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Level attraction from interference in a two-tone-driven cavity magnonics system
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Coherent and dissipative couplings, respectively characterized by energy level repulsion and attraction,
each have different applications for quantum information processing. Thus, a system in which both coher-
ent and dissipative couplings are tunable on demand and in situ is tantalizing. A first step towards this
goal is the two-tone driving of two bosonic modes, whose experimental signature was shown to exhibit
controllable level repulsion and attraction by changing the phase and amplitude of one drive. However,
whether the underlying physics is that of coherent and dissipative couplings has not been clarified, and
cannot be concluded solely from the measured resonances (or antiresonances) of the system. Here, we
show how the physics at play can be analyzed theoretically. Combining this theory with realistic finite-
element simulations, we deduce that the observation of level attraction originates from interferences due
to the measurement setup, and not dissipative coupling. Beyond the clarification of the origin of level
attraction attributed to interference, our work demonstrates how effective Hamiltonians should be derived

to appropriately describe the physics.
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I. INTRODUCTION

The coherent coupling between two systems corre-
sponds to the coherent exchange of energy between them,
and is characterized by energy level repulsion (also known
as normal-mode splitting or as anticrossing). This phe-
nomenon is ubiquitous in physics, spanning from the
classical coupling of two harmonic oscillators [1] to the
coupling of bosonic quasiparticles with two-level sys-
tems [2] or other bosonic modes [3]. With respect to
quantum information processing, coherent coupling allows
quantum information to be converted between light and
solid-state degrees of freedom, and is therefore an ele-
mentary building block of quantum communication [4—6].
On the other hand, dissipative coupling [7—9], character-
ized by energy level attraction instead, arises due to the
indirect coupling of two modes mediated by a common
reservoir [10—12] (e.g., a strongly dissipative auxiliary
mode [13], a photonic environment [14—16], metallic leads
[17]). The merging of energy levels characterizing dissipa-
tive couplings leads to exceptional points [18—21], which
can be useful for topological energy transfer [22], and
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improved sensitivity for quantum metrology and quan-
tum sensing applications [23,24]. Furthermore, balancing
coherent and dissipative couplings, using dissipation engi-
neering and synthetic gauge fields for instance, allows
the breaking of time-reversal symmetry and thus the cre-
ation of nonreciprocal devices [10—12,25-28]. Therefore,
building a system in which both coherent and dissipa-
tive couplings coexist and are tunable would be useful
to access all the aforementioned applications on a unique
versatile platform. However, while both coherent and
dissipative couplings can coexist in a single platform,
their tunability is usually not practical. For instance, in
cavity magnonics implementations [14,15], this requires
mechanical rotation of the cavity or of a static magnetic
field.

In a system with both coherent and dissipative cou-
plings, the energy spectrum should exhibit both level
repulsion and attraction, respectively. A two-tone driving
scheme proposed by Grigoryan et al. [29] suggested the-
oretically that such an energy spectrum could be obtained
by simultaneously driving two coherently coupled bosonic
modes. In a subsequent work, the same authors pre-
dicted a tunable cavity-mediated dissipative coupling tak-
ing advantage of the same principle [30]. Furthermore,
two experiments by Boventer ef al. [31,32] implemented

© 2025 American Physical Society
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the original proposal [29], and confirmed tunable level
repulsion and attraction in the reflection spectrum.

These results were promising, since it is usually
expected that the response of a system to excitations at fre-
quencies close to their normal modes leads to resonances
(or antiresonances), with various possible line shapes
informing on the underlying physics [33,34]. Notably, in
these experiments [31,32], control is performed through
the phase and amplitude of a microwave drive, which is
better for integration, for instance compared to the vec-
tor magnet required in [14,15]. However, inspection of the
experimental signature alone is not sufficient because it
may not be related to the energy levels. For instance, while
dissipative coupling implies level attraction in a variety
of platforms such as optomechanics [35], Aharonov-Bohm
interferometers [17] or semiconductor microcavities [16],
alternative physics can also lead to level attraction, as
exemplified in optomechanics [36] or spinor condensates
[37]. Furthermore, the model used in the original proposal
[29] was phenomenological, and as such it only reproduces
the experimental observable, but cannot be used to con-
clude on the underlying physics. Thus, the physics at play
in two-tone driving remains unclear.

In this work, we model a two-tone driving experiment
similar to those of [31,32]. Our starting point is the closed-
system Hamiltonian of two coherently coupled bosonic
modes, whose spectrum is that of level repulsion. To model
the two-tone driving and the experimentally accessible
quantities, we use quantum Langevin equations (QLEs)
and the input-output formalism [38] (Sec. II). This the-
oretical treatment allows to find an analytical expression
for the experimental signature, where both level repul-
sion and attraction can occur, in contrast with the sole
level repulsion expected from the closed-system Hamil-
tonian. In Sec. III, we use the analytical expressions of
Sec. II to understand the origin of the tunable level repul-
sion and attraction. These insights guide our finite-element
simulations of a realistic setup, and allow us to confirm
that level attraction can be attributed to an antiresonance
due to the destructive interference between the reflection
and transmission coefficients. While this explains the level
attraction, it does not completely eliminate the possibil-
ity of dissipative coupling. To clarify the physics in the
presence of the drives, we derive the open-system effective
Hamiltonian of the two-tone driven system, and show that
the physics remains exclusively that of coherent coupling,
despite the observation of level attraction. We conclude in
Sec. V.

