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Directional emission of a readout resonator for qubit measurement
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We propose and demonstrate transmission-based dispersive readout of a superconducting qubit using
an all-pass resonator, which preferentially emits readout photons toward the output. This is in contrast to
typical readout schemes, which intentionally mismatch the feedline at one end so that the readout signal
preferentially decays toward the output. We show that this intentional mismatch creates scaling challenges,
including larger spread of effective resonator linewidths due to nonideal impedance environments and
added infrastructure for impedance matching. A future architecture using multiplexed all-pass readout
resonators would avoid the need for intentional mismatch and potentially improve the scaling prospects of
quantum computers. As a proof-of-concept demonstration of “all-pass readout,” we design and fabricate
an all-pass readout resonator that demonstrates insertion loss below 1.17 dB at the readout frequency and
a maximum insertion loss of 1.53 dB across its full bandwidth for the lowest three states of a transmon
qubit. We demonstrate qubit readout with an average single-shot fidelity of 98.1% in 600 ns; to assess
the effect of larger dispersive shift, we implement a shelving protocol and achieve a fidelity of 99.0% in
300 ns.
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I. INTRODUCTION

Dispersive readout [1–3], broadband parametric ampli-
fiers [4,5], and Purcell filtering [6–8] have made it possible
to perform multiplexed single-shot readout of supercon-
ducting qubit systems with high fidelity [9,10]. Such
capabilities will be critical for any application requir-
ing real-time feedback, such as quantum error correction
[10–12]. In multiplexed readout, maximizing the collec-
tion of photons encoded with qubit information is critical
to improving the signal-to-noise ratio (SNR). As a result,
the feedline is often intentionally interrupted at one end
(the “input”) with a wideband mismatch with near-total
reflection so that the readout signal preferentially decays
from the resonators toward the detection apparatus (the
“output”) [8–10,13]. In a transmission-based readout con-
figuration, this intentional mismatch takes the form of
an input capacitance [8–10]; in a reflection-based read-
out configuration, one end of the feedline is terminated
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in an open end [13]. However, we show that intentional
mismatch creates standing waves that both significantly
worsen the spread of resonator linewidths and require
added infrastructure for impedance matching. We detail
these challenges in Sec. II. Despite its disadvantages,
the intentional use of mismatch in the feedline has thus
far been ubiquitous and essential to enable directional
decay of the readout signal and maximize SNR [8–10,13].
Thus, an attractive yet unexplored research direction would
investigate readout schemes that avoid intentional mis-
match while preserving the directional decay of the readout
signal.

Here, we present a proof-of-concept demonstration of
“all-pass readout,” a transmission-based scheme in which
the readout resonator demonstrates preferential directional
emission of photons encoded with qubit information, thus
avoiding the need for intentional mismatch. In Sec. III,
we present a model for an all-pass resonator coupled
to a transmon qubit. We experimentally demonstrate all-
pass performance with the fabricated device detailed in
Sec. IV and demonstrate high-fidelity single-shot readout
in Sec. V.
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II. LIMITATIONS OF STANDING WAVES IN
READOUT

Cyclic protocols for quantum error correction, such as
the surface code, require reliable measurement of all data
and syndrome qubits within a given cycle [14]. As a result,
robust control of the resonator linewidth κr is of critical
importance. If κr is too large, the qubit lifetime can be
shortened due to the Purcell effect [6–8]. Too small a value
of κr is also problematic since the repetition rate of cyclic
protocols is limited by the qubit with the slowest readout
[14]. In practice, it is common to see significant varia-
tion in the resonator linewidth; this has previously been
attributed to off-chip impedance mismatches [13,15,16]. A
multiplexed readout scheme with intentional mismatch is
depicted in Fig. 1(a), where hanger-coupled resonators are
coupled to a feedline, and the intentional mismatch is rep-
resented by an input capacitance (in transmission [8–10])
or as an open (in reflection [13]). In Fig. 1(a), we depict
resonators directly coupled to the feedline, but note that
the variation of effective linewidth extends to designs with
bandpass Purcell filters. In the following analysis, we show
that intentional mismatch worsens variation by increas-
ing the sensitivity of the resonator linewidth to nonideal
impedance environments, such as off-chip mismatches and
on-chip nonuniformities.

First, we show how intentional mismatch worsens
the variation in resonator linewidth κr as a result
of off-chip mismatch, where the spread is related to
the voltage-standing-wave ratio, given by VSWR =
(1 + |�out|) / (1 − |�out|). The output-side reflection coef-
ficient �out depends on the matching performance of off-
chip components, such as the sample package, isolators,
and filters. For a system with intentional mismatch (�in ≈
1), the ratio of the largest to smallest possible linewidths is
given by the square of VSWR (see Appendix B 1):

κmax

κmin
(�in = 1) =

(
1 + |�out|
1 − |�out|

)2

= VSWR2. (1)

This was confirmed experimentally in Ref. [13], where
a spread in κr of 2× was measured for |�out| = −16 dB.
From (1), a clear way to mitigate spread in κr is to improve
matching performance at the output. As a complementary
approach, we could also improve matching at the input by
removing the intentional mismatch. If �in = 0, the scaling
of κmax/κmin is now given by (see Appendix B 2)

κmax

κmin
(�in = 0) = 1 + |�out|

1 − |�out| = VSWR. (2)

As shown in Fig. 1(b), this is a square-root reduction in
κmax/κmin compared with (1). The key advantage to this
approach is that attenuators can be used for matching on
the input side to minimize |�in| [see Fig. 1(c)]. In contrast,
attenuators cannot typically be used on the output side,

(a)

(b)

(c)

FIG. 1. Spread in resonator linewidth κr due to off-chip mis-
matches. (a) Multiplexed readout in reflection or in transmission
using intentional mismatch to ensure preferential decay of the
readout signal from resonators toward the output. (b) The ratio
of largest to smallest κr as a function of the output-side reflection
coefficient. (c) Proposed all-pass readout. No intentional mis-
match is needed because the all-pass resonators preferentially
emit readout photons in one direction.

since minimization of preamplification losses is critical for
maximizing measurement efficiency [17].

Intentional mismatch also makes the resonator linewidth
κr highly sensitive to nonuniformities in the effective per-
mittivity εeff as seen by a coplanar waveguide across a chip.
Nonuniformities are especially prevalent in flip-chip pro-
cessors, where interchip spacing variation and nonlinear
chip deformations of the order of 1 µm can cause resonator
frequencies to vary by a few percent across a chip [15,18].
Typical nonuniformities make multiplexing beyond 15 res-
onators challenging, even for a generous tolerance range of
±30%. See Appendix C for a detailed analysis.

As a final comment, we note that intentional mis-
match also impedes the scaling of quantum computers
by requiring the addition of nonreciprocal components
to impedance match to downstream broadband amplifiers
[9,19,20]. We refer the reader to Appendix D for further
details.

