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Incorporation of gain media in plasmonic nanostructures can give the possibility to compensate for high
Ohmic losses in the metal and design truly nanoscale optical components for diverse applications ranging
from biosensing to on-chip data communication. However, the process of stimulated emission in the gain
medium is inevitably accompanied by spontaneous emission. This spontaneous emission greatly impacts the
performance characteristics of deep-subwavelength active plasmonic devices and casts doubt on their
practical use. Here we develop a theoretical framework to evaluate the influence of spontaneous emission,
which can be applied to waveguide structures of any shape and level of mode confinement. In contrast to the
previously developed theories, we take into account that the spectrum of spontaneous emission can be very
broad and nonuniform, which is typical for deep-subwavelength structures, where a high optical gain
(approximately1000 cm−1) in the activemedium is required to compensate for strong absorption in themetal.
We also present a detailed study of the spontaneous emission noise in metal-semiconductor active plasmonic
nanowaveguides and demonstrate that by using both optical and electrical filtering techniques, it is possible to
decrease the noise to a level sufficient for practical applications at telecom and midinfrared wavelengths.
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I. INTRODUCTION

Plasmonics have attracted great interest in the recent
decade thanks to the unique opportunity to confine light
to a space much smaller than the light wavelength by
converting it into surface-plasmon polaritons (SPPs). This
possibility of bringing optical signals to the nanoscale is
highly important for the design of tiny photonic devices
with dimensions approaching those of on-chip electronic
components. However, the fundamental problem in plas-
monics is absorption in the metal, which limits the
propagation length of SPPs in passive deep-subwavelength
plasmonic waveguide structures to a few tens of microm-
eters in the infrared and visible spectral ranges [1]. For
practical application of plasmonic devices, the propagation
length must be increased, which can be realized by surface-
plasmon amplification by stimulated emission of radiation
using a gain medium incorporated in the plasmonic
structure [2]. The gain medium can be pumped either
optically [2,3] or electrically [4,5], which creates popula-
tion inversion, and, therefore, provides optical gain for
SPPs. However, the process of stimulated emission is
unavoidably accompanied by spontaneous emission [6].
Previously, spontaneous emission has been studied in a
planar (1D) plasmonic waveguide geometry with weak
mode confinement and with a gain medium in the form of
dye molecules or rare-earth ions [7,8]. However, these
results cannot be applied or generalized to nonplanar (2D)

waveguides, where the SPP electromagnetic field is con-
fined in both vertical and horizontal directions or to other
types of gain media such as semiconductors. In addition,
the material gain in the active medium required for loss
compensation in deep-subwavelength plasmonic wave-
guides is 2 orders of magnitude greater than in the
previously studied geometries [7,8]. These high values
of optical gain in the active medium required for loss
compensation in deep-subwavelength plasmonic wave-
guide structures result in high spontaneous emission rates.
The stronger the SPP mode confinement, the higher the
optical gain in the active medium required to compensate
for losses in the metal and, consequently, the greater the
power of spontaneous emission going into the SPP mode.
Moreover, due to the randomness of the phase of the
spontaneously emitted radiation, spontaneous emission
can greatly increase the noise level, which may limit the
applicability of active plasmonic waveguide structures [9].
Therefore, the study of spontaneous emission and noise
in deep-subwavelength active plasmonic waveguide struc-
tures, where losses in the metal are compensated by optical
gain in the active medium, is crucially important in
designing and developing truly nanoscale photonic devices
and components.
In this work, we develop a theoretical framework to

study spontaneous emission and spontaneous emission
noise in plasmonic waveguides with gain and in SPP
amplifiers. We derive general expressions for the sponta-
neous emission at the output of the waveguide or amplifier,
which can be utilized for any waveguide geometry. Using*dmitry.fedyanin@phystech.edu
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the quantum-optics formalism, we rigorously evaluate the
spontaneous emission noise taking into account that the
spontaneous emission spectrum can be very broad and
have a complicated shape. Using the developed framework
and numerical simulations, we examine the influence of the
spontaneous emission noise on the characteristics and
performance of truly nanoscale active plasmonic wave-
guides, where the SPP propagation losses are fully com-
pensated by optical gain in the active medium, in a wide
range of waveguide lengths and operation wavelengths, and
analyze the possibility of practical application of active
plasmonic structures. We find that due to the high optical
gain in the active medium and, consequently, the high
spontaneous emission rate, the spontaneous-spontaneous
beat noise can drastically limit the applicability of nano-
scale active plasmonic structures. At the same time, we
demonstrate that optical filtering can suppress the
spontaneous-spontaneous beat noise, while the signal-
spontaneous beat noise can be controlled at a sufficiently
low level.

