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We prove that balanced loss-gain distributions provide an elegant path towards realizing loss-free
unidirectional cloaks for objects much larger than the wavelength. By coating a scatterer with an ultrathin
metasurface with balanced loss and gain, such as a parity-time (PT)-symmetric metasurface in the special
case of a symmetric scatterer, we show that it is possible to ideally cloak the scatterer from a particular
direction. The passive portion of the cloak ensures that the incident power on the illuminated side of the
object is fully absorbed, while the active portion radiates the required pattern on the opposite side,
automatically synchronized with the impinging signal, eliminating shadows and making the object
invisible. The proposed approach substitutes complex metamaterial cloaks and achieves cloaking with
relaxed limitations on size, and in an ultrathin, loss-free, and stable design. Beyond introducing a new
venue to cloaking of large objects, our paper shows the unique potential for scattering manipulation
introduced by structures with balanced loss and gain, pointing to a new direction in the field of

PT-symmetric systems.
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I. INTRODUCTION

Cloaking an object and making it undetectable to
the impinging wave has attracted tremendous attention in
the last decade; the advent of metamaterials [1] and the
emergence of concepts such as transformation optics [2,3]
and scattering-cancellation techniques [4—7] have heated up
the interest in camouflaging and invisibility. These meta-
material approaches aim at cancelling an object’s scattering
cross section for any illumination direction, often at the
expense of structural complexity and inherent limitations on
bandwidth, electrical size of the object to be cloaked, and
overall scattering reduction [8,9]. Nevertheless, there are
many practical situations for which the direction of an
impinging wave is known to a good degree, and an object
needs to be made invisible only over a limited angular range.
This fact has recently inspired the design of unidirectional
cloaks [10-15], i.e., cloaks that are able to suppress the
scattering for a particular incidence direction, relaxing the
inherent constraints of full cloaking techniques. For example,
based on the carpet-cloaking concept, Ref. [12] presented a
unidirectional transformation-optics cloak with simplified
material parameters, although still relying on anisotropic
electric and magnetic materials. Using a different principle,
Refs. [13-15] reported active cloaks based on the equiv-
alence principle, in which the cloaked object is coated with
antenna arrays supporting suitable electric and magnetic
sources that can cancel the scattered field for a particular
incident wave. Such designs rely on prior knowledge of both

“To whom all correspondence should be addressed.
alu@mail.utexas.edu

2331-7019/15/4(1)/014005(11)

014005-1

the amplitude and phase of the impinging wave, and usually
require advanced signal-processing networks [16].

In a different context, unidirectional invisibility has
recently been studied as a unique property of one-
dimensional (1D) parity-time (P7)-symmetric structures
[17-20]. PT symmetry is the invariance of a system under
parity and time-reversal operations, and it has recently
attracted significant attention because it can lead, quite
unexpectedly, to non-Hermitian Hamiltonians with real
eigenvalues [21,22]. Although the relevance of PT symmetry
in quantum mechanics is still disputed [23], this is not the case
for optical PT symmetry, which has already been reported in
structures with balanced amounts of gain and loss [24-27],
and is accompanied by unique phenomena, such as laser-
absorber modes [28], enhanced nonreciprocity [29,30],
negative refraction [31], and sensing [32]. Unidirectional
invisibility is known to arise in 1D PT-symmetric lattices,
which can exhibit unitary transmission for forward and
backward propagation directions, yet zero reflection for
one propagation direction and nonzero reflection for the
other one. The concept of PT-symmetric unidirectional
invisibility was recently extended to two-dimensional
geometries by applying coordinate transformations to a
PT-symmetric cylindrical region [33,34]. However, the
invisibility achieved using this concept is imperfect and it
requires the use of anisotropic electric and magnetic materials
with loss and gain, which may be even more challenging to
realize than the lossless anisotropic materials involved in
conventional transformation-optics methods.

Here, we show that ideal unidirectional cloaking may
be obtained, independent of the object size, using a
single, ultrathin metasurface with balanced loss and gain.

© 2015 American Physical Society
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FIG. 1. A perfectly conducting cylinder covered by a PT-
symmetric surface. The left and right portions of the surface (blue
and red in the figure) have loss and gain, respectively. The lossy part
is tailored to absorb all of the impinging power; the gain part emits
the same amount of power, synchronized to the impinging signal.