III. IMPLEMENTATION OF ALL-PASS READOUT

To demonstrate the experimental feasibility of direc-
tional emission of a readout resonator, we develop a design
for an all-pass resonator coupled to a transmon qubit. In
sharp contrast to an overcoupled hanger-coupled readout
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FIG. 2. Models for all-pass readout. (a) Even and odd reso-
nant modes coupled to a feedline. (b) Two identical resonators
coupled to both a feedline and a qubit mode. (c) Simplified
representation of (b) where gtotal is the sum of gd and the
waveguide-mediated coupling gw. (d) A possible circuit imple-
mentation of (b), where d = 3λr/4 for all-pass behavior. (e) A
modified version of (d) that includes Purcell suppression using
interference of the qubit mode in the feedline [22].

resonator, which exhibits total reflection on resonance, an
all-pass readout resonator instead approaches total trans-
mission on resonance (|S21| → 1). We can understand how
all-pass behavior arises by considering a resonator with
both an even and an odd mode coupled to a waveguide
[Fig. 2(a)]. The transmission is given by (see Appendix E)

S21 = 1 −
κe
2

j (ω − ωe) + κe
2

−
κo
2

j (ω − ωo) + κo
2

, (3)

where ωe (ωo) is the even (odd) mode frequency and κe
(κo) is the even (odd) mode linewidth. The two modes will
be degenerate if they have equal frequencies and equal
linewidths, i.e., ωe = ωo = ωdeg and κe = κo = κdeg. In
this special case, (3) becomes

S21,deg = 1 − κdeg

j
(
ω − ωdeg

) + κdeg
2

, (4)

which achieves the desired all-pass behavior [21]. This
can be understood by noting that at ω = ωdeg, we have
|S21,deg| = 1.

With these conditions for all-pass behavior in mind, we
design a resonator with even and odd modes to perform
readout of a qubit [see Fig. 2(b)]. A transmon qubit mode
aq with frequency ω01 and charging energy EC is cou-
pled symmetrically to two identical resonator modes a1
and a2 with frequency ωr. The resonators are coupled to a
waveguide with linewidth κr and separated by distance d.

The qubit-resonator coupling rates have magnitude g, and
the direct resonator-resonator coupling rate has magni-
tude gd. We can sum the direct and waveguide-mediated
coupling rates and simplify Fig. 2(b) as Fig. 2(c), where
gtotal = gd + gw (see Appendix E). The Hamiltonian of
Fig. 2(c) is approximately represented in the Fock basis
by

H = ωra
†
1a1 + ωra

†
2a2 + ω01a†

qaq − EC

2
a†

qa†
qaqaq

+ gtotal

(
a†

1+a1

) (
a†

2+a2

)

+ g
(

a†
1+a1

) (
a†

q+aq

)
+ g

(
a†

2+a2

) (
a†

q+aq

)
. (5)

After a transformation of basis and truncation of the trans-
mon to the first two energy levels (see Appendix F), we
can derive the dispersive Hamiltonian:

H̃disp = ω̃01

2
σz + ωea†

eae + ωoa†
oao, (6)

where the dressed qubit frequency ω̃01, even-mode fre-
quency ωe, odd-mode frequency ωo, and effective total
dispersive shift 2χ01 are approximated by

ω̃01 = ω01 + 2g2

	
, (7)

ωe = ωr + gtotal − 2g2

	 − EC
+ 2χ01σz, (8)

ωo = ωr − gtotal, (9)

and

χ01 = − g2EC

	(	 − EC)
, (10)

where we define the qubit-resonator detuning as 	 =
ω01 − ωr. Note that the even mode experiences a total dis-
persive shift of 4χ01, whereas the odd mode does not. This
is because the qubit is positioned at the node of the odd
mode of this system. Thus, the effective total dispersive
shift is 2χ01 (see Appendix G).

Recall that all-pass behavior is obtained when the even
and odd modes are degenerate. Neglecting the dispersive
shift for the moment, we see that ωe = ωo when gtotal =
g2/ (	 − EC). Intuitively, all-pass behavior occurs when
the qubit-mediated coupling cancels the other channels
of coupling between the two resonators. This degeneracy
condition is analogous to that in the directional emission
of an itinerant photon, where two qubit modes are made
degenerate [23,24]. In our case, there is an optimal qubit
frequency for which all-pass behavior occurs. However,
we note that the nonlinear dispersive shift of the qubit will
break the degeneracy condition ωe = ωo. As a result, we
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choose to design the qubit in the small 2χ01/κr regime to
preserve all-pass behavior for relevant states in the compu-
tational subspace. See Appendix G for more details. As we
will demonstrate in Sec. V, the design choice of large κr
enables us to still achieve high-fidelity readout in 300 ns.

A possible circuit implementation of Fig. 2(b) is
depicted in Fig. 2(d). Two λr/4 resonators are capaci-
tively coupled to a transmon qubit and each other. These
resonators are capacitively coupled to a feedline and
separated by phase delay φ = 2πd/λr = 1.5π to match
linewidths κe = κo (see Appendix E). In practice, one ben-
efits from including Purcell suppression to achieve fast
readout [6–8]. To do so, we utilize Purcell suppression
based on interference of the qubit mode in the feedline
[22], where each resonator is coupled to two spatially sep-
arate points on the feedline [Fig. 2(e)]. This is similar to
the creation of subradiant states in giant atoms [25,26].
For λr/4 coplanar waveguide resonators, we realize Pur-
cell suppression by coupling the open end capacitively and
the shorted end inductively to the feedline. The coupling
points are spaced apart at λq/4 separation such that the
qubit mode destructively interferes in the feedline. The res-
onators’ respective capacitive (inductive) coupling points
are then spaced apart by 3λr/4, as needed for matching
even- and odd-mode linewidths.

Like traditional multiplexing schemes, multiplexed
all-pass resonators would be spaced apart in fre-
quency—several multiples of the resonator linewidth—to
minimize measurement errors and frequency overlap
between different readout units [8,9]. For all-pass readout,
this spacing serves the additional purpose of preserving
the degeneracy condition and minimizing the interaction
between resonators of different readout units. This enables
modular design, as each unit can be optimized separately.
See Appendix H for an analysis of the directionality of
cascaded all-pass readout units as a function of frequency
spacing.

IV. DEVICE DESCRIPTION AND
CHARACTERIZATION

We experimentally realize an all-pass readout resonator.
The chip micrograph is shown in Fig. 3(a), correspond-
ing to the circuit model in Fig. 2(e), with the addition of
a superconducting quantum interference device (SQUID)
in place of a single Josephson junction. The identical λr/4
resonators (blue) are coupled to the feedline (red) capac-
itively on the open end [Fig. 3(b)] and inductively on
the shorted end [Fig. 3(c)]. The claw design in Fig. 3(d)
provides symmetric qubit-resonator coupling rate g to
a single-island flux-tunable transmon qubit (green) with
global magnetic flux bias and dedicated drive line (yellow).
We minimize sensitivity to spatial variation by making the
two quarter-wave resonators geometrically identical and in
very close proximity on the chip.

(a)

b
c

d

1 mm

Readout in

Readout out

Qubit drive

C1 L1

2L 2C

Feedline

Res. 1

Res. 2

(b)

(c)

(d)

100 µm

L1

C1

50 µm

50 µm

FIG. 3. Experimental device. (a) False-colored chip micro-
graph with λr/4 transmission line resonators (blue), feedline
(red), transmon qubit (green), and qubit drive line (yellow).
Enlarged images of (b) the open end of the λr/4 resonator, (c) the
shorted end of the λr/4 resonator, and (d) symmetric coupling of
transmon qubit. Labels denoting where the resonator is capaci-
tively (C1, C2) and inductively (L1, L2) coupled correspond to
Fig. 2(e).