II. SPONTANEOUS EMISSION INTO THE
WAVEGUIDE MODE

Here, we mainly focus on deep-subwavelength plas-
monic waveguides, which can provide the mode size below
λ2=100 and are promising for diverse on-chip applications.
However, the derived theoretical equations can be applied
with no change to any active plasmonic or nanophotonic
waveguides. Because of the strong mode confinement in
plasmonic waveguides, a significant part of the SPP
electromagnetic field is concentrated in the metal. This
results in high Ohmic losses, and the optical signal
propagating along such a passive waveguide rapidly
decreases with the distance from the transmitter (see
Fig. 1). To avoid this strong attenuation, active media,
which can support high material gain, should be used to
compensate for the SPP propagation losses. Direct band-
gap semiconductors, such as (InGa)As, are the best
candidates for the role of the active medium in such
deep-subwavelength structures [10]. In addition to the
ability to provide a high material gain [11], they offer a
large refractive index (approximately 3.5), which facilitates
the improvement of the SPP mode confinement. Being
pumped either optically or electrically, the semiconductor
can possibly compensate fully for the SPP propagation
losses [Fig. 1(b)]. However, in practice, one deals with
optical signals of finite power. Moreover, it is usually
highly desirable to reduce the signal power in order to
enhance the energy efficiency of the devices. In this case,
the contribution of spontaneous emission, which accom-
panies any stimulated emission, to the output power cannot
be ignored [Fig. 1(b)], and, what is even more important,
spontaneous emission can greatly increase the noise level.
To address this problem, we start our analysis with the

spontaneous emission rate per unit waveguide length that

goes into the SPP mode. The spectral density of the
spontaneous emission rate into the waveguide mode
per unit waveguide length can be found using the Fermi
golden rule:

RspðhνÞ ¼
π2e2

hm2c2

Z
active

"Z∞
0

f2ðE2Þ½1 − f1ðE1Þ�

× jMðE1; E2Þj2ρvðE1ÞρcðE2ÞdE2

#

× jAWGðhν; x; yÞj2ρWGðhνÞdxdy: ð1Þ

Here, the integration is performed over the active semi-
conductor region, e is the electron charge, m is the free-
electron mass, c is the speed of light, E1 and E2 ¼ E1 þ hν
are the energies in the valence and conduction bands of the
semiconductor, respectively, f1 and f2 are the Fermi-Dirac
distribution functions, which show the occupation proba-
bility of the states at energies E1 and E2. ρc and ρv are the
density of states functions in the conduction and valence
bands of the semiconductor, respectively, andMðE1; E2Þ is
the optical matrix element, which contains the electron
wave functions of the initial and final states of the optical
transition. Expression (1) is very similar to the expression
for spontaneous emission in a bulk semiconductor medium
[12] except that AWGðhν; x; yÞ is the vector potential

(a)

(b)

FIG. 1. (a) Schematic illustration of the plasmonic waveguide
with gain, which connects the transmitter and receiver. (b)
Qualitative dependence of the energy density of the SPP mode
on the propagation coordinate in a passive waveguide (blue
curve) in a sophisticated active plasmonic waveguide with full
loss compensation (yellow curve) and in a real active plasmonic
waveguide with full loss compensation (red curve). In the latter
case, spontaneous emission can significantly contribute to the
power of the SPP mode.
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normalized to one SPP quantum in the waveguide mode,
and ρWGðhνÞ ¼ 2=ðhvgÞ is responsible for the density of
optical states (DOS) in the waveguide (vg is the group
velocity of the SPP mode). This difference in the
expression for spontaneous emission is attributed to
the Purcell effect and can be described using the Purcell
factor given by