II. THEORETICAL MODEL AND
EXPERIMENTAL OBSERVABLES

A. Quantum Langevin equations

We consider the experimental setup of Fig. 1, where a
ferromagnetic sphere made of yttrium-iron-garnet (YIG)
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FIG. 1. Schematic of a two-tone driving experiment using a
two-post reentrant cavity [39] loaded with a ferromagnetic sphere
made of yttrium-iron-garnet (YIG). Ports 1 and 3 are always
active and drive respectively the cavity and magnon modes. The
cavity is connected to a vector network analyzer (VNA) to mea-
sure the reflection at port 1 and the transmission through port 2.
Inset (a): the YIG sphere is placed at the center of a loop made by
soldering the inner and outer conductor of a coaxial cable, itself
placed between the two posts where the cavity mode’s magnetic
field is strongest. In the picture, the loop is in the x-z plane, and
the YIG sphere is biased along z by the static magnetic field Ho.
Inset (b): antenna used to excite the cavity modes.

is placed inside a microwave cavity. The second quantized
Hamiltonian of the system enclosed inside the cavity is that
of the lowest-order magnon mode (quantized spin wave)
coupled to a single cavity mode, described by [9]

Hyys = hooc'c + ho,m'm + k (gcmT—l—g*ch) , (D

where g/2m is the (complex) coherent coupling strength
[40,41] between the cavity mode (operators ¢, c’) and the
magnon mode (operators m, m"). The frequency of the cav-
ity mode w./2m is fixed by the cavity’s geometry, while
the ferromagnetic resonance of the magnon is tuned by
a static magnetic field Hy = Hyz as w,, = y|Hy|, where
y /2w = 28 GHz/T is the gyromagnetic ratio.

The QLEs allow us to model the coupling of the cavity
system described by Eq. (1) to the environment, to model
intrinsic dissipation or external drives. To model the intrin-
sic damping of the cavity mode ¢ and the magnon mode m,
we assume that they each couple to a different bosonic bath
with coupling constants «./2m and «,,/2m. As per Fig. 1,
the cavity system described by Eq. (1) is coupled to three
ports p;, i = 1,2,3, where the first two ports couple only
to the cavity mode (with real-valued coupling constants
k1/2mw and kp/27w and phases ¢, ¢, [42]) and the third
couples only to the magnon mode (real-valued coupling
constant x3/2m with phase ¢3). Physically, the coupling
of the magnon to port 3 is due to the Zeeman interaction
with the magnetic field created by the loop of port 3. The
QLEs for the cavity and magnon modes then read (see

014048-2



LEVEL ATTRACTION FROM INTERFERENCE. ..

PHYS. REV. APPLIED 23, 014048 (2025)

Appendix A for details)
&= —idc — ig'm — ko™ — «/Icle"mp}“ — Kzei¢2p2in,
(2)
M= —i@um — igc — JKkym™ — Jik3e¥3pln, 3)
where @, =w, —ilk.+k1+k2)/2 and @, = w,

— i(kyn + k3)/2. Inthe QLEs, ¢ and m" account for intrin-
sic damping and have zero mean (c") = (m") = 0, while
the p;" represent the inputs from the ports.

B. Two-tone reflection and transmission

We now assume that pi" and p%“ correspond to coherent
drives at the same frequency, albeit with a phase and ampli-
tude difference written (pi") = 8¢’ (pi"). We also perform
a semiclassical approximation and neglect quantum fluc-
tuations, which amounts to only considering expectation
values. Using the input-output formalism (see Appendix B
for details), the reflection at port 1 when port 3 is active is
found to be

0ut> iy
(@) = L“;” @)
1

A K1+ gt izl @390 86l
-1 —l'\/K_l m 1 g «/_3

Zczm - |g|2

)

where A, =w — @, and A,, = @ — & By comparing
with the expressions of the standard S parameters (detailed
in Appendix C), we note that the reflection 7 can also be
written 71 (w) = S}; + 8¢/?S13, which is expected given the
linearity of the problem.

For § # 0, the reflection coefficient 7; can be greater
than 1, because it is only normalized to the input power
from port 1, thus neglecting that of port 3. Following the
setup of Fig. 1, and taking the power out of port 1 as a
reference, the vector network analyzer outputs a power
1 + 82, so we can renormalize the reflection to R;(w) =
1/(+/1+ 8%)ri(w). Similarly, we can calculate the normal-
ized transmission coefficient through port 2 when both port
1 and port 3 are active, and we find (Appendix D)

out . .
Iy(w) = 1 2 >|'<p5n>:0 _ Sut 86"”S23‘ ©
N1+82 (" V1482

We plot |R| in Fig. 2 and | 7| in Fig. 3 with the parameters
w./2m = 10 GHz, |g|/27w = 20 MHz, k./27 = Kk, /27 =
1 MHz, «;/2m = k/27n = 10 MHz, «3/2m =5 MHz,
p=argg = —m/2, and ¢; = ¢ = ¢p3 = 0. The reflec-
tion R; exhibits controllable level repulsion and attraction
depending on the amplitude § of the drives and the dephas-
ing ¢, mirroring the experimental results of [31,32]. On the
other hand, we notice that the transmission 7, only shows

level repulsion, despite the system being driven in exactly
the same way: between R| and 73, only the measurement
location changes, and thus the physics should be the same.
In the next section, we will attribute the observed level
attraction to interference.

ITI. ANALYSIS AND VALIDATION BY
FINITE-ELEMENT SIMULATIONS

A. Analysis of the two-tone reflection coefficient

An advantage of the input-output formalism is that it
allows us to understand analytically the spectral features
of Fig. 2. Indeed, by writing »;(w) = N(w)/D(w) in terms
of a numerator N and a denominator D, the denominator
can be factorized as

D((,()) = a)Z - (&V)C + (T)m) o+ 565m - |g|2 (7)

= (0 — &) (0 —0-), ®)

where

 Ged B @ — B +4lgP
wi= 5 + 5

)

are the complex-valued solutions of the quadratic Eq. (7).
On the other hand, the numerator N can be written as

N() = @ = (@, + &w) @ + Bom — G, (10)

where we defined @, = @, + ik; and

G=lgl/l+ _\fgjlq(gei(¢+¢>3—¢1+%—argg), (11)

with argg is the phase of the complex number g. Com-
paring Eqgs. (7) and (10), we see that the numerator can
be factored similarly to the denominator as N(w) = (v —
Q,(6,¢))(w — Q2_(8,9)), where the complex frequencies
Q41 (8,¢) are formally identical to Eq. (9), after replacing
w, — o/, and |g| — G. Finally, we obtain

(0= 246,9)) (0 — Q_(5,9))
—a.) )

ri(w) =

(12)

(0 —oy) (@

In general, the observed resonances and antiresonances
of Eq. (12) are a combined effect of both the numer-
ator N and the denominator D. However, as discussed
below, and numerically illustrated in Fig. 2, the spectral
features are well characterized by the poles (zeros @, of
D) and zeros (zeros Q24 of N) of r1. Notably, it is sufficient
to solely examine the zeros €24+ to understand the reso-
nances, and the poles @+ to understand the antiresonances,
independently of each other.
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FIG. 2. Normalized reflection amplitude |R;| at port 1 for increasing values of 8o = /k1k3/(|g])é from top to bottom, and a dephas-
ing ¢ = 7 (first column) and ¢ = 0 (second column) between the drives of port 1 and port 3. The solid lines correspond to the real
part of the zeros @ of the denominator of R, given by Eq. (9), while the dashed lines correspond to the zeros Q2. of the numerator of

Ry.

