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Tunable sigmoid behavior of a magnon-based parametron using a Y3Fe5O12/Pt
bilayer disk
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Sigmoidal curve behavior of 0 and π state probability in a magnon parametron, using yttrium iron garnet
(Y3Fe5O12) thin disk, is systematically investigated. We demonstrate that the probability distribution can
be tuned by bias and pump microwave power. Our numerical calculation that considers increasing damping
due to four-magnon scattering processes reproduces the results well.
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Nonlinear activation function is a key element in a
neural network, which is capable of approximating any
continuous function [1]. The activation function exhibits a
sigmoidlike curve against input, and its steepness is widely
used for optimization of neural networks for better infer-
ence quality [2]. Owing to their versatility, neural networks
are widely used for various complex tasks [3,4]. In general,
the nonlinear activation function is realized in CMOS-
based devices, which require many logic bits for emulating
such nonlinear and continuous responses [4–7], whereas
it can be realized by a single physical entity with strong
nonlinearity.

In magnetic materials, collective precessional motion of
spins propagates as waves, known as spin waves, with their
elementary excitations termed magnons. The interactions
between magnons are governed by dipolar and exchange
interactions, leading to strong nonlinearity of their dynam-
ics [8,9]. Parametric excitation is one example of nonlinear
processes, where magnons with half of the microwave fre-
quency are excited and randomly exhibit two degenerate
stable phases, 0 and π [10–14]. With the application of an
auxiliary microwave field with the magnon frequency, the
occurrence of either phase state can be biased, leading to
nonlinear response of the mean magnon amplitude [12,15].

Here, we present sigmoid curve behavior of a magnon
parametron tuned by auxiliary microwaves with the ferro-
magnetic resonance frequency. We find that the steepness
of the sigmoidlike curve depends on the pump power
applied due to magnon-magnon scatterings in the sys-
tem. Our model calculation based on the Fokker-Planck
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equation for magnon dynamics reproduces the experimen-
tal results well.

We use an yttrium iron garnet (Y3Fe5O12; YIG) micro-
sized thin disk that is covered with a platinum (Pt) thin
layer as shown in Fig. 1(a). The diameter of the YIG disk is
200 µm and the thickness is 370 nm. We deposit the YIG
layer on top of a gadolinium gallium garnet substrate by
magnetron sputtering and annealing. Then, a 10-nm-thick
Pt film is sputtered on top of the YIG layer. The disk shape
of the YIG/Pt bilayer is patterned by photolithography and
Ar-ion milling processes. Moreover, two gold electrodes
are sputtered at the edge of the Pt film. The fabricated sam-
ple is placed on top of a main coplanar waveguide (CPW)
that is short-ended, with a width of 200 µm. One of the
gold electrodes is grounded, while the other is connected
to a secondary CPW [see Fig. 1(a)].

We generate the rf pump field, h2f, through the main
CPW at twice the resonant frequency of 2f = 4.3 GHz,
parallel to the static field. Owing to the nonlinearity and
fluctuations in the magnet, the pump field will parametri-
cally excite the magnetization precession with a randomly
selected initial phase of 0 or π relative to the pump field
[see Fig. 1(b)]. In addition, we generate the rf bias field,
hb, through the main CPW at a frequency of 1f = 2.15
GHz. We use the stray component of hb, perpendicular
to the static field, to control the occurrence probability
of 0 and π states. The bias field intensity is estimated
by Ampere’s law [8]: hb ≈ (1/2w)