FP ¼ jAWGðhν; x; yÞj2ρWGðhνÞ
jA0ðhνÞj2ρ0ðhνÞ

; ð2Þ

where A0ðhνÞ is the vector potential normalized to one
photon in a bulk medium, and ρ0ðhνÞ is the DOS in a bulk
semiconductor medium [the expressions for A0ðhνÞ and
ρ0ðhνÞ can be found in Ref. [12] ]. However, we avoid the
Purcell factor formalism. Later, this gives us a possibility
to directly connect the spontaneous emission rate into the
SPP mode with the SPP modal gain.
The material gain can be easily found from the transition

probabilities between electron states E2 and E1 in the
conduction and valence bands of the semiconductor [12]:

gðhνÞ ¼ 2πe2

m2cnν

Z∞
0

jMðE1; E2Þj2½f2ðE2Þ − f1ðE1Þ�

× ρcðE2ÞρvðE1ÞdE2: ð3Þ

Combining Eqs. (1) and (3), we can express RspðhνÞ in
terms of the material gain in the active semiconductor
medium:

RspðhνÞ¼
2

h

Z
active

Γðhν;x;yÞgðhνÞ 1

1−exp
�
hν−ðFe−FhÞ

kBT

�dxdy:
ð4Þ

Here Fe and Fh are the quasi-Fermi-levels for electrons
and holes, respectively, and Γc ¼

R
active Γðhν; x; yÞdxdy

is the SPP mode confinement to the active semicon-
ductor region [13] so that the SPP modal gain can be
found as [14]

GðhνÞ ¼
Z
active

gðhνÞΓðhν; x; yÞdxdy:

Generally speaking, gðhνÞ has a spatial distribution
gðhν; x; yÞ across the active region [7,15], but usually, it
is quite uniform [12], and gðhν; x; yÞ ≅ gðhνÞ. Taking this
into account and integrating RspðhνÞ over the waveguide
length, we find the spectral density of spontaneous emis-
sion at the receiver [see Fig. 1(a)]:

pspðhνÞ ¼ ν

�
expf½GðhνÞ − αðhνÞ�Lg − 1

GðhνÞ − αðhνÞ
�

×
GðhνÞ

1 − exp
�
hν−ðFe−FhÞ

kBT

� ; ð5Þ

where αðhνÞ is the SPP modal loss associated with
absorption in the metal and other energy-dissipation mech-
anisms. The expression in braces arises due to amplification
of spontaneous emission, since the SPP quanta emitted
spontaneously at a distance z from the receiver propagate
over this distance in the active plasmonic waveguide with
gain and can be amplified. Here we should emphasize
that Eqs. (4) and (5) are valid for active media based on
semiconductors, quantum wells, and low-dimensional
semiconductors. They can be applied with no change to
active nanophotonic waveguides of any shape, such as
dielectric-loaded [16], hybrid [17], slot [18], T-shaped [19],
and other plasmonic waveguides. Equations (4) and (5)
can be easily adopted for active media based on atomiclike
quantum systems (dye molecules, rare-earth ions, quantum
dots). One needs only to replace the last term under the
integral in Eq. (4) by the population inversion parameter:

1

1 − exp
�
hν−ðFe−FhÞ

kBT

� →
1

1 − σaðhνÞN1

σeðhνÞN2

: ð6Þ

Here, σeðhνÞ and σaðhνÞ are the emission and absorption
cross sections of individual emitters, respectively, N1 is the
population of the ground state, and N2 is the population of
the excited state [20].
The spontaneous emission power at the receiver is

obtained by integrating pspðhνÞ over all SPP frequencies:

