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We demonstrate that a far-field transistor made up of a phase-change material base with thermal
hysteresis can efficiently be used as a thermal device capable of heating and cooling. Based on the principle
of energy conservation for the heat currents by radiation, conduction, and convection, it is shown that the
base temperature undergoes significant jumps as the transistor amplification factor is optimized. When the
collector and emitter of the transistor operate at 350 and 300 K, respectively, a temperature jump of +18 K
(=5 K) is obtained during the heating (cooling) of a VO, base excited with 208 W m~2 (63 W m~2). These
significant jumps are mainly driven by the photon heat current and could open new perspectives on thermal

machines.
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I. INTRODUCTION

Since the conception of the thermal diode [1-3] and
thermal transistor [4-7] by heat conduction and heat
radiation, over the last few years, significant research effort
has been dedicated to guide, amplify, and control thermal
currents, in a similar way as is done with electrical thermal
currents, through the electronic diode and transistor. The
role of the electrical potential and currents in electronics is
played by thermostats and heat fluxes in these thermal
devices, which could be used as the basic building blocks
for thermal circuits [8], thermal logic gates [9], thermal
memories [10-12], and quantum rectification [13].

Thermal rectifiers allowing the heat-flux exchange
between two diode terminals in one direction and blocking
it when their temperatures are interchanged, were theoreti-
cally proposed based on phononic [1,14-19] and electronic
[20] heat conduction. This rectification effect can also be
obtained by photons [2,21-25] and was experimentally
observed in carbon nanotube structures [26], semiconduc-
tor quantum dots [27], bulk oxide materials [28], and
vanadium dioxide (VO,) [29,30], which has recently
attracted a lot of interest due to its dielectric-to-metal
transition at temperatures near room one [31]. The heat
flux can be enhanced with VO, in the dielectric phase and
suppressed when it becomes metallic [32], which results in
thermal rectification close to unity [3,33,34]. VO, and
other phase-change materials (PCMs) were also used to
develop the radiative thermal transistor, in both the near [5]
and far [7] fields. This three-terminal device consists of a
VO, base placed in between two thermostats playing the
roles of a thermal collector and emitter, which exchange a
heat flux that can be switched, amplified, and modulated by
a tiny action on the base temperature, inside the VO, phase
transition zone. In these two latter works, fine heat-flux
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control with amplification factors higher than 10 were
reported, however, none of them put so much attention on
either the intrinsic thermal hysteresis of VO, or the
temperature control, which are considered in the
present work.

The objective of this paper is to theoretically demonstrate
that a thermal transistor with a PCM base can be used as a
thermal device for heating and cooling. This is done by
taking into account the heat currents by radiation, con-
duction, and convection; and exploiting the effect of PCM
thermal hysteresis on the heat fluxes that the base
exchanges with the collector and emitter. We show that
these heat fluxes and the base temperature undergo jumps
under a small modification of the heat flux applied to
the base.

II. THEORETICAL MODELING

Let us consider a far-field transistor composed of a PCM
placed between two bodies set at temperatures 7 and 7,
(Ty > T,), as shown in Fig. 1. By analogy to the electronic
bipolar transistor, these latter bodies stand for the collector
and the emitter of the thermal transistor, while the base is
the PCM, whose gray emissivity (7) changes with its
temperature 7' that is driven by the external heat flux ¢;.
The heat flux ¢; (¢h,) exchanged by the collector (base) and
the base (emitter) is given by

