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In order to develop a simple method for preventing unwanted thermally driven acoustic gas oscillations,
the amplitude-death phenomenon in thermoacoustic oscillators coupled by dissipative and time-delay
coupling is experimentally studied. The coupling is designed and built using a needle valve and a half-
wavelength tube. Experimental bifurcation diagrams show that oscillations can be completely stopped
even in a system comprising identical oscillators when the oscillators are coupled by both dissipative and
time-delay coupling. The effectiveness of this type of coupling is confirmed by numerical calculations.
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I. INTRODUCTION

When two self-sustained oscillators with different natu-
ral frequencies are coupled together, mutual synchroniza-
tion occurs and they start to oscillate with the same
frequency [1]. However, with certain combinations of
the coupling type and frequency detuning, amplitude death
via stabilization to a fixed point of the dynamical system
can occur [2–4]. In amplitude death, the two oscillators stop
completely, in contrast to the suppression of a forced
oscillator, where the natural oscillation is quenched but
the forcing oscillation never vanishes [5]. The first obser-
vation of amplitude death (AD) was made in a system of
two organ pipes standing side by side [6]. This problem has
recently been revisited by Abel et al. [7,8] with a detailed
mathematical description. The oscillator system that we
aim to stop consists of the acoustic oscillations of a gas
column (thermoacoustic oscillations) maintained by heat
[9] rather than by the steady gas flow in organ pipes.
A lean premixed combustion is the key technology for

reducing NOx and CO emissions from gas turbine engines
but is prone to generating unwanted strong gas oscillations
that can cause serious damage leading to reduced lifetimes
or even destruction of the engine [10]. Complete elimina-
tion of oscillations is, therefore, a strong requirement for
the safe operation of aircraft and power generators. So far,
passive controls have been attempted, but a simpler method
is needed. In this paper, we experimentally demonstrate a
strategy based on AD to suppress the oscillations.
Theoretical studies have found several types of couplings

leading to AD [11]. Among them, we specifically focus
on dissipative coupling and time-delay coupling. In the case
of dissipative coupling, AD occurs when the frequency
detuning between the oscillators is sufficiently large [12].
In the case of time-delay coupling, the oscillations are
damped for suitable values of delay time and coupling
strength even in a system of identical oscillators [13].

In electrical circuits, a resistor and a digital delay line
provide a means of realizing these couplings [4]. In
thermoacoustic systems, however, there has been no
experimental evidence of AD, although forced synchroni-
zation [14–17], quenching by external forcing [5,18], and
mutual synchronization [19] have been observed and
analyzed. We report on the design and construction of
dissipative and delayed couplings in a real acoustic system.

II. EXPERIMENT SETUP

Figure 1(a) shows the thermoacoustic oscillator
(oscillator 1) used in this study. It consists of a 720-mm-
long cylindrical tube with an internal diameter of 24 mm
and a porous material, which is referred to as a stack. The
tube is closed by rigid plates at the ends and is filled with a
working fluid of air at ambient pressure and temperature.
The stack is a 20-mm-long cylindrical honeycomb catalyst
with a diameter such that it fits into the resonator. The
square pore size of the stack is 0.93 × 0.93 mm2, and the
porosity is 80.0%. The stack is sandwiched between hot
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FIG. 1. Experiment setup. Thermoacoustic oscillator (a) and
coupled oscillators (b) using a needle valve and a connecting
tube.
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and cold heat exchangers, both of which are made of
cylinders with parallel plates inside of them. An electrical
heater and a cooling water pipe are wound around the hot
and cold heat exchangers, respectively. The hot end
temperature TH of the stack is monitored by a thermocou-
ple and controlled by the electrical heater current, and the
cold end temperature TC is maintained at 293 K during the
experiments.
When the thermoacoustic oscillator is driven away from

equilibrium by the increasing control parameter ΔT ¼
TH − TC [20], acoustic oscillations of the gas column
begin with ΔT > 230 K. The oscillation is in the funda-
mental acoustic mode having acoustic pressure maxima
at the ends of the tube. The pressure amplitude measured
with a pressure transducer mounted on the end plate of the
resonator reaches 1.4 kPa with a frequency f1 ¼ 250 Hz
when ΔT ¼ 350 K.
A second oscillator (oscillator 2) is built in the same way

as the oscillator shown in Fig. 1(a) but with one of the end
plates replaced by a brass plug sealed by an O ring to adjust
the frequency f2 of this oscillator. The detuning Δf ¼
f2 − f1 between oscillators 1 and 2 is gradually changed in
the range of −15 Hz ≤ Δf ≤ 15 Hz in steps of 2.5 Hz.
Dissipative coupling of the two oscillators is achieved

by connecting them together using a needle valve (KITZ
260K-3=4). The coupling strength is controlled by the
valve opening angle Φ. For the time-delay coupling, we
use a vinyl tube of 4-mm internal diameter as shown in
Fig. 1(b). The delay time is controlled by the length of the
tube, since the acoustic fluctuation in one oscillator arrives
at the other after a time proportional to this length.
In order to map out the bifurcation diagram of the

