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Quantitative formulation of frequency-dependent interaction force for practical
applications in amplitude-modulation atomic force microscopy
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Amplitude-modulation atomic force microscopy (AM-AFM) measures nanoscale surface structures by
detecting changes in the cantilever oscillation amplitude, contributing to materials research. AM-AFM can
nondestructively observe fragile molecules, such as biomolecules, even while the probe is in intermittent
contact with the sample. However, the interaction force estimated from experimental amplitude values is
significantly greater than actual molecular binding forces, despite the successful visualization of molecular
dynamics, raising a fundamental question about force quantification. Here, we formulate a quantitative
force conversion equation for arbitrary driving frequencies. A comprehensive theoretical analysis reveals
that, when the cantilever is excited at the resonance slope, the conventional equation overestimates the
actual force by approximately five times since it is valid only for excitation at the resonance frequency.
This mathematical framework is validated through simulations and experiments, offering new insights
into AM-AFM force estimation. The findings provide a crucial toolset for accurate yet easy-to-use force
quantification, enhancing the reliability of practical AM-AFM applications in materials and biomolecular
research.
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I. INTRODUCTION

Amplitude-modulation (tapping-mode) atomic force
microscopy (AM-AFM) is a dynamic-mode AFM tech-
nique that enables high-resolution imaging at the atomic
and molecular scale with minimal perturbation [1–3]. It
has been employed in various materials science research
areas, e.g., electrochemistry [4], electronics [5–7], physic-
ochemistry [8], and polymers [5,6,9,10], since it operates
effectively in liquid as well as ambient environments.
Notably, this technique has contributed to the visualization
of living biological samples at the nanoscale [2,5,11–
14]. Recent advancements in the bandwidth of AM-AFM
devices have facilitated the development of high-speed
AFM (HS-AFM), which has uncovered the submolecular-
scale dynamics of biomolecules [12,15–21].

A unique feature of AFM is that the tip–sample interac-
tion force can serve not only as a feedback signal but also
as a force sensor or stimulator. In bio-applications, it has
been employed for the mechanical investigations of force-
sensing ion channels [12] or antibody conjugates [22],
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and for the manipulation or disassembly of supramolecu-
lar complexes [11,13,16–18]. Therefore, quantitative esti-
mation of the tip–sample force is essential for gaining
deeper insight into their mechanical properties and con-
tributes to optimizing feedback parameters required for
nondestructive imaging of fragile molecules.

There are two primary ways to quantify the forces
detected by the AFM tip: the average force and the peak
force [23,24]. Despite the fact that estimating peak force
is extremely challenging both experimentally and theoret-
ically, it is considered important for biomolecular disrup-
tion [22,24] and for evaluating the viscoelastic, chemical,
and electronic properties of the sample surface [8,25,26].
As a result, quantitative force volume mapping [8,10,27–
29] and other novel methods [18,22–24,26,30,31] have
been proposed.

In contrast to the estimation of the peak force, which
requires time-consuming experiments, the average force
can be more easily estimated from the amplitude setpoint
value, making it more suitable for the practical imag-
ing of fragile biomolecules in action. In 2001, San Paulo
et al. derived an approximate equation for estimating aver-
age force from amplitude values [32,33], which remains
widely used in AFM studies to this day [9,12,14,15,17].
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However, as discussed later, using this formula typically
estimates the average force to be several tens of piconew-
tons under typical HS-AFM experimental conditions. In
contrast, actual HS-AFM experiments have enabled the
observation of bioconjugates with equilibrium binding
forces as small as a few piconewtons [34,35]. If such
fragile molecules were subjected to forces of tens of
piconewtons, their structure and dynamics would likely be
disrupted.

Moreover, since the peak force is typically one order
of magnitude greater than the average force [23,24], the
peak force estimated from the amplitude value can reach
hundreds of piconewtons. In contrast, a method has also
been proposed to estimate the peak force during topo-
graphic imaging by referring to a separately obtained force
curve [22]. According to this method, the peak force can
be reduced to several tens of piconewtons in nondestruc-
tive bio-imaging applications. These discrepancies raise
the question of why the forces derived from amplitude
values are an order of magnitude larger than biological
binding forces and even those commonly encountered in
bio-imaging.

Additionally, the equation by San Paulo et al. does not
account for excitation frequency dependence, even though
AM-AFM experiments are often performed with excita-
tion slightly off-resonance. Although some studies have
explored the effects of excitation frequency on force esti-
mation [1,24,36–38], their findings have been limited in
scope, and a comprehensive theoretical framework with
experimental and simulation-based validation has yet to be
established.

In this study, we derive a quantitative conversion
equation to estimate the average force from the amplitude
values at arbitrary drive frequencies. Our comprehensive
theoretical analysis reveals that the estimated average force
depends strongly on the driving frequency and can be up
to five times smaller when excited at the resonance slope
rather than at the resonance frequency (f0). This finding
resolves a longstanding issue in AM-AFM force estima-
tion and provides a theoretical framework that integrates

with the widely used conventional approximated equation.
It also extends to the estimation of peak forces, offering
more accurate results while maintaining ease of use.

II. CONVERSION OF AMPLITUDE TO AVERAGE
FORCE

In AM-AFM, to observe fragile biomolecules without
destroying them, it is generally recognized that driving the
cantilever at the resonance slope is essential to achieve
maximum force sensitivity [1]. However, most previous
studies have focused on the excitation at f0. Therefore,
in this section, we derive a theoretical equation for the
average force that can be applied to an arbitrary driving
frequency (fdrive).

The equation of motion of the cantilever based on a
simple harmonic oscillator model is expressed as follows:

kcl

ω2
0

z′′
tip(t) + kcl

ω0Qcl
z′

tip(t) + kclztip(t)

= Fdrive cos(ωdrivet)
︸ ︷︷ ︸

External driving force

+ Fts(ztip(t), z′
tip(t))

︸ ︷︷ ︸

Tip-sample force

, (1)

where ω0 (=2π f0), Qcl, kcl, Fdrive, ωdrive (=2π fdrive), and
ztip are the eigenfrequency, quality factor, spring constant,
driving force, driving frequency, and displacement of the
cantilever, respectively. Hereafter, we denote f and ω

(=2π f ) as a certain frequency and its angular frequency,
respectively.