¢ =0, (T)(T} = T*) + G(T, = T), (1a)
¢ = o0e (T)(T* = T3) + G(T = T3),  (Ib)

where 6 =5.67x10 Wm2K™* is the Stefan-
Boltzmann constant, the effective emissivity ¢,(7) =
[1/e(T) + 1/ey—1]7!, and the conductance G =
(2/h + L/k)™!, &, being the emissivity of the facing walls
of the collector and emitter, which exchange heat by
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convection with the intracavity gas of thermal conductivity
k and heat transfer coefficient 4. For air, k=25 mWm~ ' K!
and h = 5 Wm™2 K~!, within a wide range of temperatures
[35]. The principle of energy conservation establishes that
these two heat fluxes are related to the applied one by
¢3 = ¢ — ¢, which yields

b5 = 206 (T)(T* = T4 +26(T = T,). ()

where T, = /(T1 +7T3)/2 and T, = (T, + T,)/2 < T,
are the equilibrium temperatures (¢; = 0) of the base, in
the absence of conduction and convection (G = 0) and
radiation (¢, = 0), respectively. ¢3; can uniformly be
injected into the VO, base by coating its top surface with
a paint opaque to an incident laser beam, as is usually done
in photothermal experiments [36], or by applying a voltage
difference through a couple of electrodes placed on the top
and bottom surfaces of the base, as was previously
proposed [5]. Equation (2) establishes that a variation of
the applied flux ¢; induces the change of the PCM
temperature 7', which drives the fluxes ¢; and ¢, through
Egs. (1a) and (1b), respectively. This heat-flux modulation
can be used to generate a transistor effect characterized by
the amplification factor @ = 0¢), /3, which yields

UT)(T* = T3) +4¢,(T)T* + G/o
TWT = T%) + 4e,(T)T? + G/o’

(3)

£
20 =
£

where €,(T) = de,(T)/dT. According to Egs. (2) and (3),
the amplification factor associated with the flux ¢ is
O¢,/0¢3 = a — 1, and so we will only focus on a. Given
that « = 1/2, outside the transition region [£,(T) = 0], it is
clear that the possible heat-flux amplification is the result of
the temperature-dependent emissivity &,(7), within the
transition region of the PCM base. Note that a diverges
at the temperature 7 = T, for which the denominator of
Eq. (3) reduces to zero. This singular behavior corresponds
to (OT/O¢h3)~" = 0, which indicates that an infinitely small
change on ¢3 induces a much larger variation of 7', around
T.. In practice, however, the changes of ¢; can only be
done in finite steps and therefore the values of a are
expected to remain finite but maximized at a base temper-
ature T, given by

(T )(TE—T2) +4e,(T)T2 +G/o=0.  (4)

The existence of the critical temperature 7. [numerical
solution of Eq. (4)] thus establishes that it is possible to
optimize a by tuning the base temperature equal to or close
to T., which is T,.>T, (T.<T,), for £(T.) <0
[,(T.) > 0]. According to Egs. (1) and (2), the flux ¢;
required to reach this temperature and the associated fluxes
¢, and ¢, are determined by

2(T . T.
¢%=%J%Jﬁ+ﬂ(n—m—%‘v,<%>

€€<TC) ge(TC)
2y = 0€.(T:) (T = T3) + G(Ty = T3) + 3., (5b)
2¢lc = O-‘?e(Tc)(Tél1 - Té) + G(Tl - TZ) - ¢3cv (SC)

where ¢, = ¢,(T,), for n =1, 2, 3. Equation (5a) indi-
cates that, for pure heat radiation (G = 0), the tuning of 7',
is only possible (¢3. > 0) when the emissivity slope is
negative, while the heat conduction and convection opens
the possibility of using a PCM with ¢(7.) > 0. In both
cases, Eq. (5a) shows that faster phase transitions (steeper
emissivity slopes) require smaller heat-flux excitations for
reaching T'.. Given that T; > T, Egs. (5a)—(5¢) show that
the heat flux ¢,. > ¢;. and keeps flowing from the base to
the emitter. This is not the case of ¢;., which can (be
negative and) change its direction and go from the base to
the collector for a high-enough ¢5..