√
Pb/Z, where Pb is

the bias microwave power, w = 200 µm is the width of
the CPW, and Z = 50 � is the characteristic impedance
of the CPW. The bias field is modulated into a 40-µs-
width pulse and the pump field is shaped into a pulse of
20 µs width. We set the pulse rise time of the bias field
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FIG. 1. (a) Schematic setup of the of YIG/Pt bilayer sample
and coplanar waveguide configuration. H is the static magnetic
field, h2f is the ac pump field at twice the FMR frequency, and
hb is the ac bias field at the FMR frequency. Note that we use
the stray transverse component of hb to perform the biasing. (b)
Schematic illustration of the 0 and π state magnetization pre-
cession in the time domain. (c) Schematic setup of microwave
circuit diagram and the pulse timings. All of the signal genera-
tors and the lock-in amplifier are synchronized with a 10-MHz
rubidium standard. The inset shows the density distribution of
the detected ISHE voltages. (d) Pump power and magnetic field
dependence of the ISHE voltages due to parametric excitation.
(e) ISHE voltage dependence on pump power at μ0H = 22.14
mT. (f) Schematic illustrations of the pump and bias microwaves
for positive and negative bias field. (g) Occurrence probability of
0 and π states at bias amplitude with opposite phases (π phase
difference) at μ0H = 22.14 mT and P2f = 0.125 W.

to be 30 µs before the rise time of the pump field [see
Fig. 1(c)]. By applying the bias field at the start of para-
metric excitation, we can drive the initial magnetization
precession at a fixed phase relative to the bias field by fer-
romagnetic resonance (FMR). This initial precession acts
as a “seed”, which determines the occurrence of 0 or π

state. The resulting magnetization precession is detected
via ac spin pumping and the inverse spin Hall effect (ISHE)
[16–27] as the ac voltage signal transmitted through the
secondary CPW. This signal is sent through a mixer, which
multiplies the signal at 1f = 2.15 GHz with a 1.55-GHz
waveform generated by a local oscillator (LO). The ac sig-
nal is thus down-converted to 600 MHz and it is measured
by a megahertz lock-in amplifier (UHFLI, Zurich Instru-
ments) with a lock-in frequency of 600 MHz [Fig. 1(c)].
We record the data at 6 µs after the fall time of the bias
pulse, indicated by tdata in Fig. 1(c). We repeat the ISHE
voltage measurement over 1000 times and we obtain the
frequency histogram—hereafter called “counts”—of the
detected ISHE voltages [Fig. 1(c) inset].

To find the conditions for parametric excitation, we per-
form a systematic measurement of the ISHE voltages as a
function of static magnetic field and pump power as shown
in Fig. 1(d). Above the power thresholds, there are multi-
ple peak structures corresponding to the different standing
spin wave modes, which are excited by parametric pump-
ing [28]. We conduct the experiments at μ0H = 22.14 mT,
indicated by the black arrow in Fig. 1(d), and we show the
ISHE voltages as a function of pump power in Fig. 1(e).

The occurrence probability of the 0 state is defined to be
p0 = ∫ 0.8 V

0 V F(VISHE) dVISHE, where F(VISHE) is the distri-
bution density normalized such that

∫
F(VISHE) dVISHE =

1. The occurrence probability of the π state is pπ =∫ 0 V
−0.8 V F(VISHE) dVISHE. Firstly, we measure p0 by chang-

ing the bias microwave phase (see Supplemental Material
[29]) at P = 0.089 and 0.125 W and determine the phase
where p0 takes maximum (minimum) for positive (nega-
tive) bias microwave field sign. Then, we measure p0 for
every pumping power. Here, we consider the distribution
with the peak at positive (negative) ISHE voltage to be the
0 (π ) state. In the absence of bias, the 0 and π states occur
randomly leading to almost equal probabilities. However,
by applying the bias field, we can tune the occurrence prob-
ability of the states by varying the bias amplitude (μ0hb).
The bias field has a form of hb(t) = hb cos(2π ft + ϕb),
where ϕb is the phase difference between h2f and hb. We
consider the bias field to be positive at ϕb = 0 and negative
at ϕb = π [see Fig. 1(f)]. In Fig. 1(g), we plot bar graphs
of p0 and pπ . At μ0hb = −10 nT, the 0 state probability
is p0 = 0.3. Reversing the bias to be at μ0hb = 10 nT, the
probability becomes p0 = 0.7.