Our concept is partially inspired by the mantle-cloaking
technique [5], a recently introduced cloaking mechanism
based on homogeneous metasurfaces designed to suppress a
large portion of the scattering from objects of limited
electrical size. The conventional mantle-cloaking approach
was originally based on passive surfaces, although an
extension to active inclusions was recently introduced in
Ref. [35] with the goal of broadening the cloak’s operational
bandwidth. This technique is aimed at cancelling the first
few scattering harmonics of the object to be cloaked by
inducing suitable conduction currents on the admittance
surface. Since the number of scattering harmonics determin-
ing the scattering properties of an object grows very quickly
with its electrical size, there is a fundamental limit on the
maximum size of objects that can be efficiently cloaked with
one or a few homogeneous surfaces. In contrast, here we
prove that, by surrounding a perfectly conducting (PEC)
cylinder of arbitrary size with an inhomogeneous, ultrathin
admittance surface with balanced loss and gain, it is possible
to realize identically zero scattering for monochromatic
waves propagating along the +x direction (Fig. 1). The
proposed approach is able to overcome the aforementioned
limitations of conventional cloaking techniques, achieving
total invisibility for objects, in principle of any size, with a
single, ultrathin surface, yielding a recipe much simpler than
transformation-optics cloaks, and potentially relaxing the
constraints on bandwidth of passive cloaking approaches. In
the following, after introducing the concept, we apply the
proposed technique to circular and rthomboidal cylinders.
We show that, for a small separation between the mantle
surface and the object, the required surface admittance
follows simple spatial profiles, which open an exciting path
towards loss-free cloaking of objects with sizes significantly
larger than the wavelength of operation.

II. CLOAKING WITH METASURFACES
WITH BALANCED LOSS AND GAIN

Arguably, the simplest way to obtain full invisibility of
an object illuminated by a plane wave consists in

completely absorbing the incident power on one side of
the structure (left-hand side in Fig. 1), and emitting the
same signal, with the same amplitude, phase, and angular
pattern, on the other side (right-hand side in Fig. 1). If we
were to tackle this functionality with an ultrathin surface,
the absorbing and emitting portions of such a metasurface
should obviously have loss and gain, respectively. Consider
first the 2D circularly symmetric scenario in Fig. 1, in
which a perfectly conducting circular cylinder is sur-
rounded by a cloaking ultrathin metasurface. In such a
case, the required surface admittance Y is readily calcu-
lated from the boundary condition J, = Y,E,, where E;
and J; are the electric field and current on the surface,
respectively. The latter is given by J, = x (H, — H_),
where H, and H_ are the magnetic field at the exterior and
interior side of the surface, respectively. For ideal invis-
ibility, the only field outside the surface is the incident
one, E,.= Ey ™2, vyielding E, = Eje*¥5?3 and
H, = —Y(Eye*?<s#§, where Y, is the wave admittance
in free space. For the calculation of H_, the exterior and
interior fields are expanded in terms of cylindrical har-
monics J,(kr)e™ and Y, (kr)e™? as

Eext = Einc = iEO Z iﬂjn(kr)ein(/)’

n=—0oo

Ei = 2Ey Y i"[a,J,(kr) + b,Y,(kr)]e™. (1)

n=—0o0

The corresponding magnetic fields are found using
Faraday’s law, H =V x E/(iwy), and the coefficients
a, and b, are calculated by applying the boundary
conditions for the electric field on the admittance surface
and the PEC cylinder. After some straightforward algebraic
manipulations, we find

2 )
— g —ikd cos ¢
Y, =1iY, ”kde
n 1N . 2
Xn;m’ 7,(kd)Y, (ka) — 1, (ka)Y, (kd) )

An interesting property of Y in Eq. (2) is that it satisfies
the PT-symmetric condition Y (7 — ¢) = —Y#(¢). In fact,
this is a general property of symmetric, lossless objects,
such as the metallic circular cylinder in Fig. 1, illuminated
by PT-symmetric fields, such as plane waves. Applying a
PT transformation to such an object covered by an
admittance surface Y (¢) results in the same object covered
by an admittance surface —Yi (7 — ¢). If Y (¢) is selected
so that the object is invisible from a particular direction, the
field outside the cloak is simply the plane wave impinging
on the object. Since plane waves are PT symmetric, we
conclude that —Y? (7 — ¢) must provide invisibility as well.
If the impedance surface is unique, which is shown to be
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true in Eq. (2), then Y (¢) = =Y (7 — ¢), demonstrating
that the required cloaking surface is PT-symmetric.