For small dissipation rates «;, the imaginary part of &
is small compared to its real part. Therefore, in Eq. (12),
when o is close to wy = Re{w4}, the denominator |D|
of |R;| almost vanishes, leading to a resonance behav-
ior (maxima) of |R;|. Furthermore, wy corresponds to the
spectrum of the Hamiltonian of Eq. (1), and hence this res-
onance behavior is expected to give information about the
spectrum of the closed system. As shown by the solid lines
in Figs. 2 and 3, the spectrum is that of coherent coupling,
characterized by energy level repulsion with an angular
frequency gap 2|g|. Hence, the denominator of |R|, or
equivalently its resonances, does inform on the underlying
physics.

The situation is different for the numerator N of
R, which leads to antiresonances. Indeed, while the

expressions for @y and fZi are formally identical, the
antiresonance coupling strength G/2x for Q. is complex-
valued (while it is real-valued, |g|/27, for @), which
can lead to level attraction. To see this more clearly, it
is convenient to introduce the effective amplitude §y =

JK1k3/(|g])d and the effective phase ¢g = ¢y — ¢35 +
argg — /2 of port 3. We can then rewrite Eq. (11) as

G = g1+ e,

Therefore, when ¢ — ¢ = 0 the antiresonance coupling
strength G/2m is real-valued and increases as §, increases,
leading to an increase in level repulsion (see the dashed
lines in the first column of Fig. 2). On the other hand,
when ¢ — ¢pg = w, G/2x is real-valued when &) < 1 and

(13)
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FIG. 3.
The parameters and legends used are identical to those of Fig. 2.

diminishes when &, increases. Eventually, when §p > 1,
the G/2m becomes purely imaginary due to taking the
square root of a negative number, leading to level attrac-
tion. In the limiting case where 8o = 1, we have G =0
and we obtain two uncoupled antiresonances as shown in
Fig. 2(g) (horizontal at the cavity mode frequency and
diagonal at the magnon’s frequency w,,/27). As can be
seen from the dashed lines in Fig. 2, these spectral fea-
tures indeed correspond to antiresonances (minima of |R|)
at the frequencies Q1. Physically, these frequencies Q21
are determined by the interference between the numera-
tors of S;; and S)3 since r(w) = S;1 + 8¢S;5. Hence,
the input-output formalism shows that while the denom-
inator of |R;| informs on the physics, the numerator is
interference-based. Furthermore, the denominators of both
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Normalized transmission amplitude | 75| through port 2 for ¢ = 7 and ¢ = 0, and increasing values of §, from top to bottom.

R, and T, are identical (see Appendix D for the detailed
expression), leading to similar resonant behavior following
the coherent coupling spectrum. However, their antireso-
nance behaviors differ because their numerators differ (see
Appendix D).

Concerning the occurrence of level attraction, we note
that it requires the total phase ¢ + ¢35 — ¢ + 7/2 — argg
to be equal to m. Physically, this is determined by the
magnon-photon coupling phase arg g, the coupling of the
cavity and magnon modes to the probes (¢; and ¢3), and
the chosen phase difference ¢ between port 1 and port
3. The strength of level attraction itself is determined by
|G|, which depends on |g| and the ratio \/k1k3/g (i.e., the
magnon-photon coupling strength and the coupling to the
ports).
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B. Numerical finite-element results

The input-output formalism provides interesting insights
thanks to the resulting analytical expressions. However,
it remains a toy model of a two-tone driving experiment.
Instead, a realistic modeling, taking into account the geom-
etry of the cavity and of the ports, can be performed
using COMSOL MULTIPHYSICS®, a finite-element model-
ing program . We use a two-post re-entrant cavity [43,44],
similar to that sketched in Fig. 1, in which the loop antenna
of port 3 is inserted from the bottom of the cavity (see
Appendix H for more details). At the location of the YIG
sphere, the cavity mode’s magnetic field is purely along
the X axis [39]. In our analysis, we assumed that port 3
does not couple to the cavity mode, which requires us to
orient the loop antenna so that it generates a magnetic field
orthogonal to the cavity mode. Thus, denoting by i the
normal to the plane of the loop, we need i to be in the x-z
plane. Furthermore, since only the components orthogonal
to the static magnetic field Hyz contribute to the coupling
between port 3 and the magnon, x3 /27 is maximum when
n=y.

We first numerically calculated the S parameters for dif-
ferent values of Hy using COMSOL MULTIPHYSICS®, as
detailed in Appendix H. From these two S parameters, we
can plot R; and T after normalizing | (w) = S}; + 8¢/*S3
and £ (w) = S>1 + 8€S,3, and we obtain the results of
Fig. 4, which successfully reproduce the input-output the-
ory results of Figs. 2 and 3. As a further verification, we
also performed a fully two-tone experiment in COMSOL
MULTIPHYSICS® for § = 12, and the results were identical
to those of the second and fourth rows of Fig. 4.

