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Asymmetric transmission of electrons in ballistic graphene
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Semiconductor p-n junctions with depletion zones have gained widespread use as a conventional way
to give rise to electron asymmetric transmission. However, the approach is not applicable to monolayer
graphene due to its characteristic feature of zero band gap. Asymmetric transmission in ballistic graphene
therefore remains elusive to date. Here a simple approach based on the engineering of a four-layer array
of quantum dots is proposed. Despite the array having few layers, it has the combined functionality
of electron metasurfaces and band-gap materials with the symmetry breaking of spatial inversion, the
extraordinary properties enabling electron asymmetric transmission. Our results open up the possibility of
realizing electronic units dependent on the one-way effect and show great application potential with nearly
perfect efficiency and simple design.
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Graphene has been viewed as a promising platform
for developing alternative electronic devices because of
exceptionally high intrinsic mobility and electrical con-
ductivity [1]. Electrons in ballistic graphene behave in
close analogy to light because of their shared linear disper-
sion relation. This similarity has inspired the development
of quantum electron optics by application of enlighten-
ing ideas in optics to graphene. Various optically inspired
functional units, such as two-dimensional electron micro-
scopes [2], quantum switches [3], Fabry-Perot cavities
[4], electron waveguides [5–7], beam splitters [8], and
the Vesolago lens [9–12], have been demonstrated. How-
ever, the lack of a feasible scheme to achieve asymmetric
transmission remains a long-standing problem in ballis-
tic graphene. Consequently, numerous electronic elements
based on asymmetric transmission, including rectifiers,
demodulators, voltage regulators, and logic gates, are
unavailable although they play a pivotal role in electronic
devices and microelectronics technology, severely restrict-
ing the use of ballistic graphene in various applications.

Electron asymmetric transmission is conventionally
achieved by the use of semiconductor p-n junctions. As
a Dirac material, monolayer graphene is characterized
by a zero band gap and cannot function as a semicon-
ductor. Various band-gap-opening approaches have been
explored theoretically [13–16] and experimentally [17] to
convert graphene into a semiconductor. However, open-
ing the band gap is challenged by how to maintain
high charge-carrier mobility of graphene, although great
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efforts have been made to achieve improved carrier mobil-
ity [18,19]. Another approach is to exploit the one-way
characteristic of the topological states. This is feasible for
bilayer graphene [20,21], but not for monolayer graphene,
within which Dirac ballistic electrons can only exist. On
the other hand, extensive research has been conducted to
break Lorentz reciprocity of classical waves and realize
asymmetric transmission. The available schemes for opti-
cal waves include the use of magneto-optical materials
[22–25], spatiotemporal modulation of nonmagnetic struc-
tures [26–32], and Kerr or Kerr-like nonlinearity [33,34].
Spatiotemporal modulation [35] and lossy acoustic meta-
surfaces [36] have been applied to asymmetric transmis-
sion of acoustic waves. The approaches are fundamentally
different from semi-conductor p-n junctions and topolog-
ical properties. Inspired by the remarkable achievements
in optics and acoustics, we explore an approach to achieve
asymmetric transmission by breaking Lorentz reciprocity
of ballistic electrons in monolayer graphene, without the
need for full band gaps or topological states. However,
the schemes developed in optics and acoustics cannot be
directly applied to ballistic electrons that are subject to
Klein tunneling [37]. Normally incident ballistic electrons
can pass through any barrier with nearly 100% efficiency,
almost independently of the barrier height due to Klein tun-
neling. Since Klein tunneling is inevitable, we might as
well exploit the tunneling effect to allow the backward-
propagating incident electrons to penetrate through the
structure. The forward-propagating electrons are altered
from normal incidence to oblique incidence by an elec-
tron metasurface positioned in front of a partial-band-gap
material. The forward-propagating electrons are ultimately
reflected by the band-gap material since Klein tunneling
does not work at the oblique incident angle. Physically,
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FIG. 1. Artificial engineered material composed of a four-
layer array of QDs to achieve asymmetric transmission. QDs are
denoted by the red circular regions. The front layer functions as
a metasurface, whose unit cell consists of munit QDs with linearly
increasing radius. The separation between adjacent QDs is d. The
last three layers are a square-lattice array and provide a partial
band gap. The same bias voltage is applied on all the QDs.

the whole structure has broken spatial-inversion symmetry
with the metasurface appearing only in front of the band-
gap material, leading to different transport properties of
incident electrons in the forward and backward directions.