Normally, the distance dependence of the tip–sample
interaction is nonlinear; however, when the interaction
depth is relatively small, the harmonic components can be
ignored. Assuming a steady-state oscillation, ztip can be
approximately expressed as

ztip(t) ≈ 〈

ztip
〉 + Acl cos(ωdrivet + φcl), (2)

where Acl and φcl are the oscillation amplitude and phase
delay in the excitation system, respectively. Using the
Fourier series of the tip–sample interaction, we solve this
equation to obtain the transfer function Gcl as follows [29]:

Gcl(ω̃drive) = 1
kcl

1
(1 − ω̃2

drive − Ieven(ztip, Acl)) + i(ω̃drive/Qcl + Iodd(ztip, Acl))
, (3)

where ω̃drive is a normalized fdrive that is defined as follows:

ω̃drive ≡ ωdrive

ω0
= fdrive

f0
, (4)

and I even and I odd represent the in-phase and out-of-phase terms of the Fourier components, reflecting conservative forces
and energy dissipation, respectively [29], and are expressed as
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Ieven(ztip, Acl) = 2fdrive

kclAcl

∫ 1/fdrive

0
Fts(ztip(t), z′

tip(t)) cos(ωdrivet + φdrive)dt

= 2
kclA2

cl

〈

Ftsztip
〉 ∝ �f , (5)

Iodd(ztip, Acl) = 2fdrive

kclAcl

∫ 1/fdrive

0
Fts(ztip(t), z′

tip(t)) sin(ωdrivet + φdrive)dt

= − 1
π fdrivekclA2

cl

〈

Ftsz′
tip
〉

, (6)

where F ts is the tip–sample interaction force. By following the original definition by Dürig et al. [39], we define them as
even or odd relative to the tip trajectory. Moreover, Acl and φcl are calculated as follows:

Acl(ω̃drive) = |Gcl(ω̃drive)|Fdrive

= A0
√

(1−ω̃2
drive−Ieven(ztip,Acl))

2+(ω̃drive/Qcl+Iodd(ztip,Acl))
2
, (7)

φcl(ω̃drive) = ∠Gcl(ω̃drive) = tan−1
(

− ω̃drive/Qcl + Iodd(ztip, Acl)

1 − ω̃2
drive − Ieven(ztip, Acl)

)

, (8)

respectively, where A0 represents Acl at ω̃drive = 0. When F ts= 0, Acl is expressed by

Acl(ω̃drive, Ieven = Iodd = 0) = A0
√

(1 − ω̃2
drive)

2 + (ω̃drive/Qcl)
2

. (9)

The frequency characteristics of amplitude as a function
of I even are analyzed in Fig. 1(a). As the repulsive force
is increased (I even < 0), a positive f0 shift and a reduction
in the overall excitation efficiency are observed, which can
be attributed to an increase in the effective kcl. In addition,
the resonance peak becomes slightly sharper, meaning that
the effective Qcl increases, which makes the amplitude
change at the resonance peak less sensitive to the force.
In contrast, as the attractive force is increased (I even > 0),
a negative frequency shift and an increase in the overall
excitation efficiency are observed due to the reduction of
the effective kcl.

Moreover, the frequency characteristics of amplitude
as a function of I odd are analyzed in Fig. 1(b). As
I odd increases, Qcl and the overall excitation efficiency
decrease, but the f0 shift is not observed. In other words, the
maximum sensitivity for I odd can be obtained by exciting
at a frequency close to the resonance peak (a more detailed
analysis of dissipation will be published elsewhere).

Enlarged views of the frequency characteristics near the
resonance are shown in Figs. 1(c) and 1(d). It is well-
known that when Qcl is sufficiently large, the amplitude
gain peak appears exactly at f0. However, as seen here,
when Qcl becomes significantly low, the resonance peak

frequency (fpeak) deviates slightly negatively from f0. The
analytical solution for fpeak can be derived by setting the
derivative of Acl in Eq. (9) to zero, i.e.,

∂Acl(ω̃drive)

∂ω̃drive
= A0

ω̃drive[2(1 − ω̃2
drive) − 1/Q2

cl]

[(1 − ω̃2
drive)

2 + (ω̃drive/Qcl)
2]

3/2 = 0.

(10)

Solving this equation, we obtain the expression of normal-
ized fpeak (ω̃peak) as follows:

ω̃peak ≡ ωpeak

ω0
= fpeak

f0
=
√

1 − 1
2Q2

cl

(

Qcl >
1√
2

)

.

(11)

In Fig 1(c), when excited at fpeak or lower, the amplitude
value tends to effectively decrease with reducing I even.
However, even when I even is changed, the amplitude value
is almost unchanged at f0 and rather increases at a fre-
quency higher than f0. In contrast, in Fig. 1(d), as I odd is
changed, the amplitude value decreases regardless of fdrive,
especially near fpeak.
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(a) (b)

(c) (d)

FIG. 1. (a),(b) Theoretical resonance characteristics of the amplitude gain dependent on (a) I even and (b) I odd. Positive and negative
signs of I even correspond to the attractive and repulsive forces, respectively. (c),(d) Enlarged views of the resonance amplitude gain
dependent on (c) I even and (d) I odd. The vertical broken lines indicate the amplitude variation at several characteristic frequencies, i.e.,
fLMS, fpeak, f0, and fUMS, which represent the lower MaxSlope, peak, resonance, and upper MaxSlope frequencies, with the values of
0.67, 0.88, 1, and 1.14 MHz, respectively. All the data are calculated with Qcl = 1.5, a typical value for HS-AFM experiments.

As AM-AFM is also known as the slope detection
method [1,3,40], it has been theoretically clarified that the
sensitivity of conservative forces, which are reflected in the
f0 shift, is also maximized when the cantilever is excited at
the MaxSlope frequency (fMS) at which the amplitude slope
is at its maximum. Under ambient conditions [7], the upper
MaxSlope frequency [fUMS in Figs. 1(c) and 1(d)] is typi-
cally excited to effectively detect the negative frequency
shift resulting from attractive interactions whereas, in liq-
uid environments, the lower MaxSlope frequency [fLMS in
Figs. 1(c) and 1(d)] is excited to effectively detect the pos-
itive frequency shift resulting from repulsive interactions.
If the attractive and repulsive forces are switched during
imaging, the amplitude will not decrease monotonically as
the tip approaches, leading to unstable imaging [29,41,42].
Particularly in liquids, excitation at a slightly lower off-
resonance frequency is important not only to improve the
sensitivity, but also to compensate for the slight nega-
tive shift of f0 caused by the squeeze film effect during
approach [43]. For these reasons, excitation at the slightly
off-resonance frequency is typically recommended in most
AM-AFM operation manuals [44–48].