A two-dimensional (2D) sweep of |S21| versus flux bias
and frequency is shown in Fig. 4(a). This tunable flux
bias enables us to tune in situ the qubit-mediated coupling
between the resonators, similar to the qubit-mediated cou-
pling used for tunable couplers [27]. We observe that all-
pass behavior occurs near the flux bias |�/�0| = 0.291,
corresponding to a dressed qubit frequency of ω̃01/2π =
6086 MHz, and choose this as our operating point. In
Fig. 4(a), we show agreement with finite-element simula-
tion, where the transmon qubit is approximated as a linear
oscillator. See Appendix I for more details. We note that
near �/�0 = 0, due to the strong hybridization of the res-
onator and qubit modes, the measured features are fainter
than in simulation. This is because simulation approxi-
mates the qubit as a linear oscillator, whereas in reality,
the qubit’s nonlinearity prevents the population of higher
excited states by microwave drives.

The measured S21 magnitude and phase for the lowest
three transmon states are shown in Fig. 4(b). We cali-
brate S21 with respect to a through line that bypasses the
package and wire-bonded chip. Based on the average |S21|
away from the resonant point, we estimate insertion loss
due to the package of 0.28 dB in the frequency range
of interest (see Appendix A). Adjusting for this pack-
age loss, the all-pass resonator’s transmission |S21| at the
readout tone ωRO/2π = 7760.2 MHz is above −1.17 dB
for the lowest three transmon states. The lowest dip in
|S21| is −1.53 dB. From the measured phase, we find
a bare resonator frequency ωr/2π = 7756.4 MHz, res-
onator linewidth κr/2π = 14.5 MHz, and dispersive shift
2χ01/2π = −1.10 MHz. From (10), we calculate a qubit-
resonator coupling rate of g/2π = 93.4 MHz.
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FIG. 4. Transmission of device. (a) Comparison of simulated
and measured |S21| as a function of flux bias and frequency
with the transmon in the ground state. Finite-element simulation
approximates the transmon as a linear oscillator. (b) Measured
magnitude and phase of S21 versus frequency at the all-pass
operating point for the three lowest states of the transmon. We
overlay predicted curves using an analytic model. The |S21| of
a conventional readout resonator (no intentional mismatch) with
equivalent κr is shown for comparison.

In Fig. 4(b), we overlay the analytic model for the full
magnitude and phase of S21, where we include loss due
to the package. The analytic model numerically solves the
system Hamiltonian in (5) for the eigenmodes ωe and ωo
and substitutes into the expression for S21 in (3). Higher
excited states of the transmon qubit and resonators are
included to the point that the calculation converges. The
linewidths of the system are given by κe = κr (1 + cos φ)

and κo = κr (1 − cos φ) (see Appendix E). We use the
analytic model to estimate the two remaining unknowns
of the system, which are the phase delay φ = 1.55π

and fixed resonator-resonator coupling rate gtotal/2π =
−5.1 MHz. The even- and odd-mode linewidths are then
κe/2π = 17.1 MHz and κo/2π = 11.9 MHz, within 10%
of expected values from finite-element simulation (see
Appendix I). In a future design, the linewidths could be
matched by ensuring φ = 1.5π .

Using finite-element simulation, we estimate a Purcell-
limited lifetime of 70 µs for our device. Indeed, we mea-
sure a prolonged qubit lifetime of T01 = 16 µs that we
predict to be limited by the drive line and intrinsic decay
of the qubit. Compared with finite-element simulation
of a qubit coupled to two resonators with separate loss

channels, our device achieves a Purcell suppression fac-
tor of approximately 10 at the all-pass operating point,
where ω01/2π = 6086 MHz. We note that this suppression
could be substantially improved by aligning the notch fre-
quency of the interferometric Purcell filter with the target
ω01; at the filter’s notch frequency near 4900 MHz, the
simulated Purcell suppression exceeds 3 orders of mag-
nitude, of similar magnitude to a separate demonstration
of interference-based suppression in Ref. [22]. In practice,
however, due to the estimated T1 limit from intrinsic decay
and the drive line, alignment of the notch frequency with
the target ω01 would only result in a factor of 2 increase in
T1. See Appendix J for further details.

V. SINGLE-SHOT READOUT

We demonstrate high-fidelity single-shot dispersive
readout of the transmon qubit. We perform a standard
readout pulse sequence [Fig. 5(a)]. The readout pulse is
implemented as a flat-top pulse with Gaussian rising and
falling edges of width 50 ns. We set the integration time
τ to be the same as the duration for which the readout
pulse is at its maximum value. The π01 pulse is imple-
mented as a derivative reduction by adiabatic gate (DRAG)
pulse [28] with 2σ = 20 ns. A Josephson traveling-wave
parametric amplifier (JTWPA) [4,5] is used to amplify the
output probe signal. The optimal drive strength, or photon
number, is optimized from the trade-off between minimiz-
ing measurement-induced state transitions and maximizing
readout fidelity [8,29]. A preselection pulse is included to
only consider samples for which the qubit begins in the
ground state. The preselection threshold is set at 99% of
the fitted cumulative Gaussian distribution of the ground
state [30]. There is a gap of 400 ns between the preselection
pulse and the π01 pulse.

Histograms of the amplified integrated quadratures are
shown in Fig. 5(b), where the qubit has been prepared
in either |0〉 or |1〉. We set the discrimination threshold
at 0. We calculate the qubit readout assignment fidelity
F = 1 − [P(0|1) + P(1|0)]/2 [31,32], where P(x|y) is the
probability that the measurement outcome is |x〉 given that
the qubit is prepared in the |y〉 state. For integration time
τ = 600 ns, we achieve readout fidelity of F = 98.1%.
We obtain an error of preparing a qubit in the ground
state of P(1|0) = 0.8%. The error of preparing a qubit
in the excited state is P(0|1) = 3.0%, where the error is
dominated by qubit decay, near the theoretical estimate of
infidelity due to qubit decay of 1 − e−τ/T01 ≈ 3.7%. Using
measurement-induced dephasing [3], we estimate that the
optimized readout power corresponds to a steady-state
resonator population of approximately 35 photons.

To assess the effect of a larger effective dispersive shift
and longer qubit lifetime, we repeat this experiment with
a shelving protocol [Fig. 5(c)], applying an unconditional
π12 pulse before the readout pulse [32]. A qubit in the
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FIG. 5. Single-shot readout. Pulse sequences (a),(c) and his-
tograms (b),(d) of integrated signal when preparing the qubit
in the ground (blue) and excited (red) state, without and with
shelving protocol.

first excited state is transferred to the second excited state,
whereas a qubit in the ground state is unaffected. The π12
pulse is also implemented as a DRAG pulse; the pulse
parameters are optimized similarly to the standard method
for the π01 pulse. The qubit is first prepared in |1〉, and Rabi
experiments are performed to optimize pulse amplitude
and frequency [32].