Temperatures Tcg and Tpp within the collector-base
(CB) and base-emitter (BE) gas cavities are determined by
Fourier’s law, as follows: 7,,(z) = A,, + B, z, where z is the
position and A, and B,, are constants that depend on the
continuity of the temperature and heat flux y, by con-
duction and convection, for » = CB and BE. Under the
coordinates system shown in Fig. 1, these standard boun-
dary conditions read

Tep(zy =0) =Ty, (6a)
Tep(zy =L) =Tge(z2 =0) =T, (6b)
Tgp(zo = L) =T», (6¢c)
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FIG. 1. Scheme of a thermal transistor made up of a PCM at
temperature 7 and placed between two thermostats at temper-
atures 7'y and T'». The round, straight, and wavy arrows stand for
heat convection, conduction, and radiation, respectively. The
dashed lines represent the limits of the thermal boundary layers in
the vicinity of the bounding surfaces.
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h[Tl - TCB<5)] = m [TCB(5) - TCB(L - 5)]
= h[Tcg(L —6)—T], (6d)
BT = Tye(8)] = —— [T5e(8) - Tg(L - 5)]

T L-25
= h[Tge(L = 6) = T, (6e)

where 0 is the average thickness of the convection boun-
dary layer alongside the collector, base, and emitter
surfaces. The eight conditions in Eqs. (6a)—(6e) together
with the temperature continuity at the four interfaces
721 =0, L—96 and z, =0, L —0, yield the following
temperature profiles:

T,-T
2+N,

%7 0SZ1S5

x{ 1+N, 22, 6<z <

24N, +%E L-6<z <L

TCB(Zl) =T -

T-T,
+ N,
x{ 1+N, 28 6<z<L-5 (8)
24N, +%5, L-56<

TBE(Zz) =T-

where N, = h(L — 268)/k is the Nusselt number character-
izing the heat convection and heat conduction inside the gas
cavities. For the natural convection considered here, typical
values of ¢ are smaller than 1 mm (6 < 1 mm) [35], and
therefore its contribution to N, becomes negligible for a
cavity thickness L > 1 cm. For an air cavity with
L =10 cm, the number N, = 20 indicates that the heat
convection flow is in the laminar wave-free regime [35].

III. RESULTS AND DISCUSSION

The temperature and heat fluxes involved in the thermal
transistor shown in Fig. 1 are now analyzed for a base of
VO,. This PCM is not gray, however, its mean emissivity &
over all spectral wavelengths of radiation is able to provide
a fairly good description of the heat transport in a far-field
transistor [37]. The collector and emitter are treated as
blackbodies (e, = 1), and their distance to the base is taken
L=10cm (G=25Wm2K™). All calculations are
done for 7, = 300 K.

The temperature dependence of the mean emissivity € of
VO, is shown in Fig. 2, for both its heating and cooling
regimes. The dots stand for experimental data [38,39] and
the heating line represents the prediction of the
Bruggemann model [39]. The cooling curve is a downward
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FIG. 2. Mean emissivity of VO, vs temperature.

shift of the heating one by 8 K, due to the thermal hysteresis
observed by Qazilbash et al. [39]. For both transitions,
0.22 < € £0.79 remains bounded between its values for
the metallic and dielectric phases.

Figures 3(a) show the evolution of the VO, base
temperature 7 with the applied heat flux ¢;. Note that
the generally linear behavior of 7" with ¢; disappears for
temperatures within the VO, transition regions shown in
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FIG. 3. (a) VO,-base temperature 7 and (b) heat fluxes ¢; and