In HS-AFM experiments, most protein surfaces are rela-
tively elastic and imaging is performed with the minimum
force required; therefore, I odd can be negligible com-
pared with I even. Furthermore, in Eq. (7), by using the
free oscillation amplitude (Afree), Acl can be expressed as
follows:

Acl(ω̃drive) = Afree
√

√

√

√

√

√

(1 − ω̃2
drive)

2 + (ω̃drive/Qcl)
2

(

1 − ω̃2
drive − 2

kclA2
cl

〈

Ftsztip
〉

)2

+ (ω̃drive/Qcl)
2

. (12)

This equation is an implicit function of Acl because Acl
appears on both sides. When the oscillation amplitude is
sufficiently large, such that the tip is in contact with the
sample for only a short time during a cantilever period, the
large-amplitude approximation can be applied as follows
[41]:

lim
Afree→∞

〈

Ftsztip
〉 ≈ −Acl 〈Fts〉 . (13)

By solving Eq. (12) for 〈Fts〉, we obtain the force conver-
sion equation at arbitrary fdrive as follows:

〈Fts〉 = kclAfree

2

[

−(1 − ω̃2
drive)Ãcl

rep±
att

√

(1 − ω̃2
drive)

2 + (ω̃drive/Qcl)
2
(1 − Ã2

cl)

]

, (14)

where the positive and negative signs are used for the
repulsive (〈Fts〉 > 0) and attractive (〈Fts〉 < 0) regimes,
respectively, and Ãcl is a normalized amplitude that is
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defined as follows:

Ãcl ≡ Acl

Afree
= Afree + �Ats

Afree
, (15)

where �Ats is the amplitude change resulting from
the tip–sample interaction. When the feedback error is
neglected, Ãcl represents the setpoint ratio. By substi-
tuting ω0 with ωdrive, namely, ω̃drive = 1, we obtain a
well-known conventional conversion equation as follows
[9,12,15,17,33]:

〈Fts〉 = kcl

2Qcl

√

A2
free − A2

cl = kclAfree

2Qcl

√

1 − Ãcl. (16)

Conversely, the equation for calculating Acl from 〈Fts〉 is
obtained by solving Eq. (12) for Acl as follows:

Acl(ω̃drive) =
√

A2
free − (ω̃drive/Qcl)

2
β2 − (1 − ω̃2

drive)β,
(17)

where

β = 2

[(1 − ω̃2
drive)

2 + (ω̃drive/Qcl)
2]kcl

〈Fts〉 . (18)

Substituting ω̃drive = 1 yields another common form as
follows [14,32]:

Acl = Afree

√

1 − 4
( 〈Fts〉

Fdrive|ω̃=1

)2

, (19)

where Fdrive is given by

Fdrive|ω̃=1 = Afreekcl

Qcl
. (20)

It is, thus, demonstrated that the equation derived here for
arbitrary fdrive includes the equations previously derived for
f0.

III. DRIVING FREQUENCY DEPENDENCE OF
FORCES

In this section, we examine the frequency charac-
teristics of the derived formula. First, in the repulsive
regime, Fig. 2(a) presents the correlation between Ãcl
and the converted force at various fdrive. The calcula-
tion was performed using a typical experimental condition
of HS-AFM: kcl = 0.1 N/m, f0 = 1 MHz, Qcl = 1.5, and
Afree = 3 nmp –0. When fdrive is set to f0, the curve is non-
linear, and the force rises steeply near Ãcl = 1. In this
condition, even a slight change in the amplitude setpoint
results in a significant variation in the force, making it

difficult to measure accurately with a small force. In con-
trast, as fdrive is decreased, the force slope becomes smaller
and closer to linear, making it possible to measure with a
small force. Near the MaxSlope frequency, the force slope
is minimized and becomes almost linear. However, as fdrive
is further decreased, the slope increases once again, leading
to a deterioration in force sensitivity.

Since excitation at fpeak is also commonly employed, we
also calculate the force when excited at this frequency.
Consequently, the force slope increases to ∼1.5 times
greater than that at the MaxSlope frequency; however, it
remains considerably smaller than that for excitation at
f0. This result clearly indicates that the conventional force
conversion method overestimates the applied force by sev-
eral times compared with the actual force when excited at
either fpeak or the MaxSlope frequencies.

Furthermore, in Fig. 2(b), we also quantified the fdrive
dependence of the force (normalized by these at f0) at
Ãcl = 0.95. We observed that force minima occur at a fre-
quency lower than f0 (see the arrows), which is referred
to as the MinForce frequency (fMF). As is the case for
MaxSlope, MinForce exists at both lower and upper fre-
quencies, denoted as fLMF and fUMF, respectively. We also
found that the prominence of this minimum increases as
Qcl grows. When Qcl = 1.5, this minimum force is 1/5
of the force at f0. This result suggests that excitation at
the MinForce frequency enables imaging with minimal
force.

For example, the conventional equation for f0 estimates
the interaction force at Ãcl = 0.95 to be 31 pN. This force
is substantially stronger than the typical biological bind-
ing force of ∼10 pN; e.g., the binding force between
myosin and F-actin is 15 pN [34]. In contrast, our improved
equation estimates the interaction force at Ãcl = 0.95 to be
6.7 pN when excited at a MaxSlope frequency. This force
level is below the strength of typical intermolecular bonds,
demonstrating that this provides a consistent explanation
for the force overestimation problem.

However, since the peak force is an order of magnitude
greater than the average force (see Sec. VIII), it reaches
several tens of piconewtons when converted to the peak
force, still exceeding biological molecular binding forces.
One possible explanation is that binding force measure-
ments in single-molecule pulling experiments focus on
localized receptor regions, whereas AFM exerts compres-
sive forces that are distributed over a broader molecular
area. Another hypothesis suggests that protein structural
relaxation does not follow the period of tip interactions,
as f0 can reach up to ∼1 MHz in HS-AFM. If the tip
interacts sufficiently faster than the relaxation time, which
ranges from 30 to 1000 μs [49], the impact of the peak
force on the molecular disruption is attenuated relative to
the average force. This hypothesis is supported by single-
molecule force spectroscopy studies showing that rupture
force increases with loading rate [50].
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(a) (b) (e)

(c) (d) (f)

FIG. 2. (a),(c) Theoretical normalized amplitude dependence of the average repulsive force when the driving frequency is (a) below
or (c) above the resonance frequency [Eq. (14)]. In the legend, “reso,” “peak,” and “LMS” represent resonance, peak, and lower MaxS-
lope frequencies, respectively. (b) Theoretical driving frequency dependence of the average repulsive force (Ãcl = 0.95) normalized
by those at the resonance frequencies. (d),(f) Driving frequency dependence of α�A→F (Ãcl = 1) normalized by those at 0 Hz for
different Qcl in (d) the repulsive and (f) attractive regimes [Eq. (23)]. The arrows in (b),(d),(f) indicate the force minima for each Qcl.
(e) Normalized amplitude dependence of the average attractive force [Eq. (14)]. In the legend, “UMS” and “UMF” represent the upper
MaxSlope and MinForce frequencies, respectively.