With this shelving protocol, the samples in the |1〉
state are excited to the |2〉 state, both increasing the dis-
persive shift from 2χ01/2π = −1.10 MHz to 2χ02/2π =
−1.86 MHz and increasing the effective lifetime from
T01 = 16 µs to T02 = 25 µs. The optimized readout power
corresponds to a photon number of approximately 60.
We achieve an improved readout fidelity of F = 99.0%
with integration time τ = 300 ns, with P(1|0) = 0.7%
and P(0|1) = 1.2%, in agreement with the estimate of
infidelity due to qubit decay of 1 − e−τ/T02 ≈ 1.2%. As
expected, the P(0|1) error has decreased due to the shorter
integration time and longer effective lifetime. In the his-
togram in Fig. 5(d), a “shoulder” representing the decay
from the |2〉 to the |1〉 state is visible.

VI. CONCLUSIONS

We have presented a demonstration of qubit readout
using a readout resonator that preferentially emits pho-
tons in one direction across its full bandwidth. We have
shown that the scheme is experimentally feasible, achiev-
ing high-fidelity single-shot readout of a transmon qubit
while preserving high directionality.

To enable faster readout, further investigation is needed
of all-pass resonator structures that operate in the regime
where the dispersive shift is comparable to the resonator
linewidth, without sacrificing directionality in either of
the qubit’s computational states. Another future direction
would be to investigate structures insensitive to local fab-
rication defects that could cause the bare resonator modes
to be mismatched. Future work may also perform analysis
similar to that of Ref. [33] to further characterize properties
of the all-pass resonator.

Due to the larger footprint, we expect that all-pass
readout will be best suited for three-dimensional (3D) inte-
gration such as a flip-chip geometry, where the qubits
are on a separate chip from the readout and control lines
[34]. The design could be compacted by using closer spac-
ing between resonators, tighter meandering, and increased
effective dielectric constant, the last of which is possible
through 3D integration [34].

Multiplexed qubit readout using readout resonators with
directional emission would avoid the need for intentional
mismatch, minimizing the spread of resonator linewidths
and removing the overhead associated with impedance
matching. Moreover, the removal of intentional mismatch
enables modular and flexible placement of resonator-qubit
blocks along the feedline. Future work could implement a
multiplexed system using all-pass readout and empirically
demonstrate lower variation of resonator linewidths. Such
research directions could potentially improve the scaling
prospects of large-scale quantum computers.
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TABLE I. Measured device parameters.

|1〉–|0〉 transition frequency ω̃01/2π 6086 MHz
|2〉–|1〉 transition frequency ω̃12/2π 5885 MHz
|1〉–|0〉 relaxation time T01 16 μs
|1〉–|0〉 dephasing time T2,Echo 6 μs
|2〉–|0〉 relaxation time T02 25 μs
Flux bias |�/�0| 0.291
Resonator frequency (bare) ωr/2π 7756.4 MHz
Resonator linewidth κr/2π 14.5 MHz
Resonator dispersive shifts { 2χ01/2π −1.10 MHz

2χ02/2π −1.86 MHz

custom circuit board. A.Y. packaged the device. M.E.S.,
K.P.O., and K.S. supervised the project. A.Y. wrote the
manuscript with input from all coauthors. All authors con-
tributed to the discussion of the results and the manuscript.

APPENDIX A: SAMPLE AND SETUP

The transmon qubit and resonators are comprised of
layers of thin-film aluminum on a silicon substrate. Air
bridges are patterned to mitigate the formation of slot-
line modes. The measured device parameters are listed
in Table I. We note that the reduced T2 is expected, as
we are far detuned from the flux-insensitive sweet spot at
|�/�0| = 0 [35].

The diagram of the experimental setup is shown in
Fig. 6. We conduct the experiment in a Bluefors LD400
dilution refrigerator with a base temperature of 15 mK
at the mixing chamber (MXC). The device is enclosed
by a superconducting aluminum shield, which is nested
within a Cryoperm shield mounted at the MXC. To mit-
igate the presence of high-energy photons, low-pass filters
are included at the qubit drive line (VLF-8400+) and read-
out input and output lines (RLC-F-30-12.4). Microwave
readout and drive tones are applied by a QICK ZCU111
RFSoC FPGA [36]. The sample is housed within a custom
package that is designed to suppress modes below 17 GHz,
which is more than sufficient for the experiment to avoid
deleterious effects on qubit lifetime [37]. An isolator is
used at the input of the device, since its cryogenic return
loss is rated for −28 dB at our readout frequency, com-
pared with our attenuators that are rated for −19 dB return
loss.

We calibrate to a through line that bypasses the sample
and package (see Fig. 6). Based on the measured |S21| away
from the resonant point in Fig. 7, we estimate a package
loss of 0.28 dB. The measured transmission characteristics
are listed in Table II.

APPENDIX B: EFFECTIVE LINEWIDTH IN THE
PRESENCE OF MISMATCHES

Here, we derive the general expression for the effective
linewidth κ̃r of a single-mode resonator in the presence of
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FIG. 6. Experimental diagram and wiring.

mismatches at both ends of the feedline, using the input-
output relations [38], also known as coupled mode theory
[39]. Since the effective linewidth κ̃r is a function of the

−60 −40 −20 0 20 40 60
f − fRO (MHz)

−2

−1

0

|S
2
1
|(

dB
)

|0〉
|1〉

|2〉Model
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FIG. 7. Measured |S21| away from the resonant point to esti-
mate package loss. The analytic model includes the estimated
loss.
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TABLE II. Measured transmission characteristics of all-pass
readout resonator. Table values do not include an estimated
package loss of 0.28 dB.

|0〉 |1〉 |2〉
At readout tone ωRO |S21| −0.71 dB −0.94 dB −1.17 dB

∠S21 202◦ 188◦ 179◦
Minimum of |S21| −0.85 dB −1.13 dB −1.53 dB

standing waves in the feedline between the mismatches, it
is dependent on the reflection coefficients �1 and �2, which
we capture by representative capacitances in this analysis.
This derivation expands on that in Ref. [9], which calcu-
lated the linewidth of a resonant mode in the presence of
capacitance on one end of the feedline.

We depict the input-output network in Fig. 8(a). The
evolution of the resonator mode a is given by

da
dt

= j ωra − κr

2
a + √

κrai. (B1)

The input-output relations of the resonator are governed by

ao = ai − √
κra, (B2)

with input (i) and output (o) directions shown in Fig. 8(a).
The T-junction connecting the resonator to the feed-

line’s right (r) and left (l) sides is symmetric, reciprocal,
and lossless. The scattering relations that satisfy this are
[9,40]

lo = −1
3

li + 2
3

ri + 2
3

ao, (B3)

ro = 2
3

li − 1
3

ri + 2
3

ao, (B4)

(a)

(b) (c) (d)

FIG. 8. (a) General input-output network of a resonator mode
connected to feedline with reflection coefficients of �1 on the left
and �2 on the right. (b),(c) Networks to analyze the variation in
κr due to off-chip mismatches �out with and without intentional
mismatch (�in = {1, 0}). (d) Network to analyze the spread of
κr due to on-chip nonuniformities in the presence of intentional
mismatch �in = 1 with electrical length βx.

and

ai = 2
3

li + 2
3

ri − 1
3

ao. (B5)

The input-side capacitance has the scattering relations [40]

bo = (1 − �1) lo + �1bi (B6)

and

li = (1 − �1) bi + �1lo. (B7)

Similarly, the output-side capacitance has the scattering
relations

co = (1 − �2) ro + �2ci (B8)

and

ri = (1 − �2) ci + �2ro. (B9)

Eliminating the li and lo modes, we obtain

ai = 1
2

(1 − �1) bi + 1
2

(1 + �1) ri + 1
2

√
κr

2
(1 − �1) a.