¢, as functions of ¢;. Calculations are done for (7,,T,) =
(350,300) K, and the arrows indicate the behaviors during the
base heating and cooling.
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Fig. 2. When the VO, base is heated through a continuous
increase of ¢, there exists a critical ¢; defined by
(0T /O¢3)~' = 0, for which the temperature jumps from
T = T7 to ahigher value. On the other hand, when the base
is cooled down by decreasing ¢5, its temperature undergoes
another jump from T = TS given by (9T/0¢;)~" =0,
to a lower one. These critical temperatures 7. and 7’7
are associated with the dielectric-to-metal and metal-to-
dielectric phase transitions of VO,, respectively, such as the
intermediate temperatures 75> < T < T7, and they are not
reachable by either the heating or the cooling regimes. This
thermal bistability shows up due to the competing effects of
the increase of T* and the decrease of &(T), as T raises and
vice versa [see Eq. (2a)], and it was experimentally
observed in a two-terminal VO, device [12,40]. In our
three-terminal device, these temperature jumps increase as
the equilibrium temperature 7, reduces. They can be as
high as 45 K (20 K) during the heating (cooling) and,
therefore, they can be used to heat up or cool down the VO,
base with a minimal change of ¢;. The existence of these
two temperature jumps is totally due to the temperature
dependence of the PCM emissivity & as indicated by
Eq. (4), but their values are determined by the thermal
hysteresis of e. This hysteresis along with the combined
effect of the thermal radiation, conduction, and convection
drive the VO, base temperature, and they represent the
main differences of the present work with respect to our
previous one [25], developed for a transistor in vacuum.
Furthermore, note that the temperature jumps can even be
enhanced by reducing the conduction and convection
conductance G, as shown in Fig. 4 by the lines obtained
for heat radiation.

According to Fig. 3(a), the temperature jump AT~
(AT~), shown in Fig. 4 for the heating (cooling) of the
transistor base, is given by

AT” = Tmax - Tc>7 (9a)
AT= =T5 = Trin, (9b)
~ 60+ \\"\. Full_Rad. Heating ,—’-"-'T ¥ o
& T Cooli E
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FIG. 4. Temperature and heat-flux jumps as a function of the
equilibrium temperature 7 ,.

where T, and Ty, are defined by ¢3(Timax)|e—e, =
¢3(Tc>) and ¢3(Tmin)‘e=sd = ¢3(T§)’ Em and €q being
the emissivity of the PCM in the metallic and dielectric

phases, respectively. By combining these relations with
Egs. (2), (4), and (5a), one obtains

Thax — (T2)* + @y (Toax — T2) + by, = 0, (10a)
T4 = (TS 4+ ag(Toin = TS) + b4 =0,  (10b)

where the parameters a, and b, for n = m, d, are defined
by

G
= 11
b= (1)
S(Tc)_gn 8(Tc) 3
= do——=T7 11
b= Gy (et )

with T, =T, (T.=T¢), when n =m (n = d). Taking
into account that ¢,, < (T,) < &4, Egs. (12a)—(13b) indi-
cate that T, > T7 and T.;, <Ts for a PCM with
e(T,) <0, as is the case of VO, (see Fig. 2). In the
absence of heat conduction and convection (G = 0), the
solutions of Eqs. (12a) and (12b) are the simple expressions
Toax =V (T2)*=b,, and Ty, = v/ (T5)* = by. For G > 0,
on the other hand, both Egs. (12a) and (12b) can conven-
iently be expressed as

x* +a,x = c,, (12a)

¢, =T*+a,T.—b,, (12b)

where x =T .x (x =T, for n=m (n=d). The
physical solution (x > 0) of Eq. (14a) is

x= %( y;"z_y—l—l), (13a)
y=yy+ty. (13b)
RGBT

Equations (11a)—(13c) indicate that the temperature jumps
increase with the steepness of the PCM emissivity slope
[€/(T.)] at the critical temperature, and therefore the
temperature jumps shown in Fig. 4 could be amplified
by replacing the VO, with another PCM with a faster phase
transition on its emissivity.