For a more comprehensive understanding, in Fig. 2(c),
we also conduct the calculation at frequencies exceeding
f0. The results display the characteristics of a two-valued
curve, where the branch in the far region can be calculated
by applying the negative sign in Eq. (14). This indicates
that, as the tip approaches the surface, the amplitude under-
goes an initial increase until f0 exceeds fdrive, followed by
a subsequent decline, as predicted from the results in Figs.
1(a) and 1(c). This causes an excessive force to be applied,
even if Ãcl ∼ 1. Occasionally, this leads to the undesirable
inversion of image contrast, where a lower area is observed
as higher than a higher area, distorting the imaging inter-
pretation. Note that there are also practical precautions
to consider when converting amplitude values to force in
experiments (Supplemental Material [51]).

Next, we derive an analytical expression for the Min-
Force frequencies. To obtain this formula, the force magni-
tude near Ãcl = 1 in Fig. 2(a) must be examined; however,
it drops to zero, making a direct comparison impossible.
Instead, when excited below the resonance slope frequen-
cies, the force increases linearly, particularly at Ãcl ∼ 1,
and is approximated by

〈Fts〉 ≈
(

1
Afree

lim
Ãcl→1

∂ 〈Fts〉
∂Ãcl

)

�Ats ≡ α�A→F�Ats. (21)

This equation indicates that the force magnitude is cor-
related with the force slope near Ãcl = 1. Therefore, we
obtain the force slope by differentiating Eq. (14) as follows:

∂ 〈Fts〉
∂Ãcl

= −kclAfree

2Qcl

⎡

⎣

Ãclω̃
2
drive

√

(1 − Ã2
cl)ω̃

2
drive + Q2

cl(1 − ω̃2
drive)

2

+ Qcl(1 − ω̃2
drive)

⎤

⎦ . (22)

Then, α�A→F, which represents the conversion coefficient
from �Ats to 〈Fts〉 at Ãcl = 1, is obtained as follows:

α�A→F ≡ 1
Afree

lim
Ãcl→1

∂ 〈Fts〉
∂Ãcl

= − kz

2Qcl

[

ω̃2
drive

Qcl(1 − ω̃2
drive)

+ Qcl(1 − ω̃2
drive)

]

(ω̃drive �= 1). (23)

This equation is plotted in Fig. 2(d), which bears a
close resemblance to that in Fig. 2(c). Note that Eqs.
(22) and (23) are valid only for ω̃drive < 1 and ω̃drive > 1
in the repulsive and attractive regimes, respectively. By
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solving ∂α�A→F/∂ω̃drive = 0, the MinForce frequencies
are obtained as follows [see the arrows in Fig. 2(d)]:

ω̃LMF = fLMF

f0
=
√

1 − 1
Qcl

(Qcl ≥ 1), (24)

ω̃UMF = fUMF

f0
=
√

1 + 1
Qcl

. (25)

Importantly, this analysis revealed that the MinForce fre-
quencies can be expressed by straightforward analytical
equations.

Previous studies have reported an equation describ-
ing the frequency dependence of peak force based on
the Hertzian model approximation [24,38]. While this
equation enables the calculation of a peak force without
time-consuming experiments, its applicability is limited to
simple geometries where the Hertzian theory holds. Addi-
tionally, various parameters such as Young’s modulus and
the shape of both the tip and the sample must be assumed.
Using the same frequency analysis, we found that the Min-
Force frequencies of the peak force are also given by Eqs.
(24) and (25) (Sec. VIII). Thus, excitation at the MinForce
frequency maximizes force detection sensitivity for both
the average and peak forces.

A previous study empirically derived a linear approxi-
mation for force conversion at off-resonance frequencies
based on simulation results, i.e., [36]

〈Fts〉off-reso = − kcl

2Qeff
�Ats, (26)

where Qeff denotes the effective Qcl, which can be derived
from Eq. (9) as follows:

Qeff = 1
√

(1 − ω̃2
drive)

2 + (ω̃drive/Qcl)
2

. (27)

When ω̃drive = 1, Qeff equals Qcl whereas, when ω̃drive = 0,
Qeff decreases to 1.

In the following steps, we demonstrate that Eq. (26) can
be derived from Eq. (23). By solving Eq. (27) for ω̃drive,
the following expression is obtained:

ω̃drive =
√

√

√

√1 − 1
2Q2

cl
−
√

1
4Q4

cl
− 1

Q2
cl

+ 1
Q2

eff

. (28)

When Qcl is sufficiently large (typically Qcl > 10), it can
be approximated as follows:

lim
Qcl→∞

ω̃drive ≈
√

1 − 1
Qeff

. (29)

Substituting this into Eq. (23) yields:

α�A→F |off-reso = − kcl

2Qcl

(

Qeff

Qcl
+ Qcl

Qeff
− 1

Qcl

)

. (30)

Again, by taking the limit as Qcl →∞, this equation can
be simplified as follows:

lim
Qcl→∞

α�A→F |off-reso = − kcl

2Qeff
. (31)

Substituting this into Eq. (21) yields Eq. (26), which pro-
vides a good approximation when fdrive is smaller than the
MinForce frequency, indicating that Eq. (23) encompasses
Eq. (26).

Next, the attractive regime is also analyzed. Since it is
only utilized under ambient environments, typical values
for ambient AM-AFM of Qcl = 300 and kcl = 3 N/m are
used. In Fig. 2(e), we obtained results showing nearly the
same tendency as the repulsive force presented in Fig. 2(a).
When excited at f0, the force increases steeply at Ãcl = 1
but, as fdrive increases, the force slope becomes smaller and
approaches linearity. When fdrive exceeds the upper Min-
Force frequency, the force slope increases again. In Fig.
2(f), we also examine the ω̃drive dependence of the force
slope and obtained results similar to those for the repul-
sive regime in Fig. 2(d), except that the curves are inverted
along the x-axis. Another notable difference is that, while
the values converge to a constant at low frequencies in the
repulsive regime, they diverge at high frequencies in the
attractive regime.