coupled thermoacoustic oscillators, we record the acoustic
pressures p1ðtÞ and p2ðtÞ near the ends of the oscillators
with an analog-to-digital convertor and obtain their instan-
taneous amplitudes and phases from the analytical signals
obtained via their Hilbert transforms [1]. During the
experiments, ΔT for oscillator 1 is maintained at 350 K.
For oscillator 2, ΔT is adjusted so that the acoustic pressure
amplitude of p2ðtÞ becomes the same as that of p1ðtÞ when
the coupling is off and is maintained after the coupling is
turned on. Pressure measurements are taken after the
system reaches a steady state.

III. RESULTS AND DISCUSSION

The two-parameter bifurcation diagram for the dissipa-
tively coupled oscillators is mapped in Fig. 2(a) with the
valve opening angle Φ and the frequency detuning Δf as
parameters. The evolution of the oscillatory dynamics
along route A with Δf ¼ 5 Hz is shown in Fig. 2(b),
where the pressure amplitude P1 of p1ðtÞ and the phase
difference θ between p1ðtÞ and p2ðtÞ are illustrated as
functions of Φ. The Φ dependence of P2 of p2ðtÞ, not
shown in Fig. 2(a) for brevity, is almost the same as P1. For
the relatively small values ofΦ in region (I), a quasiperiodic

motion on a torus is observed. The amplitude P1 time
averaged over a beat period gradually decreases with
increasingΦ, but it starts to increase at Φ ¼ 75∘ in response
to the saddle-node bifurcation to the synchronization
region (II) with Φ > 75∘. With further increases in Φ,
the instantaneous phase difference θ of p2ðtÞ relative to
p1ðtÞ approaches zero (in-phase synchronization), and at
the same time, the amplitude P1 returns to the value it had
without coupling when Φ ¼ 0.
When we follow route B in Fig. 2(a) with the detuning

Δf ¼ 10 Hz, P1 decreases with increasing Φ, as observed
in the case with Δf ¼ 5 Hz, but the torus bifurcates to the
fixed point atΦ ¼ 75∘, showing the appearance of AD. The
zero-amplitude state persists until the synchronous state
appears with Φ > 95∘ through a Hopf bifurcation.
The presence of AD in the intermediate region of Φ

between 75° and 90° is reasonable from the energetic point
of view. The reciprocating gas parcels through the abrupt
changes of cross section at the inlet and outlet of the valve
cause a minor loss of acoustic power due to vortex

(a)

(b)

(c)

FIG. 2. Two-parameter bifurcation diagram (a) when thermoa-
coustic oscillators are coupled by the valve. The pressure
amplitude P1 and phase difference θ between oscillators 1 and
2 as functions of the valve opening Φ when the detuning Δf is
5 Hz (b) and 10 Hz (c). Regions (I), (II), and (III) denote
asynchronous states, synchronous states, and amplitude death,
respectively.
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generation [21]. If Φ is small, this loss is small as the
resulting gas flow rate is low, but the loss should increase
withΦ and thereby reduce the oscillation amplitude to zero.
At higher Φ, however, the oscillations recover because the
stronger coupling leads to in-phase synchronization which
prevents gas flow through the valve as p1ðtÞ ¼ p2ðtÞ holds.
In other words, it is hard to suppress oscillations when
identical thermoacoustic oscillators with Δf ¼ 0 are dis-
sipatively coupled through a needle valve only because in-
phase synchronization easily takes place.
The time-delay coupling is tested with the valve

completely closed (Φ ¼ 0) while keeping the detuning
Δf ¼ 0 and ΔT ¼ 350 K. When the two oscillators are
connected by a 600-mm-long tube close to a half-
wavelength, antiphase synchronization is realized, as
observed by Spoor and Swift [19]. Synchronization will
introduce AD more easily, because it makes the pressure
difference p2ðtÞ − p1ðtÞ across the valve large. So if such
phasing is maintained when the valve is opened, the
gas flow rate and the associated energy loss should be
enhanced. Therefore, we connect oscillators 1 and 2
together using both the needle valve and the half-
wavelength tube, as shown in Fig. 1(b).
Figures 3(a) and 3(b) present p1ðtÞ and p2ðtÞ observed

in the coupled oscillators with Δf ¼ 0. In Fig. 3(a), Φ
changes from 0° to 80° at t ¼ 0 after antiphase synchro-
nization is achieved in advance via the tube. It can be seen
that p1ðtÞ and p2ðtÞ oscillating 180° out of phase with each
other gradually decrease to zero after a time, which
signifies the stabilization at a fixed point with zero
amplitude. Figure 3(b) shows the case when the tightly
pinched tube is released at t ¼ 0 after the in-phase
synchronization is achieved by the valve (Φ ¼ 80∘). We
see that the AD occurs irrespectively of which coupling is
turned on first, although the relaxation times for the
oscillation decay are different in Figs. 3(a) and 3(b).
Through further observations of p1ðtÞ and p2ðtÞ with