Equation (2) can be substantially simplified in the
limiting case k(d — a) < 1, i.e., for a thin spacer between
the metasurface and the metallic cylinder. Taking the Taylor
expansion of Y, with respect to d around d = a, and
keeping the terms up to the zeroth order yields

Re{Y,} =~ —Y,cos ¢,

Im{Y,} ~ —¥, [k(dl_a) - 21161} .

(3)

Equation (3) has a simple, physical interpretation in
terms of geometrical optics: for |¢| > 7/2 (lossy side of the
mantle surface), Re{Y,} is exactly equal to the character-
istic admittance of a +x-propagating plane wave projected
along the tangent to the cylinder’s surface at the location ¢.
At the same time, the imaginary part of Y suppresses the
local cylinder’s reactance, since —Y/[k(d — a)] is exactly
opposite to the input susceptance of a shorted transmission
line with length d — a, while the term Y/ (2ka) is related to
the finite curvature of the cylinder. Therefore, the admit-
tance surface realizes the necessary condition for ideal
impedance matching between the mantle surface and the
incident wave at any position |¢| > z/2 in a ray-picture
approximation, and it consequently allows for full absorp-
tion of the incident power. This is visible in Fig. 2(a), in
which we show the electric field and power distribution for
a cylinder with a diameter of four wavelengths, covered by
just the passive portion of the proposed surface, conformal
to the left-hand side of the cylinder (|¢| > z/2) at a
distance d — a = 0.014 from its surface; all of the incident
signal is absorbed by the surface, resulting in zero back-
scattering, but a large shadow is created at the right-hand
side of the cylinder, making it detectable from the forward
direction. This is the functionality of an ideal stealth
surface, which absorbs the impinging wave and eliminates
any reflection, but it is generally detectable from its shadow

in the case of bistatic radar measurements, or from the dark
spot that would create in an otherwise bright background in
the case of monostatic radar measurements.

Equation (3) suggests, however, that if we coat the back
portion of the cylinder with the time-reversed version of
this stealth passive surface, we may be able to realize ideal
cloaking in a so-called super-stealth configuration, where
both backward and forward scattering are totally sup-
pressed. Indeed, for |¢| < z/2 (gain side of the surface),
Re{Y,} is opposite to the characteristic admittance of an
x-propagating plane wave on any of the cylinder’s tangen-
tial planes. This condition leads to a locally infinite
reflection coefficient, similarly to a semi-infinite trans-
mission line terminated with an impedance opposite to the
line’s characteristic impedance, where self-sustained power
emission (lasing) is supported. Emission without excitation
does not arise in our scenario, as we prove below, due to the
finite area covered by the gain medium; although the
infinite local reflection coefficient ensures that an infini-
tesimal amount of power impinging on an infinitesimal
section of the coated cylinder results in a finite radiated
field, integrating this field all over the finite area of the
object yields a finite value for the total scattered field.
Nevertheless, the weak signal leaking in the shadow region
of Fig. 2(a) from the top and bottom of the cylinder triggers
the emission of a +x-propagating plane wave, cancelling
the shadow effect created by the stealth portion of the
surface. This is visible in Fig. 2(b), which shows the electric
field and the power distribution of a fully cloaked cylinder
using the approximate ultrathin surface described in
Eq. (3); the incident plane wave absorbed at the left-hand
side of the cylinder is fully restored in amplitude and phase
at its right-hand side, making the object fully undetectable,
even in the forward direction. For comparison, Fig. 2(c)
presents the electric field and power distribution for the
case of a bare cylinder, where one can see the significant
distortion of an incident field caused by such a cylinder of
large electrical size. The small distance between the
impedance surface and the cylinder considered in this
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FIG. 2. Total electric field (color plot, snapshot in time, normalized to the incident amplitude) and power (vectorial plot) distribution
for a PEC cylinder with a = 2. The structure is illuminated from its left-hand side. (a) The cylinder is covered only on its left-hand side
with a lossy impedance following Eq. (3) for |¢| > 7/2. The distance between the impedance and the cylinder is 0.014. (b) Fully cloaked
cylinder using the PT-symmetric impedance surface described by Eq. (3). (c) Cylinder without cloak.
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scenario, just 0.01 wavelengths, demonstrates the unique
potential of the proposed approach to realize extremely thin
yet ideal cloaks, suited for electrically large objects, in
contrast with conventional passive-cloaking techniques.