IV. SIMPLIFIED FORCE CONVERSION METHOD

Substituting Eqs. (24) and (25) into Eq. (14) gives sim-
plified conversion equations from amplitude values to the
force at MinForce, i.e.,

〈Fts〉LMF = kclAfree

2Qcl

[

−Ãcl +
√

1 +
(

1 − 1
Qcl

)

(1 − Ã2
cl)

]

(Qcl ≥ 1), (32)

〈Fts〉UMF =−kclAfree

2Qcl

[

−Ãcl+
√

1 +
(

1+ 1
Qcl

)

(1 − Ã2
cl)

]

.

(33)

By calculating the derivative according to Eq. (23), α�A→F
are obtained as follows:

α�A→F(ω̃LMF) = − kcl

2Qcl

(

2 − 1
Qcl

)

if 〈Fts〉 > 0,

(34)

α�A→F(ω̃UMF) = kcl

2Qcl

(

2 + 1
Qcl

)

if 〈Fts〉 < 0. (35)
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These equations represent the force conversion at the fre-
quency where the force detection sensitivity is maximized.

To convert amplitudes into forces, the nonlinear equa-
tions presented in Eqs. (14), (32), or (33) are generally
required. However, a linear approximation of Eq. (21) can
be conveniently applied when exciting at a resonance slope
frequency, at which α�A→F can be readily calculated using
Eqs. (34) or (35). For a typical HS-AFM parameter of
Qcl = 1.5, the force can be calculated as follows:

〈Fts〉LMF ≈ −0.444kcl�Ats

= 0.444kclAfree(1 − Ãcl).
(36)

By setting other typical values, kcl = 0.1 N/m and
Afree = 3 nmp−0, a more practical expression can be
obtained as follows:

〈Fts〉LMF ≈ 133 × 10−12(1 − Ãcl). (37)

Using this equation, for example, we can easily estimate
F ts to be 6.7 and 13.3 pN for Ãcl = 0.95 and 0.9, respec-
tively. The force of 6.7 pN is consistent with the value of
6.6 pN predicted by the nonlinear equation in Eq. (32).

V. COMPARISON BETWEEN MINFORCE AND
MAXSLOPE FREQUENCIES

Since excitation is conventionally performed at the MaxS-
lope frequency [1], we next need to identify the frequency
offering the greatest advantage. To predict the MaxSlope
frequency, we must solve the second-order differential
equation of Acl [Eq. (9)], i.e.,

∂2Acl(ω̃drive)

∂ω̃2
drive

= A0

⎧

⎨

⎩

3ω̃2
drive[2(1 − ω̃2

drive) − 1/Q2
cl]

2

[(1 − ω̃2
drive)

2 + (ω̃drive/Qcl)
2]

5/2

+ 2(1 − ω̃2
drive) − 1/Q2

cl − 4ω̃2
drive

[(1 − ω̃2
drive)

2 + (ω̃drive/Qcl)
2]

3/2

⎫

⎬

⎭

= 0. (38)

Unfortunately, this equation is difficult to solve using
elementary functions. However, when Qcl is sufficiently
large (Qcl > 10), Acl in Eq. (9) can be approximated by
a Lorentzian function as follows:

lim
Qcl→∞

Acl(ω̃drive) = A0
√

4(1 − ω̃drive)
2 + 1/Q2

cl

, (39)

which is given by a Taylor series approximation. With this
equation, the differential equation above can be analyti-
cally solved as follows [1]:

lim
Qcl→∞

ω̃LMS = lim
Qcl→∞

fLMS

f0
≈ 1 − 1√

8Qcl
, (40)

lim
Qcl→∞

ω̃UMS = lim
Qcl→∞

fUMS

f0
≈ 1 + 1√

8Qcl
. (41)

This approximation cannot be applied to liquid AM-AFM,
where Qcl is substantially reduced (1.5 for typical HS-
AFM experiments). Therefore, by expanding these approx-
imate solutions with the numerically calculated solution of
Eq. (38), we obtained a Laurent polynomial approximation
for the lower MaxSlope (ω̃LMS), i.e.,

ω̃LMS ≈ 1 − 1
Qcl

[

1√
8

+ 0.2148
Q1/2

−
(

0.3074
Q1/2

)2

+
(

0.2739
Q1/2

)3

−
(

0.2016
Q1/2

)4

+
(

0.1715
Q1/2

)12
]

,

(42)

where Q1/2 = Qcl − 1/2
(

Qcl ≥ 1/
√

2
)

, which is valid

for arbitrary Qcl. When Qcl = 1/
√

2, ω̃LMS drops to zero.
In contrast, the Qcl dependency of the upper MaxSlope
(ω̃UMS) forms a biphasic curve. Therefore, by switch-
ing two equations between high and low Qcl, it can be
analytically expressed over the entire Qcl range (Supple-
mental Material [51]). The equation for high Qcl, which is
significant in experiments, is given as follows:

ω̃UMS ≈ 1 + 1
Qcl

[

1√
8

− 0.2194
Q1/4

+
(

0.2294
Q1/4

)2

−
(

0.2547
Q1/4

)3

+
(

0.2131
Q1/4

)4
]

, (43)

where Q1/4 = Qcl − 1/4, which is valid for arbitrary Qcl
greater than 0.5.

Next, we compare the Qcl dependence of the MinForce
and MaxSlope frequencies in the repulsive regime. In
Fig. 3(a), as Qcl decreases, the lower MinForce frequency
steeply falls to 0 even at Qcl = 1, while the MaxSlope
frequency remains above 0.4 at Qcl > 1. Moreover, the
forces normalized by those at f0 are compared in Fig.
3(b), exhibiting that there is almost no significant differ-
ence across the entire Qcl value. It can be seen that the
force at fpeak is several times larger than them. For ease of
understanding, the values for a typical HS-AFM parameter
(Qcl = 1.5) are also shown in Figs. 3(a) and 3(b). A notable
discrepancy is observed in the frequencies, with a differ-
ence of 0.09 (=0.67 − 0.58) between the MaxSlope and
MinForce. In contrast, the difference in forces is relatively
minor, at 0.01 (=0.22 − 0.21). This illustrates a significant
contrast between the two variables.

