Here, we can define the effective charge conductance G =
(Jo/AV) ar_o, thermal conductance Ky = —(Jo/AT); _,
and the Peltier coefficient ITyy = (J/J ) a7—o» the “Nernst
signal” Sy = (AV/AT),; _, the Nernst conductance Ay =

~(Jc/AT)av=o>

(] (Wl -+ 29§Hlil tanh ZL/{[)

Gy =
H L
L 63y tanh? 21
- L’E ’
_ LIQSHlllfr tanh%’r tanh%’]
4 2eL’E ’
A A
My=_"T, Sy=_".
Gy G
Ko — KW, — 2§r6r tanhzw_/f; 4 Llfrgr/lrtanh2 2W_/1rr _ (AH)ZT
: L LY0%, + )0, 2 Gy
(D2)

From Egs. (D1) and (D2), one can obtain
()0 s e ) ()
= GH
To My, gi+5iMy/ \-AT

1 o AV
J— ’ GH
ol o B () o
H

Gy’ Gy Gy

Thus, the open voltage V., (namely, the charge current
J. =0) is found to be

Ay
Vooen = — AT
open GH
_ LlesHlér tanh%{rtanh%” AT
20) (3! + 205y tanh ) EeL — 2L, 0y, Ajtanh’ 7L e
(D4)
Here, we introduce the dimensionless coefficient

E' =E(0,/4), and if we take the formulas of &, into
Eq. (C2), we can obtain

Voo = SHAT
open GH
) ) ziaf\,
B Osny tanh%tanh;—ﬂ’/ (Osu,S, + ””—) A, AT
(”;—[’ + 202, tanh 21) =/ LL, — 63, tanh? 2%” N

2
(D5)

The induced voltage in the left arm by the temperature
difference AT via the combination of the spin Nernst
effect and inverse spin Hall effect is (Ay/GR)AT (AT =
AT| = —AT), Therefore, the voltage drop on
the load (output voltage) is found to be

Tcold - Thot ’

A
V="HAT| - J.Ry. (D6)
Gu

The output power W can then be represented as a
function of J,
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A
W=VJ =J. G—: |AT| = J2Ry. (D7)

From Eq. (D3), we can have

J. A
AV = ¢ L ZHAT,

DS

Given that

AnAn
Jo = AWTAV — Ky += =T |AT

H

J. A AnAn
=AuT|(—+——AT ) - | K T |AT
" <GH - Gy ) < i Gy >

_ ATy kAT
_GH c H

A
= A7), + Ky|AT), (DY)
Gh

the power-conversion efficiency can also be given as a
function of J,

W Jegt|AT| = JZRy

1) == .
e =7, AT], + Kn|AT]

(D10)

The maximum efficiency of this power-conversion

scheme 75NE is reached at the optimal Jo,

AT| 52
JP =2 RU,=Ruw/1+(27). (DI1)
Ry + Rload
Thus,
yONE _ |AT|2 4+ (ZT)y —2+/1 + (ZT )4
max T (ZT)H

_ AT /14 (ZT)y -1 (D12)
T J1+(ZT)y+1

The value of the spin Nernst figure of merit for the ISHE
scheme is

An)?R 2
(An)"Ru . _ (Sw)”
Ky KyRy

(ZT)y = (D13)

Taking the expressions Ay, Ry, Ky in Eq. (D2) into it,
we can determine the ZT value of the H-shaped system

1
ZT)y =—
( )H m_l’
L w;\ [ w,cothg;
here m = |—1+-——5 coth( ~L | (21— 24 2
e [ +Ll 0 <2/11> </11 O3 "
L= W w, coth
—14+—0coth| =)= L4+ 2
X|: " L, < (2/1r> <’1r br * >:|’

(D14)

where ' = E(0,/4)),2" = E(0,/4,).

APPENDIX E: SOME COMMENTS
ON THE H-SHAPED DEVICE

Our comments on applying the temperature gradient to
the right arm are as follows.

(1) In our conceptual study, the temperature gradient is
assumed to exist only in one arm of the H-shaped
device. We believe this can be achieved in experi-
ments. For example, heater coils and laser beams
have been used in experiments. For the latter, the
size and position of the laser spots can be controlled
precisely in experiments: The laser spots can be
positioned between contacts which are about 1 ym
away from each other [33]. Therefore, it should be
possible to control the position of the laser beam to
the right arm of the H-shaped detector.

(2) Furthermore, one arm of the H-shaped detector can
be made longer with a larger-sized pad so that the
laser spot can be easily applied to the pad.

Our comments on having the temperature gradient in the
two arms simultaneously are as follows. If the left arm
unintentionally experiences a temperature gradient, the
Seebeck effect may cause an even larger voltage drop at
the two ends of the left arm. Moreover, the temperature
gradient on the left arm is in the same direction as that in the
right arm; it induces a transverse spin current in the same
direction as that induced by the right-arm temperature
gradient. Therefore, the left gradient does not cancel the
effect due to the right temperature gradient but instead
enhances the total output. To make the discussion simple
and clear, we consider only the situation where the temper-
ature is applied to the right arm.
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