Psp ¼
Z∞
0

pspðhνÞdðhνÞ: ð7Þ

In order to minimize Psp, it is reasonable to set the
wavelength λ0 ¼ c=ν0 of the signal from the transmitter
equal to the wavelength of the peak in the net SPP modal
gain spectrum GnetðhνÞ ¼ GðhνÞ − αðhνÞ and make the
level of population inversion as low as possible, such that
GnetðhνÞ ≤ Gnetðhν0Þ ¼ 0. This regime can be referred to
as the regime of full loss compensation. However, even in
this case, the spontaneous emission power can be very high
due to the high material gain in the semiconductor active
region, which is required to compensate for the high Ohmic
losses in deep-subwavelength plasmonic waveguides.
Below we present numerical results for the dielectric-

loaded plasmonic waveguide with gain [Fig. 2(a)]. At the
same time, we should note that approximately the same
numbers are obtained for other true subwavelength wave-
guide geometries such as slot [21], hybrid [17], or T-shaped
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[15] plasmonic waveguides. This is determined by the
fundamental relationship between the SPP modal gain
GðhνÞ and the spontaneous emission rate into the SPP
mode (which is also known as the Einstein relationship)
and is confirmed by our calculations. The core of the
studied waveguide has a square cross section with a side
length of λ0=7, where λ0 is the free-space wavelength of
the signal sent by the transmitter [see Fig. 1(a)]. The
waveguide is designed to support only the fundamental
SPP mode. The size of the waveguide for telecom appli-
cations is as low as 220 × 220 nm2. The active gain
medium is the ternary InxGa1−xAs alloy, which is very
promising for near- to midinfrared applications [22–24].
The SPP supporting interface is formed using copper,
which, according to the recent experimental studies, can
outperform gold in the infrared [25,26] and is more
attractive for practical applications. At the same time, we
note that nearly the same results are obtained for gold
waveguides. The mode size A of the SPP mode, defined as
the ratio of the total mode energy to the peak energy density
[17], in such a waveguide does not exceed 0.008λ20 at
telecom wavelengths [see Fig. 2(b)], and the confinement is
almost equally strong in the midinfrared: A ¼ 0.01λ20 at
λ0 ¼ 3 μm. The chosen waveguide dimensions give the
possibility of not only reducing the mode size but also
achieving a high confinement of the SPP mode to the active
semiconductor region: Γc ranges from 1.33 at 1550 nm
to 1.19 at 3 μm. This facilitates a reduction in the
material gain required to achieve full loss compensation
(G ¼ 1300 cm−1 and g ¼ 980 cm−1 at λ0 ¼ 1550 nm)
and, consequently, helps to decrease the spontaneous
emission power. At the same time, in spite of the small
mode size, the Purcell factor Fp [see Eq. (2)] averaged over
the active semiconductor region is as low as approximately
0.35, which can be clearly seen in Fig. 3(a). Figure 3(a) also
demonstrates that the spontaneous emission power at the

receiver is significantly lower than the spontaneous emis-
sion power going into the SPP mode, since the spontaneous
emission spectrum in (InGa)As is much broader than the
gain spectrum, and SPP quanta with wavelengths beyond
the narrow band around λ0 are strongly absorbed in both the
metal and semiconductor. This is especially pronounced
at long waveguide lengths [Fig. 3(b)]. The spontaneous
emission spectrum at the receiver is 2.9 times narrower
at L ¼ 1 mm than at L ¼ 100 μm, where L is the length
of the active plasmonic waveguide [see Fig. 1(a)]. At
L ¼ 1 cm, the spectrum width is again 3.1 times smaller
than at L ¼ 1 mm. In spite of the reduction in the spectrum
width, the total spontaneous emission power at the receiver
steadily increases as the waveguide length increases: Psp ¼
25 μW at L ¼ 100 μm, Psp ¼ 97 μW at L ¼ 1 mm, and
Psp ¼ 330 μW at L ¼ 1 cm. Our analysis also shows that
Psp is directly proportional to the square root of the

FIG. 2. (a) Schematic of the single-mode active dielectric
loaded SPP waveguide based on copper as a metal and (InGa)
As as an active semiconductor medium, where the population
inversion can be created. Dimensions of the waveguide cross
section are 7 times smaller than the signal wavelength
(220 × 220 nm2 for λ0 ¼ 1550 nm). (b) Electric-field-intensity
(jEj2) distribution of the SPP mode simulated at λ0 ¼ 1550 nm
using the finite-element method.