We also performed the same analysis in the attractive
regime. In Fig. 3(c), the result clearly indicates that the
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(a) (b)

(c) (d)

(e)

FIG. 3. (a),(c) Theoretical Qcl dependence of characteristic frequencies normalized by the resonance frequencies (f0) in (a) the
repulsive and (c) attractive regimes. (b),(d) Theoretical Qcl dependence of the average force (Ãcl = 0.95) that is normalized by those
at the resonance in (b) the repulsive and (d) attractive regimes. In the legend, “LMS” and “LMF” represent the lower MaxSlope and
MinForce frequencies, respectively, and “UMS” and “UMF” represent the upper MaxSlope and MinForce frequencies, respectively.
The dashed horizontal lines indicate the results at f0. (e) Qcl dependence of the ratio of α�A→F between the MaxSlope and MinForce
frequencies, with the lower and upper frequencies used for the repulsive and attractive regimes, respectively.

upper MinForce frequency is higher than the upper MaxS-
lope frequency at all Qcl. As Qcl decreases, the upper Min-
Force frequency increases monotonically while the upper
MaxSlope frequency increases once and then decreases. In
Fig. 3(d), when analyzing the forces normalized by those
at f0, contrary to the repulsive regime, there is a distinct
difference between the two forces at Qcl < 4. However, as
Qcl increases, both the forces asymptotically approach the
same value, similar to the repulsive regime.

To compare the two forces more quantitatively, the Qcl
dependence of the ratio of α�A→F at the MaxSlope and
MinForce frequencies is examined in Fig. 3(e). In the
repulsive regime, the ratio ranges from 1.03 to 1.06 for all
Qcl values, showing no significant Qcl dependence. In the
attractive regime, however, the ratio decreases steeply with
decreasing Qcl. Both the ratios asymptotically approach
1.061, which can be obtained analytically in the follow-
ing steps. In the large Qcl limit, α�A→F for MinForce can
be obtained from Eqs. (34) and (35) as follows:

lim
Qcl→∞

α�A→F(ω̃LMF) = − kcl

Qcl
if 〈Fts〉 > 0, (44)

lim
Qcl→∞

α�A→F(ω̃UMF) = kcl

Qcl
if 〈Fts〉 < 0. (45)

For MaxSlope, these can be found by substituting Eqs. (40)
and (41) into Eq. (23), yielding

lim
Qcl→∞

α�A→F(ω̃LMS) = − kcl

Qcl

3
√

2
4

if 〈Fts〉 > 0, (46)

lim
Qcl→∞

α�A→F(ω̃UMS) = kcl

Qcl

3
√

2
4

if 〈Fts〉 < 0. (47)

Consequently, the value of 1.061 can be obtained as
follows:

lim
Qcl→∞

α�A→F(ω̃LMS)

α�A→F(ω̃LMF)
= lim

Qcl→∞
α�A→F(ω̃UMS)

α�A→F(ω̃UMF)

= 3
√

2
4

≈ 1.061, (48)

Although the force sensitivity of MinForce is slightly
higher than that of MaxSlope, our results indicate that the
difference is only ∼3% in liquid and ∼6% in air, which
may fall within the error margin. The results indicate that
the approximate equation for MinForce can be employed
either when excited at the MaxSlope or MinForce fre-
quency.
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VI. NUMERICAL SIMULATION-BASED
VALIDATION OF THEORY

To validate the applicability of the derived theory, we
conducted numerical simulations based on the Hertzian
theory for contact between a sphere and an infinite plane,
i.e., [29,56–58]

FHertz(δ) = 4E∗

3

√

Rtip(−δ)3/2, (49)

where Rtip and δ are the radius of curvature of the tip
and indentation depth, respectively, and E* is the reduced
Young’s modulus, expressed as

E∗ =
(

1 − ν2
s

Es
+ 1 − ν2

tip

Etip

)−1

, (50)

where ν and E represent the Poisson’s ratio and Young’s
modulus, respectively, where the subscripts s and tip
denote the sample and tip, respectively. When the tip is
sufficiently rigid compared with the sample, E* can be
approximated as follows:

E∗ ≈ Es

1 − ν2
s

. (51)

By assuming a typical value of 0.33 for νs of globular
proteins [59,60], E* is comparable with Es as follows:

E∗ ≈ 1.122Es. (52)

We first examine the distance dependence of Eq. (49),
which exhibits that F ts increases as the distance decreases,
with the force gradient scaling proportionally to E* [Fig.
4(a)]. Subsequently, we simulated the equation of motion
[Eq. (1)] coupling with Eq. (49) using the velocity Verlet
algorithm and typical HS-AFM parameters: kcl = 0.1 N/m,
Qcl = 1.5, Rtip = 5 nm, and Afree = 3 nmp−0. The average
forces were calculated from the time-averaged deflection.
In Figs. 4(b) and 4(c), when Ãcl > 0.5, good agreement
between simulation and analytical solutions is obtained at
both the MinForce and resonance frequencies for E∗ ≥
100 MPa. In contrast, when E∗ ≤ 10 MPa, good agree-
ment is limited to values of Ãcl > 0.8. In nondestruc-
tive biomolecular imaging, Ãcl is typically set to 0.9 or
more, indicating that this force conversion method can
be adapted to a wide range of systems, even though
the equation does not incorporate Young’s modulus as a
variable.

Furthermore, proteins and nucleic acids, which are the
most amenable to HS-AFM observation, generally have Es
on the order of gigapascals. Although lipid membranes and
liposomes in a fluid phase have Es of several megapascals,
the apparent Es in AFM experiments is an order of magni-
tude higher than the actual value due to the bottom effect

[57,58]. Therefore, it is rare for the observed target to have
Es of less than 10 MPa.

For comparison, similar simulations were conducted for
the peak force (Supplemental Material [51]). Unlike the
average force, it was observed that the peak force shows
a significant dependence on E*, even when Ãcl is close
to 1. This indicates that, while estimating the peak force
experimentally requires assuming E* and Rtip, the estima-
tion of the average force can achieve sufficient accuracy
using an approximation that does not account for the E*
dependence.

Note that in Figs. 4(b) and 4(c), with E* = 1 GPa,
some steplike jumps are observed that are not reproduced
in the analytical solution. A frequency spectrum analy-
sis revealed that this discontinuous change in amplitude
occurs when f0 is shifted by the interaction and coincides
with a harmonic frequency of the excitation frequency.

For the simulation in the attractive regime, we used the
Derjaguin, Muller, Toporov, and Maugis (DMT-M) theory
[29], where the force FDMT is given by

FDMT(z) =
{

FvdW(z) for z ≥ z0,
FHertz(z0 − z) + FvdW(z0) otherwise,

(53)

where the van der Waals force (FvdW) is expressed by

FvdW(z) = −A∗
HRtip

6z2 . (54)

The effective Hamaker constant A∗
H is calculated from

those of sample As
H and tip Atip

H as follows:

A∗
H =

√

As
HAtip

H . (55)

Typical values of AH range between 20 to 500 zJ [61], with
hydrocarbons having 20–100 zJ, oxides having 60–200 zJ,
and metals having 200–500 zJ.