In Fig. 2(a), we show the systematic measurement of p0
as a function of pump power and bias field. The measure-
ment is taken above the pump threshold (P2f ≥ 0.089 W).
We show that the dependence of p0 is monotonically
increasing as a function of μ0hb. As we increase the pump
power, the rate at which p0 rises with μ0hb decreases. In
Fig. 2(b), we show the dependence of p0 on the bias field,
μ0hb, at different pump power. p0 increases and saturates to
p0 = 1 as we increase μ0hb. Conversely, by reversing the
bias field to negative value, p0 decreases and approaches
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FIG. 2. (a) Heatmap of p0 as a function pump power and bias fields at μ0H = 22.14 mT. (b) Dependence of p0 on bias fields
at different pump power. The black curves show the fitting with sigmoid function: p0 = (

e−βμ0hbMs + 1
)−1, where β = 1/kBT. (c)

Dependence of β on pump power.

p0 = 0. Thus, the p0 dependence on μ0hb has a characteris-
tic of a sigmoid curve, indicative of the nonlinear response
of the 0 and π state probability to the bias field. Consid-
ering the sigmoid curve behavior at different pump power,
we find that the steepness of the sigmoid curves becomes
smaller at larger pump power.

We evaluate the steepness of the curves at varying pump
power by fitting the μ0hb dependence data with sigmoid
function: p0 = (

e−βμ0hbMs + 1
)−1, where β = 1/kBT and T

is the effective temperature. The saturation magnetization
is μ0Ms = 150 mT. In Fig. 2(c), we plot β as a function
of pump power. With increasing pump power, β generally
decreases. This shows that the response of the state occur-
rence probability to the bias field becomes more gradual as
pump power rises.

To explain this result, we measure the frequency
linewidth of the sample’s absorption spectrum using a vec-
tor network analyzer (VNA) at varying power PVNA (see
Supplemental Material [29]) at μ0H = 21.7 mT, where the
fundamental FMR mode is excited. The inset of Fig. 2(c)
shows the frequency linewidth, �f , as a function of PVNA.
With increasing power, the linewidth rises indicating that
the damping in the sample increases with power. Since
the standing spin wave mode appearing at μ0H = 22.14
mT has weak coupling to the main CPW, we cannot per-
form linewidth measurement at the field. The increase in
damping at strong microwave power might be due to mul-
timagnon scattering processes. When strong microwave
power is applied, larger numbers of magnons are excited,
leading to a higher rate of scatterings between different
magnon modes, such as the second-order Suhl instability
[8,30,31], which adds another dissipation channel for the
excited magnons. This explanation can also be applied in
the case of parametric excitation [13,28], where magnon
number rises with increasing pump power.

In addition, increasing damping also implies that there is
a larger fluctuation in the magnon system [32–34]. Assum-
ing that the 0 and π states develop instantaneously upon
being driven by the pump field, the occurrence probability,

p0, is solely determined by the fluctuations of the magne-
tization dynamics in the sample. Similarly, the response
of the initial magnetization to the bias field is also depen-
dent on the fluctuation, or damping. Thus, we infer that
the decrease of β at higher pump power is attributed to the
increasing damping in the sample.

To illustrate our discussion, we consider a system of
parametric oscillators under dissipation to thermal baths.
In a parametric oscillator, a pump field will generate a
photon, which splits into two magnons at half of the pho-
ton’s frequency [8,35–41]. To start off, the Hamiltonian is
expressed as [13,32,42]

Ĥ = Ĥ0 + Ĥpump + Ĥint + Ĥbias + Ĥbath, (1)

where Ĥ0 is the Hamiltonian describing the harmonic
oscillator system, written as Ĥ0 = �ωpâ†â + �ωĉ†ĉ, where
â (â†) is the annihilation (creation) operator of pump
photon and ωp is the pump frequency. ĉ (ĉ†) is the anni-
hilation (creation) operator of the magnon with frequency
ω = 2π f (after diagonalization of the quadratic terms in
the dipolar interaction Hamiltonian [8]). Here, ωp = 2ω.
Ĥpump represents the driving pump fields in generating the
pump photons. It is written as