IV. PHYSICAL INTERPRETATION

In Secs. II and III, we considered the experimentally
accessible observables, that is, the reflection and transmis-
sion amplitudes. We confirmed that the resonances of R
and T, follow energy level repulsion, suggesting coher-
ent coupling physics. As the same time, we saw that the
antiresonances of R; can lead to level attraction, which
begs the question of what physics is effectively taking
place. The physics can be inferred from the dynamics of
the cavity and magnon modes in the presence of the two
coherent drives, given by the QLEs. Therefore, to derive
the effective Hamiltonian, we write the QLEs [Eqs. (2)
and (3)] in the semiclassical approximation where opera-
tors are replaced by their expectation values. Recalling that
(™) = (m™) = 0, the QLEs read

¢ = —iec — igm — Jk1ePpn — Jicze®pt (14)
M= —i,m — igc — iz P plh. (15)

In both a reflection and transmission measurement, port
2 is not driven, so we set p)" = 0. On the other hand,
pi" and p;" correspond to coherent drives at frequency

w/27 with amplitudes £ and 8¢/?E£. Thus, further defining
& = Vi1 2ne? € and & = /i3 /2me?3 E8e?, the QLEs

become, from Appendix B,
¢ = —iw.c —igm — Ere” ", (16)
= —iw,m — igc — Eze . (17)

From these equations, we find that the effective non-
hermitian Hamiltonian (recall that @, @,, € C)

Heg = hvoc'c + ham'm + k (gcm'*'—}—g*c'*'m)
+ il (E1ce™ — h.c.) + ik (Eme™ —h.e.)  (18)

where h.c. stands for the hermitian conjugate terms, gives
Heisenberg equations of motion identical to Egs. (16) and
(17). Thus, the physics described by Eq. (18) is identical
to that given by the QLEs. After a rotating frame transfor-
mation to remove the time dependence and displacement
operations (see Appendix G for details), this Hamiltonian
is unitarily equivalent to

Hly = —hA.c'c — hA,m'm + h(gem™+g*c'm) . (19)

Formally similar to the closed-system Hamiltonian of
Eq. (1), this effective Hamiltonian describes a coherent
coupling physics, with a spectrum corresponding to level
repulsion. Since H; describes the physics of the cavity
system in the presence of coherent drives, we conclude
that the physics of two-tone driving indeed corresponds
to coherent coupling, even though the reflection coefficient
can show level attraction due to interference-based antires-
onances. Therefore, the antiresonance frequencies 2. /27
(dashed lines in Fig. 2) do not correspond to the spectrum
of the system, which are instead given by w. /27 (solid
lines in Fig. 2). Notably, the antiresonance coupling G/2x
is merely a convenient quantity to understand the attrac-
tion and repulsion of the antiresonances, but it does not
represent a physical coupling. For instance, when §y = 1,
the magnon and cavity modes are still coherently coupled
with coupling strength g /27, even though G = 0 and level
crossing is observed [see Fig. 2(g)].

In the two-tone driving system studied here, the antires-
onances leading to level attraction come from interferences
between S1; and S;3, but antiresonances can also appear in
one-tone-driven systems as experimentally demonstrated
by Rao et al. [45]. Notably, these antiresonances can
exhibit different coupling behavior as recently analyzed by
[42], and suggest energy level repulsion and attraction with
a magnon mode. These behaviors are associated with the
numerators of the transmission coefficient, and therefore
they are not associated to a physical coherent and dissi-
pative coupling (even though they do allow experimental
data to be fitted). Importantly, it is incorrect to derive an
effective Hamiltonian from this numerator alone, as it is
not associated with a physical dynamics.

014048-6



LEVEL ATTRACTION FROM INTERFERENCE. ..

PHYS. REV. APPLIED 23, 014048 (2025)

$=0

Frequency w/2m (GHz)
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FIG. 4. Plots of the normalized reflection and transmission amplitudes |R;|, |7T>| using the numerical values of the S parameters
obtained using COMSOL MULTIPHYSICS®. Note that, contrary to Fig. 2, we varied the amplitude & at port 3 instead of the effective
amplitude 3y, because the latter depends on the unknown parameters «, k3.

V. CONCLUSION

To conclude, we have shown that when two bosonic
modes are simultaneously driven, the resonances in reflec-
tion and transmission indeed inform on the normal modes
of the system, while the observed antiresonances in reflec-
tion are due to interference physics, and are unrelated to
the normal modes of the coupled system. Therefore, there
is no dissipative coupling physics in this system, which
makes the two-tone driving scheme unsuitable for the in
situ control of coherent and dissipative couplings. Still,
realizing such an all-microwave control remains a rele-
vant research direction, due to the promising applications
it would unlock.

It is worth mentioning that an interference-based level
attraction was recently used in a cavity magnonics sys-
tem to experimentally achieve a nearly perfect single-beam

absorption of 96% [46]. However, it once again required
a vector magnet, whereas in the present work we achieved
similar physics through a flexible two-tone driving instead.
Thus, it is of interest to explore the possibilities offered by
two-tone driving for coherent perfect absorption, which we
leave for future work.

Finally, while we considered a cavity magnonics system
as a physical realization of two coupled bosonic modes,
many other systems, such as intersubband polaritons [47]
or cavity optomechanics in the red-detuned regime [48],
reduce to a similar Hamiltonian (the Dicke model [49] after
employing the Holstein-Primakoff transformation [50] and
the rotating wave approximation [51]). While the details of
how such modes would be coherently driven would differ,
the derivations employed here are very general and may
prove useful to analyze the physics in other open systems.
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APPENDIX A: DERIVATION OF THE QUANTUM
LANGEVIN EQUATIONS

1. System definition

In this appendix, we derive the QLEs of the coupled
magnon-photon cavity system under the rotating wave
approximation, which is valid for |g| K w., @, [51,54],
where g/2m is the coupling strength. We recall that the
most general Hamiltonian describing a coupled magnon-
photon system reads [40]

Hyys = hwee'e + hwpm™m + h(gem+g*c'm), (A1)

where g/2m is complex-valued due to potential coupling
phases [41].

The intrinsic losses of the cavity and magnon modes
(respectively due to radiative losses and Gilbert damping)
can be modeled by coupling to two bosonic baths described
by the Hamiltonians

Hbath,intrinsic Z/dwmaz)aw+/ dwhwblbw7 (AZ)

Heay- bath,intrinsic = / da)lh” C(l —C Clw
+/ dwih /K—m (ch —chw)
R 2 @

Here, we have assumed frequency-independent (Markov
approximation) and real-valued coupling rates
Ke/27, kp /27 to the baths.