The calculations were conducted with typical ambi-
ent AM-AFM parameters: Rtip = 5 nm, Afree = 10 nmp−0,
E* = 10 GPa, and z0 = 0.5 nm. In Fig. 4(d), the calculated
force curve showed a gradual increase in the attractive
force as the tip approaches the surface, with the magni-
tude of the attractive force increasing in proportion to A∗

H.
Subsequently, as the tip enters the Hertzian contact regime,
the force exhibits a notable positive increase.

Subsequently, we performed simulations for the attrac-
tive regime using Eq. (53), following the repulsive regime.
In Fig. 4(e), the simulation and the analytical results for
MinForce were in better agreement for all AH. For the
result of f0 [Fig. 4(f)], although a similar nonlinear shape
is observed, the analytical solution slightly overestimates
the force, suggesting that the analytical calculation is valid
only for the MaxSlope and MinForce frequencies in the

034065-10



QUANTITATIVE FORMULATION OF FREQUENCY. . . PHYS. REV. APPLIED 23, 034065 (2025)

(a) (b) (c)

(d) (e) (f)

FIG. 4. (a),(d) Force-distance curves used in the simulations in (a) the repulsive and (d) attractive regimes, performed based on the
Hertzian and DMT models, respectively. (b),(c),(e),(f) Numerical simulation and analytical results of force as a function of normalized
amplitude in (b),(c) the repulsive and (e),(f) attractive regimes when the driving frequency is at (b),(e) the MinForce and (c),(f)
resonance frequencies. The analytical calculations are represented by Eq. (14).

attractive regime. Considering the above results, we can
conclude that the approximate value of the force can be
obtained using this analytical equation for both the repul-
sive and attractive regimes, particularly when excited at the
MaxSlope and MinForce frequencies.

VII. EXPERIMENTAL VALIDATION OF THE
THEORY

To validate the applicability of the force conversion to
practical experiments, where nonideal effects can occur,
we performed force curve measurements using a home-
built HS-AFM setup [21], whose operational principles
are identical to those of conventional AM-AFM. We used
a small cantilever (BLAC10DS-A2, Olympus) with f0 of
682 kHz, Qcl of 1.8, and kcl of 0.13 N/m, which were deter-
mined from a thermal spectrum [62]. To compare the static
and dynamic forces quantitatively, it is important to con-
sider the dynamic-to-static correction factors χ and ξ for
the optical lever sensitivity and the spring constant, respec-
tively [63]. However, we did not apply any corrections for
kcl, as these two coefficients are assumed to cancel each
other out in our setup for the following reason. The cor-
rection for the spring constant is expressed as ξ χ2, where
the factor χ takes a fixed value of ∼1.03, while ξ depends
on the position of the laser spot on the cantilever. Since we
used a small cantilever with a length of ∼10 μm, which is

the same as the laser spot size, the laser was irradiated at
the center, resulting in ξ being ∼0.97 [64]. By taking these
values, ξ χ2 is calculated to be 1.03, which appears to fall
within the experimental error.

The cantilever was dynamically excited using the
piezoacoustic method with an Afree of 2.8 ± 0.1 nm at
various fdrive from 217 to 960 kHz, which correspond to
ω̃drive ranging from 0.32 to 1.41. For the deflection sig-
nal acquisition, a fourth-order low-pass filter was used to
prevent the oscillation signal from entering the AD con-
verter. Mica was used as the substrate due to its relatively
high Es and its common use as a supporting substrate for
biomolecules. The tip was brought close to the sample
surface at a constant velocity of 1.5 μm/s and returned
to the farthest position when the deflection reached a
threshold value of 2.7 nm, corresponding to an aver-
age force of 350 pN. To suppress instrumental noise,
the averages of 300 successively measured curves were
calculated.

Using the experimental conditions described above, the
correlation between the force and amplitude is examined
in Fig. 5(a), which demonstrated that, as the amplitude
decreased, the force tended to increase, as theoretically
predicted. Below fpeak, the force slope at Ãcl ∼ 1 became
linear and varied as a function of fdrive. In contrast, above
fpeak, the force slope increased markedly, resulting in a non-
linear curve. Furthermore, as ω̃drive reached 1.2, Ãcl became
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(a) (b) (c)

FIG. 5. (a)–(c) Comparison of (a) experiment, (b) analytical calculation, and (c) simulation of the amplitude dependence of the mean
force using various driving frequencies. The magnified graphs near Ãcl = 0.9 are displayed in the lower section. The correspondence
between the driving and characteristic frequencies is illustrated in Fig. 6.

greater than 1, indicating a two-valued curve, as predicted
by the theory. Note that the original force curve data have
been analyzed elsewhere [65].

To validate the quantitative agreement between the
experiments and theory, we performed analytical calcu-
lations and simulations under the same conditions as the
experiments. Here, E* was set at 800 MPa, determined
experimentally using static-mode AFM with the same
threshold as that used in the dynamic-mode AFM exper-
iments (Supplemental Material [51]). This value is smaller
than the bulk mica value of 60 GPa [66], possibly because
the apparent Es depends on the loading force [67], which
was small in this experiment.

The analytical results shown in Fig. 5(b) exhibit a high
degree of similarity to those of the experiments conducted
below fpeak. However, above fpeak, they exhibit a more pro-
nounced two-valued characteristic than the experiments.
The simulation results in Fig. 5(c) are almost the same as
the analytical results, except that the amplitude and force
above fpeak are slightly attenuated (Supplemental Material
[51] for the complete graph). To elucidate this discrep-
ancy, the ω̃drive dependence of the force at Ãcl = 0.9 is
plotted in Fig. 6. This reveals that all results, including the
experimental data, exhibit a concave-shaped curve near the
lower MaxSlope and MinForce frequencies as the vertex.
The discrepancy between the experiment and the analyti-
cal calculation at the force minimum is only ∼10%, which

falls within the measurement error of AFM. Consequently,
it is determined that the analytical calculation provides a
sufficient approximation.