(B10)

Next, eliminating the ri and ro modes, we find

ai = 1
2

(1 + �1) (1 − �2)

1 − �1�2
ci + 1

2
(1 − �1) (1 + �2)

1 − �1�2
bi

+ 1
2

√
κr

2
1 − �1 − �2 − 3�1�2

1 − �1�2
a. (B11)

We can then substitute into the original equation of motion
in (B1) to obtain

da
dt

= j ω̃ra − κ̃r

2
a +

√
κr

2
(1 + �1) (1 − �2)

1 − �1�2
ci

+
√

κr

2
(1 − �1) (1 + �2)

1 − �1�2
bi, (B12)

where the effective frequency is

ω̃r = ωr + κr

4
Im

{
1 − �1 − �2 − 3�1�2

1 − �1�2

}
(B13)

and the effective linewidth is

κ̃r = κr

2
Re

{
(1 + �1) (1 + �2)

1 − �1�2

}
. (B14)

In the following sections, we use this general form to
derive the expressions given in Sec. II.
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1. Spread due to off-chip mismatch: with intentional
mismatch

We consider the special case where �1 = �in = 1, rep-
resenting intentional mismatch of total reflection with
negligible dispersion. The effective linewidth in (B14)
simplifies to

κ̃r (�in = 1) = κr

(
1 − |�2|2

1 − 2Re {�2} + |�2|2
)

. (B15)

We model �2 as an off-chip mismatch positioned electrical
length θ away with magnitude |�out| [see Fig. 8(b)]. If the
transmission line is lossless, then �2 = |�out| e−2j θ [40].
We now have

κ̃r (�in = 1) = κr
1 − |�out|2

1 − 2 |�out| cos 2θ + |�out|2
. (B16)

The ratio of the maximum (θ = 0) and minimum (θ =
π/2) linewidths simplifies to

κmax

κmin
(�in = 1) =

(
1 + |�out|
1 − |�out|

)2

. (B17)

2. Spread due to off-chip mismatch: no intentional
mismatch

We now consider the case where �1 = �in = 0, which is
characteristic of a feedline with a well-matched input side
[see Fig. 8(c)]. The effective linewidth in (B14) simplifies
to

κ̃r (�in = 0) = κr

(
1 + Re {�2}

2

)
. (B18)

Substituting in �2 = |�out| e−2j θ , (B18) simplifies to

κ̃r (�in = 0) = κr

(
1 + |�out| cos 2θ

2

)
. (B19)

The ratio of the maximum (θ = 0) and minimum (θ =
π/2) linewidths is given by

κmax

κmin
(�in = 0) = 1 + |�out|

1 − |�out| . (B20)

3. Sensitivity to on-chip nonuniformities: with
intentional mismatch

For a feedline with intentional mismatch, we derive the
effect of nonuniformities on κ̃r. For simplicity, we omit the
effect of off-chip mismatches on the output side and set

�2 = 0. We now have

κ̃r = κr

(
1 + Re {�1}

2

)
. (B21)

We assume the resonator is spaced some distance away
from the intentional mismatch [see Fig. 8(d)]. The reflec-
tion coefficient of a lossless transmission line of length x
terminated in a mismatch with magnitude |�in| is given by
[40]

�1 = |�in| e−2j βx, (B22)

where β is the phase constant. In the case of intentional
mismatch, �in = 1. We now have

κ̃r(x) = κr0

[
1
2

cos (2βx) + 1
2

]
, (B23)

where we have denoted κr0 = κr to represent the maxi-
mum possible linewidth. Assuming the readout tone is at
the resonator frequency ωr with wavelength λr, the phase
constant β along the feedline is given by

β = ωr

vp ,feed
= 2πvp ,res

λrvp ,feed
= 2π

λr

√
εeff,feed

εeff,res
, (B24)

where {vp ,feed, vp ,res} and {εeff,feed, εeff,res} are the phase
velocity and effective permittivity of the {feedline,
resonator}. For simplicity, we have not included the effects
of εeff on κr0. Substituting into (B23), we have

κ̃r (x) = κr0

[
1
2

cos
(

2π
x

λr/2

√
εeff,feed

εeff,res

)
+ 1

2

]
. (B25)

APPENDIX C: LINEWIDTH VARIATION DUE TO
ON-CHIP NONUNIFORMITIES

Here, we perform a detailed analysis of the linewidth
variation resulting from on-chip nonuniformities, in the
presence of intentional mismatch. We consider the circuit
in Fig. 9(a), where multiplexed resonators are positioned
along a feedline interrupted by intentional mismatch (e.g.,
an input capacitance). For a resonator at a distance x from
the intentional mismatch, the fabricated linewidth κ̃r is
approximated by (see Appendix B 3)

κ̃r (x) = κr0

[
1
2

cos
(

2π
x

λr/2

√
εeff,feed

εeff,res

)
+ 1

2

]
, (C1)

where κr0 is the largest possible linewidth, λr is the res-
onator wavelength, εeff,feed is the effective permittivity
of the feedline between the input capacitance and the
resonator, and εeff,res is the effective permittivity of the
resonator. To maximize coupling to the waveguide, we
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(a) (b)

(c)

FIG. 9. Sensitivity of resonator linewidth κr to on-chip
nonuniformities resulting in εeff,feed �= εeff,res error. Here, we do
not include the additional variation that would result from off-
chip mismatches. (a) Illustration of spread in fabricated κ̃r as a
function of x in the presence of εeff,feed �= εeff,res. (b) Histograms
of κ̃r for increasing x, where the vertical dashed line denotes the
target design value at the mean μκ/κr0. We assume a normal dis-
tribution of

√
εeff,feed/εeff,res errors with a mean of 1 (no error) and

a relative standard deviation of 1.5% (e.g., a shift of 120 MHz for
an 8-GHz resonator). (c) The probability that all fabricated res-
onators’ κ̃r are within tolerance of μκ as a function of the number
of resonators. We assume two resonators are coupled every λr/2,
similar to the layout of Ref. [9].

position resonators at multiples of half-wavelength, sim-
ilar to x = nλr/2 [9]. As visualized in Fig. 9(a), due to
the standing wave formed by the intentional mismatch, κ̃r
becomes more sensitive to nonuniformities in permittiv-
ity (εeff,feed �= εeff,res) at farther distances x. To quantify this
effect, we assume that the

√
εeff,feed/εeff,res error for each

resonator obeys a normal distribution with a mean of 1
(no error) and a relative standard deviation of 1.5% (e.g., a
shift of 120 MHz for an 8-GHz resonator). In Fig. 9(b),
we plot histograms of κ̃r for increasing distances x. In
Fig. 9(c), we plot the probability that all fabricated κ̃r are
within a given tolerance as a function of the number of res-
onators, assuming that two resonators are coupled at each
half-wavelength λr/2, similar to Ref. [9]. Even assuming
a generous tolerance range of ±30% for κ̃r, reliable fab-
rication of more than 15 multiplexed resonators becomes
impractical. In reality, the situation is even worse due to
added variation from off-chip mismatches. Because flip-
chip processors are an attractive platform for the further
scaling of quantum computers, it will be critical to make
the resonator linewidth insensitive to on-chip nonuniformi-
ties moving forward. Removing the intentional mismatch
would achieve this goal [see Fig. 9(c)]. Moreover, this
would make quantum processor design far more modular,
as flexible placement of resonator-qubit blocks is possible.