Similarly to its 1D PT-symmetric counterparts [17-19],
the proposed cloak exhibits strong scattering asymmetry for
opposite incidence directions; although the scattering is
identically zero for incidence from the +x direction, it
becomes very large for incidence from the opposite one. As
recently demonstrated [36], such an asymmetry cannot be
produced by just geometrical asymmetries, but it inherently
requires loss and/or gain, as in PT-symmetric structures.
Figure 3 presents the electric field and power distributions
for the fully cloaked cylinder of Fig. 2, but for incidence
from the opposite (—x) direction than in Fig. 2; the incident
wave experiences significant scattering, with the scattered
field being over 10 times larger in magnitude than the
incident field. Most of the scattered energy originates from
the gain portion of the metasurface, which locally sustains
an infinite reflection coefficient, as we discuss above, and it
overwhelms the impinging signal. Consistent with the
general findings in Ref. [36], reciprocity requires that
the total extinction power P of the object, integrated
over all angles, is necessarily the same for both illumination
directions. For propagation in the +x direction, the pres-
ence of balanced loss and gain in an asymmetric distribu-
tion ensures that Py, = Py = Py = 0, where P, is the
integrated scattered power and P, is the net absorbed
power (positive and negative along the lossy and active
sides) by the metasurface. Therefore, the total extinction
power should also be zero when illuminated from the —x
direction, as in Fig. 3, leading to P.y = Py + Pgeat = 0
and Py, = —P,,. Notice that P, can be very large,
solely sustained by the gain of the metasurface.

A 133
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FIG. 3. Similar to Fig. 2(b), but for incidence from —x. Total
electric field (color plot, snapshot in time, normalized to the
incident amplitude) and power (vectorial plot) distribution for a
PT-symmetric cloaked circular cylinder with radius a = 24. The
thickness of the spacer between the cloaking metasurface and the
cylinder is again d — a = 0.014.

While the scattering cross section is drastically different
for opposite excitations, Fig. 4 shows that the scattering
pattern behaves smoothly for intermediate incidence angles
@Pinc, measured with respect to the -+x axis, ensuring a
robust angular response of the cloak. As expected, scatter-
ing is very small in the case ¢;,. = 0°, for which the cloak
is designed, although not identically zero due to the
approximation made in Eq. (3). As ¢, increases, the
scattering correspondingly increases, but it remains con-
fined towards the forward direction, and close to zero in the
—x direction for any illumination direction. This effect is a
direct consequence of reciprocity: since the scattered field
for a +x-propagating wave is essentially zero in any
direction, the same should hold for the scattered field in
the —x direction for illumination from any other direction.
A remarkable property of the patterns in Fig. 4 is that the
scattering is always maximum in the +x direction, with
lobe broadening as ;. increases. This response is a direct
consequence of the emission and reflection properties of
the gain region of the surface. For small ¢;,, little power
impinges directly on the active side of the metasurface
within the ray approximation and, since all active points of
the surface emit power coherently in the +x direction, the
scattering lobe in this direction is very narrow. On the other
hand, as ¢;,. approaches 180°, there is a substantial amount
of power directly hitting the gain region, resulting in direct

-90°

-90° -90°

(c) (d)

FIG. 4. Calculated scattering cross section for the PT-
symmetric cloaked cylinder of Fig. 2(b) versus the azimuthal
angle ¢ for different incidence angles, @p.: () @i =05,
(b) @ine = 60°, (¢) @ine = 120°, and (d) @y, = 180°. The radius
of the cylinder is a = 2/ and the separation between the metasur-
face and the cylinder d — a = 0.014. The results are normalized to
the total scattering cross section of the bare cylinder.
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reflection from the surface. In this case, different points of
the active region reflect in different directions, resulting in
an overall broadening of the scattering lobe.

The fact that the scattering is very strong for incidence
from the +x direction may lead one to think that the
proposed cloak becomes susceptible to background electro-
magnetic noise or the presence of other neighboring
objects. This may be true in a bistatic measurement
scenario with emitter and receiver placed in the semispaces
facing the passive and active sides of the cloak, respec-
tively. In such a case, noise impinging on the structure from
the +x direction would be amplified by the active part of
the cloak, potentially making the object recognizable. Yet,
in the case of monostatic measurements, when emitter and
observer are both placed on the passive side of the object,
noise and scattering from neighboring objects do not affect
the cloak performance, since the scattering in the —x
direction is zero for waves impinging from any direction,
as detailed above. The scattering from the active side, and
consequently the sensitivity to noise in bistatic measure-
ments, is expected to increase as the object size grows,
setting an upper limit on the size of objects that can be
cloaked in a noisy environment. Scattering noise may be
reduced by deviating from the zero-scattering condition;
however, this would produce an analogous reduction in the
amount of scattering cancelation for incidence from the —x
direction.

