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Nonlinear interaction of flexural and torsional modes is experimentally studied in a cantileverlike
nanomechanical resonator. The resonant frequency of each mode depends much weaker on its own ampli-
tude than on the amplitude of another mode. This property makes it possible to widely tune the effective
nonlinearity of each mode on chip, making the same system exhibit hardening, softening, or linear behav-
ior. This nonlinear tuning in one mode is achieved by adjusting the driving frequency and amplitude of
the other mode. It is shown that this effective tunability may be characteristic of resonators with a high

width-to-thickness ratio.
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Artificially created micro- and nanomechanical res-
onators demonstrate a plethora of classical, quantum, lin-
ear, and nonlinear phenomena [1,2] and are useful for
sensing various physical quantities [3,4]. Their single
degree-of-freedom operation has led to many interesting
effects and continues to be an active area of research
[5-7]. Nanomechanical resonators are characterized by
their tendency to enter the nonlinear regime at relatively
low amplitudes [8]. This characteristic leads to a diverse
dynamic response in these devices, including phenomena
such as parametric resonance, multistability, and chaotic
motion [9—12]. These effects are significant both from a
fundamental research perspective and for potential prac-
tical applications. A notable example is the behavior of
nonlinear oscillators near the quantum ground state [13].
However, these nonlinearities also present a considerable
challenge in the use of nanomechanical resonators as sen-
sors by restricting their dynamic range. Thus, it is crucial to
understand the source of these nonlinearities and develop
methods to control them [14,15].

When several oscillatory modes are coupled, the range
of the effects displayed expands even more [2,16,17]. Lin-
ear coupling between the modes leads to hybridization and
anticrossings [18—20]. Nonlinear effects make it possible
to cool or amplify oscillatory modes by parametric pump-
ing at the frequency difference or sum [21] and to generate
squeezed states [22]. The mode coupling is also useful for
applications, such as phononic frequency combs [23,24]
and multimode sensing, which can be used to gain more
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information and thus to improve the resolution in atomic
force microscopy [25] among others.

Due to intermode nonlinearity, the one (controlling)
mode can influence the resonant frequencies of other
(controlled) modes. This provides a way for in situ fre-
quency tuning and detection of the modes that otherwise
go undetected due to bandwidth limitations [26]. The use
of nonlinear coupling has also been suggested for quantum
nondemolition measurements [27] and for the generation
of phononic combs [28]. However, often (although not
always [29]) the intermode nonlinearity is weaker than or
of the same order as the intramode coupling. This implies
that to shift the frequency of the controlled mode by its
resonance width, the controlling mode must be driven to
amplitudes that exceed the intramode nonlinearity thresh-
old [30-32].

This dispersive coupling is commonly observed
between flexural oscillations and studied in doubly
clamped beams [26,31-33], where its origin is the same
as that of intramode nonlinearity, namely, the oscillation-
induced tension. This physical mechanism is absent in
single-clamped cantilevers, where experiment diverges
from theory even when intramode nonlinearity is studied
[34,35]. In addition, interaction between the modes other
than flexural may open unexplored areas of research [30].
Such interaction, desirable or not, is especially relevant for
multimode sensors, because the more dissimilar the modes
are, the more benefits can be expected from switching to
the multimode operation. In addition, it is the cantilevered
resonators that are commonly used in microscopy.

In the present paper, we show that the nonlinear
coupling between flexural and torsional modes in flat
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cantileverlike resonators can be much stronger than the
intramode nonlinearity. Because of that, the effective non-
linearity of each mode is tunable and controlled by another
mode, with the driving frequency of the latter determin-
ing whether the system displays hardening, softening, or
linear behavior. This method for in situ nonlinearity tun-
ing is advantageous in comparison to geometry adjustment
[36], which is permanent, and electrostatic tuning [14,15],
which, determined by a gate voltage squared, is unidirec-
tional (the induced change in the nonlinearity coefficients
cannot be reversed in situ).

Experimental samples are created from a GaAs/
(Al, Ga)As heterostructure containing a 400-nm-thick sac-
rificial AlygGag,As layer 166 nm below the surface and
a two-dimensional electron gas (2DEG) centered at the
depth of 88 nm. The samples are made using electron-
beam lithography followed by plasma-chemical etching.
The sacrificial layer is selectively etched from under the
resonators using HF aqueous solution.