APPENDIX D: BROADBAND AMPLIFIER
IMPEDANCE MATCHING

Here, we show that intentional mismatch adds to the
overhead of multiplexed qubit readout by requiring nonre-
ciprocal components to impedance match to downstream
broadband amplifiers [9,19,20]. Contemporary quantum
measurement chains use off-chip ferrite-based circulators
and isolators biased by permanent magnets to realize
wideband, unidirectional signal flow. While prevalent and
essential for current experiments, these components act as
a major inconvenience, since they dominate the available
space at the base temperature stage and their high mag-
netic fields make integration with superconducting qubits
infeasible. While significant research has investigated the
integration of on-chip circulators [41–46], no experimental
devices with broad instantaneous bandwidth and sufficient
isolation have yet been demonstrated.

We illustrate why broadband amplifier impedance
matching is needed by considering a typical quantum
measurement chain, shown in Fig. 10(a). Here, we use
a JTWPA for its broad bandwidth and high gain, which
is suitable for multiplexed qubit readout [4,5]. We note
that JTWPAs have the distinct advantage of transmission-
based amplification, unlike Josephson parametric ampli-
fiers, which operate in reflection and inherently require
circulators [44].

If not compensated, we show how intentional mis-
match can create parametric oscillations in the JTWPA.
The environment surrounding the amplifier can be repre-
sented by the circuit in Fig. 10(b). We simulate the gain
performance for different impedance environments using
JosephsonCircuits.jl [47]. Our simulation uses a
Floquet-mode JTWPA as the best-case scenario since it is
inherently robust to out-of-band mismatch [20]. For the
output side, we assume |�2| ≈ −15 dB, representing the
reflection from the isolator at the JTWPA’s output. For the

(a)

(b) (c)

FIG. 10. Importance of impedance matching for JTWPA per-
formance. (a) Conventional quantum measurement chain with
intentional mismatch. (b) Circuit and (c) gain curves to evaluate
the effect of mismatch on JTWPA gain performance. We assume
|�2| = −15 dB.
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input side, we assume |�1| ≈ {0 dB, −15 dB}, representa-
tive of either the intentional mismatch or isolator at the
input, respectively. From Fig. 10(c), we see that proper
matching on the input side (i.e., low |�1|) strongly sup-
presses gain ripples, thus mitigating parametric oscillations
and instability. We reiterate that this is a best-case analysis
since the Floquet-mode JTWPA is robust to out-of-band
mismatch.

The leading strategy of contemporary readout is to
add an isolator before the JTWPA to compensate for the
intentional mismatch [9,19,20]. We propose that, alter-
natively, one could instead make the quantum processor
better impedance-matched by design by removing this mis-
match. This would reduce the need for isolation before the
JTWPA; however, we note that isolation from the pump
tone and amplified vacuum fluctuations would still be
needed. Nevertheless, removing the intentional mismatch
would be a major step toward the monolithic integration
of qubits and quantum-limited amplifiers. Such integration
would both drastically reduce the footprint of the exter-
nal microwave infrastructure and mitigate preamplification
losses.

APPENDIX E: INPUT-OUTPUT THEORY OF
ALL-PASS READOUT

This appendix derives the S21 expression in (3) for a res-
onator with an even and odd mode, again using the coupled
mode equations [39]. We also show the equivalence of the
generalized system with the two-resonator system.

First, we consider a generalized resonator with an even
and an odd mode with amplitudes ae and ao, respectively,
as in Fig. 11(a). For such modes, we expect that forward-
and backward-propagating waves would couple in phase to
the symmetric mode and out of phase to the antisymmetric
mode. We can determine the mode evolution as [21]

dae

dt
=

(
j ωe − κe

2

)
ae +

√
κe

2
(ain + bin) (E1)

and

dao

dt
=

(
j ωo − κo

2

)
ao +

√
κo

2
(ain − bin) . (E2)

The input-output equations are given by

aout = ain −
√

κe

2
ae −

√
κo

2
ao (E3)

and

bout = bin −
√

κe

2
ae +

√
κo

2
ao. (E4)

Feedline Feedline

(a) (b) (c)

FIG. 11. (a) Generalized system with even and odd modes.
(b) Two resonators coupled to a feedline and a qubit mode. (c)
Simplification of (b).

Letting bin = 0, we can solve for the transmission S21 as

S21 = aout

ain
= 1 −

κe
2

j (ω − ωe) + κe
2

−
κo
2

j (ω − ωo) + κo
2

.

(E5)

If the modes are degenerate, then they have equal frequen-
cies and equal linewidths, i.e.,

ωe = ωo = ωdeg (E6)

and

κe = κo = κdeg. (E7)

Equation (E5) then becomes

S21,deg = 1 − κdeg

j
(
ω − ωdeg

) + κdeg
2

. (E8)

This is the desired all-pass behavior, since we have
|S21,deg| = 1 at ω = ωdeg.

Now, we consider our system, as shown in Fig. 11(b).
We approximate the weakly anharmonic transmon qubit as
a linear oscillator. This analysis derives the waveguide-
mediated coupling and κe = κo matching condition but
will omit the nonlinear correction for ωe and ωo. See
Appendix F for the calculation of ωe and ωo with the
nonlinear correction. From coupled-mode theory [39], the
evolution of the modes is given by

da1

dt
=

(
j ωr − κr

2

)
a1 + jgda2 + jgaq +

√
κr

2
ain

+
√

κr

2
e−j φ

(
bin −

√
κr

2
a2

)
, (E9)

da2

dt
=

(
j ωr − κr

2

)
a2 + jgda1 + jgaq +

√
κr

2
bin

+
√

κr

2
e−j φ

(
ain −

√
κr

2
a1

)
, (E10)
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and

daq

dt
= j ω01aq + jga1 + jga2, (E11)

where φ = βd, β is the propagation constant, and d is the
separation between the resonators.