Additionally, the cavity system is coupled to the envi-
ronment through three ports, used to inject and sense
microwave fields. We label them as port 1, port 2, and port
3. To model the coupling of the magnon and cavity modes
to the ports, we again couple them to a bosonic bath, but
this time we allow the coupling rates to be complex-valued

(A3)

to model potential dephasing of the microwaves through
the coaxial cables or due to the antenna geometry [42].
Therefore, we assume that the cavity mode couples to
ports 1 and 2 with coupling constants «; /2w, x; /27, and
phases ¢1, ¢, while the magnon couples to port 3 only,
with coupling constant k3/27w and phase ¢3;. For the
sake of completeness, we further consider that the cavity
mode can couple to port 3 with coupling constant ¢«3 /27w
and phase ¢}, where ¢ is a dimensionless constant. The
continuous-frequency bosonic bath of port i is described
by creation and annihilation operators p:w, Piw With
Hamiltonian ’

3
Hbath,ports = Z/ dwan,‘l}Pi,w, (A4)
i=1 VR

while the interaction between the bath and the cavity
system is modeled by

. [ Kl - i
Hcav-bath,ports = / dwih 2_ (ijwe 1 CTPl,wel¢1>
R 43 ’
. K2 T i
+ / dwih |5 (cpz"we 2 — py e ‘/’2)
/da)zﬁ / mp — mTp3,wei¢3)
R

§K3
+/D;da)zh I

+

i

(epl e — ).
(A5)

Thus, the total Hamiltonian of the joint cavity system and
environment is

H = Hsys + Hbath,intrinsic + Hcav-bath,intrinsic + Hbath,ports

+ H, cav-bath,ports- (A6)
2. Equations of motion
The Heisenberg equation of motion for p; , is
. . K1 _ig
pl,w(t) — _lwpl,w(t) + Ee C(t)- (A7)

The formal solution for an arbitrary 7y < ¢ 1is

t
Pro(®) = e 0py (1) +/ df | Lemitre(f)e (=),
to 27
(A8)
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and by analogy we deduce that A ! / 4 ,
y gy aw(t) — e—l(u(t—t())aw(to) +f d[/ &C([/)e_lw(t_t),
o 2w
, (A11)
Pro(® = e Tpy (1) + / dﬂ,/;—zeﬂ"”zcw)eﬂ‘w(’*f), | s -
o i bo(t) = e 0, (1) + / df | m(dye =),
(A9 ¥ o Al2
—iw(t—tg) ! K3 _ip —io(1—1) ( )
o) =e VD3, (t0) +/ dr'\[5—e " m(i)e )
f0 T Taking tp — —ooand using [*__ d/f ()8(t — ) = if (1),
' I o the Heisenberg equation of motion for m is
+ / dr | 22 e se(t)e 1) (A10)
o 2

i(t) = —iwnm(t) — ige(t) — /;—7’; / dwby, (1) — | ;—;eid’3 / doops ()
R R
t

= —iwum(1) — ige(t) — /iGum™ (1) — ;_:; f d/'m(f) f dwe™ (=)
thy—>—00 R

t

— JR3e®pin — ;—:T / dr (m(t’) + ei<¢3*¢é>\/2c(f)) 28t — 1)

fp—>—00

= —iGm() = (ig + & V5 ) clt) = icum™ () = e pi o), (A13)

(

with @, = w,, — i(k,, + k3)/2, Note that we defined the input fields following the origi-
nal convention of [38], but a different choice, with a minus
sign instead, can also be made. This only changes the phase
reference for the ports, and does not impact our results.
Indeed, one can formally check that changing p" + —pi

pNt = lim dwe ™ "p, , (1),  (Al4)

1
ty—>—00 /27T /1;

and implies ¢ — —¢ [see, for example, Eq. (B7)]. As a conse-
quence, one finds that r; — —r; and #, — —£,, leading to
A"(H = lim L / dwe ™0 (1), a phase shift of 7 which is unobservable when considering
== /21 Jr the reflection and transmission amplitudes.
ey — 1 de= @0 (; Similarly, the Heisenberg equation of motion for ¢
m"(t) = toaHPoo «/E/I‘Q we w(f0). reads

(A15)

J

et) = —iwee(t) — ig*m(t) — /2"—; / dwa,, (1)
R
— oL / dopro(t) — [~ el f Qo (1) — | 22 o f deops o (6)
2 R 2w R 2z R

= —iwec(t) — ig*m(f) — &9 /¢ "Zim(z) et +2"2 RLLER

— Jkc™ (1) — K1 pi(1) — Ji2e P2 pi (1) — /i3 pR (o)
= —idc(t) —Fm(t) — Jrc™(t) — k1 p(t) — Ji2e2pP (1) — \/r3ePp(o). (A16)
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where we defined @, = w, —i(k. + k1 + k2 + {k3)/2
and g’ = g" " i/T5"379) Similarly defining g = g —
i\/Z ';—3 €'93793) e can rewrite the Heisenberg equations of
motion as

M= —i@um — 3¢ — Skum™(t) — /i3 pi(0), (A17)
¢ = —idec — ig'm — JkcMN(t) — Jk_lei¢1p}“(t)

— V2P pi (1) — T pine), (A18)

which are the QLEs given in the main text.

APPENDIX B: CALCULATION OF THE
REFLECTION AT PORT 1

1. Frequency-space solutions
We now perform a semiclassical approximation, and
replace operators by their expectation value. Recalling that
(c™) = (m™) = 0, the QLEs simplify to
M= —id,m — igc — /K3 P pi(z), (B1)
¢ = —idec — ig'm — Sk pi (1) — i pi(t)

— Versespl o), (B2)
and in frequency space,
—iwh = —i@,m — iZE — JieB i, (B3)
—iAZ = —F i — S Py — i PPy
— Ve Py, (B4)

with A, = w — @, and A, = © — &p. In particular, the
first equation gives

~~ . l ~in
P gc — 14/K3e¢3p3
= - ,
Am

(B5)

which, inserted in the second equation, leads to

g — ik pit — i fiae 2Pt — i/TizePpin
Ac

T =

(B6)

—i o~ o o
= iy [Bn V&P + Ky oy

+ (20" + VEeHE,) viapr].

where 4(w) = AA,, — 37

2. Input-output relations

To derive the input-output relations, we first write the
formal solution of p; , for ¢ < ¢, as

Plow (t) = eiiw(titl )pl,w (tl)