III. SIMPLIFIED CLOAK FOR
RHOMBOIDAL OBJECTS

Despite the apparent simplicity of Eq. (3), a nonuniform
impedance profile with continuous modulation is practi-
cally challenging to achieve. Furthermore, increasing the
radius of the cylinder requires using more terms in
the Taylor expansion of Eq. (2), thereby further increasing
the overall design complexity. This issue may seem
counterintuitive considering that the approximation of a
thin spacer, under which Eq. (3) is derived, becomes more
accurate as a increases, but it is the result of the large
sensitivity of the gain part of the metasurface on the
amplitude and phase of the cylinder’s shadow fields. For
these reasons, it may be highly desirable to remove spatial
inhomogeneities and design a metasurface that consists of
only two distinct uniform regions, one with loss and
another one with gain. This is possible if the object to
be cloaked is confined in a rhomboidal PEC shell, as in
Fig. 5, exploiting the fact that the angle between an
x-propagating plane wave and the normal direction to
the cloak surface is the same all around the shell. Notice
that this is not necessarily a stringent constraint on the
object shape, since a PEC shell can obviously enclose
objects of any material and shape inside it. The corners of
the rhombus represent singular points, which, as will
become apparent later, have a negligible effect on the
overall scattering, and can therefore be left uncloaked.

FIG. 5. PEC rhomboidal cylinder covered with a conformal
PT-symmetric metasurface in the form of a rhomboidal cylinder
with the same opening angle. As in the case of the circular
cylinder, the left and right portions of the metasurface have loss
and gain, respectively, in order to absorb and emit plane waves
impinging from the left. The PT cloak is only applied to the
projection of the PEC rhombus on the outer rhombus, indicated
with dashed line.

We consider a rhombus with side length a and opening
angle 26. The mantle cloaking surface is also rhomboidal,
with same opening angle and is placed at a distance d
from the object to be cloaked, as shown in Fig. 4. The
characteristic admittance of a transverse-magnetic (TM) x-
propagating plane wave on any face of the rhombus is equal
to Y cos 6. Therefore, following Eq. (3), the real part of Y
should be selected as uniform as Re{Y,} = Y,cos@
and Re{Y,} = —Y,cos@ for the lossy and gain parts of
the metasurface, respectively, so that the structure is
impedance matched to x-propagating waves. On the other
hand, Im{Y,} should cancel the reactance of the PEC
rhombus as measured at the cloaking metasurface. This
reactance reads Y cos 6 cot(kd cos 6), as found from the
expression iY . cot(f]) for the input admittance of a shorted
transmission line with length [/, characteristic admittance
Y., and wave number f, after substituting d =1,
Y. =7Ygcos0, and f = kcos 8. Consequently, the reactive
part of the surface admittance should be selected
as Im{Y,} = —iYcos O cot(kd cos 0).

Figure 6 shows the electric field and power distribution
for two electrically large rhombuses with a = 104 and
a = 204, corresponding to cross sections of 14.11 and
28.24 along the illumination direction. The opening angle is
90° for both cylinders and d = 0.051. In these cases, the
cloaking admittance is only applied along the projection of
the interior rhombus on the exterior one, a configuration
found to minimize scattering from the edges. The case of
uncloaked cylinders is also presented for comparison. It is
clear that the PT-symmetric cloak drastically reduces
reflections, scattering, and shadows, even for rhomboids
with very large electrical size, almost completely restoring
the incident wave anywhere around the objects. The slight
distortion of wavefronts between the vertical axis of the
object and its right corner is due to emission of y-directed
plane waves by the metasurface active portion. Emission of
such waves is possible because, like waves propagating
along the x direction, their impedance on the rhombus’s
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FIG. 6. Electric field (color plot) and power (vectorial plot) distribution in the case of a PEC rhomboid with an opening of 90°.
(a) PT-symmetric-cloaked rhomboid with @ = 104 and d = 0.051. (b) Bare rhomboid with @ = 104. (c) PT-symmetric-cloaked
rhomboid with a = 204 and d = 0.054. (d) Bare rhomboid with a = 20A.

faces is equal to Y, cos@ and, therefore, they are locally
associated with an infinite reflection coefficient along the
gain part of the metasurface. Ideally, the field in the shadow
region of the object would only initiate a +x-propagating
plane wave, thus perfectly restoring the incident wave.
However, the discontinuity introduced by the rhombus’s
corners perturbs the amplitude and phase of the shadow
field, resulting in an undesired small power emission along
the y direction. In a practical design, elimination of this
effect may be accomplished by rounding the corners of the
object in an optimized fashion.