(a)

(b)

FIG. 3. (a) Spectrum of the net SPP modal gain GnetðhνÞ ¼
GðhνÞ − αðhνÞ in the deep-subwavelength active plasmonic
waveguide [Fig. 2(a)] in the regime of full loss compensation
[Gnetðhν0Þ ¼ 0] and curves for the spectral density of sponta-
neous emission. The length of the active plasmonic waveguide is
as high as 1 mm, which is the typical size for chip-scale optical
communication systems [27]. The green curve corresponds to
the spontaneous emission that goes into the SPP mode, and the
red curve corresponds to the spontaneous emission registered at
the receiver. The blue curve shows the emission of the active
semiconductor core in a homogeneous semiconductor medium.
(b) Spectral density of spontaneous emission at the receiver for
different lengths of the active plasmonic waveguide.
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waveguide length at L≳ 200 μm, which can be explained
as follows. The height of the peak in the spontaneous
emission spectrum at the receiver, namely, the spectral
density of spontaneous emission at λ ¼ λ0, is directly
proportional to the waveguide length [see Fig. 3(b)], while
the peak width is inversely proportional to the square root
of the waveguide length due to the quadratic dependence
of the material gain in the semiconductor in the vicinity of
its maximum.

III. SPONTANEOUS EMISSION NOISE

High spontaneous emission power results in noise at the
receiver, which is due to the fact that the photodetector of
the receiver mixes the signal SPPs and the spontaneously
emitted SPPs propagating in the waveguide coherently
[28], despite that they are not coherent and do not interfere
with each other. The photodetector converts the optical
signal to the electrical current, and the spontaneous
emission noise should be understood as the electrical
current noise [28,29]. The common approach to estimate
the noise produced by spontaneous emission is to consider
dipolar emitters in the active medium as two-level systems,
which produce spontaneous emission uniformly distrib-
uted over a narrow frequency band [30]. This technique
can be used for active media doped with rare-earth ions
or dye molecules, but it cannot be applied to semiconduc-
tors (bulk semiconductors, quantum wells, and low-
dimensional semiconductors) and many other materials
where spontaneous emission has a broad spectrum.
In order to evaluate the noise produced by spontaneous

emission in the active plasmonic waveguide, one must first
introduce the photocurrent operator. We assume that the
photodetector of the receiver has an unlimited optical
bandwidth and 100% quantum efficiency. In this case,
the photocurrent is simply equal to the photon count rate
multiplied by the electron charge. For example, for a single
guided mode occupied by N quanta, the photocurrent J is
equal to Nυge=L. Since the probability of photon detection
is proportional to hÊ−ðtÞÊþðtÞi, where Ê−ðtÞ and ÊþðtÞ are
the negative and positive frequency parts of the electric
field operator [31], it is reasonable to define the photo-
current operator as

Ĵ ¼ Ê−ðtÞÊþðtÞ; ð8Þ

where 
ÊþðtÞ
Ê−ðtÞ

!
¼
X
i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vgðβiÞe

L

r  
âi expð−2πiνitÞ
â†i expð2πiνitÞ

!
: ð9Þ

In the above expressions, â†i and âi are the creation and
annihilation operators of the SPP states in the single-mode
plasmonic waveguide. In Eq. (9), the summation is per-
formed over the guided modes with only positive wave

numbers (βi > 0), since we are interested in the optical
signal at the photodetector and neglect reflection from the
waveguide facets.
The spectral density of noise produced by sponta-

neous emission can be derived from the autocorrelation
function

BðτÞ≡ hĴðtÞĴðtþ τÞi
¼ hÊ−ðtÞÊ−ðtþ τÞÊþðtþ τÞÊþðtÞi: ð10Þ

Using Eq. (9), the right-hand side of Eq. (10)
can be represented as the sum of terms proportional
to hâ†i1 â†i2 âi3 âi4i ¼ Ni1Ni2ðδi1i3δi2i4 þ δi1i4δi2i3Þ, where

hâ†i âii≡ Ni:

BðτÞ ¼ e2
X
i1;i2

vgðβi1Þvgðβi2Þ
L2

Ni1Ni2

× f1þ exp½−2πiðνi1 − νi2Þτ�g: ð11Þ

In this expression, there are terms that can be ascribed to the
signal-spontaneous beat noise (i1 ¼ 0 or i2 ¼ 0):