- / &t [ Sl emire(tyemo(=)  (BY)
P 2w
and we have on the one hand
/ dwpi (1) = V27 (p{“(t) + —Vz'“e"ﬁlc(t)) , (B8)
R

and on the other

/ dwpi (1) = V21 (p{’,‘;ﬁ(t) -~ @e"‘mc(o) . (BY)
R

so that the input-output relation is

PO = pi"(0) + e (). (B10)
We can similarly derive
P (D) = pi(t) + e P2 c(t), (B11)

PN = PN + ige B m(t) + Vikse e, (B12)

3. Modeling coherent drives

To examine the reflection and transmission, we consider
that p;, coupling to the cavity mode, is a coherent drive
at frequency wy/2m. Such a coherent drive is expected
to reproduce the classical dynamics through the use of
coherent states [55]. Formally, the state space for p; is
the product of the Fock space of the bath operators p; ,
for each frequency w/2m. Formally, the state of the bath
is the tensor product @, g |¥), Where |,,) is the state
of the bosonic mode described by the annihilation oper-
ator p;,. If we assume a coherent drive, then only the
mode of frequency w,/27 has a nonvanishing number of
excitations, which we take to be a coherent state }Ew d). For-
mally, |,) = |0) if 0 # wy, and |,) = |€,,) if © = w,.
Hence, (p1) = (Eu,lp11€0,) = €, € C, since we recall
that coherent states are eigenstates of annihilation oper-
ators [55]. We make a similar approximation for port 3
driving the magnon, albeit with a different amplitude and
phase, and hence (p3) = §¢'&,,,.

A convenient choice for the coherent state &, is &,, =
limg,—, oo e, with £ € R. Indeed, in the time domain
this gives, for instance,

014048-10
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(1) = (Euy PP (O)1E0,)
= lim («e®|
thy—>—00
= lim (Ee®dh
t0—>—oo< |\/E

_ —iwgt

V2r

where in the third line we used the fact that a coherent
state is an eigenstate of the annihilation operator, and that
Pro |Ee7@0) = 0if o # wq.

1 . .
— / dwe @0 p, , (t9)|Ee™ ")
27 Jr

e*iwd(tfto)aefia)dl‘o |gefia)dl‘())

(B13)

4. Expression of the reflection coefficient

From (pin(#)) = £/(v/2m)e™®d!, we see that (pi"(w)) =
E8(w — wy). Thus, assimilating w to the frequency of the
drive, the reflection at port 1 reads

~?ut ” C|l7m -0
r (w) = =n =1+ \/K_leil ~in
Py Ipin—g 1
o+ ve55)
_1_1\/_ \/_—l\/_e 91 ~in
A(w) A(w) P
J_+< @390 ST PN >\/K_38€’¢
1 B14
iy o (B14)
[
Notice that for «x3 =0 (i.e, only the cavity mode is  Assuming that port 3 is not active, that is, (p") = 0 (which

driven), the expression for the reflection reduces to the Sy,
parameter.

5. Normalization

For a standard coherent state |£), the mean number of
particles is given by |£|?. Here, the unit of the ports (p;) is
+/w, which can be seen by considering the QLEs. Hence,
for the ports, |£|? is a number of photons per second, which
can be linked with the power of the drive P by

P

g - ﬁa)d

(B15)

Given that (p3) = 8¢ (p;), we deduce that the power dif-
ference between port 1 and port 3 is given by §2, which
allows us to renormalize the expression of the reflection
and transmission.

APPENDIX C: EXPRESSION OF THE
REFLECTION AT PORT 1 WITH STANDARD §
PARAMETERS

In this appendix, we derive the expressions of the stan-
dard S parameters, when only one port is active at a time.

corresponds to § = 0), the reflection 7| and transmission #,
coefficients of Egs. (B14) and (D1) reduce to

~

AmKl

1) XX, 27 (CDH
Am i($1—¢2)
Sa(w) = i~ (C2)
A A —gg

which are the standard S parameters for a two-port cavity.
Note that by symmetry we also have

Ammezwﬁz $1)

Sip(w) = AR, 57
Zsz

Snw)=1—i~—= . C3

2(®) XX, 2o (C3)

Similarly, using Eq. (B7), we find
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‘Eout B |}~7~m_p —0 ) g el(¢3 1) + \/_el((ﬁ} ¢1)A
Si(w) = — = Jiie " ——— = —i /1K , (C4)
P; ﬁm_ﬁm_o P3 A(w)

and hence

A, ﬁ+<§fei<¢3—¢1>+ \/gei@g—m)gm) SR8
A(w)

ri(w) =Si +8¢9S;3 =1 — ik, (C5)

which matches the equation given in the main text for { = 0.

APPENDIX D: CALCULATION OF THE TRANSMISSION

Using the results of the input-output theory above, the transmission through port 2 when ports 1 and 3 are active is
calculated to be

o , i A, Jie @9 <g @392 | [Tl @9 X ) /386
= = JKre P —— ﬁm =—l«/K2 . (DD

" lppeo 1 Aw)

h(w) =

Thus, the normalized transmission at port 2 is 75 = 1/(+/1 + §2)t,.

1. Expression with S parameters

Furthermore, from Eq. (C4), we see that Sp; can be obtained from S;; by replacing (ki, ¢1) > (k2,¢2), and thus we
have

pou  Clin_zin_ B0 L JFl B
Kﬁﬂm% = —i«/Kngg Ve . (D2)
p%n=§5n=0 p3 A(a))

S (w) =

~in

3
Hence, comparing Eq. (D1) with Eqgs. (C2) and (D2), we conclude that £, = Sy + 8€®S3.

2. Zeros of the numerator

The zeros of the numerator of 7, are given by

(0 — @) [ SR @) e @502 56i¢] + (g* i/ ’(2_3 ei<¢§—¢3>) B0 [ie5et = 0, (D3)
that is,

(- i) o e
VK1 + /Tize?35e

APPENDIX E: EXPRESSION FOR THE REFLECTION AT PORT 2 AND THE TRANSMISSION AT PORT 1

In the main text, we only consider that port 1 is being driven, while port 2 is passive and used as a probe. In this note,
we exchange the roles of ports 1 and 2 to check that the results are identical. Thus, we now have (p;*(?)) = e~iwal,