various Δf and Φ, we create the bifurcation diagram
shown in Fig. 3(c). The death region (III) extends over a
much wider area than that obtained with dissipative
coupling via the needle valve in Fig. 2(a). Also, we see
that the oscillation stops for all values ofΔf with Φ ≥ 60∘,
while the oscillation survives in the range of −7.5 Hz ≤
Δf ≤ 10.0 Hz when the valve is closed (Φ ¼ 0). This
result means that the present tube coupling is not suffi-
ciently strong to stop the oscillations without the valve
coupling, although Reddy et al. [4] succeeded in sup-
pressing oscillations in electrical circuits by time-delay
coupling alone. In other words, our results indicate that
AD more easily occurs when dissipative coupling is
combined with time-delay coupling. In order to verify
the effectiveness of this type of coupling, we present some
numerical calculation results below.
We consider Van der Pol oscillators mutually coupled by

dissipative and time-delay coupling,

ẍi − ðϵi − x2i Þ_xþ ω2
i xi ¼ Kdð _xj − _xiÞ

þ Kτ½ _xjðt − τÞ − _xiðtÞ�; ð1Þ

where i, j ¼ 1, 2 and i ≠ j. The first term on the right-hand
side of Eq. (1) represents dissipative coupling with strength
Kd, whereas the second term represents the time-delay
coupling with strength Kτ and delay time τ. Inserting
Kτ ¼ 0 reduces the dynamical system of Eq. (1) to
dissipatively coupled oscillators [22], while Kd ¼ 0 yields
time-delay coupled ones. In Figs. 4(a) and 4(b), we present
the numerical bifurcation diagrams for dissipative coupling
(Kτ ¼ 0) and dissipative coupling plus time-delay coupling
(Kτ ¼ 0.04), where the parameters are taken as ϵ1 ¼
ϵ2 ¼ 0.03, ω1 ¼ 1, and τ ¼ 3.1, which is close to half
the natural period. We see a close resemblance to the
experimental bifurcation diagrams in Figs. 2(a) and 3(c),
where the plot range of 0.94 < ω2=ω1 < 1.06 of Figs. 4(a)

(a)

(b)

(c)

FIG. 3. Temporal variation of the acoustic pressures p1ðtÞ (red)
and p2ðtÞ (black) in the coupled oscillators withΔf ¼ 0, (a) when
the valve is open at t ¼ 0 after the antiphase synchronous state is
achieved via the connecting tube, and (b) when the tube is open at
t ¼ 0 after the in-phase synchronous state is achieved via the
valve. (c) Two-parameter bifurcation diagram when the thermoa-
coustic oscillators are coupled by both the valve and the tube.
Regions (II) and (III) denote the synchronous state and amplitude
death, respectively.
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and 4(b) corresponds to the range of Δf in the experiments
(−15 Hz < Δf < 15 Hz). If the valve opening angle Φ is
proportional to Kd, the threshold value of Φ ¼ 75∘ at the
boundary between regions (I) and (III) will correspond to
Kd ¼ 0.035. Figures 4(a) and 4(b) indicate that mutually
coupled Van der Pol oscillators can reproduce the present
system, although the hydrodynamic equations governing
thermoacoustic oscillators are far more complicated than
Eq. (1) [23].
Finally, we carry out a numerical investigation of the

effectiveness of valve-tube coupling by varying the
values of Kτ and τ while keeping ω ¼ ωi ¼ 1 (i ¼ 1, 2).
Figure 5(a) shows the bifurcation diagram for time-delay
coupling with Kd ¼ 0 in Eq. (1), where the death islands
are located near ωτ ¼ π=2 and ωτ ¼ 3π=2 as observed by
Reddy et al. [4]. Shown in Fig. 5(b) is the bifurcation
diagram for time-delay coupling plus dissipative coupling
with Kd ¼ 0.02. We see that the death island centered at
ωτ ¼ π extends to a much wider area including Kτ ≈ 0.02.
As shown in Fig. 4(a), the coupling strength Kd ¼ 0.02 is
well below the threshold value for AD to occur by
dissipative coupling alone. This result demonstrates that
AD can occur under dissipative coupling plus time-delay
coupling even when the coupling strengths are considerably
weak, lending support to the experimental results.

IV. SUMMARY

In summary, we demonstrate the amplitude-death
phenomenon in thermoacoustic oscillators coupled by
dissipative and time-delay coupling. These couplings are
realized using a needle valve alone and using both a
needle valve and a half-wavelength tube. The experimental
bifurcation diagrams show the valve-tube coupling to be
more capable than tube coupling alone for annihilating
oscillations. The amplitude-death phenomenon can become
a powerful tool for preventing unwanted oscillations in
thermoacoustic systems. We plan to use the proposed
technique to suppress unstable oscillations in real combus-
tion systems.
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