One of the samples is shown in Fig. 1(a). It represents
a multielectrode system sustaining multiple mechanical
modes shown in Fig. 1(b). One of the electrodes is a
suspended bridge (grounded in the experiments) with a
wide circular central part. Near one of its clamped edges,
shallow plasma-chemically etched trenches form a 2DEG
constriction used to detect mechanical oscillations by mea-
suring its conductance as described below. The bridge
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FIG. 1. (a) SEM image of one of the studied samples. The
electrodes labeled “Gl,” “G2,” and “bridge” play the role
of mechanical resonators. The electrodes labeled “GND” are
grounded. (b) Coarse frequency sweep displaying the observed
mechanical modes. (c),(d) Frequency sweeps in the vicinity of
modes “a” and “b” measured at various amplitudes driving volt-
age amplitudes Vg (2.5:5:37.5 mV). Insets: simulated mode
shapes of the gates “G1” and “G2.” Color shows the signed
displacement. The stripped regions are nonsuspended and immo-
bile; the background color in these regions corresponds to zero
displacement.

is surrounded by four side gates. Two of them (labeled
“GND”) were grounded and played no role in the exper-
iment, while the electrodes labeled “G1” and “G2” were
used as gates and resonators at the same time. We first dis-
cuss single-tone driving of mechanical oscillations imple-
mented by applying the same sum Vg, + Vg, cos 2 Ft) of
dc and ac voltages to gates “G1” and “G2” [37-39] (V4. =
—7 V in all the measurements described). Between the
detector terminals, an ac voltage Vsp cos [27 (F — fim)t]
was applied (Vsp = 14 mV), where f3,, = 9.14 kHz is the
heterodyne down-mixing frequency. The oscillations are
detected by measuring the current flowing through the
constriction at frequency f3,, using the lock-in technique.
This current is proportional to the amplitude of oscillation
and sensitive to their phase [37,40]. We do not calibrate
the response with respect to displacement and express
the oscillation amplitudes in nA units. The measurements
were done at the temperature of 7 K, with the sample in
vacuum.

Figure 1(b) shows the measured signal vs driving fre-
quency F. Five resonant modes are seen: two pairs at 8.3
and 11.25 MHz, and one single resonance at 9.1 MHz.
Using a laser Doppler vibrometer, we found that the paired
resonances appear because of mechanical oscillations of
gates “G1” and “G2,” while the single resonance originates
from the bridge oscillations. In the rest of the paper, we
focus on the modes labeled “a” and “b” in Fig. 1(b). They
belong to the same gate and, as we show below, they dis-
play intermode interaction. None of them interact with any
other mode. The other two gate modes also interact with
each other in a similar way.

Figures 1(c) and 1(d) show detailed frequency sweeps
of resonances “a” and “b” measured at various driving
amplitudes Vy. The quality factors extracted from the
experiment are 0, = 10600 and O, = 11400. The insets
illustrate the modal shapes calculated using finite-element
modeling. The color shows the out-of-plane displace-
ment. Most of the gate area remains immobile (dark gray
regions), apart from the right corners. In the left inset,
the modal displacement is positive only (brighter region),
while, in the right one, its sign alternates and both darker
and brighter regions are seen. Thus, modes “a” and “b”
are flexural and torsional, respectively. Conductance of the
2DEG constriction is sensitive to displacement of the gates
biased by Vg4, because of a change in the gate-constriction
capacitance and, hence, electron density.

Hereinafter we consider the effects observed when the
two modes are driven simultaneously. The universally
expected behavior can be derived from the perturbation
theory applied to an arbitrary hamiltonian of a nonlinear
system having 2 degrees of freedom (the displacements
corresponding to normal modes “a” and “b” from a poten-
tial minimum). The expected shifts of the resonant fre-
quencies are quadratic (in the first nonzero order) with
respect to amplitudes of both modes 4,, Ap:
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fi=fo+ D aydi+. ., (1)

Jj=ab
where amplitudes 4; obey the following equation:

ﬁ .
NE

A = Ao (2)

Here indices #,j denote the mode and take values “a” and
“b.” Coefficients oy, opp and gy, oy, characterize intra-
and intermode nonlinearities, respectively. The mutual
influence of the modes can be shown to be symmetric:

MafoaCab = MpfopOlpa, (3)

where m, and my,, are the modal effective masses.

In the experiment, the two modes were driven
by applying two-tone voltage Vg, + V,cos QaF,f) +
Vycos QuFpt) to gates “G1” and “G2.” To detect
the modes, voltage Vspcos[27(F, — fama)?] + Vsp cos
[27 (Fp — famb)t] was applied between the terminals of
the 2DEG constriction. The oscillation amplitudes A4,, Ay,
(in nA units) were measured at down-mixing frequen-
cies fyma = 9.14 kHz, fymp = 11.13 kHz at the same time.
Thus, the modes were detected simultaneously at dif-
ferent, well-separated pairs of driving and down-mixing
frequencies.

In Fig. 2, the left and right columns of plots show the
results of two separate sets of measurements. The left
column illustrates how mode “b” (controlling mode) influ-
ences mode “a” (the controlled mode whose amplitude is
displayed). In the right column, the controlled and con-
trolling modes are swapped. The driving amplitudes of
the controlled and controlling modes are 10 mV (unless
otherwise specified) and 30 mV, respectively.