Bs-spðτÞ ¼ e2
N0vgðβ0Þ

L

X
i

NivgðβiÞ
L

2 cos½2πðνi − ν0Þτ�

ð12Þ

and to the spontaneous-spontaneous beat noise
(i1, i2 ≠ 0),

Bsp-spðτÞ ¼ e2
X
i1;i2≠0

vgðβi1Þvgðβi2Þ
L2

× Ni1Ni2 exp½−2πiðνi1 − νi2Þτ�: ð13Þ

The number Ni of SPP quanta with frequency νi at the
photodetector can be found from the power P0 of the SPP
signal excited at the free-space wavelength λ0 and the
spontaneous emission spectrum at the receiver [see
Eq. (5)]: N0 ¼ P0L=½hν0vgðβ0Þ� and Niji≠0 ¼ pspðhνiÞ=νi.
We next replace the sums in expressions (12) and (13) by

integrals using the rule

X
i

→
L
2π

Z
dβ →

L
vg

Z
dν ð14Þ

and obtain the final expressions for the autocorrelation
functions:

Bs-spðτÞ ¼ e2
2P0

hν0

Z∞
0

pspðhνÞ
hν

cos½2πðν − ν0Þτ�dðhνÞ;

ð15Þ
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Bsp-spðτÞ ¼ e2
Z∞
0

Z∞
0

pspðhν1Þpspðhν2Þ
hν1hν2

× exp½−2πiðν1 − ν2Þτ�dðhν1Þdðhν2Þ: ð16Þ

From these expressions, we can derive the power spectral
density of noise using the Wiener-Khinchin theorem,

Ss-spðfÞ ¼ e2
2P0

hν0

�
pspðhðν0 þ fÞÞ

ν0 þ f
þ pspðhðν0 − fÞÞ

ν0 − f

�
;

ð17Þ

Ssp-spðfÞ ¼ 2e2
Z∞
0

pspðhνÞpspðhðνþ fÞÞ
νðνþ fÞ dν; ð18Þ

where f is the noise frequency. The maximum noise
frequency f is limited by the RC rise time of the receiver
circuit and is much smaller than the optical frequency ν0;
therefore, expressions (17) and (18) can be simplified to

Ss-spðfÞ ≈ e2
4P0pspðhν0Þ

hν20
; ð19Þ

Ssp-spðfÞ ≈ 2e2
Z∞
0

pspðhνÞ2
ν2

dν: ð20Þ

Here we note that the simplified expression (19) has
been previously derived for optical amplifiers by Olsson
[30] using the classical approach under the additional
assumption of a uniform amplifier gain over a narrow
optical bandwidth. Using this assumption, expression (20)
can also be reduced to that derived by Olsson.
Finally, one needs to take into account the shot noise

originating from the discrete nature of electrons [32]. Its
power spectral density is given by SshotðfÞ ¼ 2eJ. Despite
that the shot noise is not directly determined by the
spontaneous emission, it depends on the net photocurrent
J, which is a function J ¼ JðP0; PspÞ of the signal power
P0 and the spontaneous emission power Psp.
Equations (17), (18), and (5) clearly show that the noise

power increases as the length of the waveguide with gain
increases. In the deep-subwavelength waveguide in the
regime of full loss compensation, the material gain in the
semiconductor is high and so is the spontaneous emission
rate at the photodetector. For this reason, the signal-
spontaneous beat noise is noticeable even at a small
waveguide length of 10 μm [see Fig. 4(a)] exceeding the
shot noise for P0 ¼ 100 μW, which is a characteristic
value for state-of-the-art on-chip communication systems
[33–36]. Ss-sp shows a linear dependence on the signal
power P0 and the waveguide length L. As P0 decreases, the