In this Letter, we use gate-defined quantum dots (QDs)
with the same radius to constitute an artificial engineered
material that has zero band gap like the host medium
graphene and is responsible for offering a partial band gap.
At the same time, QDs with gradually varying radius are
arranged as unit cells that repeat periodically in a line to
further form an electron metasurface, another kind of arti-
ficial engineered material. Electron metasurfaces can also
be designed with the use of quantum dots that have the
same radius but gradient-increasing bias voltages within
a modulation period [38]. The electron metasurface and
the band-gap material constitute a composite-structure sys-
tem. Figure 1 schematically shows the composite structure,
which has been divided functionally into a metasurface
and a band-gap material by a dashed white line. The mod-
ulation period of metasurfaces is the length of their unit
cell � = munitd, with d the spacing between adjacent QDs
and munit the number of QDs in a unit cell. The band-
gap material is a square-lattice array of QDs with lattice
spacing a. To design the composite structure with asym-
metric transmission properties for the incident electrons
in the froward and backward directions, we investigate
the electron behaviors in the band-gap material and the
metasurface.

QDs have been widely used as meta-atoms and meta-
molecules to gain a higher degree of manipulation freedom
in graphene electronics [39–41]. The QDs used here are
supposed to be smooth on the scale of the graphene’s

intrinsic lattice constant, but sharp on the scale of the
de Broglie wavelength. The low-energy electron dynam-
ics can thus be described by the single-valley Dirac-
Hamiltonian [42]

H = −i�vF∇σ + Vs�(Rs − r), (1)

with QDs with radius Rs expressed as the Heaviside step
function �(Rs − r), Vs the bias applied on them, and
σ = (σx, σy) Pauli matrices. The electron scattering by
an individual QD can be analytically calculated on the
basis of Mie scattering theory [42]. Moreover, it has also
been proved that the electron-scattering behavior of QDs
remains nearly the same [43] when the transition distance
is less than 0.5Rs. In what follows, reduced units are used
with � = 1 and Fermi velocity vF = 1, and all the calcu-
lations involving multiple QDs are done with the rigorous
multiple-scattering theory [42].

We first calculate the energy band structure of the
band-gap material with Rs = 1, lattice constant a = 5,
and bias Vs = 3 in Fig. 2. An alternative representation
˜E = Ea/2πvF (vF = 1) is used for the electron energy
E. The “light lines” in the �-X and �-M directions, dis-
played as solid red lines, are also given in Fig. 2, which
illustrate the behaviors of low-energy ballistic electrons
in primitive graphene. We see that the “light lines” inter-
sect with the energy band at ˜E = 0.33 and ˜E = 0.35. The
intersection points represent electron momentum match-
ing between primitive graphene and the band-gap material,
and hence the incident electrons can penetrate through the
material. The two intersection points divide the energy
band structure into three energy ranges indicated by dif-
ferent background colors in Fig. 2. The oblique incident
electrons, whose energy falls into different energy ranges,
will be manipulated by the band-gap material in a dif-
ferent way. This can be understood by our investigating
their equienergy-contour diagrams in the first Brillouin
zone. Figure 3(a) gives the equienergy-contour diagram
of the band-gap material in the energy range above the
upper intersection—namely, ˜E ranging from 0.35 to 0.5.
The “light line” in the energy-band structure manifests
itself as a series of concentric circles with radius pro-
portional to energy ˜E, which are the equienergy contours
for electrons in primitive graphene. Two such equienergy
circles are given for energy ˜EL = 0.35 and ˜EL = 0.48 in
Fig. 3(a). One can see that the equienergy contours for
the band-gap material and primitive graphene intersect at
˜E = 0.35, in accord with the results in Fig. 2. On the
other hand, for ˜E larger than 0.35, the equienergy con-
tour for primitive graphene does not intersect with that
for the band-gap material in any direction. This is clearly
shown by the equienergy circle at ˜EL = 0.48. This implies
that there is a mismatch in electron momentum between
the background and the band-gap material. Thereby, apart
from the normal-incidence case, in which electrons will
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FIG. 2. Energy-band structures of the square array of QDs
with QD radius Rs = 1.0. The lattice constant a is 5.0 and the bias
voltage Vs applied on the QDs is 3.0. The “light lines” in the �-X
and �-M directions are displayed as solid red lines, which show
the energy-band structure of electrons in primitive graphene.