Figures 2(a) and 2(b) show how the controlled mode fre-
quency depends on its driving frequency (plotted along the
horizontal axes) at various driving frequencies of the con-
trolling mode (indicated next to the curves). In Figs. 2(c)
and 2(d), the color displays the squared amplitude of the
controlled mode as a function of both driving frequencies
F, and F}. As we show below, the controlling mode influ-
ences two parameters of the controlled one, namely, the
resonant frequency and the effective nonlinearity.

When the controlling mode [whose driving frequency is
plotted along the vertical axes in Figs. 2(c) and 2(d)] is
driven far from the resonance and its amplitude is small,
the resonant frequency of the controlled mode is constant,
and its amplitude-frequency curves [the top and bottom
ones in Figs. 2(a) and 2(b)] display symmetric Lorentzian
shapes showing that the oscillations are linear. When the
controlling mode is resonantly driven, the eigenfrequency
of the controlled mode increases, i.e., the intermode inter-
action can be used to tune the resonant frequencies in our
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FIG. 2. (a),(b) Amplitude vs driving frequency of the con-
trolled modes (plotted along the horizontal axis) at various
driving frequencies of the controlling modes (shown next to the
curves). The curves displaying the most prominent nonlinearity
are bold. (c),(d) The measured squared amplitude (color) of the
modes as a function of both driving frequencies. The arrows cor-
respond to the bold curves in (a),(b). (e),(f) Same results as in
(¢),(d), but simulated rather than measured. (g)+k) Same results
as displayed by the bold curves in (a),(b), but measured at various
driving amplitudes of the controlled modes (3:4:15 mV).

system. Apart from that, the displayed Lorentzian bells
are tilted, with the tilting direction determined by the sign
of the controlling frequency detuning from the resonance.
In Figs. 2(g)2(k), this behavior is illustrated at vari-
ous amplitudes of the controlled mode. At Vg = 15mV,
the amplitudes are close to the critical ones (one of the
resonance slopes is nearly vertical), while, if the modes
are driven individually [see Fig. 1(c) and 1(d)], driving
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amplitudes of more than 2 times higher than this value do
not lead to any noticeable tilting.

We fit the tilted 4,(F,) and A,(F}p) curves (each mea-
sured at a fixed driving frequency of the controlling mode
and driving amplitudes of both modes) by the implicit
dependences described by Eq. (2), where resonant fre-
quency f; of the controlled mode is assumed to depend on
its own amplitude as

fi=fila—0 + Az “4)

Coefficients f|4,—.o (the small-amplitude resonant fre-
quency) and o; (the effective nonlinearity coefficient
describing the tilting degree) are derived from the fitting.

It is clear from Eq. (1) that the former coefficient should
depend linearly on the squared amplitude of the control-
ling mode and display the same dependence on its driving
frequency:

Sildgs0 = foa + @ap Azl 4,0, 5)
Solay—0 = fob + @padzl 4,0, (6)

Controlling mode amplitudes 4,]4,—0 and A4p|4, 0 Were
measured when the controlled modes were far from their
resonances, the expected behavior was experimentally
confirmed, and the values of tunability coefficients a,;, =
747 Hz/nA? and ap, = 1.885 kHz/nA? were determined.
The white lines displayed in Figs. 2(c)-2(f) are the mea-
sured dependences of the right-hand sides of Egs. (5)
and (6) on the driving frequencies of the controlling mode,
horizontally shifted by +1 and +1.5 kHz for clarity.

We could naively derive the expected behavior of coef-
ficients oy, p as well from the explicitly written terms of
Egs. (1) and (2) by taking into account 4; dependence on
A, via fy:

dAf, Ov
a - - aa 4 a. a_A xA ceey 7
o d042) g + OtbOlbeb bxApy + (7)

where Ape = Aopps/(1 + p}), Apy = Aop/(1 + p}) are the
components of the amplitude in and out of phase with
respect to the driving force, p, = 20,(F» — fo») /fob 18 the
dimensionless frequency detuning from the resonance. The
equation for o, results from swapping indices “a” and “b”
in Eq. (7). However, in a general case, this approach would
be wrong. To obtain an equation for «; correct up to the
second order, terms of the fourth order in amplitudes Ay,
has to be written explicitly in Eq. (1) when deriving it from
the hamiltonian using the perturbation theory [41]. The
resulting equation would include additional terms, such as
those proportional to 42, omitted in Eq. (7). Nonetheless,
Eq. (7) describes our experiment well, which means that
the omitted terms are small.