FIG. 6. Comparison of the experimental data, analytical cal-
culations, and simulations using the Hertzian and Kelvin-Voigt
(KV) models for the dependence of average force on driving
frequency at Ãcl = 0.9. The standard error of the experimental
data, ranging from 0.19 to 0.42 pN, is comparable with the line
thickness; thus, error bars are omitted.
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However, compared with theory, the experiment shows
that the force at low frequencies is larger, while the force
at high frequencies is smaller. The former discrepancy
appears to be attributable to cantilever base oscillation,
while the latter seems to result from dissipative effects not
accounted for in the theory, as they manifest only when the
tip makes hard contact with the sample. To substantiate
this hypothesis, we also conducted simulations incorpo-
rating dissipative effects using the Kelvin-Voigt model
(Supplemental Material [51]). The simulation results with
the viscosity of 30 Pa s are also displayed in Fig. 6. This
shows that the force above f0 is effectively suppressed and
is in close agreement with the experimental results. In sum-
mary, the analytical solution does not hold above fpeak;
however, it provides a satisfactory approximation when
excited at the resonance slope.

VIII. CONVERSION FROM AVERAGE TO PEAK
FORCE

In previous studies, peak force has been considered to
contribute more significantly than average force (〈Fts〉) to
the disruption of biomolecules [22,24]. As discussed in
Section 3, the contribution of average force may become
more dominant as f0 increases. However, since peak
force remains crucial in many experimental systems, this
section outlines a method to convert average force to
peak force. Previous studies have reported an equation for
the repulsive peak force (FHertz

peak ) based on the Hertzian
model approximation [24,38]. Rearranging this equation,
we obtain a form similar to Eq. (14), which is written as

FHertz
peak = 21/8

(

π3

3
k3

clE
∗√Rtip

)1/4

A9/8
freeÃ3/8

cl

{

−(1 − ω̃2
drive)Ãcl +

√

(1 − ω̃2
drive)

2 + (ω̃drive/Qcl)
2
(1 − Ã2

cl)

}3/4

. (56)

Following the calculation of the average force, we
attempted to differentiate with respect to Ãcl and substi-
tute Ãcl = 1; however, unlike the average force, this causes
∂FHertz

peak /∂Ãcl to diverge to infinity. Nevertheless, in Eq.
(56), the expression inside the brackets for the 3/4 power
shares the same shape as Eq. (14), suggesting that the
following approximation is valid:

lim
Ãcl→1

FHertz
peak ∝

(

lim
Ãcl→1

〈Fts〉
)3/4

≈ (α�A→F�Ats)
3/4. (57)

This equation indicates that both forces exhibit the same
frequency dependence and the MinForce frequencies
derived in Eqs. (24) and (25) are valid for both.

However, while average force can be directly deter-
mined solely from experimental parameters, peak force
depends on multiple factors that are difficult to measure
directly, namely E* and Rtip, making accurate estimation
less meaningful. Moreover, even rough estimation from
amplitude values is not straightforward due to the frac-
tional power function of peak force. Therefore, we propose
a convenient method to convert average force to peak
force, as described below.

The conversion coefficient, αAvg→Peak, from average to
peak force is defined as follows:

αAvg→Peak = Fpeak

〈Fts〉 . (58)

Using analytical solutions from Eqs. (14) and (56)
with typical HS-AFM parameters (i.e., E* = 1000 MPa,
Rtip = 5 nm, kcl = 0.1 N/m, Qcl = 1.5, Afree = 3 nmp−0,
Ãcl = 0.9, and ω̃drive = ω̃LMF), αAvg→Peak is found to be
17. To examine the parameter dependence of αAvg→Peak,
calculations are performed by varying individual param-
eters while keeping all other parameters fixed. As shown
in Fig. 7, the excitation frequencies—i.e., lower Min-
Force, peak, and f0—produced nearly identical curves,
although values at lower MinForce and peak frequen-
cies were approximately 1.35 and 1.2 times higher than
at f0.

We first examined the dependence of E* and Rtip, which
has minimal impact on the average force. Here, αAvg→Peak
increases with both E* and Rtip. Typical AFM ranges for
E* and Rtip are 100–2000 Pa and 3–20 nm, respectively.
Within these ranges, αAvg→Peak at the lower MinForce fre-
quency ranges from 10–20 for E*, and 16–20 for Rtip.
For nonbiological samples with Young’s modulus above
1 GPa, αAvg→Peak increases by a maximum of 50%. For kcl,
αAvg→Peak decreases as kcl increases, while higher Qcl and
Afree led to an increase in αAvg→Peak. In all cases, parameter
variations of two–threefold result in only 20–30% errors.
Since Qcl differs significantly between solution and air,
αAvg→Peak varies by a factor of 2–3. However, in ambi-
ent conditions, a cantilever with higher kcl and larger
Afree are required to prevent jump-to-contact, offsetting
this variation. Thus, no significant difference in αAvg→Peak
seems to be observed between these conditions. In prac-
tice, the setpoint is adjusted during measurement. While
αAvg→Peak rapidly increases when Ãcl exceeds 0.98, the
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(a) (b) (c)

(d) (e) (f)

FIG. 7. (a)–(f) Ratio between the peak and average forces (αAvg→Peak) as a function of (a) the reduced Young’s modulus, (b) tip
radius, (c) spring constant, (d) Q-factor, (e) free amplitude, and (f) normalized amplitude of the cantilever. Typical HS-AFM conditions
are indicated by the gold arrows, while typical AM-AFM condition ranges are represented by the gray arrows.

variation remains within 30% in the typical range of 0.95
to 0.8.

In summary, peak force has a distinct functional form
compared with average force. Although αAvg→Peak varies
with measurement conditions, it is approximately 17 under
typical HS-AFM conditions and generally ranges between
10 and 30. Since these parameters are independent, the
curve shape remains consistent across conditions, allowing
for easy adaptation by determining αAvg→Peak.

IX. CONCLUSIONS

In this study, we succeeded in elucidating a previously
unaddressed issue in that the force converted from the
amplitude value in AM-AFM is substantially larger than
the typical molecular binding forces. By analyzing the
cantilever’s equation of motion, we demonstrated that the
conventional conversion formula, valid only for excita-
tion at f0, overestimates the force by up to five times. In
contrast, our new method remains easy to use while pro-
viding more accurate estimates, even when exciting the
cantilever at the resonance slope, where the imaging force
is effectively reduced. This framework is applicable to
both attractive and repulsive forces in ambient and liquid
environments. While this study did not demonstrate under
which conditions the average force or peak force would
be dominant, we proposed a simple method for converting
the average force to peak force. The insights and practical
toolset provided here offer valuable support for researchers
in materials and biomolecular studies using AM-AFM.
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