penetrate through the band-gap material because of Klein
tunneling, oblique incident electrons will always be totally
reflected. In the energy range between the upper and lower
intersection points, the equienergy contours for the band-
gap material and primitive graphene intersect more than
once at a specific energy, as shown in Fig. 3(b). The
intersections mean the incident electrons in this energy
range are allowed to pass through the material not only
under normal incidence but also at the corresponding
oblique-incidence angles. Finally, we examine the energy
range below the lower intersection point and present the
equienergy-contour diagram for energies below 0.16 in
Fig. 3(c). As a typical example, the equienergy circle at
energy EL = 0.1 for primitive graphene is plotted. Simi-
larly to the case in Fig. 3(a), no intersection occurs in any
direction again.

On the basis of the above analysis, the intermediate
energy range can be named the “angle-sensitive range”
since the momentum can be matched at some oblique inci-
dent angles, thereby allowing the incident electrons to pass
through the band-gap material at these incident angles.
This is different from the upper and lower energy ranges, in
which the momentum is not matched at an arbitrary angle
of oblique incidence. However, the total reflection of elec-
tron waves results in different requirements for the band-
gap material in the two energy ranges. In the lower energy
range, Dirac electrons have wavelength several times or
even tens of times the lattice constant, and thus the band-
gap material must be thick enough to reflect the incident
electrons totally. A great layer number of QDs is required,
making the fabrication process costly. We therefore name it
the “high-cost energy range”. Electrons in the upper energy
range have wavelength comparable to the lattice constant,
and a few-layer array of QDs can totally reflect the oblique
incident electrons. From the results taken together, we find
this is the optimal energy range for practical applications.
In the subsequent simulations, the energy ˜E = 0.48 in the

optimal range is chosen. To illustrate the amazing ability in
the optimal energy range, Figs. 4(a) and 4(b) illustrate the
total transmission of a normally incident beam and the total
reflection of a 30◦ obliquely incident beam, respectively,
when they interact with the band-gap material comprising
solely of three layers of QDs. Highly collimated electron
beams have been experimentally achieved in graphene by
the use of collinear pairs of slits with absorptive sidewalls
between the slits [44].

We hope to achieve asymmetric transmission by exploit-
ing the properties of the band-gap material that can guide
normal incident waves while blocking oblique incident
waves. To this end, we need to introduce another struc-
ture on the front side of the band-gap material to change
the forward-propagating electrons from normal incidence
to oblique incidence. The forward-propagating electrons
will thus be blocked by the band-gap material, while the
backward-propagating electrons remain at normal inci-
dence and can pass through. The introduced structure is
expected to be easy to fabricate and of high efficiency.
Electron metasurfaces [38], formally a QD array in a
line, is an excellent candidate that has a compact design
and nearly perfect efficiency. The behavior of electrons
in metasurfaces follows the generalized Snell’s law of
refraction [45]

nr sin θt − ni sin θi = 1
k0

d�

dx
, (2)

where k0 is the magnitude of the free-space wave vec-
tor, θi and θr are, respectively, the angle of incidence and
the angle of refraction, and ni and nr are the respective
“refractive indices” of media on the incident and refrac-
tion sides of the metasurface. An x-directed effective wave
vector (i.e., an effective momentum) is introduced in the
presence of the phase gradient d�/dx that is presented by
the unit cells constituting metasurfaces. The momentum
introduced by metasurfaces is imparted to the refracted
electrons and causes the transmitted and reflected elec-
tron beams to be deflected at a angle. The bending angle
depends on the direction and magnitude of the phase gra-
dient. In a previous study [38], the phase gradient was
obtained by means of unit cells containing QDs of the same
radius but different applied bias voltages. Here another
type of metasurface is proposed and used, whose unit cells
consist of QDs with the same applied bias voltage but a
linearly increasing radius gradient. Radius-varying meta-
surfaces and voltage-varying metasurfaces have the same
performance. For the purpose of more options, we use a
radius-varying metasurface in the following. Figures 4(c)
and 4(d) compare the transmission of the normal-incidence
electrons by an ordinary single layer of QDs and by a meta-
surface. All the QDs for the former have the same radius
and bias voltages, with Rs = 1 and Vs = 3, whereas the lat-
ter includes a series of unit cells in which the number of
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(a) (b) (c)