= 8e?(pin), and (pi") = 0. The reflection at port 2 is

~yout

A, \/K_2+<§/ei(¢3—¢2)+ ﬁei(¢§—¢2)zm> JR38ei®

"*’ll’lio
F(w) = 22 — 1+ Jige = 1 ik . (ED
Py Iping P A(w)
and hence it is formally identical to r; after replacing the index 1 by 2. For the transmission through port 1,
Fou . A, e =00 4 (g/eiwwm + ﬁei(¢g—¢1>gm> JK3de®
hw) = == = Jikie " —— = —i /| . (B2
Py Iyinzg P, A(w)
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APPENDIX F: EFFECTIVE COUPLING STRENGTH AND CROSSTALK

For nonvanishing coupling of port 3 to the cavity mode, ¢ # 0, we recall that the reflection coefficient given by
Eq. (B14) is

N ) A /KT + (g/eiwrm) + ST gm> Jk3de®
1) = —==1-i/k|
D(w) A(w)
B Achp — 88 — iK1 Ay — 18 SRR P8 — iN,, /T iK€ P ~0D 5619 F1)
B Zczm - §§/ '

The numerator is
N(®) = @ — (@ + Bp) © + By — T — iK1 (@ — D) — 18 /K106 PR i (00 — @) /T 138 @790
= 0 = (e + i1+ VoKL I 1.3, ) 0+ (e + i [ 11+ Vo Ks8I )

_ gg’ _ l’g/mgei(ww—m)

Uit

=w’ — (a) +wm)a)+w wm—éz, (F2)

where 0 = w, + i [Kl +JC /K1K35€i(¢+¢é_¢l)i| and, recalling that g = |g|e’?,

G= \/ 33 + 1T JK1K38ei @691
= \/<g — i\/zei(%*‘f’é)%) ( lfefz(q‘n #3) 23> +1i (g — lfe*l(¢>3 9] ) [ic11c38 i@+ 83 —01)

_ v 6+ +I- Vi ¢ K3 NI
= |g| i(p+¢3—) o) _ N> T_ —|-ZCOS((/) 4 ¢3 ¢3) _ 2_56(45 b3=¢10) | (F3)
gl gl gl
Ck3/2m = 0.500 MHz (= 0.10) Ck3/2m = 2.500 MHz (= 0.50)
o=n $=0 . ¢=n =0 0
o — w-,Q- o — w-,Q-
Tl — wi0 | | _s T — wi0. s
3 9 3 . q
3 1 Slt-10 3 S -10
N S N S
I -15 !
© v -15
3 3 (a) (d)
-20 )
3 3
> - Z d =20
O o IS 7
N -25 g o Z %
> + s + 7 4 -25
o v —_ o v - —_
o 3 2 o o 3 — 2 )
= sfr—-302 L e IS =
5 3 I = &5 3 == ==l 30 7
S 8 < 3 s / S ES
g ! - g ! 7 = 4 35
g3 w0 EIL (b)| | 7 (e)
° o Z Z ° o ZH
Q /'/. ./. _45 By /-
+ 1 +
" ’ " —45
I = 2l -50 R g
3U —— RE __ —T 3U “‘E _50
Q e St -55 Q §
l /-/ . I 55
L o / ] -
S| £ (@] (f)] -9 3 (f)
We—20 We We+29 We—29 We We+29 We—20 We Wwe+2g We—29 We We+29
Magnon angular resonance frequency wm Magnon angular resonance frequency wm

FIG. 5. Plot of the reflection amplitude |R;| for { = 0.1 (left) and ¢ = 0.5 (right), with other parameters as in Fig. 2 of the main text.
The dashed lines correspond to ¢ # 0 (they are exactly the same as in Fig. 2 of the main text) while the dots corresponds to ¢ = 0.
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The first two terms under the square root correspond to
the formula given in the main text, which corresponds to
¢ =0. In Fig. 5 we plot the reflection coefficient with
parameters identical to those used in the main text, where

K3/g = 1/2.

APPENDIX G: SIMPLIFICATION OF THE
EFFECTIVE HAMILTONIAN

The effective Hamiltonian in the main text reads

Hey = haec'c + h,m'm + hg (cm*+ch)
+ ik (E1ce™ — h.c.) + ik (Esme™ —h.e.). (G1)

To simplify the calculations, we define €, = i€ and €,, =
i&;, and we obtain

He = hiecte + haum'm + hg (em®+c"m)

+h (Gccei“’t + E:cTe_i“”) +h (emmei“” + e;mTe_iw’)_
(G2)

In a frame rotating with the drive, which corresponds
to the unitary transformation U = exp [iwdt (cTc + me)],
we obtain

Hep = hAcfe + hzmmfm + hg (cm*—l—c*m)

+h(efct+ec) +hi(em+erm’),  (G3)

with the detunings Ap =By — gy Dy = By — wy.

Let us consider the driving terms as a perturbation V,
and split the Hamiltonian of Eq. (G3) into H = Hy + V,
where

Hy = hAccfe + Aym™m + hg (cmT—Fch) , (G4)

V="h(ec+erc) +h(em+esm'). (G5)
We try to find a Schrieffer-Wolff transformation [56] U =
e with A = (A.c — A%ch) + (hm — A2mT), and A, A,
constants such that V' + [A, Hy] = 0. Note that AT = —A,
such that e® is unitary. We have

V+[A Hyl = ecc + €l +eum + em’ + [hee — 15T, AATe] + [hee — 22T, hg (em™+cTm)]

+ [)»mm - )\.;kan, hAmm*m] + [)»,,,m — A;m*, hg (cmT—i—ch)]

=e.c+ ech—i-emm + 6;‘;mJr + hA, (Acc + Afc*) + hg (Acm + Afm*)
+ hA, ()\mm + kfan) + hg ()\mc + )\,’;cT)
= h[(ec + Ache + ghm) ¢ + (€ + Akl + ghl) ]

+h [(em + ghe + Aphp) m+ (6;; + gl + Amkfn) m'*'] )

Imposing V + [A, Hy] = 0 (the Schrieffer-Wolff condition) leads to

€+ Ac)"c +g)"m = Oa

€+ Al +ghy =0,

€m +g)‘c + Am)\m = O,
€+ ght + Apht =0,

where we recognize that we get twice the same constraints by hermiticity. We can reduce the system to

€+ Ac)\c + g)hm = O:
€m +g)\c + Aprm =0,

{Acém —g€c + (AcAm - gZ) Am =0,

g)hc = —€y — Am)\ma

(Go)
(G7)
g€+ gAch: + gzkm =0, (G8)
AcEm + gAc}"c + AcAm)‘m = 0,
Acem — g¢€c
= A g
cBm
A = _z _ Am Acem — 8¢€c (G9)
c= =

g g AN, —gF
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FIG. 6. Model of the two-post cavity we used in the COMSOL MULTIPHYSICS® simulations. The probes for ports 1 and 3 are an
exact copy (dimensions and materials) limiting the effects of potential dephasings ¢; and ¢;.