The sudden temperature changes induce jumps on the
heat fluxes ¢p; and ¢,, as shown in Fig. 3(b). These jumps
occur at the same ¢b; as those of the base temperature, such
that the decrease of ¢; and ¢, during the heating is exactly
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compensated by their corresponding increase for the cool-
ing, due to the thermal hysteresis of the VO, emissivity.
Furthermore, during the heating or cooling regime and for a
fixed ¢3, the jump A¢; of ¢; is equal to the one A¢, =
A¢; = A of ¢, as established by the principle of energy
conservation (¢, = ¢; + ¢3). This A¢ increases almost
linearly with T, is practically the same for both the heating
and cooling, and it can be slightly enhanced with pure heat
radiation (G = 0), as shown in Fig. 4. To quantify A¢, note
that the jump A¢; (A¢;) of the heat flux ¢; during the
heating (cooling) of the transistor base, is defined by

Ad)i = ¢](Tc>> - ¢j<Tmax)’
Ag; = ¢i(Twin) — ;(T5),

(14a)
(14b)

where j = 1,2. By using the definition of ¢; in Eq. (la)
and the continuity of ¢3;, when the base temperature
changes from 77 (T7) t0 Tpax (Tin), ONE obtains

2¢1 (Tmax) = Ugrn(T‘l‘ - T%) + G(Tl - T2) - ¢3C(T?>’
(15a)

201 (Tin) = 0€4(T} = T3) + G(T) = T2) — 3. (T5).
(15b)

After inserting Eq. (5a) into Eqgs. (15a) and (15b), one finds
that the heat-flux jumps are driven by the heat flux
exchanged by the collector and emitter via the base, as
follows:

207 = ole(T7) — &, (T = T3). (16a)

2AP = oles— (TO)(TH=T3).  (16b)
Note that the contribution of heat conduction and con-
vection (G > 0) on A¢7 (A¢y) appears implicitly through
the critical temperature 77 (7F), which is defined in
Eq. (4). However, this contribution only changes slightly
the critical temperature, as shown in Fig. 5 and therefore the
impact of the heat conduction and convection on the heat-
flux jumps is generally weak. According to the relation
e =¢[T(¢3)] given by Eq. (2), the emissivity &(77)
[e(TS)] is smaller (bigger), but very close to &; (e,).
We thus have ¢(T7) ~ ¢; and ¢(T5) = ¢, and therefore
A¢7 =~ A¢y, as shown in Fig. 4. On the other hand, the
jumps A¢; and Ag¢s, defined in Eqs. (14a) and (14b)
for the heat flux ¢,, can be determined by following
a similar procedure to the one done for ¢;, or more
directly, by applying the principle of energy conservation
(¢ =1 + 3). For instance, Ad; = ¢5(T7) = hr(Trmax) =
¢1(T5)+¢3(T?)_¢1(Tmax)_¢3(Tmax) :A¢>’ where
we have used the continuity of the applied heat flux
at the critical temperature [¢h3(T7) = ¢3(Tmax)]- This

(O8]
N
—_

340 -

(98]

W
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1

Critical temperature 7 (K)

300 310 320 330
Equilibrium temperature 7, (K)

FIG. 5. VO, base critical temperature as a function of the
equilibrium one 7T,. The dashed lines stand for the solution of
Eq. (4) for pure radiation (G = 0).

invariance of the heat-flux jumps during the heating also
holds for the cooling (A¢s = A¢7), regardless of the
collector or emitter temperature, and it is shown in Fig. 4.

According to Fig. 5, as the equilibrium temperature 7',
raises, the monotonous increase of the critical temperature
T7 <3412 K is accompanied by the decrease of
T: >335.5 K, such that their values fall within the VO,
transition regions for the heating and cooling regimes
(Fig. 2), respectively. For pure heat radiation (G = 0),
these critical temperatures have similar values to the
corresponding ones obtained for G > 0, but both of their
upper bounds on 7T, are shifted to 334 K. The fact that
TZ > T indicates that the dielectric-to-metal transition of
VO, could be more suitable than the metal-to-dielectric one
for enhancing the heat fluxes. This is confirmed by Fig. 6,
which shows the comparison of the heat fluxes at the
critical temperatures. The applied flux ¢5 required to reach
T7 is higher than that for 75, and its values reduce as T,
increases. On the other hand, for each T,, the heat flux
¢re > ¢y, as established by Egs. (5b) and (5¢), and it
remains almost constant. This indicates that ¢»; can be