FIG. 3. Equienergy-contour diagrams of the same QD array as in Fig. 2 in the first Brillouin zone, corresponding to the energy
ranges (a) 0.35 < ˜E < 0.50, (b) 0.33 < ˜E < 0.35, and (c) 0 < ˜E < 0.16. The equienergy contours for primitive graphene are given
for ˜EL = 0.35 and 0.48 in (a), ˜EL = 0.33 and 0.35 in (b), and ˜EL = 0.10 in (c). They are a representation of the “light lines” in the first
Brillouin zone and manifest themselves as a circle.

QDs munit is 5 and their radius Rs linearly increases from
1 to 1.8 with bias voltage Vs = 3 applied. The spacing d
between the adjacent QDs is 4 in Figs. 4(c)–4(e) and the
modulation period � in the metasurface is thus 5d = 20.
We see that the electron beam passes through the ordinary
array without any change, but is bent by the metasurface.
Although each unit cell contains only five QDs, it is shown
that the metasurface has near-unit operating efficiency.
This makes it possible to achieve perfect-efficiency asym-
metric transmission with the simple structure. The bending
angle can be precisely predicted for the designed meta-
surfaces. Figures 4(d) and 4(e) show the bending of the
normal-incidence and oblique-incidence electron beams
with the free-space wave number k0 (k0 = E = 2π˜E/a
in reduced units), respectively. For the normal-incidence
case, a complete phase coverage from 0 to 2π is obtained
with an approximately constant phase difference �φ =
2π/5 between neighbors [42]. Thus, the magnitude of the
introduced wave vector in the x direction is given by kadd

x =
d�/dx = 2π/� = 0.1π , and the incident electron beam
will be bent at an angle θcalc = arcsin(kadd

x /k0) = 31.4◦.
For the oblique-incidence case with angle of incidence

θi = 30◦, the same unit cell creates a phase change of
4π , and moreover, the phase increases gradually in the
opposite direction, in contrast to the normal-incidence case
in Fig. 4(d) [42]. Thus, the incident electron beam will
be bent by the metasurface by θcalc = arcsin(kadd

x /k0) =
−62.8◦, and consequently the transmitted electrons travel
out at an angle of −32.8◦, as shown in Fig. 4(e). Here the
positive and negative signs indicate the transmitted beams
are located on different sides of the normal line. The travel
directions of the transmitted beam in Figs. 4(d) and 4(e)
agree well with θcalc.

We now integrate the band-gap material and the
metasurface to construct a composite to realize asymmetric
transmission. The separation between the metasurface
and the band-gap material is the same as the lattice
spacing of the band-gap material, a = 5. The metasur-
face is positioned in front of the band-gap material, and
the forward-propagating electrons will first encounter the
metasurface. After passing through the metasurface, the
forward-propagating electrons are obliquely incident on
the band-gap material and are totally reflected in Fig. 5(a)
since the electron energy ˜E = 0.48 is in the optimal energy

(a) (b) (c) (d) (e)

y

x x x x x

FIG. 4. Electron-density distribution around the band-gap material when it illuminated by a Gaussian beam at angle of incidence θi
(a) 0◦ and (b) 30◦. The band-gap material consists of a three-layer array of QDs with QD radius Rs = 1, lattice spacing a = 5, and
bias Vs = 3. Electron-density distribution around (c) an ordinary single layer of QDs and a metasurface when it is illuminated by a
Gaussian beam at angle of incidence θi (d) 0◦ and (e) 30◦ (e). The ordinary single layer is composed of QDs with the same radius
Rs = 1 and the same applied bias voltage Vs = 3. The metasurface consists of a series of unit cells in which the number of QDs munit
is 5 and their radius Rs linearly increases from 1 to 1.8 with the same bias voltage Vs = 3 applied. The lattice spacing d in (c)–(e) is 4.
The incident electron beams have energy ˜E = 0.48.
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FIG. 5. Electron-density distribution around the composite
when it is illuminated by a Gaussian beam in (a) [(c)] the
forward-propagating direction and (b) [(d)] the backward-
propagating direction without (with) the disorder of position. The
composite is composed of the band-gap material and the meta-
surface shown in Fig. 4. The incident Gaussian beam has energy
˜E = 0.48.