power of the signal-spontaneous beat noise also decreases,
but this does not affect the spontaneous-spontaneous beat
noise [Fig. 4(b)], which depends only on the spontaneous
emission power [see Eq. (20) for details]. In contrast to
long-range active plasmonic waveguides [7], where the
SPP modal gain G does not exceed 30 cm−1, in deep-
subwavelength active plasmonic waveguides, the role of
the spontaneous-spontaneous beat noise is crucial due to
the relatively large bandwidth of the spontaneous emission
spectrum in the semiconductor active medium [Fig. 3(a)]
and the high SPP modal gain [Gðhν0Þ ¼ αðhν0Þ ¼
1300 cm−1]. Ssp-sp is proportional to the 3=2 power of
the waveguide length and dominates over Ssp-sp for L >
10.5 mm at P0 ¼ 100 μW. As the signal power decreases
tenfold, which is highly beneficial for the energy efficiency
of active plasmonic devices, the influence of Ssp-sp becomes
stronger and Ss-sp ¼ Ss-sp at L ¼ 130 μm.
To evaluate the influence of the spontaneous emission

noise on the performance of deep-subwavelength active
plasmonic waveguides, we directly calculate the root-mean-
square (rms) current fluctuation using the Parseval equation:

rmsJ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ

∞

0

½Ss-spðfÞ þ Ssp-spðfÞ þ SshotðfÞ�jχðfÞj2df
s

;

ð21Þ

(a)

(b)

FIG. 4. (a) Power spectral density of noise at the photodetector as
a function of the length of the active plasmonic waveguide shown
in Fig. 2(a). The signal power is equal to 100 μW, λ0 ¼ 1550 nm.
(b) Power spectral density of noise at the photodetector versus
signal power at a fixed waveguide length of 1 mm.
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where χðfÞ is the response function of the receiver. For
simplicity, we assume that χðfÞ is equal to 1 within the
spectral bandwidth We of the receiver (f < We) and is zero
elsewhere. Figure 5(a) shows the obtained normalized
fluctuation of the photocurrent as a function of the length
of the deep-subwavelength active plasmonic waveguide
shown in Fig. 2(a). We also plotted the rms current
fluctuation for the photodetector combined with a bandpass
optical filter, which is an essential element for optical
communication technologies [34]. Filtering gives the pos-
sibility to cut off most of the spontaneous emission spectrum
and suppresses the spontaneous-spontaneous beat noise. At
the same time, the power of the signal-spontaneous beat
noise is not affected by optical filtering, since only SPP
quanta with a frequency within a very narrow (approxi-
mately 2We) band around ν0 can contribute to the signal-
spontaneous noise as follows from Eq. (17).
The performance of the communication line is deter-

mined by the bit error ratio (BER), which is a measure of
the percentage of bits that are not transmitted or received
correctly. The BER is a function of the modified signal-to-
noise ratio (MSNR) [29] given by

MSNR ¼ JjP¼P0
− JjP¼0

rmsJjP¼P0
þ rmsJjP¼0

: ð22Þ

When rmsJjP¼0 ≪ rmsJjP¼P0
, which can be realized

using a bandpass optical filter, expression (22) simplifies to

MSNR ≈
JjP¼P0

rmsJjP¼P0

¼ SNR; ð23Þ

where SNR is the well-established classical signal-to-
noise ratio.
The required BER depends on the communication

protocol. Modern protocols typically deal with communi-
cation lines, where the BER is lower than 10−9, which
corresponds to MSNR > 6. If the MSNR drops to less
than 6, it is still possible to establish a very high-speed and
reliable connection [37], but technical realization is usually
very complicated. Assuming the SPP signal power is equal
to 100 μW, which technically corresponds to an energy of
10 fJ in the optical pulse (approximately 8000 SPP quanta
or photons, which is a characteristic value for the state-of-
the-art on-chip communication systems [33–36]) at a bit
rate of 10 Gbit=s (one pulse per bit), assuming the electrical
bandwidth of the photodetector to be as high as 7 GHz,
which is sufficient for reliable detection [38], we can obtain
the modified signal-to-noise ratio for the active plasmonic
waveguide shown in Fig. 2(a). Figure 5(b) demonstrates
that the spontaneous emission noise does not present a
problem for on-chip communication in this case. Assuming
that the energy of the optical pulse can be reduced tenfold
in the future, we find that communication over distances
longer than 1 mm can be complicated, and special
optimization techniques may be needed. One can also
switch to a different waveguide geometry, such as a
hybrid plasmonic waveguide, which provides about 30%
longer communication distance for similar dimensions
of the waveguides. Another possible solution to extend
the communication distance is to increase the operation
wavelength λ0 and proportionally increase the waveguide
dimensions [see Fig. 2(a)]. As λ0 increases, the Ohmic
losses in the metal decrease, and, consequently, the
properly adjusted ternary (InGa)As alloy gives fewer
SPP quanta into the waveguide mode. Figure 6 shows