Assuming ej ωt dependence, we can solve for a steady-
state expression for the qubit mode aq, where (E11)

becomes

aq(ω) = g
ω − ω01

(a1 + a2) . (E12)

Noting that the qubit mode mediates a coupling at ω = ωr,
we substitute (E12) into (E9) and (E10), and obtain

d
dt

{
a1
a2

}
=

[
j
(

ωr − g2

ω01 − ωr

)
− κr

2

]{
a1
a2

}
+ j

(
gd − g2

ω01 − ωr

) {
a2
a1

}

+
√

κr

2

{
ain
bin

}
+

√
κr

2
e−j φ

({
bin
ain

}
−

√
κr

2

{
a2
a1

})
. (E13)

Defining the even and odd modes as
{

ae
ao

}
= 1√

2

{
a1 + a2
a1 − a2

}
, (E14)

we can derive the evolution of the even and odd modes (without nonlinear correction) analogous to (E1) and (E2) as

d
dt

{
ae
ao

}
=

{
j ωe − κe

2
j ωo − κo

2

} {
ae
ao

}
+ √

κre−j φ/2
{

cos φ

2
j sin φ

2

}{
ain + bin
ain − bin

}
, (E15)

where

{
ωe
ωo

}
=

{
ωr + gtotal − 2g2

ω01−ωr
ωr − gtotal

}
, (E16)

{
κe
κo

}
= κr

{
1 + cos φ

1 − cos φ

}
, (E17)

and

gtotal = gd + gw = gd + κr

2
sin φ. (E18)

The waveguide-mediated coupling is thus given by gw =
(κr/2) sin φ. To match the linewidths of the even and odd
modes κe = κo, we require the electrical length to satisfy
φ = π(m + 1)/2.

APPENDIX F: HAMILTONIAN OF ALL-PASS
READOUT

This appendix derives the Hamiltonian for the circuit
in Fig. 11(c). The Hamiltonian for two resonators cou-
pled symmetrically to a qubit in the transmon regime is

approximated in the Fock basis by

H = ωra
†
1a1 + ωra

†
2a2 + ω01a†

qaq − EC

2
a†

qa†
qaqaq

+ gtotal

(
a†

1+a1

) (
a†

2+a2

)
+ g

(
a†

1+a1

) (
a†

q+aq

)

+ g
(

a†
2+a2

) (
a†

q+aq

)
. (F1)

We now transform the basis to normal, diagonalized modes
of the system. Since the resonators are symmetrically cou-
pled to the qubit, we can transform to an even and odd basis
by the transformation in (E14), which is, equivalently,

{
a1
a2

}
= 1√

2

{
ae + ao
ae − ao

}
. (F2)

Applying the rotating wave approximation to (F1) and
substituting the transformation from (F2), we obtain

H = ωra†
eae + ωra†

oao + ω01a†
qaq − EC

2
a†

qa†
qaqaq

+ gtotal
(
a†

eae − a†
oao

) +
√

2g
(

a†
eaq + aea†

q

)
. (F3)

Only the last term needs to be diagonalized. Assuming this
interaction term is small relative to the detuning, we can
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perform a standard Schrieffer-Wolff transformation [48],
truncate to the first two levels, and derive the Hamiltonian
in the dispersive limit as

H̃disp = ω̃01

2
σz + ωea†

eae + ωoa†
oao, (F4)

where the dressed qubit frequency ω̃01, even-mode fre-
quency ωe, odd-mode frequency ωo, and effective total
dispersive shift 2χ01 are given by

ω̃01 = ω01 + 2g2

	
, (F5)

ωe = ωr + gtotal − 2g2

	 − EC
+ 2χ01σz, (F6)

ωo = ωr − gtotal, (F7)

and

χ01 = − g2EC

	(	 − EC)
, (F8)

where the qubit-resonator detuning is 	 = ω01 − ωr.

APPENDIX G: SCALING OF 2χ01/κr

Due to the qubit’s nonlinearity, the degeneracy of our
system will be disrupted depending on the qubit state.
Here, we discuss how the transmission of this form of all-
pass readout is expected to scale with 2χ01/κr. We assume
the case in which gtotal = g2/(	 − EC) so that the even and
odd modes are roughly equal, ω̃r = ωo ≈ ωe. We denote
the dressed resonator mode as ω̃r. In this case, from (F6)
and (F7), we obtain

ωe = ω̃r + 2χ01σz (G1)

and

ωo = ω̃r. (G2)

We also assume a lossless feedline and that the even
and odd modes have equal linewidths κr = κe = κo. We
substitute into (E5) and have

{
S21,|0〉
S21,|1〉

}
= 1 −

κr
2

j (ωRO − ω̃r ± 2χ01) + κr
2

−
κr
2

j (ωRO − ω̃r) + κr
2

, (G3)

where ωRO is the readout frequency. Using (G3), we can
determine the effective total dispersive shift to be 2χeff =
2χ01, as it satisfies S21,|0〉 (ωRO) = S21,|1〉 (ωRO + 2χeff).
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FIG. 12. (a) Analytic |S21| versus ωRO for |2χ01/κr| = 0.076.
(b) Analytic |S21| versus |2χ01/κr| for the all-pass versus
hanger-coupled resonator with no intentional mismatch. The
readout tone is positioned at ωRO = ω̃r. (c) Comparison of
κr(η/ηout)| sin(2θ)| for fixed 2χ01.

The maximum difference in phase between the two
states occurs for a readout tone positioned at ωRO = ω̃r.
The transmission at this frequency is given by

{
S21,|0〉
S21,|1〉

}
(ωRO = ω̃r) = −

κr
2

κr
2 ± j 2χ01

. (G4)

The magnitude |S21| is the same for both the ground and
excited states and is plotted versus |2χ01/κr| in Fig. 12(b).
The proportion of measurement photons decaying towards
the output is characterized by |S21|2. Targeting large
|S21|2 ∼ 0.98, we operate at |2χ01/κr| = 0.076, denoted by
the vertical dashed line. For this parameter choice, we plot
the analytic |S21| versus ωRO in Fig. 12(a).

We provide comparison with a hanger-coupled res-
onator without intentional mismatch. The transmission of
a hanger-coupled resonator has the standard form given by
[39,48]

{
S21,|0〉
S21,|1〉

}
= 1 −

κr
2

j (ωRO − ω̃r ± χ01) + κr
2

. (G5)
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If we perform readout by probing at ωRO = ω̃r, we find that
the transmission is given by

{
S21,|0〉
S21,|1〉

}
(ωRO = ω̃r) = 1 −

κr
2

κr
2 ± j χ01

. (G6)

In Fig. 12(b), we compare |S21(ωRO = ω̃r)|2 for our imple-
mentation of an all-pass resonator using (G4) compared
with a hanger-coupled resonator using (G6).

We perform a comparison of the SNR of these two
approaches, using the standard expression given by [48,49]

SNR2 ∝ ηκrn̄| sin(2θ)|t = ηoutn̄
[
κr

η

ηout
| sin(2θ)|

]
t,

(G7)

where sin(2θ) = χ01κr/(χ
2
01 + κ2

r /4) and ηout is the effi-
ciency of the output chain. We make two observations.
First, without intentional mismatch, the ratio η/ηout is
equivalent to |S21(ωRO = ω̃r)|2, as previously shown in
Fig. 12(b). Second, in practice, the total dispersive shift for
state-of-the-art transmon qubits with low anharmonicity
is limited to |2χ01/2π | � 20 MHz since the perturbative
dispersive interaction is constrained to a small fraction of
the qubit anharmonicity [30,35]. As a result, the leading
approach to achieve larger SNR and faster readout has
been to use larger κr and correspondingly lower 2χ01/κr
(i.e., increasing κr instead of | sin(2θ)|, which is at most 1)
[30,31]. A recent work achieved readout fidelity of 99.1%
in 40 ns using a ratio of |2χ01/κr| ≈ 0.15 [31]. Taking
into account these practical considerations, we can com-
pare the SNR of the all-pass and hanger-coupled resonators
by plotting κr(η/ηout)| sin(2θ)| as a function of |2χ01/κr|
[see Fig. 12(c)], where 2χ01 is fixed to represent a practical
upper limit. While the hanger geometry without intentional
mismatch reaches its maximum value at |2χ01/κr| = 1, the
all-pass resonator exceeds that maximum for |2χ01/κr| <

0.67 and more than doubles it for |2χ01/κr| < 0.42.
Finally, we comment on the experimental results, where

the resonator linewidth κr/2π = 14.5 MHz is held con-
stant, in contrast to Fig. 12(c). Shelving increases the
magnitude of the effective total dispersive shift from 1.10
to 1.86 MHz. This increases η/ηout| sin(2θ)| from 0.14 to
0.23, resulting in an SNR improvement.