range. The normal-incidence backward-propagating elec-
trons arrive directly at the band-gap material and penetrate
through it because of Klein tunneling. The transmitted
electrons subsequently strike the metasurface at normal
incidence and finally travel out at a transmission angle of
about 30◦, as shown in Fig. 5(b). In brief, the composite
has a broken spatial-inversion symmetry in its structure
due to the presence of the metasurface, which imparts
an added transverse momentum to change the propaga-
tion direction of the forward-propagating electrons. The
backward-propagating electrons do not perceive trans-
verse momentum before they encounters the band-gap
material. Consequently, the band-gap material allows the
normal-incidence backward-propagating electrons to pass
through because of Klein tunneling while blocking the
forward-propagating electrons because of the partial band
gap. The composite is actually an array of QDs with
as few as four layers. Such a few-layer design allows
the relaxation of practical fabrication demands and the
realization of compact components. The fabrication tech-
niques for high-precision QD arrays [46] make it possible
to experimentally demonstrate asymmetric transmission.
Nanoscale circular QDs with an atomically sharp bound-
ary [47,48] have been obtained in experiments by substrate
engineering, which is a technique that does not dam-
age the graphene lattice. As a result, the advantage of
graphene’s high mobility is preserved intact in asymmetric
transmission.

In Figs. 5(c) and 5(d), we show the effect of QD-position
disorder on asymmetric transmission with the other param-
eters unchanged. The displacement of each QD from its
original position is expressed as di = ξχdi0, with i = x
or y, where ξ is a random number uniformly distributed
between −1 and 1, di0 = d/2 − Rs and di0 = a/2 − Rs are,
respectively, the maximum position variation in the meta-
surface and in the band-gap material, and χ is a quantity
measuring the degree of disorder, which should be set to
be 1 or less than 1 to avoid the overlapping of neighboring
QDs. In Figs. 5(c) and 5(d), χ = 0.4 is chosen. We see that
asymmetric transmission of electrons is not nearly affected
by the disorder. Usually the QD position can be well con-
trolled in periodic structures in actual experiments, and
its disorder is less than our assumption above. In addi-
tion, the band-gap material and the metasurface do not
necessarily require circular quantum dots. In practical pro-
cessing, it is more likely that the shapes of all quantum dots
will undergo an overall shift. This generally does not lead
to the disappearance of asymmetric transmission, but the
operating energy may change accordingly.

In the above-mentioned simulations, the QD radius Rs
is set to be 1, which implies that the quantities with the
dimension of length, including the lattice spacing and
wavelength, are in unit of Rs. When Rs in real units is
given, the lattice spacings of the band-gap material and the
metasurface are a = 5Rs and d = 4Rs, respectively. The
wavelength λ is 2πRs/E, and thus the incident energy and
the bias voltage in real units are E�vF/Rs and Vs�vF/Rs,
respectively, according to the de Broglie relationship. Typ-
ically, the QDs used in the band-gap material and the
metasurface have radius Rs = 5 nm, and thus the inci-
dent energy is 79.4 meV. The lattice spacing and the bias
voltage applied on the QDs are 25 nm and 394.9 meV,
respectively, in the band-gap material. The QDs in each
unit cell of the metasurface have radius linearly increasing
from 5 to 9 nm. The spacing and the bias voltage are 20
nm and 394.9 meV, respectively. The total thickness of the
four-layer structure is thus 75 nm, much smaller than the
existing designs, which typically range from hundreds of
nanometers to several micrometers [3,6,8,10,49].

In summary, we have theoretically demonstrated the
possibility of achieving asymmetric transmission for low-
energy ballistic electrons in graphene. A simple four-
layer array of QDs is used to achieve this aim. One
layer functions as an electron metasurface, with its unit
cell composed of radius-varying QDs, and is responsi-
ble for introduce breaking of spatial-inversion symme-
try by presenting a lateral momentum. The other three
layers provide a partial band gap to block the trans-
mission of oblique-incidence electrons. The backward-
propagating electrons that directly impinge normally on
the band-gap material pass through the band-gap material
and further the metasurface by means of Klein tunneling,
whereas the forward-propagating electrons are converted
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into oblique incidence by the metasurface and are totally
reflected. Nonreciprocal transmission provides possibili-
ties to explore applications associated with one-way states
within the framework of Dirac fermions, as well as on the
graphene platform.
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