Ĥpump = i�
(
εpe−i(ωpt)â† − ε∗

pei(ωpt)â
)

, (2)

where εp is the amplitude of the classical pump field, εp =
γ |h2f|. Ĥint describes the parametric interaction between
the driving pump field and the pair of magnons. It is
written as

Ĥint = i�
2

ρk
(
ĉ†ĉ†â − ĉĉâ†) , (3)

where the coupling parameter between the pump photon
and magnon is ρk = ωM/4

√
ωM/ω sin2 θke−i2ϕk ; we use

ωM = γμ0Ms, where γ is the gyromagnetic ratio and θk
and ϕk are the polar and azimuthal angles of the wave
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vector, k [8]. Ĥbias represents the classical bias fields
in generating the initial magnetization precession. It is
written as

Ĥbias = i�
(
εbe−iωtĉ† − ε∗

beiωtĉ
)

, (4)

where εb is the amplitude of the classical pump field,
εb = γ hb. Lastly the damping of photon and magnons to
the phonon bath is assumed to be written as

Ĥbath = ĉ�̂†
1 + ĉ†�̂1 + â�̂

†
2 + â†�̂2, (5)

where �̂i

(
�̂

†
i

)
with i = 1, 2 are the annihilation (creation)

operators of the harmonic oscillator in the thermal bath of
phonons.

Assuming that the damping rate of the pump photon is
much larger than that of the magnon mode, we can simplify
the analysis by considering only the magnon mode [32,42].
Here, we consider the coherent state of magnon mode
|c〉 with eigenvalue α, such that ĉ |c〉 = α |c〉. Separating
the real and imaginary components, we write α = x + ip .
In the rotating frame of ω = ωp/2, the Fokker-Planck
equation follows [13,42] (see Supplemental Material [29]):

∂W
∂t

=
{

∂

∂α

[

α − α∗
(

ρkεp

γ0γ2
− γNL

γ0
α2

)

− εb

γ0

]

+ 1 + 2nth

2
∂

∂αα∗

(

1 + γNL

γ0
|α|2

)

+ H.c.
}

W,

(6)

where γ0 and γ2 are the damping rates for magnon and pho-
ton modes into the thermal baths, γNL = |ρk|2/2γ2 is the
nonlinear damping constant, and nth = (

e�ω0/kBTs − 1
)−1 is

the Planck distribution at sample temperature Ts.
For simplicity, we consider real solutions for α, such

that α = x. We assume a solution in the form of W =
N exp[−φ(x)], where N is the normalizing term and φ(x)
is the potential. In steady states, we have

φ(x) = 1
(1 + 2nth)

[

x2 − r
2γNL

ln
(
1 + 2γNLx2)

− εb

2
√

γ0γNL
tan−1

(

2
√

γNL

γ0
x
)]

, (7)

where r = (ρkεp/γ2) − (γ0/2) − γNL (1 + 2nth). The last
term of the potential corresponds to the effective contri-
bution of the bias field.

In Fig. 3(a), we show the potential at different bias fields.
At εb = 0, φ is a double-well potential with two degen-
erate minima at xmin = ±√

r/γNL and a saddle point at
xsaddle = 0 (green curve). These two minimum points cor-
respond to the 0 and π stable states; and their amplitudes,
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FIG. 3. Numerical results. (a) Potential φ(x) for different bias
fields, εb. (b) Heatmap of p0 as a function of damping, γ0, and
bias field, εb. (c) p0 as a function bias field at different γ0. The
black curves are the fitting curve: p0 = (

e−βεb + 1
)−1. (d) β as a

function of linear damping, γ0.

|xmin|, correspond to the magnon amplitude. When a bias
field, εb, is applied into the system, the double-well poten-
tial becomes tilted and the tilt’s direction depends on the
sign of the bias field as shown in Fig. 3(a). This lifts the
degeneracy of the two states and the magnons preferably
develop into one of the two states: 0 (red curve) or π (blue
curve).