The effective nonlinearity coefficients «; derived from
fitting 4,(F,) and Ap(Fp) curves using Egs. (2), (4) at
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FIG. 3. (a),(b) The black squares show the coefficients char-

acterizing the degree of nonlinearity of the controlled modes
as functions of the driving frequency of the controlling modes.
The dependences fit to the measured product of the in-phase and
out-of-phase components of the controlling mode amplitude (red
curves). Since far from the controlling mode resonance, the data
points tend to zero, the intramode nonlinearity is much weaker
than the intermode one. (c) The data measured on another sam-
ple displaying a measurable intramode nonlinearity, which can
be compensated by the intermode one.

various driving frequencies of the controlling mode are
shown in Figs. 3(a) and 3(b) by the black squares. The
red curves display 4aupap,OpApcApy /for (left plot) and
4ot aptpaQaAaxAay [foa (right plot) values, also extracted
from the experiment. These curves fit well the experimen-
tal o; values, and this agrees with the description above and
with Eq. (7) in particular.

The data points in Figs. 3(a) and 3(b) lic on S-like curves
deserving special attention. First, when the controlling
mode is driven far from its resonance, nonlinearity coeffi-
cients «; tend to zero, showing that coefficients o, oy are
also close to zero and the intramode nonlinearity is weak.
Second, resonant driving of the controlling mode drasti-
cally changes the effective nonlinearity coefficients «,, «;,
showing that the intermode nonlinearity is strong. Third,
coefficients «,, o can be made both positive and negative,
allowing nonlinearity tuning in wide limits from softening
to hardening.

Qualitatively, the influence of intermode coupling on
the effective nonlinearity can be explained by the back
action of the controlled mode on the controlling one, tun-
ing or detuning the latter from the driving frequency and,
thus increasing or decreasing its amplitude, which, in turn,
modifies the resonant frequency of the controlled mode.

Not all of the studied samples displayed weak intramode
nonlinearity. For example, the data points measured on
another sample and shown in Fig. 3(c) fall on an S-like
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curve centered vertically at a nonzero value. In this case,
the intermode coupling makes it possible to compen-
sate the intramode nonlinearity by adjusting the driving
frequency of the controlling mode and minimizing its
effective coefficient ;.

By substituting the experimentally determined values
of oy and oy, and oy, = app = 0 into Egs. (1), (2), we
simulate the squared amplitude dependences on both driv-
ing frequencies F,, F} [see Figs. 2(e) and 2(f)] and also
see good agreement between the theory and experiment
[Figs. 2(c) and 2(d)]. In these plots, the effective nonlin-
earity is seen as the vertical shift of the dark red regions,
where the amplitude is maximal, with respect to the bright
regions of small amplitude enveloped by the white solid
lines.

One of the physical mechanisms that may cause the cou-
pling between flexural and torsional modes [30] can be
illustrated on the example of a more common and simple
case, namely, a thin cantilever beam. The local flexu-
ral rigidity of such a beam is determined by the second
moment of inertia /,, = [ y*dxdy, where the integral is
taken over the cross section with width W and thickness
t. If the cross section is twisted by angle ¢, then /,, =
Wt [tz + (W2 - tz) sin’ ¢] /12, i.e., if W > ¢, the twisting
increases the second moment of inertia, the local rigidity
of the beam and the flexural resonant frequency, like in our
experiment. Due to the symmetry expressed by Eq. (3), the
flexural motion should also increase the torsional resonant
frequency. Thus, the proposed microscopic explanation
agrees with the signs of the frequency shifts observed
experimentally. One conclusion that can be drawn is that
strong intermode coupling is expected in flat resonators
where W >> t (in our samples W/t ~ 30). Finally, it should
be noticed that, although we believe that the proposed
mechanism is most likely responsible for the strong inter-
mode coupling in our case, some additional features may
be expected because of the special shape of the gate res-
onators, clearly different from that of a thin cantilever.
Also, strictly speaking, electrostatic nonlinearity can con-
tribute to the intermode coupling. This contribution could
be revealed by more detailed measurements at various dc
gate voltages, however, this study goes beyond the scope
of the present letter.

To conclude, we experimentally show that the effective
nonlinearity displayed by an oscillatory (controlled) mode
of a nanomechanical resonator can be tuned on chip in a
wide range by driving another (controlling) mode of the
same resonator. Depending on detuning of the latter from
the resonance, the effective nonlinearity coefficient can be
set to both positive and negative values, making the sys-
tem to display either hardening or softening on demand.
The system created exhibits intramode nonlinearity much
weaker than the intermode ones; the nonlinear regime con-
trollably induced by driving both modes is reached at the
amplitudes so small that, if the modes are driven with the

same amplitudes individually, their oscillations are deeply
linear. In another sample, we show that the intramode non-
linearity can be compensated by the intermode interaction.
Finally, we show that strong intermode coupling may be
caused by a high wide-to-thickness ratio and, thus, it can
be reproduced and generalized in resonators of other types.
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