The resulting Hamiltonian is

H/

8.4
8.2
8.0

7.8

o =~
[N] )

Frequency w/2m (GHz)
e
Y

©
<)

b
©

1 1
=Hy+ S [A 11+ S [A[A, VT4 O(AY)
= hAcTe + hA,,mim + hg (cmT—f—ch)

+ % [rec — 22T, B (ecc + €lcT)]

- w-2n
- wy/2n
/7 — Wp/21

— |

~
>

310

!
2

[ — 2im, B (em + fm')]

= hAccTe + ha,m'm + hg (cmT—l—ch)

h
+ 3 (A€l + Aiec + ey + Alem) - (G10)
- w_/2n
=2.5 /- - w.p2n —2:5
4 — Wp/21
_ -5.0
5.0 .
-7.5 . -7.5
-1003 —_ -10.03
—125% | - o |R-esé
-15.0 P 7 -15.0
-17.5 e =175
~20.0 2 -20.0
/7
-10
-203
=
&
-30
-40

230

240

Static magnetic field Ho (mT)

250

260 270 280 290 300 310

FIG. 7. Numerical calculations of the amplitude of the S parameters of the cavity. The polaritonic frequencies w4 /27 are given by
Eq. (8) of the main text, and describe level repulsion, the signature of coherent coupling physics. The fit parameters are a coupling
strength of g/2m = 210 MHz and a cavity resonance at w./27 = 7.853 GHz.
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Note that the transformation is exact, since higher-order
commutators vanish (indeed, this is simply a displacement
transformation). Furthermore, the last term is simply a con-
stant energy offset with no physical effect, so it can be
discarded.

The transformed Hamiltonian H’ tells us that under
coherent driving of both photons and magnons, the spec-
trum is equivalent to that of the undriven Hamiltonian
H after the substitutions (w,, w,) = (@, — wg, Dy — W),
with w; /27 the frequency of the drive. Hence, the standard
level repulsion is obtained, and no level attraction can
occur.

APPENDIX H: FINITE-ELEMENT MODELING
RESULTS

1. Cavity design

In this appendix, we detail the numerical results
obtained using the rf module COMSOL MULTIPHYSICS®
to simulate the two-tone driving experiment described by
Fig. 1 in the main text. In the main text, pi® and pé“ are
defined as the signals output by the VNA. Due to differ-
ing cable lengths or the geometry of the microwave probes,
these signals can be dephased modeled using the phases ¢,
and ¢s. To limit these effects as much as possible, we chose
to use identical probes for ports 1 and 3. To that end, the
probe for port 3 is inserted from the bottom of the cavity
instead of on the side, as pictured in Fig. 6.

6=7.00, $=1.00n 6=7.00, ¢ =2.001

6=10.00, ¢ =1.00m

i

6=12.00, ¢ =1.00n

Frequency w/2n (G

|R1] (dB)

2. .S parameters

We first performed a frequency-domain simulation to
obtain the S parameters of the cavity, shown in Fig. 7.
As expected, we observe energy level repulsion due to
the coherent coupling of the photon and magnon in both
reflection and transmission. Therefore, these simulations
show that the physics of this system matches that pre-
dicted by the Hamiltonian model of Eq. (1) of the main
text. We also note the presence of higher-order magnon
modes corresponding to diagonal lines offset from the fer-
romagnetic frequency w,,/2m. This is especially the case
for S33, potentially due to the nonuniform magnetic field
generated by the loop antenna.

3. Estimation of § and ¢,

Next, we used the numerical values of S;; and S5 to
compute and plot R; = S| + 8¢/#S)3 for a range of § and
¢. The results, plotted in Fig. 8, allow us very simply to
estimate numerically which values of § and ¢ are required
to obtain level repulsion or attraction. We see that level
repulsion and attraction are clearly visible for § = 12 and
¢ € {m, 0}, as predicted by the theory. This implies that the
phase offset ¢p9 = ¢ — ¢3 + argg — 7 /2 in this system is
¢o = m since level repulsion is obtained when ¢ — ¢y =
T — ¢o = 0. Alternatively, one can extract the linewidths
k1/2m,k3/2m and the coherent coupling |g|/27 from the
S parameters of Fig. 7, and then use 8y = (/k1k3/(|g])d

6=7.00, ¢ =2.50n

6=17.00, ¢ =1.50m

Static magnetic field Ho (mT)

FIG. 8. Numerical calculations of the reflection R, using the S parameters obtained using COMSOL MULTIPHYSICS®. The legend is
common to all figures The fit parameters are identical to this in Fig. 7.
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FIG. 9. Numerical calculations of the reflection at port 1 with port 3 active (R;) using COMSOL MuLTIPHYSICS® for § = 12.
(a),(b) Evaluation of R; from the S parameters using R; = S|; + 8¢ S3. By definition of the S- parameters, these are essentially a
combination of one-tone simulations. (c),(d) Fully two-tone simulation where both port 1 and port 3 are simultaneously active.

to estimate §. Then one needs to sweep the dephasing ¢
between the two drives to determine the phase offset ¢y.
Having determined a suitable §, we can now perform a
true two-tone driving experiment by enabling both port 1
and port 3 in COMSOL MULTIPHYSICS®. The results for
8 = 12 [Figs. 9(c) and 9(d)] are compared with the man-
ual evaluation of R, using the S parameters [Figs. 9(a) and
9(b)]. We observe perfect agreement between the two.
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