IV. STABILITY CONSIDERATIONS AND TIME
EVOLUTION OF THE CLOAKING EFFECT

The presence of an active surface with a locally infinite
reflection coefficient makes the proposed cloak prone to
instabilities. The fact that the active part of the surface is
extended over a finite area ensures stability at the design
frequency [37], as we discuss above. However, the analysis
and discussions in the previous sections are limited to
steady-state monochromatic operation, and therefore stabil-
ity does not necessarily hold for other frequencies or for a
realistic causal excitation. A full investigation of the stability
of the proposed cloak requires knowledge of the surface’s
admittance frequency dispersion, and therefore the
assumption of a particular physical model for the admittance
surface. Here, we develop such a model and study the
stability in the case of a circular cylindrical object, as in

Fig. 1, for which analytical expressions can be derived. In
addition, this analysis allows us to discuss the time evolution
of the cloaking mechanism introduced here, as it reaches the
steady-state condition analyzed in the previous sections.

The stability of a system can be determined from the
analytical properties of its transfer function, i.e., the Fourier
transform of its impulse response, in the upper half of the
complex frequency plane (Im{w} > 0). If the transfer
function is analytic (it does not have poles or branch
points) in this plane, the system is stable. The transfer
function in our case is the Green function of the cloaked
object, and the corresponding poles are the resonant
frequencies of the structure. Resonance frequencies are
solutions of the source-free Maxwell equations, which, for
the circular cylinder in Fig. 1, lead to the following
expressions for the field in the space exterior and interior
to the admittance surface:

E‘l)(kr) ln(p’
Ew =2 ) [a,J,(kr) +b,Y,(kr)]e™.  (4)

The coefficients a,,, b,, and ¢, can be determined from the
continuity of the electric field across the surface and the
admittance boundary condition J, = Y E,. After some
straightforward manipulations, we find
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FIG. 7.
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Physical implementation of the PT-symmetric cloak in the case of a circular cylinder. (a) Realization of the admittance surface

via a grating of wide metallic strips periodically loaded with lumped elements Y; (¢). (b) Real and imaginary part of Y; versus
frequency. (c) Circuit implementation of Y, at radio frequencies via simple circuit elements and a negative impedance converter.
The values of the elements are: R = 1/[2Y; (wy)], L = R/y, and C = 1/(w3L).

Jon =20 O YsunCd i (kd).  (5)

m=—00

where Jg, is the nth azimuthal harmonic of the surface
current (Jy =) % J,e"?), Y, is the nth azimuthal
harmonic of the surface admittance (Y, =) % Y, ,e"?),

and

inkd 1, (kd)Y,,(ka) — J,(ka) Y, (kd)
S 2 HY (ka)

. (6)

Cn =

The eigenfrequencies of the structure can then be calculated
from the roots of the determinant of the linear system
in Eq. (5).

Inspired by designs of thin metamaterial absorbers
[38,39], we propose the realization of the required admit-
tance surface via a grating of wide metallic strips periodi-
cally loaded with lumped elements, as in Fig. 7(a). If C is
the capacitance between the strips and Y, (@) is the
admittance of the lumped load at angular position ¢, the
overall surface admittance is Y (@) = —iowC, + Y (¢).
The gap between neighboring strips is selected so that,
at the design frequency w,, the admittance of the gap
—w,C, is equal to the optimum value for Im{Y} given by
Eq. (3). Then, at the design frequency w,, the admittance of
the load Y; should be selected to be equal to Re{Y,}
in Eq. (3). A possible choice for Y; that satisfies
this requirement is Y; = —Y,cos¢ for the lossy part
of the surface and Y, = Y,cosp(—a? + of + iyw)/
(—@” + wj — iyw) for the active one. The lossy part simply
corresponds to a passive resistor, while the interpretation of
the active part requires more discussion. The active load
corresponds to a negative conductance —Y, cos ¢ at @, and
a positive one Ypcose far from @,. Furthermore, at
intermediate frequencies, Y; has a nonzero reactive part,
as required by Kramers-Kronig relations. It should be noted
that the poles of Y; lie in the bottom half-plane and,

therefore, Y; represents a bounded-input bounded-ouput
(BIBO) stable element. Selection of this particular
dispersion model for Y; is based on the fact that any
active system provides gain only over a limited bandwidth,
which for the model used here is equal to y. A plot of ¥,
versus frequency is presented in Fig. 7(b), while Fig. 7(c)
shows a possible implementation of Y at radio frequencies
via simple circuit elements and a negative impedance
converter (NIC).