(a)

(b)

FIG. 5. (a) Normalized rms current noise at the photodetector as
a function of the waveguide length, P0 ¼ 100 μW. (b) Depend-
ence of signal-to-noise ratio on the waveguide length for two
different signal powers. In both panels, the solid curves corre-
spond to the system with a narrow bandpass optical filter, and the
dashed curves correspond to the systems without optical filters.

FIG. 6. Signal-to-noise ratio at the receiver as a function of the
operation wavelength λ0 and the length of the active plasmonic
waveguides. The white curve corresponds to SNR ¼ 6, which
separates the regions with BER < 10−9 (to the left of the curve)
and BER > 10−9 (to the right of the curve).
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the signal-to-noise ratio versus the signal wavelength and
the waveguide length assuming the same number (approx-
imately 8000) of SPP quanta per bit in the optical signal. It
is clearly seen that by increasing the operation wavelength
λ0 from 1550 nm to 3 μm, it is possible to increase the
communication distance threefold. In addition, operation at
longer wavelengths gives better energy efficiency, but the
mode size of the SPP mode is certainly slightly larger than
at shorter wavelengths.
In the above analysis, we consider only inherent proper-

ties of the plasmonic waveguide with gain. However, in
practical communication lines, one should take into
account the nonzero coupling loss αcoupl between the
waveguide and the photodetector and the nonunity quan-
tum efficiency ηphd of the photodetector. In this case,
the power densities of noise given by Eqs. (17) and (18)
should be multiplied by ½ð1 − αcouplÞηphd�2; while the shot
noise and the signal current are changed by a factor of
ð1 − αcouplÞηphd [32]. As a result, the shot noise is promoted
relative to the beat noise. However, at practical waveguide
lengths, the shot noise is much weaker than the beat noise
(see Fig. 4), and the signal-to-noise ratio and BER remain
almost unaffected.

IV. SUMMARY

We present a theoretical framework within which the
spontaneous emission power and the spontaneous emission
noise can be evaluated in plasmonic waveguides with gain
and in SPP amplifiers. The developed framework can be
easily applied with no change to active plasmonic or
nanophotonic waveguides of any shape and level of
mode confinement. The equations are valid for a wide
range of active media, which includes semiconductors,
quantum wells, low-dimensional semiconductors, dye
molecules, rare-earth ions, etc. Using the developed theory
and numerical simulations, we obtain the characteristics
of deep-subwavelength metal-semiconductor plasmonic
waveguides, which can simultaneously provide deep-
subwavelength (approximately λ2=130) mode confinement
and full compensation of the SPP propagation loss. The net
SPP gain in such a waveguide is equal to zero for the signal
and is negative for the spontaneous emission. For this
reason, in contrast to optical amplifiers, the spontaneous
emission is not amplified; however, the material gain in the
active medium required for loss compensation is very high,
which results in a very broad and intense spontaneous
emission. The total spontaneous emission at the end of
the waveguide is the same order of magnitude as the signal
power, which significantly affects the noise characteristics
of the deep-subwavelength plasmonic waveguide with gain.
In addition, the spectrum of spontaneous emission at the end
of the waveguide is very broad, which is significantly
different from the typical situation in optical amplifiers
[7,20,30,32]. For this reason, using the quantum-optics

formalism, we derive accurate expressions to address
the noise produced by the spontaneous emission with
a broad and nonuniform spectrum. The spontaneous-
spontaneous beat noise is very strong, dominating over
the signal-spontaneous beat noise and seriously limiting
the maximum communication distance, which is critical
for practical applications. At the same time, we demonstrate
that the spontaneous-spontaneous beat noise can be sup-
pressed using optical filtering techniques, while the signal-
spontaneous beat noise, which cannot be filtered, can be
controlled at a level sufficient for a wide range of on-chip
applications.
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