400 ¢ ¢ T ¢\L|\ T H
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‘E g ‘i
R Ribb il Cooling
22004 ~~~._ i
A :
5 R 3
L= ~~“~ 0
s | e L
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E) _________
E Ll.---"
©]
-200

300 310 320 330
Equilibrium temperature T (K)

FIG. 6. Dependence of the critical heat fluxes on T,.
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FIG. 7. Spatial distribution of the temperatures 7Tcg and Tgg
during the heating and cooling of the VO, base set at its critical
temperature. The vertical arrows stand for the temperature jumps,
which are equal on both base surfaces. Calculations are done for
an air cavity of thickness L = 10 cm and 6 = 1 mm.

significantly changed over a wide range of equilibrium
temperatures, without modifying the base-to-emitter heat
flux. By contrast, the collector-to-base heat flux varies
significantly with 7', and its direction can be inverted as 7,
reduces. This is caused by the increase of ¢3;, which can
raise the base temperature to values higher than the one

(T, = /2T¢ — T3) of the collector. It is therefore clear that
to minimize the injected heat flux ¢; and maximize the
amplification of ¢, and ¢,. with respect to ¢;., T, has to
be set near 332.4 K.

The spatial distributions of the temperatures 7cg and
Tgg are shown in Fig. 7, for both the heating and cooling of
the VO, base. The temperature changes generated by heat
convection near the interfaces are relatively small due to the
fact that they occur in very narrow regions (0 < L), as
described in Egs. (9) and (10). When heating the transistor
base with an applied heat flux ¢;. =208 Wm™, its
temperature reaches the critical value 7. = 340.8 K and
then jumps +18 K. During the cooling, on the other hand,
as the applied heat flux is reduced to ¢h3. = 63 W m™2, the
base temperature jumps —5 K right after taking its critical
value 7. = 336.6 K. The temperature jump during the
heating is thus larger and requires the application of a
higher heat flux than the corresponding one for the cooling.
These temperature jumps evidently reduce within the
cavities, but they can significantly be enlarged by lowering

the equilibrium temperature T, = v/ (T} + T3)/2 of the
collector and emitter, as shown in Fig. 4.

Control of the transistor base temperature could be
applied to heat up or cool down objects placed in the
vicinity of the VO, base. After setting the temperatures of
the collector and emitter with two thermostats, the increase
or decrease of the power supplied to the base around its
critical values leads to jumps of its temperature up to 7 .«
or down to T,;,, respectively. An object isolated from the
environment and in thermal contact with one of the free

surfaces of the base, could be kept at a temperature close to
T max OF T ins 1f its size is small enough and/or its radiative
coupling to the emitter and collector is sufficiently low as to
not significantly modify the heat transport within the
thermal transistor. The first of these conditions can be
fulfilled by samples with sizes much smaller than those of
the collector, base, and emitter, while the second one could
be satisfied by objects semitransparent to the collector-to-
base and base-to-emitter radiative heat fluxes. It is, there-
fore, clear that the far-field thermal transistor could be used
as a device for heating and cooling, as is done with
microwave ovens, radiators, and freezers.

IV. CONCLUSIONS

The thermal hysteresis and temperature dependence of
the emissivity of a phase-change material have been used to
develop a transistorlike device for heating and cooling.
Considering the heat currents by radiation, conduction, and
convection, an explicit condition for optimizing the tran-
sistor amplification factor has been found and used to
generate jumps on the base temperature and heat fluxes. For
a collector and emitter operating at 350 and 300 K,
respectively, a temperature jump of +18 K (=5 K) has
been obtained during the heating (cooling) of a VO, base
excited with 208 Wm™2 (63 W m~2). These sizable jumps
show that the proposed transistor could find wide appli-
cations in the conception of new thermal devices.
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