Using this potential solution, we numerically calculate
the 0-state occurrence probability defined as

p0 =
∫ ∞

0
W(x) dx. (8)

We simulate the model by considering thermal magnon
number nth = 1 and nonlinear damping constant γNL =
0.4. We compute the dependence of p0 as a function
of damping, γ0, and bias amplitude, εb, as shown in
Fig. 3(b). As shown in Fig. 3(c), the shape of p0 as a
function of εb follows a sigmoid curve. Moreover, the sig-
moid steepness falls as the damping, γ0, becomes larger.
We evaluate this steepness by fitting the sigmoid curves
at varying pump amplitude with sigmoid function: p0 =
(
e−βεb + 1

)−1, where β represents the steepness of the
sigmoid curves. As shown in Fig. 3(d), β generally falls
with increasing γ0, which is in agreement with our exper-
imental results and the above discussion. This decrease
in β is attributed to the increasing linear damping con-
stant, γ0, leading to the decreasing effective bias term in the
potential, which is proportional to εb/

√
γ0γNL [Eq. (7)].

We also consider the possibility of increasing γNL. The
nonlinear damping constant is only dependent on the para-
metric coupling, ρk, and the photon damping rate, γ2.
Neither parameter, however, is dependent on pump
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amplitude; thus the effect of γNL on β can be disregarded.
Additionally, we consider the effect from sample temper-
ature increase. In the limit of �ω � kBTs, nth ∝ Ts and,
thus, β ∝ 1/Ts. From the experimental result [Fig. 2(c)],
β decreases by a factor of approximately 3, implying that
the sample temperature rises by 3 times room temperature.
The final sample temperature considered here is not practi-
cal in our experiment. Hence, we can eliminate the effects
of increasing both γNL and Ts on β.

Another possible explanation is the increasing phase
shift between hb and the excited 0 or π phase state owing
to nonlinearity at higher pump power. When strong pump-
ing power is applied to the sample, owing to the Kerr-type
nonlinearity in magnons, a frequency shift is induced.
This manifests itself as the shift in the peak position in
Fig. 1(d) with increasing pumping power. When the phase
shift appears, the final 0 state has slightly different phase
from the 0 state excited by the bias microwave. There-
fore, if p0 is defined by using the 0 state with respect to
bias microwave, p0 will be affected by the nonlinear phase
shift. To exclude the artifact from this nonlinear shift, we
employ the bias-phase dependence measurement so that
the 0 state for defining p0 is defined with respect not to the
bias microwave phase, but to the excited oscillation phase.
As a reference to raw data, we plot p0 as a function of bias
phase at different pump powers (see Supplemental Material
[29]). Generally, p0 has periodic dependence on bias phase.
As pumping power increases, the phase of the periodic p0
shifts slightly. However, since we employ the phase that
takes maximum (minimum) value of p0 for positive (neg-
ative) sign of the bias field, the observed small phase shift
does not affect to the shape of the sigmoid function.

In terms of application, our findings serve as a first step
for potential implementation in neural networks. In this
system, the shortest pulse width we can apply is 5 µs. The
shortest pulse width is determined by the time required for
parametric oscillation to reach steady states. For practical
operation at high-frequency clock speeds, further studies
will aim to reduce this pulse width by shortening the time
taken for oscillations to stabilize.

In summary, we systematically investigate the depen-
dence of the 0 and π state occurrence probability of a
YIG magnetic parametron. We demonstrate its sigmoid
curve behavior as a function of bias field, the steepness of
which decreases with rising pump power. Our experimen-
tal result can be modeled by numerical calculation of the
Wigner function of parametric oscillation under increasing
dissipation.
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