Based on the model for the surface admittance described
above, Fig. 8 plots the condition number of the system in
Eq. (4) for two different values of y. The condition number
is defined as the ratio between the maximum and minimum
eigenvalues of the system matrix, and an infinite condition
number corresponds to a zero determinant, hence an
eigenmode of the structure. Results are shown only in
the right half-plane, since the Fourier transform is con-
jugate symmetric with respect to the imaginary axis, being
the field quantities real in the time domain. Two sets of
poles can be identified, far from and close to the design
frequency w,. The poles far from @, correspond to a grating
loaded with a passive conductance Y| cos ¢|, i.e., the value
of Y, far from w,. As expected, these poles are always
stable, since they are associated only with passive elements.
On the other hand, the poles close to m are the result of the
active part of Y, . For large y, some of these poles lie in the
upper half-plane, leading to an unstable system. As y
decreases, i.e., as the bandwidth over which Re{Y;} <0
decreases, these poles move closer to the real frequency
axis and they eventually enter the bottom half-plane,
ensuring that the system is stable. Since y determines
the bandwidth of the structure, it is evident that there is a
maximum possible bandwidth for the chosen dispersion
profile to ensure stability. Increasing the size of the object
leads to a decrease in the maximum available bandwidth
over which the proposed configuration is stable, but
increasing the complexity of the cloak with proper
dispersion engineering may push forward this limit. It is
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FIG. 8.

Condition number of the system in Eq. (4) for a circular cylinder with a = 4, and d — a = 0.014,. The admittance surface is

implemented as in Fig. 7. (a) y = 0.05. A pole can be found in the upper half-plane and, therefore, the system is unstable. (b) y = 0.005.
All the poles lie in the bottom half-plane, indicating a stable system.

interesting that, while the use of active elements may relax
several of the conventional bandwidth limitations imposed
by passivity, both on the absorber side and on the active
side, stability requirements and the necessity to guarantee
an active response impose the fundamental limitations to an
arbitrarily broadband response. It should be stressed,
however, that the limit on bandwidth outlined in Fig. 8
depends on the particular dispersive model assumed for the
surface admittance (both on the passive and active side),
and it may be therefore significantly extended by consid-
ering other, more complex, circuit models for the cloak
implementation. The model for Y; used here, and the
corresponding values of bandwidth, are nonoptimal and
have been selected simply to demonstrate the feasibility of
the proposed concept for cloaking. The determination of
optimal designs to ensure large bandwidths over which
stability is ensured is a dispersion-engineering problem that
falls beyond the scope of the present paper.

The knowledge of the properties of the poles in the
complex frequency plane allows a better understanding
and provides relevant insights into the physical mecha-
nisms at the basis of the proposed cloaking effect. For this

purpose, we consider excitation with a causal pulse of
semi-infinite temporal extent centered at frequency @, and
impinging on the structure at time zero. We recall from
linear-systems theory that the electric field everywhere in
space can be expressed as the superposition of the steady-
state contribution (analyzed in previous sections) and a
transient response E(r, 1) = > A, (r)e”', where w,
is the eigenfrequency of the pth mode of the structure and
A,(r) the corresponding resonance amplitude, which
depends on the mode profile over space and the spectral
content of the incident pulse [40]. Consider first a cylinder
covered only from its left-hand side with a matched lossy
surface, as in Fig. 2(a). In such a case, the eigenspectrum
of the structure consists of the modes far from w, in
Fig. 8. Since the imaginary parts of the eigenfrequencies
of these modes are large negative numbers, the transient
effect is expected to be short, and a steady state is
expected to be quickly established, when all the incident
power is absorbed and a large shadow is created at the
opposite (noncovered) side of the cylinder, as in Fig. 2(a).
The transient effect primarily consists of reflection of the
incident pulse wave front, due to its finite bandwidth, and
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to the dispersion of the lossy side of the cloak [41]. The
response of a fully covered cylinder, with both lossy and
active portions of the surface, is not very different at early
times after the wave hits the object, when the response of
the structure is primarily determined by the poles far from
w, in Fig. 8. However, as time progresses, the resonant
eigenstates of the cloak close to @, in Fig. 8, sustained by
the active side, are excited and dramatically change the
overall field distribution. For a stable structure, as in
Fig. 8(b), these states eventually decay to zero, since they
are associated with poles in the bottom half-plane.
However, in the meanwhile, these modes are responsible
for sustaining the coupling between passive and active
sides of the surface, establishing the necessary amplitude
and phase conditions on the active part of the admittance
surface to generate the desired fields, synchronized to the
wave front impinging the object, effectively canceling the
shadow and forward scattering. In a sense, the eigenmodes
of the system assist the incident wave to establish the
appropriate conditions on the active part of the surface for
restoration of the incident field in the forward direction in
the steady state. Due to causality, there will always be a
finite transient regime over which the cloaked object will
be visible, but the presence of active components in the
cloak, and suitable dispersion engineering of the surface,
may provide tools to ensure that the cloak reaches the
steady-state response in a relatively short transient time,
allowing for broadband operation.