APPENDIX H: FREQUENCY SPACING

Here, we analyze the effect of frequency spacing on the
directionality of multiplexed all-pass readout resonators.
We consider two cascaded readout units as in Fig. 13(a),
assuming parameters of fr,1 = 8 GHz, κr/2π = 15 MHz,
and |2χ01/κ| = 0.076. For simplicity, we assume the qubit
is in the ground state and that ω̃r = ωo, as done in
Appendix G. In Fig. 13(b), we plot the minimum trans-
mission as a function of the frequency spacing 	f =

(a)

(c)

(b)

(d)

FIG. 13. Analytic transmission of two cascaded all-pass read-
out units. (a) Two cascaded all-pass readout units. (b) Minimum
|S21| as a function of frequency spacing. Transmissions for (c)
	f = 5 MHz and (d) 	f = 75 MHz are plotted for compari-
son. We assume fr,1 = 8GHz, κr/2π = 15 MHz, and |2χ01/κ| =
0.076. In (d), the gray dashed curve corresponds to the transmis-
sion of a single all-pass readout unit.

fr,2 − fr,1. We see that for frequency spacing less than
the resonator linewidth [e.g., Fig. 13(c)], directionality is
degraded due to the interaction of resonators between the
different readout units. For frequency spacing greater than
the resonator linewidth [e.g., Fig. 13(d)], the directionality
is unaffected.

APPENDIX I: FINITE-ELEMENT SIMULATION

We predict the performance of our device using finite-
element simulation in Ansys High Frequency Simulation
Software. We first fine-tune the permittivity to match the
measured resonator frequency. We model our system as a
three-port device, where ports 1 and 2 are the readout input
and output, respectively, and port 3 replaces the Josephson
junction.

As shown in Fig. 4(a), we obtain agreement between
simulated and experimental |S21| as a function of the flux
biasing the SQUID of the flux-tunable transmon. Approx-
imating the transmon qubit as a linear oscillator, we termi-
nate port 3 with an inductor and simulate S21. We sweep
the inductance according to the Josephson inductance of
a symmetric SQUID given by LJ (�) = 1/EJ (�) (�/2e)2,
where EJ (�) = 2EJ |cos[π(�/�0)]| [48] with fitted EJ =
19.3GHz. We plot the minimum transmission as a function
of flux bias in Fig. 14(a) and show corresponding critical
current Ic = (2π/�0)EJ (�) in Fig. 14(b). We see that to
achieve transmission above −1 dB, critical currents in the
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FIG. 14. (a) Minimum |S21| from finite-element simulation as
a function of flux bias. (b) Corresponding Josephson inductance
as a function of flux bias. The shaded region denotes the range of
values where the minimum |S21| > −1 dB.

range of 37.4 to 51.4 nA are acceptable (i.e., for target Ic =
43.8 nA, the tolerance range is ±17%). Since fluctuations
in Ic of a few percent are typical for modern fabrica-
tion processes [50,51], this makes the proposed scheme
compatible with fixed-frequency qubit architectures.

Next, we terminate both ports 1 and 2 with 50 � and
perform eigenmode simulation to predict the linewidths of
the two resonator modes of our system. Assuming the qubit
is far detuned from the resonators, we predict linewidths
of 18.9 and 13.6 MHz, in agreement within 10% with the
experimental fits of 17.1 and 11.9 MHz.

APPENDIX J: PURCELL DECAY

Here, we simulate the Purcell decay using the same
finite-element model as in Appendix I. If we approximate
the transmon qubit as a linear oscillator, we can calculate
the qubit’s Purcell decay as [52,53]

�P = 1
T1,P

= Re [Yin (ω01)]
C�

, (J1)

where Yin is the input admittance from the perspective of
the Josephson junction and C� is the total capacitance
of the transmon. We simulate the admittance parameters
of this three-port system, calculate the input admittance
looking into port 3, and substitute into (J1).

Using finite-element simulation, we simulate the Purcell
decay of a qubit in three distinct configurations, shown in
Figs. 15(a)–15(c). The baseline model consists of a qubit
coupled to two resonators with separate loss channels of
decay rate κr [Fig. 15(a)]. We then quantify the Purcell
suppression achieved by two different configurations of all-
pass readout. The first couples each resonator to the shared
feedline at one point with capacitive coupling [Fig. 15(b)].
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s

FIG. 15. Finite-element simulation of Purcell decay. Corre-
sponding circuit models of a qubit coupled to (a) two resonators
with separate loss channels, (b) two resonators with shared feed-
line, where each resonator is coupled capacitively on one end,
and (c) two resonators with shared feedline, where each resonator
is coupled to the feedline at two ends, corresponding to our tested
device. (d) Simulated Purcell decay for (a)–(c). The dashed ver-
tical line indicates the all-pass operating point in the main text.
(e) Measured and predicted qubit lifetime. We include a curve
assuming a T1 limit of 33 μs due to intrinsic decay and the drive
line.

The second, corresponding to the measured device, cou-
ples each resonator to the shared feedline at two points with
capacitive and inductive coupling [Fig. 15(c)].

The simulated Purcell decays of the three configurations
are plotted in Fig. 15(d). To isolate the effect of Purcell
decay into the feedline, these simulations do not include
the dedicated drive line. At the all-pass operating point of
ω01/2π = 6080 MHz (denoted by the gray vertical line),
the Purcell suppression obtained by using a shared feedline
[Figs. 15(a) and 15(b)] is approximately 2.9. By cou-
pling each resonator twice to the feedline instead of once
[Figs. 15(b) and 15(c)], we can gain another factor of
approximately 3.5. In total, this corresponds to a total sup-
pression factor of approximately 10 for the device in this
work.

The suppression can be increased by aligning the notch
frequency of the interferometric Purcell filter with the tar-
get ω01 used for all-pass readout. From Fig. 15(d), the
simulated Purcell suppression exceeds 3 orders of magni-
tude at the filter’s notch frequency near 4900 MHz, similar
in magnitude to a separate demonstration of interference-
based suppression in Ref. [22]. The measured qubit life-
times are shown in Fig. 15(e). For comparison, we plot
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the Purcell-limited lifetime from simulation assuming a T1
limit due to drive line and intrinsic losses.
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