V. DISCUSSION AND CONCLUSIONS

The structure presented in this paper shares some
limited, yet interesting connections with the ones intro-
duced in Refs. [15,16]. In particular, for incidence from
the left (ideal invisibility case) the steady-state electric-
current distribution induced on the passive or active
metasurface is equivalent to the magnetic current distri-
bution derived in Ref. [15]. This is to be expected,
recalling that an electric current at close distance from
a PEC plane is equivalent to a magnetic current directly on
the plane and that, due to the equivalence principle, there
is a unique current distribution that makes an object
ideally invisible. However, there are fundamental
differences regarding the physical mechanism leading to
the cloaking effect between the approach presented here
and the scheme introduced in Ref. [15]. Cloaking in
Ref. [15] is achieved by surrounding the cylinder with a
series of independent magnetic loop antennas which
collectively radiate a field opposite to the scattered field
by the bare cylinder. The amplitudes and phases of the
signals feeding the loop antennas need to be a precise
function of the incident wave and, as a result, a change in
amplitude, phase, or position of the source requires a
change in the amplitudes and phases of the feeding signals
through an active feedback system. In a sense, the problem
in Ref. [15] is the superposition of two independent

problems, which, under specific conditions, can interfere
destructively and result in scattering cancelation. On the
other hand, the proposed passive or active metasurface
automatically adapts and synchronizes, in an autonomous
fashion, the induced surface current distribution to the
incident field through the resonant states of the metasur-
face, as if the structure presented an internal feedback
mechanism that allows us to unidirectionally cloak the
object, for any amplitude and phase of the impinging
wave, tracking in real time the impinging signal. Even a
modulated signal within the operational bandwidth of the
cloak would go through the obstacle with minimal dis-
tortion or scattering. The eigenmodal radiation sustained
by the active part is fed by the passive portion of the
metasurface through the wave interaction between the two
parts, and the combination of the two parts provides a
unique way of ideal unidirectional cloaking.

Similar to our approach, the one presented in Ref. [16] is
also based on the concept of absorbing incident power from
one side of the cloaked object and reemitting it from the
other side of the object. To this end, Ref. [16] relies on a
complex feedback mechanism between the absorbing and
emitting parts of the cloak, which allows making an object
invisible to arbitrary pulses impinging from arbitrary
directions; however, this occurs at the expense of intensive
signal processing and requirement of complicated networks
of sensors and sources. On the other hand, our approach is
based on relatively simple active metasurfaces, able to
make an object invisible to signals impinging from a
particular direction by exploiting the natural feedback
mechanism established through wave propagation around
the object, thus not requiring any computationally expen-
sive signal-processing operation.

Our work shows that balanced loss and gain, such as in
PT-symmetric systems, can open exciting new venues to
cloak objects much larger than the wavelength. Our
approach essentially extends the conventional stealth
approaches to camouflaging, showing that, by employing
a time-reversed version of an ideal stealth surface on the
opposite side of the object, one can realize a super-stealth
configuration that can fully eliminate the object scattering.
The coating surface fully absorbs the impinging power on
one side of the object and at the same time emits the
required radiation from the other side. Similar to 1D PT-
symmetric lattices, the structure exhibits strong scattering
asymmetry; for one propagation direction, it is invisible,
while for the opposite one, it exhibits significant back-
scattering. While this work focuses on 2D objects, similar
principles can be straightforwardly extended to 3D. We
conclude by pointing out that a similar scheme can be
applied to objects of arbitrary, asymmetric shape and/or to
impinging waves of arbitrary form. By breaking the spatial
symmetries assumed in this paper, the required metasur-
face, while still retaining balanced loss-gain features, will
not be PT-symmetric, to allow proper compensation of the
asymmetries in the object or in the excitation.
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